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[ud̄] [ss̄] [cū][us̄] [cs̄] [cc̄]
�, �, K, K�, �, �, D, D�, Ds, D�

s , �c, J/�, �c, · · ·

in	
  vacuum	


In	
  medium:	
  modified	
  due	
  to	
  thermal	
  fluctua)ons	
  
significant	
  when:	
  	
  (thermal	
  wavelength	
  λ)                (size	
  1/m)	
>	


Modifica)on	
  pa\ern:	
  Good	
  probes	
  of	
  QCD	
  ma\er	
  
•  Light	
  mesons:	
  	
  sensi)ve	
  to	
  chiral	
  proper)es	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  scaling	
  law	
  	
  Brown	
  and	
  Rho	
  (1991)	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  mass	
  shiM?	
  and	
  restora)on?	
  
	
  
•  Quarkonium:	
  	
  Sequen)al	
  dissolu)on	
  pa\ern	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  J/ψ suppression	
  Matsui	
  and	
  Satz	
  (1986)	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  charmonium	
  stable	
  in	
  quark-­‐gluon	
  plasma?	
  

3

�
�q̄q��
�q̄q� � f�

�

f�
�

m�
�

m�



La4ce	
  QCD	
  simula9ons	


:	
  	
  Strong	
  non-­‐linearity	
  and	
  infinite-­‐dimensional	
  integral	
  QCD	

Field	
  theory	
  on	
  laFce	
  
	
  	
  	
  	
  	
  	
  in	
  Euclidean	
  space	


Monte-­‐Carlo	
  simula)ons	
  
based	
  on	
  importance	
  sampling	


�O� =
1
Z

�
Dq̄DqDAO(q̄, q, A) e�SQCD

=
1

Nconf

Nconf�

{Ui}

O(Ui)±O(
1�

Nconf
)

Fundamental	
  parameters:	
  	
  
　　	
  

	
  	
  	
  determined	
  at	
  T  =  0	


Finite	
  temperature:	
  
	
  Theore)cal	
  predic)on	
  	
  
	
  	
  	
  in	
  1st	
  principle	
  calcula)ons	
  	
  

�QCD,mu/d,ms,mc

Applicable:	
  Sta)c	
  &	
  homogeneous	
  system	
  

	
  	
  	
  	
  	
  (difficult:	
  non-­‐equilibrium,	
  )me	
  dependent,	
  high	
  density…)	




Key:	
  Full(2+1)-­‐QCD	
  simula9ons	
  on	
  physical	
  point	


Current correlator�

Mar 8, 2016 S. Hashimoto (KEK) 3 

Π(x) ≡ 0 T J(x)J(0) 0

Short distances	
•  perturbation theory 

+ power corrections 
(= OPE)	

•  αs, quark mass, …	

Hadron spectrum from 
long distances	
•  non-perturbative, 

main use of LQCD	

ZQCD =
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dU det D(U)e�Sgluon
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  neglect	
  quark-­‐loops	
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Fig. 2. Deconfinement and chiral symmetry restoration in 2-flavour QCD: Shown
is 〈L〉 (left), which is the order parameter for deconfinement in the pure gauge
limit (mq → ∞), and 〈ψ̄ψ〉 (right), which is the order parameter for chiral sym-
metry breaking in the chiral limit (mq → 0). Also shown are the corresponding
susceptibilities as a function of the coupling β = 6/g2.
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Fig. 3. Quark mass dependence of the Polyakov loop and chiral susceptibilities
versus mPS/mV for 3-flavour QCD. Shown are results from calculations with the
improved gauge and staggered fermion action discussed in the Appendix.

emphasizes the chiral aspects of the QCD transition. One thus may wonder in what
respect this transition in the light quark mass regime is a deconfining transition.

