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Introduction

Separation of scales in the time evolution of a physical system
Liouville mms) Kinetic (Boltzmanneq.) === Fluiddyn.

Hamiltonian (i) (ii)

One-body dist. fn. Hydrodynamic variables,U” T ,n and so on
(BBGKY hierarchy)

| I

Slower dynamics with fewer variables

(i) From Liouville (BBGKY) to Boltzmann (Bogoliubov) The relaxation time of the
s-body distribution function F_s (s>1) should be short and hence slaving variables of
F_1. The reduced dynamics is described solely with the one-body distribution function

F_1 as.the coordinate of the attractive manifold. N.N. Bogoliubov, in “Studies in Statistical Mechanics”,
(J. de Boer and G. E. Uhlenbeck, Eds.) vol2, (North-Holland, 1962)

(i) Boltzmann to hydrodynamics (Hilbert, Chapman-Enskog,Bogoliubov)

After some time, the one-body distribution function is asymptotically well described by
local temperature T(x), density n(x), and the flow velocity u ,
i.e., the hydrodynamic variables

(i) Langevin to Fokker-Planck equation,
(iv) Critical dynamics as described by TDGL etc.....




Geometrical image of reduction of dynamical systems

(including Hydrodynamic limit of Boltzmann equation)
n-dimensional dynamical system:

9X _Ex) t

dt

dim X =n R"

ds
{ E =G0) and attractive manifold

dimM=m<n

X = f(r,p) ; distribution function in the phase space (infinite dimensions)

s={u”,T,n}; the hydrodinamic quantities or conserved quantities for 1st-orderseq.



Introduction (continued)

The problems listed above maybe formulated as a construction of
an asymptotic invariant/attractive manifold

with possible space-time coarse-graining,
and
it may be interpreted
as a geometrical resolution to Hilbert’s 6™ problem,

which is based on a similarity of geometry and physics.
c.f. Leo Corry’s talk; Arch. Hist. exact. Sci. 51 (1997) 83.

We adopt the Renormalization Group method (Chen et al, 1995;
T.K. (1995)) to construct the attractive/invariant manifolds and
extend It so as to incorporate excited modes as well as the would-be
zero modes as the slow/collective variables

and
thereby derive the second-order hydrodynamics as the mesoscopic
dynamics.
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Some references

The talk is based on the following work done with Tsumura, Kikuchi and K.Ohnishi;

K. Tsumura, K. Ohnishi and TK, PLB46 (2007), 134:
The original. 1%t-order eq.

Tsumura, Kikuchi and TK, Physica D336 (2016),1;
The doublet scheme with application to derivation of second-order non-rel hydro in
classical statistics

Tsumura, Kikuchi, TK, PRD92 (2015);
Quantum and relativistic with single component

Kikuchi, Tsumura and TK, PRC92 (2015);
Quantum and relativistic with multiple reactive species

Kikuchi, Tsumura and TK, PLA380 (2016), 2075 and arXiv:1604.07458;
Quantum and non-rel with application to cold fermionic gas.

Tsumura and T.K., EPJA 48 (2012), 162 : A Review




Use of envelopes of a family of curves/surfaces:
- T.K. (95)

Let {C; }+ be a family of curves parametrized by 7 in the z-y plane;

C.:F(xy,7,C(z)) =0 V. G:
E: Theenvelopeof C_ G(x.y) = 0. (Ero) o F(z,)=0

X, X
dF(xg, yp. Ti dC dF (xq, vy, 70. C(7
-F:."-:-EEEI"- Yo. To, G{Tﬂ}} = { .;’,I'Dlyﬂ D] + am { & ygcﬂ { D}] = 0.

The envelop equation: dF /dz, =0 <==> RG eq.

the solution Is inserted to F with the condition
T, =X, < the tangent point

mmp G(x y)=F(x Yy, C(x))



Resummation of seemingly divergent pert. series
and extracting slow dynamics by the envelope/RG eq.

A simple example: the dumped oscillator! T.K. (95,
T 2 Z o
a2 @ T T

2

(t) = Aexp(~51) sin{q' 1-t+0),
z(t,to) = zo(t,to) + eri(t.to) + exzalt,t0) + ...
g+ g = 0, Ipy1 + Tpyi = —In
z(to, to) = Wito).
W(to) = Wo(to) + eWi(to) + €Wa(to) + ...

xo(t, to) = A(tp) sin(t + 0(tp)), Wolte) = zolto, to) = A(lo) sin(to + 8(to)).

A
zi(t,to) = —5 - (t — to) sin(t + ), Wi(tg) = 0
L a secular term appears, invalidating P.T.




