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Anomalous Currents

RIK=N

m Normalcurrents: J = o E
m Anomalous currents . J = g5B? chiral magnetic effect (CME)

A Simp|e picture - D.E. Kharzeey, L.D. McLerran, H.J. Warringa, NPA 803, 227
m Landau levels under strong B fields : E, = ++/p2 F 2¢eB(n + 1/2 F s)
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® Chiral anomaly & CME

RIK=N

m A simple argument for the relation to anomaly : K. Fukushima et.al.(08)

N=
J=0B = power: ;;° ‘):/J-E:/JBB-E
weak E dt « %
chiral dN5 CME e? s

62 B E _
anomaly : ~; o2 J conductivity : 98 T 5 3

CME(in equilibrium) was found from different approaches :

Kubo formula (perturbative calculations) in thermal equilibrium:

for both strong & weak B K. Fukushima, D. E. Kharzeev, H. J. Warringa, PRD78, 074033
D. E. Kharzeev and H. J. Warringa, Phys. Rev. D80, 034028 (2009)

Hydrodynamics : based on the 2"d [aw of thermodynamics
D. T. Son and P. Surowka, Phys. Rev. Lett. 103, 191601 (2009)
A. V. Sadofyev and M. V. Isachenkov, Phys. Lett. B697, 404 (2011)

J. Erdmenger, M. Haack, M. Kaminski, and A. Yarom, JHEP 01, 055 (2009)
M. Torabian and H.-U. Yee, JHEP 08, 020 (2009)

AdS/CFT(QCD)

CME conductivity (o = e?us/(2m?)) is independent of the
coupling(associated with the chiral anomaly).
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e
® Observations of CME

m Observations of CME in the real world?

Heavy ion collisions (m, < T):

Reaction - /_.
plane B

TARN

X (defines ¥y)

m strong B fields from collisions

m local n; from topological excitations :

2 T~
0= g zfd4xFZvFﬁv
327

m CME signal “might be measurable”
from 3-pt correlations
m strong background : under debate

Weyl semimetal :

@
7 TaAs

B
' — | k ’ k
7 \ NbAs E T AR K
£ NbP -

// \ TaP f.\\ ," S

charge pumping via parallel
E & B : generate us

0.06
204 (b) a5l
.02 o

p~1/o

p (MQ cm)

B (T)
“negative magnetoresistance”
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Qiang Li, et.al., Nature Phys. 12 (2016) 550-554



W_QN Kinetic theory with chiral anomaly
I -

m The chiral kinetic theory (CKT) : to investigate anomalous transport in and
“out of” equilibrium and to manifest the microscopic dynamics.
m Validity : rare collisions

. . D. T. Son and N. Yamamoto, Phys. Rev. Lett. 109,181602 (2012)
The semi-classical approach : 1 siephanov and Y. Yin, Phys. Rev. Lett. 109, 162001 (2012)

» Change of momentum triggers the rotation of spin and results in the Berry

Berrv phase a,: Berry connection
phase. yP O(h) (a fictitious gauge field)
I = / [(p —|— A) . dX — (Ep —|— A())dt — ai :i(ﬂLF aiﬁq
: B-p : p
energy shift : ep = |p| Berry curvature .[ﬂp = Vp Xap = W]

Magnetic moment coupling Monopole as source/sink

> : . - “ of the particle number
EOM Vwx = p+(ExQp)+B((P-Qp), Vo=1+B-Q, Curren['?.

vwp = E+ (P x B) + Qp(E-B). (lp| < VB : quantum region)

dp dx

> Change of phase space : dr = ywdé =(1+B-Q,) 2y



w" Kinetic theory with chiral anomaly

m  Modified distribution functions : p = Vwf
m CKT: p+0.(%)=0

_ _ )
= (1+hB-Qq)8t+(i'f+hE><Qq+h(\7~ﬂq)B)-V—I—(E—I—VXBJrh(E-B)Qq)-—]f—O

dq
vV = Oep /0P
D. T. Son and N. Yamamoto, Phys. Rev. D87, 085016 (2013) E — FE — 8ep/8x
: d3
m Number density and current : J" = / (2,,3 (1+8B Q) f

0
v-l— ﬁE X Qg E‘iqu Q- 5_J —{ﬁeqﬂq X V})f
AHE

1 - [

m The magnetization current is associated with CVE.
J.-Y. Chen, et.al. Phys. Rev. Lett. 113, 182302 (2014)

CME magnetization current

m Derivation from QFT is desired : systematic inclusion of collisions

m Previous studies from QFT (Wigner-function approach) are subject to either
near equilibrium or predominant chemical potentials.

