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Kaon nucleon systems are very attractive  
・Strong attraction between the anti-kaon(K) and the nucleon(N) 

・KN bound state = Λ(1405) 
・Few body nuclear system with K → under debate

_

_

_

KN interaction is important 
 to investigate the few body systems with K

_

_

Theoretical studies of KN interaction 
・Phenomeonlogical approach 
Y. Akaishi and T. Yamazaki, Phys. Rev. C 65 (2002) etc 
・Chiral theory: based on a 4-point local interaction 
T. Hyodo and W. Weise, Phys. Rev. C 77 (2008) 
K. Miyahara and T. Hyodo, Phys. Rev. C 93 (2016) etc

_

Y. Akaishi and T. Yamazaki, Phys. Rev. C 65 (2002)

Investigate the KN system in the Skyrme model 
where the nucleon is described as a soliton.
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T.H.R. Skyrme, Nucl. Phys. 31 (1962); 
Proc. Roy. Soc. A 260 (1961)

・Describe the interaction between mesons and baryons  
　by mesons 
・Baryon emerges as a soliton of meson fields.
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kinetic term the Skyrme term

• For SU(2)

Fπ, e: parameters
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T.H.R. Skyrme, Nucl. Phys. 31 (1962); 
Proc. Roy. Soc. A 260 (1961)

・Describe the interaction between mesons and baryons  
　by mesons 
・Baryon emerges as a soliton of meson fields.
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The Skyrme model 2
・Hedgehog ansatz 
π has three degrees of freedom(π0, π+, π-) 
・two of these: the angles of the radial vector, θ, φ 
・the rest: a function depending on r 
⇒a special configuration called the hedgehog ansatz

Hedgehog ansatz:UH = exp [i⌧ · r̂F (r)]

Fπ = 129 MeV 
e = 5.45

minimize the mass of the soliton 
with B.C.: F(∞) = 0, F(0) = π

G. S. Adkins, C. R. Nappi and E. Witten, 
Nucl. Phys. B 228 (1983) 
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The Skyrme model 3
・Quantization 
The hedgehog solution is a classical field configuration   
→without spin or isospin 
→become a physical state by quantization

Baryon with I = J  are generated due to the symmetry 
which the hedgehog ansatz has

A(t): 2×2 isospin rotation matrix 
Rab(t): 3×3 spatial rotation matrix

・Quantized Hamiltonian
Msol: soliton mass 
J: spin or isospin value 
Λ: moment of inertia 

the rotation energy

H = M
sol

+
J (J + 1)

2⇤

UH (x) ! UH (t,x) = A (t) exp [i⌧aRab (t)r̂bF (r)]A†
(t)
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Method
Callan-Klebanov approach (CK approach) 
・Introduce the kaon as fluctuations around the hedgehog soliton 
・Form a bound state of the kaon and the hedgehog soliton 
・rotate the system to generate hyperons 
・Follow the 1/Nc counting rule 
・

C.G. Callan and I. Klebanov, Nucl. Phys. B 262 (1985) 
C .G.Callan, K .Hornbostel and I. Klebanov, Phys. Lett. B 202 (1988)

SU(3) symmetry is broken → mu = md = 0, ms ≠ 0

Our approach 
・Rotate the hedgehog soliton to generate the nucleon 
・Introduce the kaon as fluctuations around the nucleon  
・describe kaon-nucleon systems 
・Violate the 1/Nc counting rule 
・
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Method
Callan-Klebanov approach (CK approach) 
・Introduce the kaon as fluctuations around the hedgehog soliton 
・Form a bound state of the kaon and the hedgehog soliton 
・rotate the system to generate hyperons 
・Follow the 1/Nc counting rule 
・Projection after variation, The strong coupling

C.G. Callan and I. Klebanov, Nucl. Phys. B 262 (1985) 
C .G.Callan, K .Hornbostel and I. Klebanov, Phys. Lett. B 202 (1988)

SU(3) symmetry is broken → mu = md = 0, ms ≠ 0

Our approach 
・Rotate the hedgehog soliton to generate the nucleon 
・Introduce the kaon as fluctuations around the nucleon  
・describe kaon-nucleon systems 
・Violate the 1/Nc counting rule 
・Variation after projection, The weak coupling