To(t) = g{{t — tp)?sin(t + 0) — (t —tg)cos(t +0)}, Wa(ty) =0

Secular terms appear again!
Collecting the terms, we have

:T{T.Tn} — Asin(t +8) — Féff — Tn:'l sin(t + @)

+EE;{H — to)* sin(t + 6) — (¢t — to) cos(t + )}

WIth 1.C-2 W (tg) = Wolto) = Alto) sin(to + 6(to))
, parameterized by the functions,
Aty), o(ty) =1, +O(t,)

The secular terms invalidate the pert. theory, like the log-divergence in
QFT!

Cole = {z(t.to) hs, r (1) = z(t, 1) = W(t).

dIE;JD] _o th = t. ==> Altg) and #(t)
to '




To(t) = g{{t — tp)?sin(t + 0) — (t —tg)cos(t +0)}, Wa(ty) =0

Secular terms appear again!
Collecting the terms, we have

Tt tg) = Asin(t + #) — Féff — tg) sin(t + #)

+EE;{[ﬁ — to)* sin(t + 6) — (¢t — to) cos(t + )}

WIth 1.C-2 W (tg) = Wolto) = Alto) sin(to + 6(to))
, parameterized by the functions,
Aty), o(ty) =1, +O(t,)

Let us try to construct the envelope function of the set of locally
divergent functions, parameterized by t, !

Cole = {z(t.to) hs, r (1) = z(t, 1) = W(t).

dIE;JD] _o th = t. ==> Altg) and #(t)
to '




dA df €
E!T_f]]—l_EA_D ﬂf_ﬁ]-l_g_ﬂ!

2

A(ty) = Ae~/2, f(tg) = —%fn + 8.

Extracted the amplitude and phase equations, separately!
2

r (t) = z(t,t) = Wo(t) = A E}fp{—%ﬁ}ﬂilll[tl — %]t + ).

J1—€e2/a=1—¢/8+O(e")

The envelop function z_(t) = Wy(t) an approximate but

global solution In contrast to the pertubative solutions

which have secular terms and valid only in local domains.

Notice also the resummed nature!



RG analysis of Van der Pol eq. with a limit cycle
T4+ x=el—a%)z

_12 N .
((h” + 1) 7o =0, To(tito) = Alto) cos(t + 6(to)) To(to; to) = Alto) cos(to + 6(to))
C

) A 2 A 3
(L + 1) jl = —f’l(fo) (1 — fl(io) ) Sill(f -+ 9(?0)) + 14(?0) sin 3(1L + 9(?0))
Alty) (1 ~ Alt)? A(tg)?

sin 3(t + 6(to))

) sin(t + A(ty)) — 39

3

R At .
T1(tgity) = — (to) sin3(ty + O(ty))
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(a) perturbative solution

"Exact’ numerical solution

v

RG improved solution
in 1storder perturbation

From Mater thesis by Y. Kikuchi (2015)



A foundation of the RG method a la ERG. T.K. (1998); Ei, Fujii and T.K.('00)

Let us take the following n-dimensional equation;

d X
di

— F(X.1). (B-11)

where n may be infinity. Let X (t) = W{(t) be an vet unknown exact solution to
Eq.(B-11), and we try to solve the equation with the initial condition at t = Vip;

X(t=tn) = Wi(tp). (B-12)

Then, the solution may be written as X (t; ty, W (tg)).

X (t; to, W (t0)) = X (t:th, W (th)).

Taking the limit £ — tp, we have

dX 09X 09X dW _
diy N Aty dW dty N

Pert. Theory:
X (t;tg, W (tg)) and X (t;ty, W (ts)) may be valid only for t ~ tp and t ~ tj,

th < t < t; (or &y < t < fp)

L OX dW
ey W dtg

ax
dip

X
=

—0, With 5 =t  RG equation!

top=t

tn=t



Let X (i;7p) is an approximate solution to Eq.(B-11) around ¢ ~ to;

dxc{ﬁ; ) L (X (t:t).1).

Then, we have
AW (t) 90X (t:;tg) 0X (t;tg)
dF ot N
_ 09X (t;t0)
ot to—t
~ F(X (t;tp), f”m:t:
= F(W (t),1),

to=t dto to=t

showing that our envelope function satisfies the original equation (B.11)
In the global domain uniformly.



Eg. RG reduction of a generic equation with zero modes

_ ~ S.Ei, K. Fujii & T.K. Ann. Phys. 280( 00)
du = Au+ €F(u) dimu=n [ef<1

AU,‘ZO, (1212,,171)
We suppose that other eigenvalues have negative real parts;
AU, =AU,, (a=m+1,m+2,---,n),
where ReA, < 0. One may assume without loss of generality
that U;’s and U_,’s are linearly independent.