J.-W. Chen, et.al. Phys. Rev. Lett. 110, 262301 (2013) D. T. Son and N. Yamamoto, Phys. Rev. D87, 085016 (2013)



® Puzzles
RIK=N
m Lorentz invariance (L.l.) : J.-v. Chen, etal. Phys. Rev. Lett. 113, 182302 (2014) ~ COM
R frame
. B
LToftheactlon:csBI—f['82|Xp(p E — ><B)+T1'|3 (x—p)|dt
P
=> Modified L.T. (side-jumps) :
5g$—5t+'6"p, 0P 65+62|p><B; ot =0 x. I
m Finite Lorentz transformation : frame transformation >3 o)
J.-Y. Chen, D. T. Son, and M. A. Stephanov, Phys. Rev. Lett. 115, 021601 (2015) L,=0 P
mo_ L YV Sin=0
XI”L Aj AX;H n“’ (A_l)uyny < / >
Pt = A p BXp
2|p|

m  Collisions “without” background fields : (cons. of total L)
A-n
= A0 C
ff'=f= I+ / ABCD

BCD = L+ $"0f + | Canend
. i [z )U'(IJB’Y / v \—\,-—/
fSIde ]UtmpS IOF me S n' v A\ € PaTlplly normal current  magnetization current  BC'D
rame transt. nn' - _

W

p-n (p ’ 7?,) (p ’ nf) jump current

“The distribution function is not a scalar (frame-dependent) and the current is modified.”

m Previous studies in field theories are unable to address the issues about
Lorentz symmetry of non-equilibrium CKT with collisions.
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What we want to resolve
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RIK=N

m To derive the CKT for more general conditions from gquantum
field theories.

m To realize the side-jumps and the modified Lorentz
transformation from the field-theory point of view.

m To systematically incorporate collisions from field theories and
Investigate the influence on side-jumps.



® Theoretical setup
RIK=N

m  \We consider only “right-handed Weyl fermions” under U(1) background fields.
m  Wigner functions : less (greater) propagators under Wigner transformation.

S (@y) = WEPUT(Aw . ') __, §<) (4 x) = /d4y6%5<(>) (X Loy K)

S<(z,y) = W (y[PUA,, 2, y () | | 2 2
X=="2Y=x-y q is canonical momentum

gauge link 2 _ _ _
H. T. Elze, M. Gyulassy, and D. Vasak, Nucl. Phys. B276, 706 (1986) Levrm'onsvgia”t"ferm'ons

s Without O(Rh) corrections : S7(q, X) =2 (6(¢°) — 0(—¢")) (1 — f(q. X)) ¢"5,0(q")
$%(q, X) =27 (0(¢") — 0(—a")) f (¢, X | 5,10(¢*)

_ : : distribution function ~ spectral density
m  Wigner functions are always covariant : )

four-current : ju :/ dq . (O-MS’<)
(2m)*

m Dirac equations (collisionless): R 0+ .00
nw — Ypu + i qu

ot (hA, — 2ig,) S< =0, (RA, + 2ig,) S<o" =0, 4, — a/ox*

) ) . _ (equivalent to gradient expansion )
Solving Dirac equations perturbatively up to O(h) (Ox/q~h < 1)

Caveat : the perturbative solution is subject to weak fields or large momenta.
(strong fields : solve Dirac eq. non-perturbatively. e.g. Landau levels with large B)



® .
Perturbative solutions

m Trace and traceless parts of Dirac equations (collisionless) : §< — 5“5‘57

AMSM< - 0’ qMS,lf — O’ APL - 8u + Fpuag
s kinetic theory ™ dispersion relation

™\ The traceless part (linear to ') leads to side-jumps

m Perturbative solutions up to O(h)

S<,u _ 5;1,2 zgkA qJ A puro 85((]2)
(¢) = 2 |8(*)a" f| + 13 (q?) 5 R P, Fop 5o f

L.O. sol. Modification from E & B :
e.g. energy shift by B fields
5( 2)Qj & g ay y
kf

q
2qo

> the side-jump term: [5Sf< 2m0pi€ijk—a— (implies side-jumps in f)

Not cov. (frame dep.)

> This solution is not unique : we can add arbitrary corrections 68; X qu5(q2) :
(related to side-jumps and non-scalar f)
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® (Re-)Derivation of CKT

RIKEN

m Deriving CKT from AMS*!K —0:

.q hok(B-q) 0 | he""Eig; _
(a4 h=2) [na, - A =0
(q w ) |7 290 Oqy 245
N IB - q ~
the shift of energy : qo = ¢q = |q| (1 — 2—q|3) for positive energy

> The g derivatives of the side-jump term also give d&(q?)/dq? terms.

