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Introduction 2/36

Motivation of research related to supersymmetric gauge theories:

discover hidden mathematical structures through exact (non-perturbative) analysis

We focus on 3d supersymmetric quiver Chern-Simons theories

O] 0w jf (Vo)

. ABJM theory (U(Na)r, - AU NL) ks k= hes o)

* M2-branes in M-theory

quantum gravity on AdS, x Y~

Some observables are exactly calculable by SUSY localization+a



Exact large N expansion 3/36

Zgs(k, N) <

('t Hooft expansion (k — oo, k—1 N : fixed)

Fermi gas formalism * semiclassical expansion (k — 0)

All order in 1/N

*TBA-Iike equation ( k£, N :finite)

1/N perturbative= N3/2 4 N'/2 4 1og N+ --- = eAC5Ai[C~3 (N — B)]

N /
1/N non-pert. (e~ V %, e~ VFV) = refined topological string free energy

Partially reproduced from gravity side (not this talk)



New mathematical structure of M2-SCFT 4/36

Conceptually, Fermi gas formalism is

M2-branes H quantized algebraic curves

ZP'Y(N) = Airy follows automatically

encodes target CY of topological string (TS/ST correspondence)
[Grassi,Hatsuda,Marino,'14]

symmetry of curve * (enhanced) IR dualities

Zs3(IN') obey discrete integrable equations associated with symmetry

}U(Nﬂk)\
- Nl 2
M2-SCFT | (O] [V ) (U)o HU (N3) — HU (N2)o)

symmetry Zo(=W(A1)) W (Ds)

equation [ g-Painlevé Ill3 [Bonelli,Grassi,Tanzini,'17] g-Painleve VI [BGKNT][MN]




Plan of talk

1. M2-branes and Fermi gas formalism

2. Quantum curve and symmetries

3. g-discrete Painlevé equations

4. Future problems



3d quiver Chern-Simons theories 6/36

(U(g)_kHU(Q)oHU(Q)k) node: vector multiplet

(U(Q)OHU(4)kHU(4)—k) /\ bond: bifundamental hypermultiplet

(1,k)5 t |

NS5
" pA)
D3
N (1,k)5 = bound state of NS5 and k D5

(1,k)5 (1,k)5
| | . L
| | * Chern-Simons level = k' - k




M-theory uplift 7/36

'.'. (1/k)5

X012 X3 X456 X789

— D3 _ — — _
2 NS5 — — — — — —
D5 — — — _

IB T-dualityin 3 [IA uplift 1g M

wrapped D3 * D2 » M?2

NS5 * geometry (KK monopole)

D5 * D6 » geometry

fractional D3 — discrete flux of ('3
A

min(Ni, No,---) M2son (C?/Zynss)y X C°/ Ly x)5))/ L

NS5

v

Note: orbifold is independent of ordering of 5-branes & fractional D3's



Supersymmetry localization 8/36

Suppose - action Sis SUSY invariant

- (@D : SUSY invariant operator /O = ()

/DCI)D\IJOG_S_“W is independent of t Vo~ (U,00)

t—0 t — o0

(0) = / DSIDYOe ™S = Y [Oe—SL SDeta 4 [02(Peaddic)

saddle
(I)saddle

(I)saddle : solutions of OV =0



Partition function of Super Chern-Simons theories 9/36

Z [Oe_s] 5 SDetg, ¢ [0° (Psaddie)] /(U(Nl)kl)\

saddle

(Vo)) - {U(NDey)

-
[6—508) SDetve()
s V L o hA§a>A§a>>2%
D | 2= SRR y NN | G
N e Ve [(Nort g oo AT
a=1 a=1 ] [,25 Hj:l 2 cosh 5
.
-
SDGthyg
(a) . -
A, :vev of vectormultiplet
[Kapustin,Willett,Yaakov,'09]




Fermi gas formalism

1

dN
(2m)N

det[(zi|p(z,
6]

p)|z;)]

10/36

[Marino,Putrov,'11]

N free fermions with  Hg o particle = — log p
Key formula in deriving Fermi gas formalism:
M(m'Q—yj) 1
H,f\;] 2 sinh =5+ H,f\:; 2 sinh % et ;COSh T B <$i|2coshm 957
N+M’ —Y; — SEv =
15 1,5 2cosh =5 CODT g, p(2mi(2EL —7)y;)

(Cauchy-Vandermonde determinant)

|

A

L, P

)| = 273



Fermi gas formalism (ABJM)

T)] [T

dN)\(l) dN)\(2)

— 1 (1) (2) o 2 (A3))? (2, 1 (W] e 3, (D)2
* Z = BT G - det | (A I )7 det | (A PYIe )|e
e ety
UtV vt U
A\ 4
(/7 o V — 647rkﬁ2
oA — AW
T ] i i
COS 5 2 cosh 92
N (2) (1)
_ N!H 2mo (A, (1);1 )
i=1 2 cosh A’L'Q
1 [ a¥ AWM 1 1
2= [ o det [0 s )
N 2m)N 2 cosh £ 2cosh J




Fermi gas formalism (ABJM with N; # N, ) 12/36

( k) (UN+M) )