P the projection onto the kernel ker A P+Q=1

Perturbative expansion around arbitrary time t_0 in the asymp. regime
u(t: to) = uo(t; ta) + eus(t; o) + e ua(t; to) + - - -
With the initial value at t_O:

Wito) = Wolto) + eW1(to) + EEWE{tD} S
= Wo(to) + p(to),

(0 — A)ug =0,
(0 — A)uy = F(uy),

— f n
(0 — A)ug = F{up)ut, ©ug)uy): = 3° (0 (w0))s/0(u);} (ur);

=



Since we are interested in the asymptotic state as t — oo,
we may assume that the lowest-order initial value belongs to

ker A:

Unperturbed manifold

Waolto) = 2. Ci(to)Us = WylCl. = M,
ug(t;tn) = E[!_!“J‘an{tn] = ¥t Ci(to)U;.

Parameterized with N variables, instead of m ! € = Yy, Cy,---,C)

1st-order solution reads
ui(t; to) = el M [Wy(tg) + A~'QF(Wo(ta))]
+(t — 10) PF(Wo(i)) — A~ QF(Wi(t)).

The would-be rapidly changing terms can be eliminated by the choice;
Wi(tg) = —A'QF (Wy(to)). PWi(ty) =0
Then, the secular term appears only in the P space;

ui(t;to) = (t —to) PF — A_lﬂ,?F. a deformation of
<= the manifold O



Deformed (invariant) slow manifold: M; = {ujlu=W;— EA"IQF{WD]}
u(t; tg) = Wy + e{(t — ) PF — A‘IQF}

A set of locally divergent functions parameterized by {g !

The RG/E equation 5u/5t0‘t0:t =0 gives the envelope, which is

globally valid: Wo(t) = e PF(W(t)), T.K., PTP (1995), (1997)

which 1s reduced to an m-dimensional coupled equation,

Cilt) = (U, F(Wo[C])), (i=1,2,---,m).

=

The global soluti he i lant manifod):

u(t) =u(t;to =t) = > Ci(t)U; — e

We have derived the invariantirﬁgnifold and the slow dy
on the manifold by the RG method.

It can be shown that the so-constructed global sol. satisfies the original eq.
In a global domain up to the order with which the local sol.’s are constructed.
T.K. PTP(1995)

Wq[ﬂl}
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Extensions
a) A is not semi-simple.with Jordan cell

_ S. Ei, K. Fuijii and T.K. , Ann.Phys.('00)
b) Higher orders.
c) PD equations;
Layered pulse dynamics for TDGL and Non-lin.Schroedinger.
See also, T.K.,Jpn. J. Ind. Appl. Math. 14 ('97), 51

d) Reduction of stochastic equation with several variables;
Liouville to Boltzmann, Langevin to Focker-Plank:

Further reduction of F-P with hierarchy of time scales.
Y. Hatta and T.K. Ann. Phys. (2002)

e) Discrete systems 1 k. and J. Matsukidaira, Phys. Rev. E57 ('98), 4817

f) Derivation of hydrodynamic limit of Boltzmann eq. in classical/quantum
(non) relativistic (reactive multicomponent) systems

Remark

The (arbitrary) initial value (in the asymptotic region) play an essential role
In the RG method. An intimate similarity of the method with the holographic
AdS/CFT method is indicated; see for example,

Yu Nakayama, PRD88, 105006 (2013).



Basics about Rel. Hydrodynamics

1. The fluid dynamic equations as conservation (balance) equations

ONY'=0,i=1,...,n, local conservation of charges
dI" =0, v=0,...,3 . local conservation of energy-mom.

2.Tensor decomposition and choice of frame
y* : arbitrary normalized time-like vector u-u =1

Def. space-like projection A" = g"" —uFu”, A™u, =0, A"AL = AH

NH =, uf 2y / space-like vector space-like traceless
L tensor
THY — e utlu? p‘j,uy + q,u & + qu_wu + e

n; =N;-u ;netdensity of chargei inthe Local Rest Frame
v = ANV net flow in LRF
e =w, " u, ; energy density in LRF p= ——TF”"_";#,,, Isotropic pressure in LRF

¢" = A*T,zu” ; heat flow in LRF

1 .
—.i,'!.'uy.ﬂ&_;g] Tcs;j'

1
LiLs — - ‘ﬂ,tt‘ﬂz.a' ‘ﬂﬁt‘ﬂu) _
L [2( aBg T [ s 2

- stress tensor in LRF



Define (/“# SO that it has a physical meaning.

