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Quantum chaos = operator growth 2/44
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O(t) expands rapidly over operator basis

(—[V (), W(0)]?) ~ et » use this as definition of quantum chaos

This is reasonable because

Quantum analog of classical chaos (=initial value sensitivity)

ox(t) e,
o0x(0) {z(t),p(0)}pB. = e

Also related to thermalization



Thermalization in isolated system 3/44
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Thermalization = initial pure state becomes indistinguishable by small operators
from thermal mixed state

G Ulyo) is maximally entangled (scrambled) state  (sekino,susskind, o8]

U can create entanglement only when U is not tensor product

=) operator growth in UV U



OroCandboundonchaos ™

Out-of-time-ordered correlator: (V (¢)W (0)V (¢)W(0))

For a system with large N (local degrees of freedom), OTOC behaves as

(VYW O)V (&)W (0)) = (V(£)*)(W(0)%) + 2(V (6)W(0))* + (V (&)W (0)V (t) W (0)) "

A A
@ (N e—”) [N _Jifehﬂ# operator growth

A1, quantifies strength of quantum chaos

BOU nd on ChaOS: [Maldacena,Shenker,Stanford,'15]

For thermal OTOC, analyticity in t requires




Sachdev-Ye-Kitaev model

Q. Is there a model which saturate chaos bound? If yes, how can we see it?

\_

- A: Sachdev-Ye-Kitaev (SYK) model

5/44

In general, solvable «<— simple (i.e. highly symmetric) » not chaotic

N
Hgyk = Z Jijke Vi V)

i<j<k</t

- solvable in large N limit

- saturates chaos bound at low temperature

- Satisfy other quantum chaos criteria (RMT-like level statistics) e e oo
. . ° o ..
- dual to AdS, dilaton gravity at low energy o 0)

N fermions in Od with random non-local few body interactions (k-local)
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Applications of SYK model 6/44

Various phenomena related to quantum chaos can be studied by SYK and its variants

4 )
- thermalization by quantum quench - RMT universality classes [kanazawa,wettig,'17]
[Bhattacharya,Jatkar,Sorokhaibam,'18]
- chaos/integrable transition - sparse disorder
[Garcia-Garcia,Loureiro,Romero-Bermudez,Tezuka,'17] [Garcia-Garcia,Jia,Rosa,Verbaarschot,'20][Xu,Susskind,Su,Swingle,'20]
- entanglement entropy - operator growth vs spreading

. . [Rberts,Stanford,Streicher,'18][Carrega,Kim,Rosa,'20]
[Chen,Zhang,'19][Zhang,'20]

- SYK chain = spatial direction - Krylov complexity
[Gu,Qi,Stanford,'16] [Parker,Cao,Avdoshkin,Scaffidi,Altman,'18]
- Hayden-Preskill protocol  NakataTezuka, 23] - projection measurement [Milekhin,Popoy,22]

- NON- H erm |‘L‘| an [Garcia-Garcia,Zheng,Ziogas,'20]

\_ J

This tallk: regenesis



Regenesis 7/44

Setup:  L/R systems are the same and strongly chaotic

Set initial state to [¢(0)) = |TFD)s 266<HL+HR>/4|n> ® |n)Rr

[Maldacena,Stanford,Yang,'17][Gao,Liu,'18]

t:O

HL—I—HR HL‘|‘HR

A

(AH _ goLOR]

measure A

Question: Do we observe a large value of (4) in L-system at late time?

Naive expectation: NO, because...

only weak & instantaneous LR interaction

strong chaos may erase input excitation in R-system quickly

True answer: YES, but how?



Regenesis 8/44

Regenesis is measured by

(TED|[ARr(—t1), e9COLORB A} (1,)e~ WOLORAN TED)

= gANTFD|[AL(t1), OL][Ar(—11), Or]|TFD)

T

AT (=P A (1), 00 (n|OxIn)r = L{n|O} |n):. )

v

becomes large at t; > t.., = A7 ' log N

[Maldacena,Stanford,Yang,'17][Gao,Liu,'18]

Signal reformulates because it is scrambled!

Note: regenesis takes place for any A and O, but the entanglement structure

of |¥(0)) = |TFD) is crucial (c.f. guantum teleportation in LOCC circuit)



Regenesis = traversable wormhole 9/44

Maximally extended black hole is dual to mixed state e PH purified by the other exterior
[Maldacena,Susskind,'13]
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Signalon Rat ¢ = —t; can propagate to Lif t1 = ts- , Which reaches Lat t2 ~ 11

This talk: regenesis in field theory side simulated by SYK model.