4.1 Deconfinement

When talking about deconfinement in QCD we have in mind that a large number of
new degrees of freedom gets liberated at a (phase) transition temperature; quarks
and gluons which at low temperature are confined in colourless hadrons and thus

zero-temperature estimate h !c c ilðMS;! ¼ 2 GeVÞ ¼
242ð9Þðþ5

%17Þð4Þ MeV3 determined in the chiral limit
using SUð2Þ staggered chiral perturbation theory by the
MILC Collaboration [41] and the corresponding strange

quark mass mMSð !!¼2GeVÞ¼88ð5ÞMeV. We get d ¼
0:023 224 4.

We show "R
l for the HISQ/tree action and the stout

continuum results in Fig. 8 (left).5 To compare with the
stout continuum results, we need to extrapolate the HISQ/
tree data both to the continuum limit and to the physical
quark mass. To perform the continuum extrapolation we
convert"R

l to the fK scale in which discretization errors, as
already noted for "l;s, are small. We then interpolate these
N" ¼ 8 data at ml=ms ¼ 0:05 and 0.025 to the physical
quark mass ml=ms ¼ 0:037. These estimates of the con-
tinuum HISQ/tree "R

l are shown in Fig. 8 (left) as black
diamonds and are in agreement with the stout results (green
triangles) [24].

Last, in Fig. 8 (right), we show the subtracted renormal-
ization group invariant quantity,"R

s , which is related to the
chiral symmetry restoration in the strange quark sector. We
find a significant difference in the temperature dependence
between "R

l and "R
s , with the latter showing a gradual

decrease rather than a crossover behavior.

B. The chiral susceptibility

As discussed in Sec. III, the chiral susceptibility #m;l is a
good probe of the chiral transition in QCD as it is sensitive
to the singular part of the free energy density. It diverges in
the chiral limit, and the location of its maximum at nonzero
values of the quark mass defines a pseudocritical tempera-

ture Tc that approaches the chiral phase transition tempera-
ture T0

c as ml ! 0.
For sufficiently small quark masses, the chiral suscepti-

bility is dominated by the disconnected part; therefore, Tc

can also be defined as the location of the peak in the
disconnected chiral susceptibility defined in Eq. (27). As
we will show later, #q;disc does not exhibit an additive
ultraviolet divergence but does require a multiplicative
renormalization.6

1. Disconnected chiral susceptibility

The multiplicative renormalization factors for the chiral
condensate and the chiral susceptibility can be deduced
from an analysis of the line of constant physics for the light
quark masses, mlð$Þ. The values of the quark mass for the
asqtad action, converted to physical units using r1, are
shown in Fig. 9 (left). The variation with $ gives the scale
dependent renormalization of the quark mass (its recipro-
cal is the renormalization factor for the chiral condensate).
What mlð$Þ does not fix is the renormalization scale,
which we choose to be r0=a ¼ 3:5 (equivalently r1=a ¼
2:37 or a ¼ 0:134 fm), and the ‘‘scheme,’’ which we
choose to be the asqtad action. For the asqtad action, this
scale corresponds to the coupling $ ¼ 6:65 which is half-
way between the peaks in the chiral susceptibility on
N"¼8 and 12 lattices. This specification, ZmðasqtadÞ¼1
at r0=a ¼ 3:5, is equivalent to choosing, for a given action,
the renormalization scale#which controls the variation of
Zm with coupling$ as shown in Fig. 9 (right) for the asqtad
action.
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FIG. 7 (color online). The subtracted chiral condensate for the asqtad and HISQ/tree actions with ml ¼ ms=20 is compared with the
continuum extrapolated stout action results [24] (left panel). The temperature T is converted into physical units using r1 in the left
panel and fK in the right. We find that the data collapse into a narrow band when fK is used to set the scale. The black diamonds in the
right panel show HISQ/tree results for N" ¼ 8 lattices after an interpolation to the physical light quark mass using the ml=ms ¼ 0:05
and 0.025 data.

5We multiply the stout results by ðms=mlÞ ¼ 27:3 and by
r41m

4
% ¼ 0:002 227 5. For the latter factor, we use the physical

pion mass and the value of r1 determined in [59] and discussed in
Sec. II C.