T. Ezoe. and A. Hosaka Phys. Rev. D 94, 034022 (2016)
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・Extension to the SU(3) Skyrme model

U⇡ =

✓
UH 0
0 1

◆

Hedgehog ansatz 
(2×2 matrix)

34 第 4章 束縛法

2. 質量による明示的なカイラル対称性の破れは以下のLagrangianにより表される [40,

41, 43]。
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1
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(4.3)

ここで、mπとmKはそれぞれπ中間子とK中間子の質量を表す。本論文ではCallan

とKlebanovの論文に従い、uクォークと dクォークの質量をゼロにとり、sクォー
クの質量を有限の大きさにとる [28, 29]。これにより、mπ = 0となる。

K中間子に質量を与えることで対称性が明示的に破れた場合の場の配位として、K中間
子が励起し、なおかつ純粋なπ中間子のソリトンに近い配位を選ぶ。解としてはカイラル
対称性の非線形表現 [37, 38]を用いて以下のものを考える [28, 29]。

U =
√
NUK

√
N (4.4)

ここで、N は SU(3)に埋め込んだπ中間子のソリトン解であり以下のように定義する。

N =

(
Uπ 0

0 1

)
(4.5)

Uπ ≡ ξ2 = exp

[
i
2

Fπ
τ · π

]
(4.6)

UK = exp

[
i
2

Fπ
λaKa

]
, a = 3, 4, 5, 6 (4.7)

τ はアイソスピン行列であり、その値は pauliのスピン行列 (2.6)式と同じ値をとる。そし
て、λa(a = 4, 5, 6, 7)は (2.36)式のGell-Mann行列である。(2.36)式を用いて λaKaを以
下のように書く。

λaKa =
√
2

(
02×2 K

K† 0

)
(4.8)

ただし、Kは 2成分アイソスピナー

K =

(
K+

K0

)
(4.9)

である。
(4.1)式、(4.3)式に (4.4)式を代入し、Kの 2次まで展開すると

L = LSU(2) + LK (4.10)
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・Ansatz

: Callan-Klebanov ansatz
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・Extension to the SU(3) Skyrme model

・Ansatz

: Callan-Klebanov ansatz

: Our ansatz
U =

(
A (t)

p
U⇡UK

p
U⇡A† (t)

A (t)
p
U⇡A† (t)UKA (t)
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+LSB + LWZ

the kaon around the hedgehog soliton

the kaon around the rotating hedgehog soliton
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・Substitute our ansatz for the Lagrangian

Lagrangian

L =
F 2
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Ansatz

34 第 4章 束縛法

2. 質量による明示的なカイラル対称性の破れは以下のLagrangianにより表される [40,

41, 43]。

Lmass =
1

48
F 2
π

(
m2

π + 2m2
K

)
tr
[
U + U † − 2

]
+

√
3

24

(
m2

π −m2
K

)
tr
[
λ8
(
U + U †)]

(4.3)

ここで、mπとmKはそれぞれπ中間子とK中間子の質量を表す。本論文ではCallan

とKlebanovの論文に従い、uクォークと dクォークの質量をゼロにとり、sクォー
クの質量を有限の大きさにとる [28, 29]。これにより、mπ = 0となる。

K中間子に質量を与えることで対称性が明示的に破れた場合の場の配位として、K中間
子が励起し、なおかつ純粋なπ中間子のソリトンに近い配位を選ぶ。解としてはカイラル
対称性の非線形表現 [37, 38]を用いて以下のものを考える [28, 29]。

U =
√
NUK

√
N (4.4)

ここで、N は SU(3)に埋め込んだπ中間子のソリトン解であり以下のように定義する。

N =

(
Uπ 0

0 1

)
(4.5)

Uπ ≡ ξ2 = exp

[
i
2

Fπ
τ · π

]
(4.6)

UK = exp

[
i
2

Fπ
λaKa

]
, a = 3, 4, 5, 6 (4.7)

τ はアイソスピン行列であり、その値は pauliのスピン行列 (2.6)式と同じ値をとる。そし
て、λa(a = 4, 5, 6, 7)は (2.36)式のGell-Mann行列である。(2.36)式を用いて λaKaを以
下のように書く。