Short Summary & Contents 10/44

1. SYK model in large N limit  [reviews]

2. Regenesis (revival) in two coupled SYK  [TN,Numasawa,'20] + [reviews]

3. Imperfectly correlated disorder  [TN,Numasawa,'19][TN,Numasawa,'22]

4. Summary & Future problems
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Short Summary & Contents 10/44

1. SYK model in large N limit  [reviews]

2. Regenesis (revival) in two coupled SYK  [TN,Numasawa,'20] + [reviews]

A
/high T phase: low T phase: )
no revival revival oscillation
A, ~ 27T A << 1
\_ similar to uncoupled SYK gapped E> qguasi-particle picture is goc&

3. Imperfectly correlated disorder  [TN,Numasawa,'19][TN,Numasawa,'22]

y .

less gapped :> less revival

\NO phase transition when correlation is below a finite value y

4. Summary & Future problems



Sachdev-Ye-Kitaev model 11/44

N
Hgyk = Z JijkeWi0; e AWi, Y5} = 0y

i<j<k<t

Jijke : Gaussian disorder  (J7 ) = J°N~° (T =1)

Physical quantities are defined as (quenched) average

() B <Tr(96_5H>
quench — TTG_BH Tiine

O = ;(T);(0) 2>




Large N simplification 12/44

-

index sum: N

¢




Two-point function 13/44

Schwinger-Dyson equation:

B
0,G(11,T2) — / dr'X(m, 7)G(T', ) = 0(11 — T2)
0

5 G(r), T =0.001
Z(Tl,TQ)ZG(Tl,TQ) T
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At low temperature, G(t) decays in power-law G(7) ~ 7

Not gapped (if gapped, G(7) ~ e FearT)
Entropy S
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Gravity dual in low temperature limit 14/44

(SYK at low temperature: ~
G(f(11), f(12))

N

Emergent reparametrization symmetry G(r1, ) — (f'(11)f (12))

After choosing a solution G(7m1,72) = |11 — 7'2’_% , there is still SL(2,R) symmetry

fJackiw-Teiteroim gravity (2d gravity + dilaton): T R pT ~
S R+ 2 K #=0
2 2
/Dsb D> R+2-0 :AdS, ds®== ;d"
g No bulk graviton E{> dynamical d.o.f. = shape of boundary (¢t(u),2(v)) 2z~ 0 p

f(t) in SYK = reparametrization of boundary in JT gravity

» Same symmetry and spontaneous breaking pattern

2f/f/// . 3(f//)2
2(f')?

Same effective action S = N/dT
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Two-coupled SYK

H = Hsyk (V) + Hsyk (¥;) + uHint
Hine =0 ) i)

Hin is relevant and gapped :> H is gapped

Ground state of H ~ 6_5*(“)HSLYK/2|I> = |TFD>6*(M) I

1I): ground state of Hiy
(b —ii)) =0 —> |I) =

[<TED(B*) | GS (w) |
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At low temperature,

________
~

© “o.o Q:--C o.o
. %e o H “®9e o
. o e o
) (] ) ()
° ,° ° ° ,°
® [ ® ()

[Maldacena,Qj,'18]
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(figure from [Alet,Hanada,Peng,'20])

([¢T (1), 9%(0)]) 5 ~ 3« (TFD|[¢" (), T2 (0)]|TFD)g- : Ssame as regenesis




Large N phases

17/44

Schwinger-Dyson equations

el /Q\

E:> aTGLL

Have two solutions, one exists only for T' < T. wn , and the other only for T > T, 5pn
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Gravity dual = Hawking-Page transition in AdS> 18/44

:/M O(R+ 2) + oy AMK+MZ/dUOi(uL)Oi(UR)

=> dynamical d.o.f. = shape of two boundaries

/high temperature phase:\
low temperature phase:\ S, =007
\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\ two black holes

wormhole - Wz
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T < T.wu : gapped phase

_ 0.100 ;

Gap(T) ~ €T m)> gapped 0010 |
0.001
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Gap(1) = (Tre™ e ypre M) o N
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b Em(t—B8)—En,
=D (m|d¢[n) (n|df|m)emT=A=En s
m,n
Since (0]1¢'10) = 0, (m,n)=(0,1) is dominant B> G op(7) ~ e~ FrarT
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Real time: Schwinger-Keldysh formalism 20/44