6It is easy to see that at leading order in perturbation theory,
i.e., in the free theory, the disconnected chiral susceptibility
vanishes and thus is nondivergent. Our numerical results at
zero temperature do not indicate any quadratic divergences in
the disconnected chiral susceptibility, but logarithmic divergen-
ces are possible.
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n = Lflnfl/V onto the nearest Z(3)-axis, namely the real part of 12, exp(—i2lT/3)12
or exp(+i2~/3)12 depending upon whether the phase of 12 falls within the
interval (—i~/3,+~/3), (~,-/3,’ir) or (—n-, —~r/3).We denote this quantity
by ReQ.
In fig. 4a we show the average of the Polyakov line (Re 12) as a function of /3.

Curves shown here are calculated with the spectral density method and the data
points represent the direct measurements (solid symbols signify the runs which are
used to calculate the spectral density). The curves show a steeper rise with /3 when
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Fig. 4. (a) (Re (2> as a function of /3 for various spatial volumes. The solid lines show results of the
spectral density method using the data represented by the filled symbols as input. (b) Susceptibility
normalized by the volume ga/V as a function of /3. The meaning of lines and symbols is the same

as in (a).
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Lattice QCD simulations	
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  flavor	
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  in	
  HISQ	
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  quenched)	
  
l  ms:	
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l  scale:	
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  input	
  
l  calcula)ng	
  quark-­‐line	
  connected	
  part	
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  func9ons	

Probe	
  of	
  thermal	
  modifica9ons	
  of	
  spectral	
  func9on	


the	
  same	
  σ	
  at	
  T = 0,	
  or	
  	
  	
  	
  	
  	
  	
  	
  	
  modified	
  GS(z, T )/GS(z, T = 0) � 1 �= 1
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Screening	
  mass	
  in	
  light	
  mesons	


mass	
  shiM	
  
l  P−	
  :	
  not	
  significant	
  at	
  T < Tc ,	
  monotonically	
  increasing	
  at	
  T > Tc  
l  P+	
  :	
  decreasing	
  at	
  T < Tc ,	
  increasing	
  at	
  T > Tc 
l  Almost	
  linear	
  at	
  T > 1.2Tc         no	
  mesonic	
  bound	
  states	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  cf.)	
  dashed	
  line:	
  free	
  limit	
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Screening	
  mass	
  in	
  light	
  mesons	
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Restora)on	
  of	
  broken	
  symmetries	
  
l  Vector	
  partner	
  degenerates	
  at	
  T ~ 1.0Tc--1.1Tc           chiral	
  
l  Scalar	
  partner	
  degenerates	
  at	
  T ~ 1.4Tc--1.6Tc             chiral	
  +	
  UA(1)




Flavor	
  dependence	


Restora)on	
  pa\ern	
  
l  Similar	
  to	
  ud	
  	
  
l  Degeneracies	
  appear	
  at	
  T~1.3TC	
  for	
  vector	
  and	
  T~1.6TC	
  for	
  scalar	
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Flavor	
  dependence	
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l  Degeneracies	
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Universal	
  mass	
  shiM:	
  P−	
  increasing	
  monotonically	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  P+	
  decreasing	
  first	
  and	
  increasing	
  above	
  some	
  T 	
  
Scale	
  (chiral	
  restored	
  T ):	
  depend	
  on	
  flavors	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  trivial?	
  or…?	
  	
  	
  	
  effec)ve	
  scale:	
  further	
  different	
  from	
  chiral	
  to	
  heavy	
  quarks	
  

Flavor	
  dependence	


mud � 3–5 MeV, ms � 95 MeV, mc � 1.2 GeV



Leptonic	
  decay	
  constant	
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Renormalized	
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  condensate	
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A similar calculation of Zm is performed for the p4 and
HISQ/tree actions. It is important to note that choosing the
same reference point r0=a ¼ 3:5 and calculating Zmð!Þ for
each of the actions leaves undetermined a relative renor-
malization factor between the actions, i.e., the relation
between the corresponding !’s of the different schemes.
This relative factor between any two actions is also calcu-
lable and given by the ratio of the (bare) quark mass along
the physical LCP at r0=a ¼ 3:5. At this scale our data give

mðasqtadÞ
mðHISQ=treeÞ ¼ 0:978 28: (31)