. 1 /dNAg” ANTMAD t[ e e L ]
= e COS 5
NN+ M) ) 2n)N (2m)N+M p(2mi (ML — )‘)\§_Z)>

xe~wE DO et | (A A R = 2mi(MEE — s, [emE 2

2 cosh p+MM

- J
2rs(AP — Ay B |
(N + M)! H ( )\(1)+mM H27r5 ]\Q,Zﬂ, — (—2?2(% —7)))
i=1 2 cosh r=1
. 2 sinh 2sinh +——— 2 sinh Ntr A A
Reorgamze as HK] H;;] A(a) HZ 1HT L2 m) = ®) HZsmh N+T2k —
H 2 cosh ~—; HZ 1Hr ; 2 cosh 2 r<s
- J
N 1
1 2
= det| 5o W)
2] 2 cosh
1 M g+omi( ML —p
Z . Z(O) dN)\,E ) d < (1)‘ 1 Hrzl tanh il (2k2 ) ’)\(1>>
- NI 2m)N i 2 cosh 2 2 cosh ZrmeM J
2 2 [Awata,Hirano,Shigemori,'12]




A

Quantum curve O = p~ ! 13/36

(U(N)k)/\:(U(N)—k) * O = (2 cosh 2) (2 coshz—;) 0= : :ZFﬁ

w1k w1k ~ !

zeﬁlceg”—|—e4cep—|—e4cep—|—e4ce_f’j

(U(N)k) ( (N + M) k) * _ riM—TE g wik g ik

/ 7T'Lk -
— +e 1 eP 44 P +e7”M e ¥

[Kashaev,Marino,Zakany,'15]

Obtained by continuing p to M e C with quantum dilogarithm

(_ emb2+2mbz. 627rz'b2)
9

(_e—wib_2—|—27rb_1z; 6_27Tib_2) (b — \/%)

©.@)

(IDb(z) —

Note O — p is multivalued. Should not set e™M — 11




Quantum curve O = j~! 14/36

Oapim = Qe +Oe? + Qe + Qe

In classical limit, Oagjv(z’,p’) = const. is a complex genus-1 curve.

example: at z/,p’ —

p~t~ Q" + Oe? = const. * p=a"+0

In general,

O = Z Crn€™ TP B O = const. is dual diagram of Newton polygon {(m,n)}

[N |
e N N S

\
s




Summary so far 15/36

(N1 k) Z(N =0) AN - A
Gl N2é} @) P25 / omy~ deptwilplz)

N = min(Ny,--- , N
. (1)k)5 NS5 ( 1 L)

D3

Ny = =

With fractional D3's it is difficult to obtain 5 and @, but we expect O shares the

same Newton polygon {(m,n)}, with C,,,, dependingon N; — N



Plan of talk
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3. g-discrete Painlevé equations

4. Future problems



Symmetry of quantum curve 17/36

z 1 dNa:d . L s Frafr—1
ZN=0 M/ @o¥ i,ejt<:zzz-|p|xj> is invariant under p — UpU

A

Up(z,p)U " = p(UzU1, UpU )

A :
* symmetry of 7N =) <{=)> coordinate trsf of curve O

Two types of coordinate trsf.:

- continuous trsf t x4+ a,p —>p+0b * gauge degrees of freedom. Fix by hand

Ediscrete trsf * discrete symmetry on moduli space of curvej




Symmetry of quantum curve O, gy 18/36

] [T+ )

A . __mik 5 mik A mik =~ . __mik s
O =™ M=% | o771 P L 71 g P 4 omtM—" =1

By + -+ a, p— p+ b andoverall rescaling (count separately),

we can set all but one coefficients to 1

* (9 ~ 633 + ep + e—p e 627TZM—7T7J€6—$
\

moduli of curve

Discrete symmetry

A

(#,0) = (p,—2) B O ~e® + P 4 2TIM—Tik=h 4 o—h

gauge + overall to bring back to standard form

A

O -~ 6:6 1+ ep + e—p 4+ 6—2771,M—|—7mk6—:1:

Zo-symmetry: M — kK — M




Physical interpretation 19/36

Hanany-Witten effect NS5 D5
L012 L3 L456 L7789
- S ——
NS5 — — — — -
> D5 ——— —— —
D3 |
e |
For (1,k)5-branes (=bound state of NS5 and k D5):

(1,k)5 (1,k)5 (1,k)5 (1,k)5

Y }{k’—k|

N Ny N NN N

For ABJM, we obtain
U(N)p x UN+M)_;, <@ UN) x U(N +k— M)_y



More general quantum curves? 20/36

',';( 11k)5

iNSS * @ _ Z Cmnemcﬁ—l—nﬁ

D3

In ABJM we have found

p _ 6(1813 order pol of {N;—N})
- Coyn, =

- Hanany-Witten trsf. is symmetry of curve

* preserves moduli parameters up to discrete trsf.

~~

We can identify ¢Cmn (N — IN;) for general theories by the extrapolation from

special points which are HW dual to a "AN=0 configuration".