) = eMape

Tr(e—HB—u1)g)y e=Hur—u2)j, o~ Huz) (Refu1] > Refus))

<T¢1(u1)¢2(u2)>6 — {Tr(eﬁ(6u2)77226ﬁ(u2U’1)?7216ﬁu1) (Re[ug] > Re[ul])

Euclidean (u =)

(Tib1(m1)P(T2))p = /Dw%(ﬁ)%(m)e_ Jo drL 071 ...... T 26
Realtime (u =T + it)
(T (w1 (us)) g = / Doty (g g ()~ Jerra _—
-~

(1412 : Keldysh contour

Independent path integrable d.o.f. on Red/Blue lines. o | i

-
~
"""""



Real time two-point functions 21/44

Gap(T = 7") = (TY7 ()47 (1)) 5 t

(.\
= (Gt —t) = —i<T¢?(€+it)¢?(—€+it')>6/ \t“ |
| Gaplt — 1) = =T (—e + ity (e + it’)>5\

<

/t/

Symmetries from operator formalism Tr(e_ﬁ(ﬁ_“l)zﬂle_ﬁ(“l_“2)@@26_"%“2) :
Gap(u) = —Gpa(—u) sz(t) — _Gb<a (t)

(Gap(W))* = —Glap(—u*) = G,(1) =G5 (t)

Gap(u+ B) = —Gap(u) (KMS relation) G- (t—if) = —G5(t)




Real time EoM 22/44

Real-time EoM are obtained by replacing /B dr in SD eq with Keldysh contour
0

0-Gap(T) — /dT,Zac(T —7)G (") = 6apd(7)
Zab(T) = Gab(7)3 + z’,ueabé(T)

—i0,GE (t) + / dt' S5 (6 —tGE (') + ipeac GE (1) = —6ap0(t)

N Y

GE (1) = 0()(G2,(t) — G5, (1) <=

GE (w) — (GE (w))*
1+ e Bw

E> Together with G2, (w) = (KMS) form closed set of equations.



Revival oscillation 23/44

In low temperature phase G7;(t) and G7 »(t) show out-of-phase oscillation

=0
L
t>0

[Plugge,Lantagne-Hurtubise,Franz,'20]

©=0.07, T =0.019

No revival oscillation in high temperature phase.



Out-of-time-ordered 4-pt fcn 24/44

(Euclidean) 4-point function:

®

[Maldacena-Stanford,'16]

1. 3 L g (-3 1 -3 IO 3
H = <> é) + + 4(>_\_4 + % TR
27 M 2 O~ = RN

N

7 ST (s () )

Melonic dominance in large N

—> -3 1 3 1-Q—q—(en
Fabed = + + [ drdr’ : Feted(T, T, T3, T4)
. f
P W)




Real-time continuation 25/44

3
(7-177-277-377-4) — (u17u27u37u4) — (Zﬁ +7’t17§+2t27§70) (0\ (0\

Faved = —Gac(f +it1)Gra(§ +ita) + Gaa(32 + it))Gpe(—5 + ito)

_|_|(/ dU/ duj+ .. ']Gae(% -+ '[,tl — U)be(g -+ ZtQ — u’)Gef(U — u’)Qfede(U; u’)
Cl CZ

We are only interested in the growing behaviorat 15> 1 5> keep only ( J

Ap(t142)
fabcd = € 2 fabcd(t1—2)

N

fabea(t1—2) = /dt5—6K§bef(>\L§t1—27t5—6)fefcd(t5—6)

é 2

¢ _ALtiqo . 2 XAptste
’Cc?bef — /d(%)e 2 G?e(t1_5)G£§c(t2_6)Gef(§ —|—Zt5_6>




Quantum chaos exponent

fabed(t1—2) = /dt5—6/Cfbef()\L;t1—2,t5—6)fefcd(t5—6)

|:{> Chaos exponentis \; such that the largest eigenvalue of K is1

1.0 TTTTT T T T T T TTT7 T T T T T TTT7 T T T T T TTTT T T T T T TTTT T i—ﬁ_

I
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00"
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T—l

Az in low temperature phase is small but non-zero

———
———

single SYK

1 —— ;1 =0.07(2BH)

= 0.07 (WH)

p=0.1(2BH)

p=0.1(WH)

26/44

[TN,Numasawa,'20]

Ar/(2nT)
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Phase diagram 27/44
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Phase transition exists when u < u. ~ 0.177