A. Particle frame (Eckart frame) space-like
L *ﬁ"r*.ilu . . — —
Up = N, ..  parallel to particle currentof i = 0=NA,, =

B. Energy frame (Landau-Lifshitz frame)
THuy

uy =

; flow of the energy-momentum de
V HLT Tjﬂuﬁ

|4

T u" =eu” +q”

NF =ngut + 08

THY — by — p‘j,r.m + Ejf'u vy qu_u,u 4 v



Typical hydrodynamic equations for a viscous fluid
--- Choice of the frame and ambiguities in the form ---

Fluid dynamics = a svstem of balance equations
Wlo, v —0, a,N*—0. |energy-momentum: |T*" | number: | N¥

BT = evu” —pA*™ +5RY NY = nu* + N e
- Dissipative part

‘ Eckart eq. Ino dissipation in the number flow; ) Describing the flow of matter

STH = ulT A (% VT — Du”) +u’ T A (% VAT — Du“)

+2n3 (T“u” +'~?% B %ﬂ““? WA V. with D=u" ﬂu VH = A,

wo_ by = A

SNF = 0. --- Involving time-like derivative ---. Ay =g - e =A%

I Landau—Lifshits Ino dissipation in energy flow ==>describing the energy flow.
1 5 e No dissipativ_e

T = 2n3 ("F“u” + Vil — S ARV u) +CAMNY - u o) oT U, =0, energy-density
nT 1 1 nor energy-flow

IN* = A (Vi - - — v*p) u,6N* =0 No dissipative
--- Involving only space-like derivatives --- particle density
G ; Bulk viscocity, T]; Shear viscocity

with transport coefficients:
A :Heat conductivity



Acausality problem
P. Romatschke, arXiv:0902.3636v3[hep-ph]
Fluctuations around the equilibrium:

e =¢€y+0e(t,x) wt = (1,0)+ our(t,x)
Linearized equation,;
(e +p)Du? —V¥p + AYO 1" = (€5 + pp)d;ou? + O, 1T

2
[T = n (V'Y + VVu™) + (C,' — g-r}) AN u™ = —ng O0u”
dyou? — o E}iéu“ =0
€0 + Po

Diffusion equation!

The signal runs with an infinite speed.



Non-local thermodynamics (Maxwell-Cattaneo) ——— Mueller-Israel-Stewart

P. Romatschke, arXiv:0902.3636v3[hep-ph]
O Y + 117 = —npd,0u?

Telegrapher’s equation

Oou? + ——0, 7Y =0, 107" + 7" = —npd.ou”
€0 + Po
) 1 .
0F + — — —dg G(x,x') = —6(x — %)
Tx Tx Tn
t—t'
t—t) 2w 5\ € I t—t)?  (r—2')?
G(X,x’)zr?(f—f’)ﬂ(( ) — (z —z')? In|. ( g) — 2 )
| | T VavT. 472 4vTy
Diffusion Eq. vs. Maxwell-Cattaneo
1 i I i 1 i 1 v 1 i 1 i 1

- . 4~ m Diffusion-Ecuation

wm mm Macwell-Cattaneo

0.8 excluded by * . excluded by =

| cansality . causality
_;ré 06 -
<
50.4— -
02 -
0 A de



Compatibility of the definition of the flow and the LRF

In the kinetic approach, one needs a matching condition.
Seemingly plausible ansatz are;

- - [
n=u-N=ng=u-Ng

Is this always correct, irrespective of the frames?

Particle frame is the same local equilibrium state as the energy frame?
Note that the entropy density S(x) and the pressure P(x) etc can be quite

Different from those in the equilibrium. Eg. Fthe bulk viscosity

Local equilibrium —— No dissipation!

Distribution function in LRF: D. H. Rischke, nucl-th/9809044
folk,z) = (EQTP exp{yo(k,2)} £ yo(k,z) = [k - u(z) — u(2)]/T(z).
Non-local distribution function;
flk,z) = [E*':gr}J lexply(k,z)} £ 1:_L

y(k,z) ~yo(k,z) + s1(z) + k- c2(z) + kpky, 57 (2)



The problem of causality:
Col /ot = -0q / dx

Fourier’s law; g = -10T / ox
Then Corl /ot = VT
Causality is broken; the signal propagate with an infinite
Speed.
fication: e — (t, z) +4q(t, T) = A —=T(t, z)
Modification;  7q 7 alt. =) +qlt, ) = —A==1(t, z)

Extended thermodynamics

Nonlocal g(t, =) = [d.ﬁ- [l‘?l_’if — ) _Lr.:_TIrT”_”:' J'a] [— i T(s. .:!"]]
thermodynamics - q

Memory effects; i.e., non-Markovian
Derivation(Israel-Stewart) : Grad’s 14-moments method

+ ansats so that Landau/Eckart eq.’s are derived.

< = Problematic



The problems:

®Foundation of Grad’s 14 moments method
® ad-hoc constraints on §7#" and SAN# consistent with
the underlying dynamics?