Recall, however, that along the LCP the quark masses, ms

and therefore ml, for the asqtad action are about 20%
heavier than the physical values. Noting that the lattice
scale at a given ! is set using a quark-mass independent
procedure, we correct mðasqtadÞ by the factor
ðM"r0Þ2jHISQ=tree=ðM"r0Þ2jasqtad. Then, at r0=a ¼ 3:5,

mðasqtadÞ
mðHISQ=treeÞ ¼ 0:782;

i:e:;
ZmðasqtadÞ

ZmðHISQ=treeÞ
¼ 1:2786:

(32)

Given Zmð!Þ we get Z "c c $ ZS ¼ 1=Zm and Z# ¼ 1=Z2
m.

A similar calculation of Zm has been carried out for the p4
action.
The systematics of the quark mass and cutoff depen-

dence of the disconnected part of the chiral susceptibility is
analyzed in more detail for the p4 and asqtad actions in
Fig. 10. The data show a rapid rise in #l;disc=T

2 with
decreasing quark mass at low temperatures and in the
transition region. This mass dependence can be traced
back to the leading thermal correction to the chiral con-
densate. At finite temperature and for sufficiently small
quark masses, the chiral order parameter can be understood
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FIG. 8 (color online). The renormalized chiral condensate #R
l for the HISQ/tree action with ml=ms ¼ 0:05 is compared to the stout

data. In the right panel, we show the renormalized strange quark condensate#R
s for the HISQ/tree action. The temperature scale in both

figures is set using r1. The black diamonds in the left panel show the N$ ¼ 8 HISQ/tree estimates using the fK scale and after an
interpolation to the physical light quark mass ml=ms ¼ 0:037 as discussed in the text.
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FIG. 9 (color online). Value of the bare light quark mass, in MeV using r1 to set the scale, on the line of constant physics for the
asqtad action vs the lattice gauge coupling !. The right-hand part of the figure shows the change of the renormalization constants with
!, i.e., with the cutoff, relative to the arbitrarily chosen renormalization point ! ¼ 6:65.
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decreasing	
  with	
  T	
  increasing	
  for	
  	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  
no	
  significant	
  T	
  dependence	
  for	
  	
  	
  	
  	
  	
  	
  ,	
  	
  	
  	
  	
  	
  	
  and	
  uc̄ sc̄ cc̄

ud̄ us̄ ss̄
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Full-­‐QCD	
  la4ce	
  simula9ons	
  on	
  physical	
  point	
  
	
  
	
  
	
  
All	
  meson	
  modified	
  even	
  below	
  TC	
  except	
  for	
  charmonium	
  
	
  
	
  
	
  

	
  

Universal	
  mass	
  shiK	
  depending	
  on	
  parity	
  channels	


Summary	


GS(z, T )/GS(z, T = 0)

In-­‐medium	
  mesons	
  from	
  spa)al	
  correla)on	
  func)ons:	
  
•  sensi)ve	
  to	
  thermal	
  modifica)ons	
  
•  probe	
  of	
  modifica)on	
  of	
  spectral	
  func)on	
  

T	
  dependence	
  of	
  screening	
  mass:	
  	
  
•  Leading	
  response	
  of	
  mass	
  shiM	
  
•  P−	
  increasing	
  monotonically	
  
•  P+	
  decreasing	
  first	
  and	
  then	
  increasing	
  
•  Different	
  from	
  chiral	
  effec)ve	
  approach	


GS(z, T ) z������ Ae�M(T )z
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In	
  heavy-­‐ion	
  collision,	
  
•  Signal	
  of	
  crea)ng	
  quark-­‐gluon	
  plasma	
  	
  	
  	
  	
  	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  modifica)on	
  of	
  charmonium	
  (ηc	
  and	
  J/ψ)	
  
•  Thermal	
  effect:	
  appears	
  on	
  other	
  meson	
  states	
  
•  Restora)ons	
  of	
  broken	
  symmetries:	
  parity	
  partners	
  	
  