λaKa =
√
2

(
02×2 K

K† 0

)
(4.8)

ただし、Kは 2成分アイソスピナー

K =

(
K+

K0

)
(4.9)

である。
(4.1)式、(4.3)式に (4.4)式を代入し、Kの 2次まで展開すると

L = LSU(2) + LK (4.10)

34 第 4章 束縛法

2. 質量による明示的なカイラル対称性の破れは以下のLagrangianにより表される [40,

41, 43]。

Lmass =
1

48
F 2
π

(
m2

π + 2m2
K

)
tr
[
U + U † − 2

]
+

√
3

24

(
m2

π −m2
K

)
tr
[
λ8
(
U + U †)]

(4.3)

ここで、mπとmKはそれぞれπ中間子とK中間子の質量を表す。本論文ではCallan

とKlebanovの論文に従い、uクォークと dクォークの質量をゼロにとり、sクォー
クの質量を有限の大きさにとる [28, 29]。これにより、mπ = 0となる。

K中間子に質量を与えることで対称性が明示的に破れた場合の場の配位として、K中間
子が励起し、なおかつ純粋なπ中間子のソリトンに近い配位を選ぶ。解としてはカイラル
対称性の非線形表現 [37, 38]を用いて以下のものを考える [28, 29]。

U =
√
NUK

√
N (4.4)

ここで、N は SU(3)に埋め込んだπ中間子のソリトン解であり以下のように定義する。

N =

(
Uπ 0

0 1

)
(4.5)

Uπ ≡ ξ2 = exp

[
i
2

Fπ
τ · π

]
(4.6)

UK = exp

[
i
2

Fπ
λaKa

]
, a = 3, 4, 5, 6 (4.7)

τ はアイソスピン行列であり、その値は pauliのスピン行列 (2.6)式と同じ値をとる。そし
て、λa(a = 4, 5, 6, 7)は (2.36)式のGell-Mann行列である。(2.36)式を用いて λaKaを以
下のように書く。

λaKa =
√
2

(
02×2 K

K† 0

)
(4.8)

ただし、Kは 2成分アイソスピナー

K =

(
K+

K0

)
(4.9)

である。
(4.1)式、(4.3)式に (4.4)式を代入し、Kの 2次まで展開すると

L = LSU(2) + LK (4.10)

K† =

✓
K̄0

K�

◆
K =

✓
K+

K0

◆

U = A(t)
p

U⇡A
†(t)UKA(t)

p
U⇡A

†(t)

U⇡ =

✓
UH 0
0 1

◆

・Expand UK up to second order of the kaon field K
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L = LSU(2) + LKN

Ũ = A(t)UHA†(t), ⇠̃ = A(t)
p
UHA†(t) DµK = @µK + vµK

vµ =
1

2

⇣
⇠̃†@µ⇠̃ + ⇠̃@µ⇠̃

†
⌘

aµ =
1

2

⇣
⇠̃†@µ⇠̃ � ⇠̃@µ⇠̃

†
⌘ Bµ = �"µ⌫↵�

24⇡2
tr
h⇣

U †
H@⌫UH

⌘⇣
U †
H@↵UH

⌘⇣
U†
H@�UH

⌘i
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@µŨ Ũ†, @⌫Ũ Ũ†
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・Decompose the kaon filed
Spatial wave function

・Expand the K(r) by the spherical harmonics
Ylm(θ, φ): Spherical harmonics 
l：orbital angular momentum 
m：the 3rd component of l 
α：the other quantum numbers

K (r) =
X

l,m

Clm↵Ylm (✓,�) k↵l (r)

Isospin wave function

・Take a variation with respect to the kaon radial function 
⇒Obtain the equation of motion for the kaon around the 
nucleon

✓
K+

K0

◆
=  IK (t, r) !  I K (r) e�iEt
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・Equation of motion(E.o.M)

� 1

mK + E

1

r2
d

dr
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r2
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dr

◆
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mK + E
+

V (r)

mK + E

Ũ (r) =
U (r) k↵l (r)

k↵l (r)
Equivalent local potential: 