T — 5007,

> We employ the mathematical trick

m The full CKT is reproduced :
9]
dq

(1+71B-Qq)8t+(i'f+hE><Qq+h(G~Qq)B)-V+(E+i’rxB+ﬁ(E-B)Qq)- F=0

m  Number density and current : JOZ/ d'q ﬁ(g<) :/ d’q (1+ 1B - Q) f.

) (2m)* (3%)3
4 . d
j— / (3734 1 (537) = / (253 (¥4 HB x g ~hiegB 2 - 5~ fafta v)/

(consistent with the results in D. T. Son and N. Yamamoto, Phys. Rev. D87, 085016 (2013))
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® CME with a dynamical B field

D. Kharzeev, M. Stephanov, and H.-U. Yee, Phys. Rev. D 95, 051901 (2017)
D. Satow and H. U. Yee, Phys. Rev. D 90, 014027 (2014).

RIKEN

m  Reproduce the results in
m  CKT from field theories :

R-handed {qoao X {q_ %(q » E)} _VJ”\{(q « B)+ qF — 2_23 ((q- B)E — (E-B)q)] v time-dep. B field :

fermions : .
+2%(q VB) - Vqu/\[q-EJrh(%)] qn}fq ~(f, f(])%. wB = kxE
= The perturbative solution : 7, = jo(a0) +{ A6} (q. X) F Ans2 (4. X) o) = s
(neglect 12 terms) weak fields ~ quantum corrections
=) o= folqo) + A (q k +i$—;) B (—iq E+h (%)) B0 fo
m The current from particles: ;i — (346)142 $5i(g, X) magnetzaton curren
JL = (34)325@ )e(qo){ (fo +AOf + ,\hazf) = % [ ((ax E)' —qoB") aqofo[_ (q X v)i(sfﬂ}
m  The full CME current :
T (@) =8 (T4 +J0) = _Azﬁ i [ 3w ifTRl)] B 911+ (1al) = 9.q - (la]))
ME(w) — Jleug for Trw — 0 Equilibrium CME :

1 7 — )\h )U;B/L
JCME(W) — JCME for Thw — o ::CME



' e Covariant currents and side-jumps
I -

m Reuvisiting the Wigner functions

_ 2
§<u — o [5((12) (q“ +Ewweijk2q—fA%) + het By, Fog 825 ;ZQ)] g, X)

qo
T frame dep. —

n Introducing a frame u#: (the original expressionisin u* = (1,0))

B X = A XY / —1
. q*u — P = (A v
5SZ< = 27T5(q2)6,wa[3 2% uAVf(u) ¢* = A q” ( ) v

= Wigner functions (currents) are covariant: (A™')”S,< — S5 =0
taking £ () (¢/, X') = fW(q, X) + R f(" (g, X)

— e C U qauw qauﬁ vp(u
(A0S (d X)) = S5 (g, X) = h2mé(q”) (q,u&f( )+ €uvas (2(]'“, - 2q-u) AV fl >)

m Modified Lorentz transformation :
F g, X" = f" (q, X) + hNE AL (¢, X)), Ny = —

uu’

e“mﬁqaubuu
2(q-u)(u-q)

= Sidejumps: X" — X* +hN/, qu — qu + AN}, F,,

(consistent with the infinitesimal L.T. in J.-Y. Chen, et.al. Phys. Rev. Lett. 113, 182302 (2014))



R"EON Origin of side-jumps

m Considering the free case (no background fields).
= Nontrivial phase for massless particles with helicity: |p, \) — e @A) |Ap, \)
S. Weinberg, The Quantum Theory of Fields, Volume |

m The wave function of a particle with positive energy : ( /—|p+p3)

L. T.: vp(Ap) = @MU ANy (p), v4(p) = p'+ip”

v (Ip|+p?)
d3p

m  Second guantization : v(z) = / e i-fermi
g Y(x) (27T)3\/m6 vi(p)ap  (neglect anti-fermions)

L) (al, ap)ei® —P) X =50/ +p)Y

N d3p d3pf
(x,y) = @' x)) = v v
5 (@) = (W @) = | TR / ol

_—* nontrivial phase
m Underthe L.T.: N(p',p) = (an,ap) > e_irq)(A’p)_@(A’plj)(a,;r),a,p)
m Could we define a scalar distribution function?
Introduce a phase field : ¢(p) — ¢'(Ap) = o(p) —P(p, A)
Reparametrize the wave function and annihilation operator :
vy (p) = P (p)
ap — e—ié(p)a'p




' e Manifestation of Lorentz symmetry

From a, — e **(®)q, , we may define a scalar distribution function :

scalar non-scalar

\T (o — —i(o(p)—o(p’) / _ B3p . 7 5 -
M_e ( IN@ . p) = f(q’X):f N (g-Lq+ )i

o 21)3 2 2
N(p',p) = (al,ap) 2m)

From v+(p) — €*®u(p), the spectral density should be covariant :

S5(g. X) = (QW)Q(QO)CS(QQ)[(% (1 —h(0yp —a”)dy) +h5m€ijk%ak)}f (¢, X),

_ _ covariant
] Compare to the previous expression .