Relativistic Boltzmann equation
i a.u fP(I) = C[f];.(:t:},

Clflp(z) = % f dpi1dpzdpaw(p, p1|pz, p3)
X (T4 afp(z))(1+afp () foa () fra ()

Collision integral
a=+1 boson

=-1  fermion 30, /1(21)
=0 classical — Fp(@) i (@)1 + afpa () (1 + afps (), dp = d°p/[(2m)°p']
Symm. property of the transition probability:
w(p, pilp2, p3) = wlpa, pafp, p1) = w(py, pips, pa) = w(ps, palpr, p) - (1)
Energy-mom. conservation; wip, pilp2, p3) < 6*(p + p1 — p2 — p3) L (2)
: 11 |
Owing to (1), /dwpﬂ*[f]p = gg/dpdpldpzdﬁ'j w(p, p1|pz2 , pa)

X (¥p + Pp1 — Ppr — ¥ps)

x ((1 +afp)(1 + afpl}fpzfps - fpfm{l + afp:)'{l +ﬂ*fp3)} T (3)

Collision Invariant ¢»(2) : fdp;%cmp:g__ fdp}%ﬁ*@[f]p:[}

Eqg.’s (3) and (2) tell us that
the general form of a collision invariant; ¥p(Z) = alz) + p" Bu(z),

which can be x-dependent!



Local equilibrium distribution

JfpIn fp —

[l—afpjlnlfl—l—a.fpj]

a

The entropy current: 5" = —fdpp“

fr
1+af,

d,5* = —fde[f]p In [

Conservation of entropy  ——  In(f,/(1 + af,)) = a(z) + p*B,(z).

]' o
J— = 11

l.e., the local equilibrium distribution fn;

Remark:

Owing to the energy-momentum conservation,
the collision integral also vanishes for the local equilibrium distribution fn.;

C[f,](x) = 0.



Previous attempts to derive the dissipative
hydrodynamics as a reduction of the dynamics

N.G. van Kampen, J. Stat. Phys. 46(1987), 709
unigue but non-covariant form and hence not

| andau either Eckart! Cf. Chapman-Enskog method to
derive Landau and Eckart eq.’s;

Here see, eg, de Groot et al (‘80)

In the covariant formalism,
In a unified way and systematically
derive dissipative rel. hydrodynamics at once!




Introduction of the macroscopic frame vector
K. Tsumura, T.K. K. Ohnishi,PLB646(2007)134

Ansatz of the origin of the dissipation= the spatial inhomogeneity,
leading to Navier-Stokes in the non-rel. case .

and will be identified with u” Difference of the time scales of kinetic
and hydrodynamics.
T=alx 7 — 0z G,g(.',g — 3% v 7l
proH o = | gt — 2 r, = Ap I, T .:'} T O
0 1 D
— = —al = I I I I v o v . . .
o w a,; 0, = D, time-like derivative A o = AR 9, =V* space-like derivative

Rewrite the Boltzmann equation as,

= o fr o) = Clfly(r, o)~ ——p- Vi, 0)

p- G,p p - G,p
L perturbation

Only spatial inhomogeneity leads to dissipation.
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Solution by the perturbation theory

oth | Tjo— __cp,
b f=f©
‘ We seek for a slow solution in the asymptotic regime:
87_ p p ) a'p ! f:f'f(o)

=>  0,0m) = £

1
 plptuplesmo)—pl(oimo)]/Tlesmo) _ g
< written in terms of the hydrodynamic variables.
Asymptotically, the solution can be written solely
in terms of the hydrodynamic variables.

» | Eive conserved quantities  7(s; 7), p(o: 7o), uu(o: 7o)

reduced degrees of freedom m=5 u(o; 10)uy(o; 1) =1
*| Oth invariant manifold /" (70, o) = f;%c: 7o)
1l = /O(n) = s

Local equilibrium

32



st | 2 70(r) = AP )+ PR

ot

‘ Lin. collision | eq Fe 1 4 o
operator Pg = {f Elf ‘1) HECWP e qf fq with f;q{g;m} =14 ﬂf;q(g;ﬂ})

a—>0 c_:Iafs,S|caI
l Inhomogeneous term I E}p:_(f;qf;q}—l 1 —p. Vv fea }- limit

The lin. op.L has good properties: |

Def. inner product: {1, y) = /d-p {p-u)_f;qfﬁqﬁ'ﬁpxp

Quantum effect

<‘P=L¢>:<L%p=¢> Self-adjoint

<(]49:J L(_p) < 0 for all % Semi—negative definite

Lsﬁg0-:}@8};{10)u

O = [,
m o=414

[, has 5 zero modes and other eigenvalues are negative.
33




Def. Projection operators:

[P%b} = 05, T (90 ),
1

g a3
Q=1-P. - -
‘ Mo+ D 1" G =03
Metric is given in terms of aff — (8 B ) v
The zero modes: T =1\%0: %o
=—> 1storder solution: would produce a fast motion

fO(r,0;m0) = fﬁqfuq[cih_mhl’ +(7 —70) ok + () - 1)£—1Q.;]F.:]}

With the initial value: /" (o:70) = fV (7 = 70,0570) = [ 70
which is yet to be determined.
In the case of the 1st-order (N-S) equation:

o L(r—Tq) 3_ | : . © o
e (T=T0) 'QoFy can be cancelled out by a choice of the initial value L(T—70)

¥ =-L"QF, — 1st-order (gLandau) equation
df(7:70) Tsumura, Ohnishi and TK, PLB46(2007);
Envelope/RG eq. r =0 Tsumura, Kikuchi and TK, PRD92 (2015).