・Properties of resulting potential U 
1. Nonlocal and depend on the kaon energy  
2. Contain isospin dependent and independent central forces  
　 and the similar spin-orbit(LS) forces 
3. A repulsive component is proportional to 1/r2 at short distances

:Klein-Gordon like

:Schrödinger like
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Result 1: KN(I = 0, L = 0) Bound state
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・Model parameters and physical properties

w
av

e 
fu

nc
tio

n 
|k(

r)
| [

1/
(f

m
)3/

2 ]
_

mK = 495 MeV mK = 495 MeV

attractive pocket

repulsive force

⌦
r2N

↵
=

Z 1

0
dr r2⇢B (r) , ⇢B (r) = � 2

⇡
sin2 FF 0 G. S. Adkins, C. R. Nappi and E. Witten,  

Nucl. Phys. B 228 (1983)
⌦
r2K

↵
=

Z
dV r2

⇥
Y00 (r̂) k

0
0 (r)

⇤2
=

Z 1

0
dr r4k2 (r) Y00 =

1p
4⇡

Kaon wave function Potential

T. Ezoe. and A. Hosaka Phys. Rev. D 94, 034022 (2016)

F⇡ [MeV] e B.E. [MeV]
⌦
r2N

↵1/2
[fm]

⌦
r2K

↵1/2
[fm]

parameter set A 186 4.82 32.9 0.46 1.18
parameter set B 129 5.45 82.9 0.59 0.99
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Comparisons with the chiral theory
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The strength of LWT ∝ 1/Fπ2 
→For Fπ = 129 MeV and 186 MeV,

5:2

・Weinberg-Tomozawa intereaction 

LWT =
2

F 2
⇡

�
N̄IN�µN ·

�
@µK

†IKK �K†IK@µK
� 

/ 1

F 2
⇡

W ⌘ 4⇡

Z
r2drŨ (r)

F⇡ [MeV] e �W ⇥ 105 [1/MeV 2]
129 5.45 1.2⇥ 4⇡
186 5.45 0.48⇥ 4⇡

1/1292 : 1/1862 ⇠ 15 : 7

S. Weinberg, Phys. Rev. Lett. 17 (1966) 
Y. Tomozawa, Nuovo Cim. A 46 (1966)

・The interaction for KN( I = 0 ) bound state 
_

T. Ezoe. and A. Hosaka Phys. Rev. D 94, 034022 (2016)
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set B

set A

KN(I = 0, L = 0) 
mK = 495 MeV

22

_
Result 2: KN(I = 0, L = 0) phase shift

F⇡ [MeV] e B.E. [MeV]
parameter set A 186 4.82 32.9
parameter set B 129 5.45 82.9

KN(I = 0, L = 0) binging energies
_

T. Ezoe. and A. Hosaka Phys. Rev. D 94, 034022 (2016)

_
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Result 3: Fitting the potentials
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Ũ (r) = Ũ c
0 (r) + Ũ c

⌧ (r)
�
IK · IN

�
+ ŨLS

0 (r)
�
LK · JN

�
+ ŨLS

⌧ (r)
�
LK · JN

� �
IK · IN

�

fit by Gaussian

Ũ (r) ' Ũ (r) +
@Ũ (r)

@Ekin
Ekin

⌘ u (r) + v (r)Ekin

G�2 (r) = C�2
1

r2/R�2
2
exp

✓
� r2

R�2
2

◆

G0 (r) = C0 exp

✓
� r2

R0
2

◆

G2 (r) = C2
r2

R2
2
exp

✓
� r2

R2
2

◆

Isospin Normal term Wess-Zumino term

Central indep. uc
0(N, r) + vc0(N, r)Ekin uc

0(WZ, r) + vc0(WZ, r)Ekin

G�2 (r) +G0 (r) +G2 (r) G0 (r) +G0 (r)
dep. uc

⌧ (N, r) + vc⌧ (N, r)Ekin —

G0 (r) +G2 (r) —

LS indep. uLS
0 (N, r) + vLS

0 (N, r)Ekin uLS
0 (WZ, r) + vLS

0 (WZ, r)Ekin

G0 (r) +G0 (r) G0 (r) +G0 (r)
dep. uLS

⌧ (N, r) + vLS
⌧ (N, r)Ekin —

G�2 (r) +G�2 (r) —

Centrifugal force ul (r) + vl (r)Ekin

/ (G0 (r) +G0 (r)) /r2
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Fitting parameters(Central terms)
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parameter set A: Fπ = 186 MeV, e = 4.82