High temperature phase: O(N) entropy, \;, ~ 27T
E:> described well by uncoupled SYK

Low temperature phase: small (but nonzero) Ar, revival oscillation

E:> described well by quasiparticle picture



Quasiparticle approximation

28/44

All 2-pt fcns are encoded in spectral functions prr = 2Im[GF, (w)] and prr = 2Re[GER(w)]

v GO (t) = / due it Lo () (KMS relation)

1+ e Bw

In low temperature phase, Pab= sharp peaks

1
a = a ’LI )
P b(w) EZ:A b, m[w_ (j:wi—FZFi)

D |Gy = eeri g

Pab is dominated by first a few peaks

100~ T T

— PLL 7

50} l A PLR |
0: - | _
-50 -
_100;\ R N N PR
-3 -2 -1 0 2 3
w
1st | 0.217 | 2.28 0.0115 0.00109
2nd | 0.869 | 0.508 0.00153 0.000173
3rd 1.42 | 0.243 0.00115 0.000108
2A1 + 24, + 2A
( S i 0.964>
2T




Revival = 1st peak + 2nd peak 29/44

If we use only 1st pealk,

G (t) ~ ettt E:> IGZ.(t)] = e "** :no oscillation

To see revival oscillation, we also include 2nd peak SRR
) . 100%—
G7,(t) ~ Aje wnrt—hity gyemiwat—lat of
GfR(t) ~ Ale_iwlt_Flt_A26—’i(AJ2t—P2t -

— : : 2
Arro = —ArLrL 2 E> out-of-phase oscillation with period ~—
revival is successful if wo —wy >1¢
1.0-
| 1(= By)
0.6j Wy
Note:
Ol From operator formalism it follows w; = E.,
00F « |

We also observe wg = 4Fg,,  (cf [Qizhang,20)



['1 by first peak
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1

From SD eq G = = ,
W —
['y = Im[iab(w = Fgap)]
EETPS G
3l Egap

100"““\“\\\\www

BEgap

2
E:> Fl ~ € [Qi,Zhang,'20]

cst. Ty ~e P

80|
60
401

20|

Y Ve i,

0.25
0.20 -
0.15 -
0.10 -

0.05 -

-2 -1 0 1 2 3

~iBgapt—T1t | B Fsap oiEgapt—T1t

—— —0.00087 + 0.51 Egap, -

E gap

Large E,., helps revival in two ways: transmission speedup & decay suppression



A1, by first peak 31/44

Ladder eq:
fabcd(tl—Q) — /dt5dt66_

2 >‘Lt5—|-6

At 5 .
-+ Zt5_6) € fefcd(t5 6)

> Goi(t1-5)Gi (ta—6)Gey (§

[]
R 4 Egapt—T1 |t] . ‘Aif\
G (t) ~ O(t)e 0> are cancelled by 9, + i + 1+ -
2)

~

2
Ges (g + it5—6) ~ e BEsap =201 [t] (rapid oscillation)2
\_

[— i + = (A—L - 1) — 66‘“"} fabea(t') =0 (¢ =T1t)

J

dt'?  4\2I'y
)\L e P
T = 0(1) const. independent of 3,1 (=~ 2.706) T ono

1 5

0.05

—— 0.00154 + 0.496 Egay,

fixed by b.c. at ' = +00 and smoothness at t'=0 X A R S —

[TN,Numasawa,'20] Egap
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Imperfectly correlated disorders

H:HSYK(ngkﬁaw ) + Hsvk( wkf’w +wz¢ w

<Jz]k€ > <J7,]k€ > — N—3 <ij€(]z?k€> — jQN_S

(J < 1)

LR entanglement structure of ground state is modified:

Q% L R .
lgs) ~ e IS (g — i) ) = 0

Diagrams contributing to Grr, 2 r are suppressed :“ O>

~
.....

Expectation: FE,,, suppressed

v

revival suppressed due to quasiparticle picture

33/44



Suppressed E.., , increased ).
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E,,, decreases monotonically in 7>

2

In u=>0 limit, FEgap ~ @3 only when 72 =1.Otherwise Egap ~ [

AL increase monotonically in J?