Note: we can assume that P, = 0.

because possible zero modes can be renormalized into the zero-th sal.



Resultant 1st-order Hydrodynamic equation Tsumura, Ohnishi, TK(2007);
Tsumura, Kikuchi, TK (2015)

pa — 8 e e
8 Jhydro - 0 jl?ydm — /dpp ‘r”Dp P (1 + quLIJ )
{ eufu” — (P + 11 AR + 7 o =,

nut + JH*. a=4.
M= —co " T2 u M
— _C JH = /\?V f ?T}'.LU — 2-}}0‘“”
Lo to1 L ju 11y n = — (5 L V)
Cz—;(H,L II) = 3T2<] L Ju) M= 0T L T T
1 [ . . o0 1 oo
7 [ e ey = Carone - o7 L 0, A o)
(L (s), 0 (), 79 (5) [dq L) (fg T )
= ~ LV 1 v
(1, 0 ) = L, g )
p-u
1 9P OP 1
I, = (p- u)? {3 T e i +(p-u) on ) - om?,
Jy =AM py((p - u) — h) ?T;W = A"P7 p Do h=(c+P)/n

APVPT = 1 /2(AFPAVT + AFTAVP — 2 [3ARY APY)



Transport coefficients for a recative flow

First—order transport coefficients

¢= g | astito). i)

1 o0

- S (0). 7
1= o7 [, SO A ()
1 o0

M =~ gpg [ as(I50),Ta ()

. First—order transport coefficients have the

same expressions as those of Chapman-
Enskog method and consistent with the
field theoretic calculation based on Green—

Kubo formula.

Jeon, PRD 52, 3591 (1995):
Hidaka and TK, PRD 83, 076004 (2011)

N
(P, x) =) ] APk (Pk - 1) Fr py Fhops V.o Xk (T1(s), J4(5), 7 () .
k=1



Derivation of 2"9-order solution: How to deform the invariant manifold so as to
incorporate excited modes

fO(r,0;m0) =~ feafea {\If + (T — ngi‘l’ + (7 —70)PoFo + (T —70)QoFo T =70 :small

e LU and ()oFy should belong to a commeon vector space.

e The P; space is spanned by independent components of @
5, QD
LW and V. P,

¥ and L—'QuF, should belong to the same vector subspace.

Now an explicit calculations give

1

[E_LQGFEJ]P =7

L _ La] ; \_ zf, T I"t'
[L LH]p{_v ' uj o [L IJF ]pE?F‘T

.
+ [L715] Ao VP

Here the microscopic dissipative currents are given by

P 1
(Up, Jp, 7p") = ——(Up, Jy, m") h=(e+P)/n,
P AMVPT = 1 [2(AFPAYT 4 APTAYP _ 2 [3ARVAPT)
1 0P | aP| 1 [L-11] h[L—1J#]
M= u?|s——| |+ u) —| —-m?, S . P
p= @) {3 Oe |, P .3 U (I, L—11) L(Jv,L-1J,) G

L — LI y T
m = AP p, po.

[E—lﬁ.;_w] , ]

lispe T—14s
(TP, L™ T por )




. — 1 1 F(1) FQ1
Second-order perturbative eq. X7 =F00 3B U0,

Qf@)(fr) = feafear,(fea fea)=1 f(2) () 4 feafear(z — g o ]kpzmqmn )

o o (pk uzcmfkpk) A
oo

Second—order perturbative solution

FO(r) = feaf% | (r = 7o) Py + (1 = 10)9(5) PG (8)Q0 — (1 + (r = 70)0/05)@Q19() Q0| K(s)| _

“Initial” value at arbitrary time =z, G(s) = (L —9/9s)™

FO (r0) = = FF*9QuG(5)Q0 K (5)| _

The perturbative calculation finished.