G�2 (r) G0 (r) G2 (r)
Range [fm] 0.176 0.271 0.393

uc
0 (N, r) [MeV] 2911.49 2545.87 -507.819
vc0 (N, r) [1] -1.98786 -5.61873 -4.41952⇥10�1

G�2 (r) G0 (r) G2 (r)
Range [fm] 0.318 0.312 0.320

uc
0 (N, r) [MeV] -2771.64 1916.04 -411.560
vc0 (N, r) [1] 2.62581 -2.87808 -1.76763

G0 (r) G2 (r)
Range [fm] 0.265 0.524

uc
⌧ (N, r) [MeV] 401.337 290.964
vc⌧ (N, r) [1] 0.405391 0.293903

・U0c(N, r)
s-wave

p-wave

・Uτc(N, r) ・U0c(WZ, r)
G0 (r) G0 (r)

Range [fm] 0.282 0.404
uc
0 (WZ, r) [MeV] -676.51 -1207.07
vc0 (WZ, r) [1] -3.483 -0.995

~

~ ~
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Fitting parameters(LS and centrifugal terms)
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parameter set A: Fπ = 186 MeV, e = 4.82

G0 (r) G0 (r)
Range [fm] 0.483 0.300

uLS
0 (N, r) [MeV] 38.8404 63.4182
vLS
0 (N, r) [1] 0.392332⇥10�1 0.630481⇥10�1

G�2 (r) G�2 (r)
Range [fm] 0.604 0.262

uLS
⌧ (N, r) [MeV] -1284.46 -6954.51
vLS
⌧ (N, r) [1] 1.29744 7.02476

G0 (r) G0 (r)
Range [fm] 0.377 0.243

uLS
0 (WZ, r) [MeV] -363.915 -287.034
vLS
0 (WZ, r) [1] 0.367587 0.289936

・U0LS(N, r)

・UτLS(N, r) ・U0LS(WZ, r)

・Ul(r)

Ul (r) =
l (l + 1)

2mKr2
[G0 (r) +G0 (r)]

G0 (r) G0 (r)
Range [fm] 0.431 0.748
ul (r) [MeV] 62867.86 7583.59
vl (r) [1] 63.5029 7.66019

l: Kaon angular momentum

~

~~

~

~
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Comparing 1
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parameter set A: Fπ = 186 MeV, e = 4.82

KN (I = 0, L = 0) bound state
_

mK = 495 MeV 
Ekin = -32.9 MeV

mK = 495 MeV 
Ekin = 27 MeV

KN (I = 0, L = 1,  J = 3/2)  
scattering state

_
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Comparing 1
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parameter set A: Fπ = 186 MeV, e = 4.82

KN (I = 0, L = 0) bound state
_

mK = 495 MeV 
Ekin = -32.9 MeV

mK = 495 MeV 
Ekin = 27 MeV

KN (I = 0, L = 1,  J = 3/2)  
scattering state

_
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Comparing 1
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parameter set A: Fπ = 186 MeV, e = 4.82

KN (I = 0, L = 0) bound state
_

mK = 495 MeV 
Ekin = -32.9 MeV

mK = 495 MeV 
Ekin = 27 MeV

KN (I = 0, L = 1,  J = 3/2)  
scattering state

_



2016/11/23 Realistic hadron interactions in QCD@YITP

Scaling rule
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Scaling rule for the profile function

Pr
ofi
le
 fu
nc
tio
n 

F(
r)

y = eF⇡r
y: radial distance [1] 
r: radial distance [fm]