— J?*=06 3 3
K| oo
a0| 2
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® = | 0.5\”\ 1 T B 1 T B | . T |
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n M
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E‘ |
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—— J° =04
0.2r
e et
0.07 L | | | | | | 1 L L L L ~2
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T—l
__BEgap

I:{> at low temperature, consistent with quasiparticle picture Az, ~ e 2



Suppressed revival oscillation 35/44

J*=1, p=01, T=0.019 J*=08, p=01, T=0.019 J*=06, u=01, T=0.019
0.5:“““““““““‘ 0_57—“““““““““‘
0.4 ‘ “‘ ‘ i 0.4
] I
U
03F ‘ 0.3
0-2; 0.2;
: — |G ()] :
01r 01}
[ _ |GER(t)|
00 . . . o 00 « v ]
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
t t t

05

— |G7.(1)]
0.4 y
— |G7r(t)]
0.3 1
02+
0.1F
00F . . . T — ]
0 50 100 150 200

Slower oscillation & faster decay |:> consistent with quasiparticle picture

No revival for 7?2 < 0.4 atthis (u,T), but for smaller u,T there may be.

Question:

Does revival completely disappear from (u,T) plane at some finite 7?2 ?



Phase diagram 36/44

015~

0.10 -

0.05

As J?is decreased, T.wmu (i) decreases g

ex. e (u=0.05, 7=0.02) is in low temperature phase (revival) for 72 =1.0.9,

but in high temperature phase (no revival) for 72 < 0.8

(also for J?=0.6— 0.4 in previous slide)

te and Te(fic) also decreasesin 72 =) phase transition happens in smaller regime

~

Let us "define" critical correlation jCZ for revival as ,uc(jf) = 0

(i.e. phase transition completely disappears)



Critical value of J ,-J%,, correlation 37/44
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No phase transition for 72 < 72~ 0.25 !

We can also see this (semi-)analytically in large g limit of SYK, .



Analytic evidence in large g SYK
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Divergent slope at 7' — T, opn, 1. wn suggests two phases are smoothly connected
by an unstable phase

(c.f. smooth in microcanonical ensemble)

[Maldacena,Qij,'18][Maldacena,Milekhin,'19]
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Divergent slope at 7' — T, opn, 1. wn suggests two phases are smoothly connected

by an unstable phase o _
(c.f. smooth in microcanonical ensemble)

[Maldacena,Qij,'18][Maldacena,Milekhin,'19]

Phase transition <==)» non-monotonicity of T'(.5)

o dI (e, S
e g min 5 g

We can obtain . analytically for g-body generalization of SYK with g >> 1



Critical jf for 2-coupled large g SYK 39/44
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Summary 41/44
2-coupled SYK model is useful to study regenesis / revival. E = u
At low temperature phase, two point fcns Grr(t), Grr(t) sl S |

late out ot phase e
oscillate out-of-phase = interpreted as revival VVVVV\'WVVVV\’WUVVV\I”

; — |GLL(®)]
01+
GLR()]

Low temperature phase is described well by quasiparticles ., ™

0 50 100

1st quasiparticle excitation I:{> ['', A\, ~e 2

1st + 2nd excitations =) revival

Large correlation of SYK disorders J2 = <J£li£kl> is crucial for revival.

=> consistent with requirement for regenesis.

150 200

Phase transition disappears at finite jf (=~ 0.25) E{> "no revival" for J2 < jf



Another criterion for "no revival"? 42/44

As J° decreases, oscillation becomes not only suppressed but also more "in-phase".

G- (t)| at u=0.15 (*dn‘ferent T's):
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In spectral function, new in-phase peak emerges
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in-phase /out-of-phase transition??



Physical interpretation of \.(J% < 1) ? 43/44

08
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5 10 50 100 —— 7" =0

low temperature: T

As 72 increase, revival increase and \; decrease
Assume A\; measures mainly operator growth within single side

=> interpretation: "leakage" by revival prevents operator growth within single side?

high temperature - ?



M u Iﬁ'Site ge ne ra I izaﬁo n [TN,Numasawa,Peng,Yang, work in progress] 44/44

L
H = Z HSYK z(jak)év w(a)) + Hint

p=1, T=0.001

T
04 1>2 :
o /¢ A\

t [NNPY, in preparation]

- What is regenesis analog? (L-partite entanglement?)

Multi-site revival oscillation

0.1F

ooF . . ., T N Vv Y VN VYT
0 10 20 30 40 50

Can we find a solution for multi-boundary wormhole? @

- How should we choose H;,,; (right L-partite entanglement of the ground state?)

- Complex J;ji,; might help?  (Garcia-Garcia,Godet, 20]