Hydrodynamic eq. through the RG equation

f(r=m10;710) = fC(10) T fE(7)

f(q‘} TU) RG& df(T; TO)

d’r(]

Projection onto ;
Qp JuuSu fast modes P.-space  Projection onto
0 -
{ Py —quasi-slow modes %’ P.-space

Py —slow modes Eqg. of continuity
(T(7), pa(7), u(7))

Second—order hydrodynamics Eq. of relaxatior

K. Tsumura and T. Kunihiro, Eur.Phys.J.A48, 162 (2012) (IL(7), Jﬁ(fr)’ ™ (1))
K. Tsumura Y. Kikuchi and T K (2013) arXiv:1311.7059
K. Tsumura, Y.Kikuchi and T K, PRD (2015)



Second—-order multi—-component quantum hydrodynamic Equation

Hydrodynamic equation N D, o

Y Kikuchi, K. Tsumura, and T. K (2015), PRC92 (2015)
9,T" =0
Ho_
9,N* =0

+ konlld + Z ﬁ(l)AJ 2 VT + Z (Q)BAJA”OV"!L—B + KT po 0P
A=1 A,B=1 T

+ brnn 1% + z bAB T8 TB.p + blan T T pos
A,B=1

M M
Jh = Z ,\,”3 v»u s LZ TAB Ak ;rJB,} — (AL VHIL — 04 AP v,

=]

(1)A (Q)AB ©B {1]AB " {2]AB
+ RS HV“T+BZI HV“T+BZ J9+Z B,y

TH = eybu” — (P — I)AM + 1t

M
RGBT ot 4 ATk T4 3 KA ey L2
B=1

N4 = ngu* + JY

+ Z b LT + z b5 7T B, T,
AW = gV — ¥ B=1

V,=Avd,

M
oo O
T = 2not? {T,TA‘ vpa P ZfzJV(”J:)

a=1

AHVPT 1 AHPAVT T AHTAVP gApuAprf\
2 3 )

M
el S RAIETIT s Y KA
A=1 A,B=1

+ Wi 4 g@pMigh) | 4 @) pM g |

6=V -u
Y= APV jug

+b1rr[ Hﬂ,,uu_+_ Z bﬂJJJ(pJV)‘i‘b ﬂ-‘?{')\(ﬂ' v)
A,B=1



Dissipative relaxation times
fidss(fi(o),11(s)) [, dssRmu(s)

"A@)= dsRy(s)

[ dss(@(0),du(s))  Jo dssBy(s)

Tn = oC ~ A _ o0
Jo ds(@Po(0), 7 pe(8)) rn dS’RJ(S)
™= 7po L=17,,) [o° dsRx(s)
1 )
Bn(s) = 5 (11(0), II(s)) For a reactive case,
Ri(s) = é(iﬂ(o).jp(s)), 2y (f asstroduen) (fomdsw“m),fu(s»);
Ro(s) = 13T<ﬁw(0)_ﬁw(s)) Kikuchi, Tsumura, TK , PRC(2015)

Correlation times!, which are different
for the (respective) dissipative quantities.

c.f. Israel-Stewart 14 moment formulae:
T%[S = —@ SIS — (’Jﬂ- J,u> J <T\'#V.A7T,u,,>
(LLI) = gp L,y " (w7, L)

Comparison with other methods: _ o _
G. Denicol, H. Niemi, E. Molnar, D. Rischke,

PRD 85 (2012);An elaborated moments expansion

with 41 moments.

RG Israel-Stewart Denicol et al.
n[T/or] 127 1.2 1.267
Tr [1/noT] 1.66 1.8 2




Properties of resultant hydrodynamic eq,

FoIIowing properties are proved: Y Kikuchi, K. Tsumura, and T. K, PRC92 (2015)

= Causality (Propagating velocities of fluctuation of hydrodynamic variables do
not exceed the light speed)

z Stability (Equilibrium state is stable for any perturbation)

=« Positive definiteness of the entropy production rate

« Onsager’s reciprocal theorem o

H1 T_2 "
+)\12h2V T

u T°
TV = Ay VA
2’ T
P

=g [ a0, Tnuen |

T2 L
po_
Ja —A2lﬁv“?+)\22ﬁvﬂ?+"'

Indicating that our way of solution respect the fundamental property of Boltzmann equation
that the microscopic process is time—reversal invariant..



Derivation of Second-order hydrodynamic equations:
Similarity of rel H-1 with (unitary) cold atomic gass

Unitary Cold Atomic Gas

Expanding gas behaves hydrodynamically.

iy
' b
é.__
ﬁ
—) O G
- -
| -
=
PrOblem K. M. O’Hara et al., Science 298, 2179 (2002)

Two regions: hydrodynamic core and dilute corona
How to describe the transition between these regions

Consider a relaxation of dissipative currents

StrOngly Correlated quantum fIUId P. K. Kovtun et al., Phys. Rev. Lett. 94, 111601 (2005

N D
nearly perfect fluid ; < Irkm




From Boltzmann eq. with mean field to hydrodynamic ea.
Y. Kikuchi, K. Tsumura and T.K. Phys. Lett. A380 (2016),2075.

Boltzmann eq.