α ≡ eFπ  →  αA = 186 × 4.82,     αB = 129 × 5.45

G0 (r) = C0 exp

✓
� r2

R0
2

◆

G2 (r) = C2
r2

R2
2
exp

✓
� r2

R2
2

◆

G4 (r) = C4
r4

R4
4
exp

✓
� r2

R4
2

◆

Scaling rule for the fitting functionals

RB =
↵A

↵B
RA

CB
0 = CA

0

CB
2 =

✓
↵B

↵A

◆2

CA
2

CB
4 =

✓
↵B

↵A

◆4

CA
4

Scaling the fitting parameters from set A to set B 
with the scaling rules

Set A: Fπ = 186 MeV, e = 4.82 
Set B: Fπ = 129 MeV, e = 5.45
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Scaling rule for convergent terms
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Scaling rule for the profile function
Pr
ofi
le
 fu
nc
tio
n 

F(
r)

u 0
c (W

Z,
 r)

 [M
eV

]

Set A

Set B

Numerical

u τ
c (N

, r
) [

M
eV

]

Set A

Set B

Numerical

: Range
: Strength for G0(r)

: Strength for G2(r)

Convergent contributions:  
Uτc(N, r), U0LS(N, r), U0c(WZ, r), U0LS(WZ, r)~~~~

RB =
↵A

↵B
RA

CB
0 = CA

0

CB
2 =

✓
↵B

↵A

◆2

CA
2
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Scaling rule for divergent terms
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1/r2 repulsion does not depend on the scaling for F(r) 
→Come from ∂i(exp[iτaraF(r)]) and ∂iK(r)

Divergent contributions: U0c(N, r), UτLS(N, r), Ul(r) 
→Make them convergent by multiplying r2 and divided by r2 after scaling

G0 (r) = C0 exp

✓
� r2

R0
2

◆

G2 (r) = C2
r2

R2
2
exp

✓
� r2

R2
2

◆

G4 (r) = C4
r4

R4
4
exp

✓
� r2

R4
2

◆

~~ ~

RB =
↵A

↵B
RA

CB
0 = CA

0

CB
2 =

✓
↵B

↵A

◆2

CA
2

CB
4 =

✓
↵B

↵A

◆4

CA
4

Isospin Normal term

Central indep. r2 ⇥ (uc
0(N, r) + vc0(N, r)Ekin)

G0 (r) +G2 (r) +G4 (r)
LS dep. r2 ⇥

�
uLS
⌧ (N, r) + vLS

⌧ (N, r)Ekin

�

G0 (r) +G0 (r)
Centrifugal force r2 ⇥ (ul (r) + vl (r)Ekin)

G0 (r) +G0 (r)
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Comparing 2
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parameter set B: Fπ = 129 MeV, e = 5.45

KN (I = 0, L = 0) bound state
_

mK = 495 MeV 
Ekin = -82.9 MeV

mK = 495 MeV 
Ekin = 27 MeV

KN (I = 0, L = 1,  J = 3/2)  
scattering state

_
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Comparing 2
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parameter set B: Fπ = 129 MeV, e = 5.45

KN (I = 0, L = 0) bound state
_

mK = 495 MeV 
Ekin = -82.9 MeV

mK = 495 MeV 
Ekin = 27 MeV

KN (I = 0, L = 1,  J = 3/2)  
scattering state

_
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Comparing 2
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parameter set B: Fπ = 129 MeV, e = 5.45

KN (I = 0, L = 0) bound state
_

mK = 495 MeV 
Ekin = -82.9 MeV

mK = 495 MeV 
Ekin = 27 MeV

KN (I = 0, L = 1,  J = 3/2)  
scattering state

_
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5. Summary
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Summaries
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Investigate the kaon-nucleon systems 
by a modified bound state approach in the Skyrme model

・Future works 
1. The πΣ system 
2. The properties of Λ(1405) 
3. few body nuclear system with kaon　

・Results 
1. Properties of the obtained potential 
    a. nonlocal and depends on the kaon energy 
    b. contain central and LS terms  

with and without isospin dependence 　 
    c. repulsion proportional to 1/r2 for small r 
2. KN(I = 0) bound states exist with B.E. of order ten MeV 
3. Phases as functions of energy reflect 
　 the property of the bound state 
4. Fit the potential by a simple form of the Gaussian type

_
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Thank you for  
your attention
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