—— 0 2 i ijk 95
S =2m0(q")0(q”) (qlL F Fa™ e mak) f(q’X/)v “the origin of side-jumps”

= f(q,X) = f (qm XM[_ h(‘)gbd)(q) 1. ha#b non-scalar

m Choices of phase field corresponds to the gauge degrees of freedom for the
Berry connection.

m The perturbative solution could be uniquely determined by Lorentz symmetry.




® Collisions
RIK=N
m Collisions in terms of self-energy :
(ilﬁx - 25(35)) S<(a:, ) J.-P. Blaizot and E. lancu, Phys. Rept. 359, 355 (2002)

_ / " @2 (Sr(z, )5%( 1) — B<(5 )84 1))

— 0

S<(z,y) (—z’lD}; - Eé(y))
— /OO d'z (S<(z,2)a(z,y) — Sr(z,2)E5(2,9))

m Trace and traceless parts of Dirac equations:  Assuming %9 = Re[$//4] =0
A STH = XS87H v GTH g, ST =0,
RARSE — 267,55 = h (zfs; 2755
heTEAGSE + 24355 = ket (2557 27 57).
m The perturbative solution : only the side-jump term is modified
q _
5Sf< (277-)6#261]/@6( )250 (Akf - C\ZC) J Cslf] = EEf*EEf

the jJump current



w=‘u Side-jumps with collisions

m Introducing a frame :

o, 3
Sf< 2 U (Ave) _ owpp(u)
381 = 2m0(¢ ey g (A7) = €11

= Side-umps: /(W) = f(w) 4 pNH (Aﬂf(u) _ Cu[f(u)])

m Full CKT: CKTo—(1+hB-Qq)Cy

+(V+hAE X Qq+R(Vv-Qq)B)-C

—heqQq - (F(A” x %) - f(AS xE7)) =0, A~ = A4+ 3>
m Further approximations for ¥ are needed in practice.

<+ A simple example : the leading-order 2-2 Coulomb scattering between right-
handed fermions with positive energy in the absence of background fields.

k' :

q+q = k+k

q

\
\

q k 1 q
|

t&u channels interference
crossing symmetry : (¢, k,¢', k') = (¢, —¢',—k, k') for s & u channels
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® The no-jump frame in 2-2 scattering

'lll{-

m Introducing a frame : 55 = 2r6(q )[quf h uﬁuuaﬁu . (8ﬁf e h E<ﬁfﬂ

m Conservation of the angular momentum : COM frame = no-jump frame
J.-Y. Chen, D. T. Son, and M. A. Stephanov, Phys. Rev. Lett. 115, 021601 (2015)

m Choosing the COM frame : [fufg = (q+q’)“/\/§] P K — 4 4( 1 1 )‘2
AN )

+
3= :/ P(q’,k,k’)éj(q’)(§<(k).§<(k’)),
q/ k k/

q—kv (4= W)

f /dS 'dSkdk’ Dg+q —k—K)
a’ de ke 8Ey EpEw

= §HY S = 216(¢%) / P(q kK ) (k- k) (q-d) xf '“’C)(q)f('“c () £ (k) L) (K,

Ikkl

m No “explicit” O(h) corrections in C, : 9,5"< = 216(¢*)¢"C,, [f1"],

= i / [|M ‘2 (q)f(uc) (qf)f(uc) (k:)f(ﬂ-(:) (k’) 7f('u,c)(q)f(uc)(qr)f(uc)(k)f(uﬂ.) (kf)ﬂ
q’k.k

no side-jumps

m Practical form :
000 = [ (e ROPE k>{<q O[T TS 1D = £ T R
q’ .k,

hell‘jk 7 /. =2 {7 Ve U: yon p e ) pAs) FlWes
2l qu])qu [f(guo)a (f(’l )flfl )f(l )) _ f(guo)ai (fcg} L)fkglb)fk} «)) :| }7 U’O — (1 0)
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Conclusions & outlook
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m  The relativistic CKT with collisions can be derived from quantum field
theories.

m  Side-jumps stem from parametrization of the Wigner functions and they
are associated with the spin structure of massless particles.

m |tis also found in field theories that the current is “explicitly” modified by
collisions via side-jumps.

m Generalization to QCD.
m Do quantum corrections in collisions lead to new anomalous effects?

m The 1-2 scattering under background fields is allowed due to the
modified dispersion relation.