("’ to V4 F. vp) folt:x) = Clflp(t.e)  F=-VEy(x)=-VV()

ot
* € : measure of the inhomogeneity of fluid

(gt tev -V +eF - Vp) fo(t,x) = C[f]p(t, )

To which the RG method is applied to obtain the 2"9-order hydrodynamic equations,
together with the microscopic expressions of the transport coefficients and
relaxation times



Y. Kikuchi, K. Tsumura and T.K. Phys. Lett. A380 (2016),2075.

. ] e 2 m— [S] 1
Shear VISCOSIty fcl?a.sswa.l =€ e H)/T Feqrmi - eP?/2m—p)/T 4 1
S—wave scattering scattering length dependence
do 1
J0 2 2 B :
df (1/%) +l " classical gas il
scattering length I 7p | Forml gas ’
relative momentum 600
: : : g o0 N
Microscopic expressions= 4, | a
| e B B a0 | ]
"= 1ot |, ds(*(0), 7% (s)) 20 | )
_ I14i 1t
__10_T<ﬂ- ) m > () .
[ 1 2 g 4 q
[P,
.= 55C110)

f=fea
E/fsq(l"'“f;q)wﬂp . .
» | nitary limit

i (s) = [e*L7],



Y. Kikuchi, K. Tsumura and T.K. Phys. Lett. A380 (2016),2075.

Viscous relaxation times from kinetic theory
Boltzmann eq. (8 +v-V+F-V )fp(t,ac) = C[f]p(t, ) Ly = %cm},(t)

f=fea
Microscopic expressions Dr_ v.u
Dt ’
1 . ..
exact __ ~ 17 —2 17 Du’ . . o
T, = (w7, L™ *7"7) = VP +nF + Vin¥,
" 10T Dt
1 Tn]]:)': = o r 4+ V. J
exact T T —2 71
T — J'. L %J ij _ D
J 3T2)\ < ’ > T = 170 'r,,,Dt'Jr + -

T =AV'T =7 Jz



Test of reliability of the Relaxation—time approximation(RTA)
(BGK)

Y. Kikuchi, K. Tsumura and T.K. Phys. Lett. A380 (2016),2075.
1

exact _ & y~ij 7—14dj exact _ i r—1 71
= 10T(7r JL7 7Y A 3T2(J J")
Our exact expressions (Improved) RTA
1 e o i T. Schafer, Phys. Rev. A 90, 043633 (2014)
TR = (7%, L27%) exact
107 ~RTA __ 7
T — —P
1 ~s _9 2 exact
Fexact _ <J1 L 2J1> _RTA _ 12m T\
J 372\

T

~ (7Q — 75P%/n)

Relaxation—time approximation (RTA or BGK)

t €T eq T RTA _ G. M. Bruun and H. Smith, Phys. Rev. A 76, 045602 (2007)
C [f] (t m) f( ) f ( ) n TP M. Braby, J. Chao, and T. Schafer, New J. Phys. 13, 035014 (2011)
T 2
)\RTA . 7@ . 75P
RTA _ . RTA 12mT
T. =~ =T; =T



Viscous relaxation time of stress tensor
Kikuchi, Tsumura and T.K., PLA380(2016).

temperature dependence

Our exact expressions 20) .
classical gas vennfffpunns
Tﬁxact _ 1 (,ﬁ_?lj’L—Zﬁ.ij) _ Frormi gas -
107 15 classical gas [HTA) .
Fermi gas (RTA) *
& 11}
ke,
'
RTA :
el
,;T_RTA _ nexact ,.I'*".
n P s
[} | 2 } 4
Ty

RTA well reproduces the exact results!!, which may also imply that
our microscopic formulae of the relaxation times are correct!



Viscous relaxation time of heat conductivity

Kikuchi, Tsumura and T.K., PLA380(2016).

temperature dependence

20 .
. classical gas wuns ffunns
Exact expressions Fermi gas ——
1 13 classical sas [HTA? a
rexact — Jt L2 Fermi gas (HTA)
J 3T2)\( ’ ) : (RIA)
B[
o
| % e
L
7] I P e
g =
RTA ; .l'
_ 12 mT )\exact (i 1 2 3 4 g
T?TA — 2 T/
(7Q — 75P2/n) 1
RT_A reproduces the exact results
Considerably violated in contrast to with a considerable error ..
VA

+RTA _ T?TA — 7 is clearly invalid.

Uy



Summary

@ A geometrical formulation of the reduction of the dynamics is given on the basis of
the renormalization-group/envelope method, which may give a partial and
intermediate resolution of Hilbert’s 6" problem.=» variational principle (Hilbert)?

= The microscopic expressions of the transport coefficients that coincide with those of
Chapman-Enskog and viscous relaxation times are derived from the

Boltzmann equation (quasi-particle approx.) by an adaptation of the RG method,
and numerical evaluations are perfomed without recourse to any

approximation.

= Quantum statistics makes significant contributions to the shear viscosity (and
the others as well).

= We have numerically examined that the relation 7,, = n/FP ,which is derived in
the RTA, is satisfied quite well.

= The analogous relation for T7j s satisfied only approximately.
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