(2,2) model 21/36

‘ NS5 (1,/()5 AN
; e ¢ o
b .:"; >'." * @ — Z Cmneﬁrm}%—i_nl3 9 o T
D3 ' T e ¢ o

Parametrize moduli of curve by asymptotic loci

example: at z — — /

O ~ e_w_p(c_l,le% + C_l,()ep + C_1,_1) * e = O,D

dim(Moe)=9(Cmn) - 2(gauge) - 1(overall) - 1(¢p,0)
MYA

count separately

= 8(asymptotic loci) - 2(translation) - 1(vieta relation)
(" NS/(1,k)5 )

03 H

Agrees with dim(Mgyupercs) = 3(rank differences) + 2(Fl parameters)



Parametrization of moduli 22/36

mopzs moms
1 2 3 4 s -
"" "" 1 o
// N ;N+M0+M1 +k'l'N+2MO+2k N+MO+M3‘|—k // moma miz1
7/ [} [} 7
' .' mq
' ' A/ 1Moma 2
7, <— Fl 0 73 0 Moz o
ms3z3 1
mo momszs
Special points:
123 4 31 2 4
4/;’ ," ///* (M07M17M3):(07070> Va ," ," 7/ *(M()aMl)MS):(O?O?_k)
13 24 3 142
A/':" | '." | 7/ * (M07M17M3) — (_%7_§7_§) Va | '," | '," 7/ *(M07M17M3) — (_gagag)
1L 177
72 .y Mo, My, Ms) = (0,—k,0 Z —— Mo, My, M3) = (k0,0
== B> (Mo, My, My) = (0, ~F,0) 7 & (Mo, My, Ms) = (,0,0)

extrapolate!

27‘(‘ng - 27T’iM1

mo = ¢ , My =€ ,mg = e ™ Ms, 2miZy 2miZs

<1 — € , <3 — €




Enhanced symmetry 23/36

v~ N\
Symmetry of curve = permutations of asymptotic loci Mo Mo
ms z3
<1 \ mo
generated by (v = (Mo, My, M3, Z1, Z3)) < Mo ! M1z
l
(Vas ) = (Vb, V) e f Vo z
(’Ua, ’Ub) — (_Uaa —?)b) ms3z3 1
mo momszs

yl group of 5 :>)_‘<: [Kubo,Moriyama,TN,'18]

Note This symmetry is larger than duality web of Hanany-Witten transitions.

examples not in HW: (M;, Z;) — (Z;, M)
(M())M?)) — (M37M0) { :'l MO 3 2,' T \

[Kubo,20] \_ Z, Zs 0 0




Implications of (enhanced) symmetry? 24/36

Group theoretical structures in large N expansion:

- Zpert(N) = e*C5A{[C~5(N — B)]

C: independent of ¥

B: depends through |#/]° [Kubo,Moriyama,'19]

- 1/N non-pert. = topological string

* enumerative invariants are written as characters of W(G)

[Moriyama,Nakayama,TN,17][Moriyama,TN,Yano,'17]

New:

- connection to g-Painlevé: discrete integrable systems classified by W(G)
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Painlevé equations 26/36

Original motivation: new special function from non-linear differential equations

Painlevé property: solution should not have an initial value-dependent branch point

example: )\ = )\ * A= (t—to)ﬁ a=0,1 — regular O
a=2 —>pole O

Non-trivial 2nd order ODE with Painlevé property were classified into six:

PVl — PV — PIlIl; — PIll, — Plll;

.

PIV— Pl — PI

Painlevé Ill; equation: 32 % 9)2
t




Hirota bilinear (t-)form and q-uplift 27/36

A2X02 2
" un i (also known as SU(2) periodic Toda)

\ 2
Painleve lll; equation: )\ = )‘7 _

(‘3120gt logm = A, 8120gt10g Ty = A1

1 . .
TigfogtTi_(ﬁlogtTi)Q :tQTJZ (27&])

g-uplift: O+ f(¥)

g-Painlevé Ill; equation: | 71 (qt)m(q~'t) = 11(t)* + t272(t)*




ABJM <« qg-Painlevé lli; 28/36

( k) (U]\H—M) )

i“N Zy v (IN)

— Zi.m (N =0)
k=2

N 1 2 3
- 1 1 1 5
M=0.21 3 3272 “512 | 25672
. Zieat (N . [V BN R
By using exact values of ;’M((O)) , we find Ir | 128 167 | 2608% 9670

k, M

(still no rigorous proof)

[Grassi,Hatsuda,Marino,'14][Bonelli,Grassi,Tanzini,'17]

ldentical to g-Painlevé lll; equation with

g=et  t=e 0N L) ~Emle 2 K) () ~Eum(—e "2 k)

Generalization of "O(2) matrix model «<— Plll3" [zamolodchikov,'94] to g # 1



q-Painleve equations and exceptional groups 29/36

Sakai's classification of g-Painlevé by exceptional groups (or curves): [Sakai,'01]

qP(Es ) qgPVI qPV qPllly gPlll, gPlll;
E5:D5 E4:A4 E3:A2><A1 E2=A1><A1 E1=A1

el I e B S B S

. . time evolution Ty (v :discrete lattice points)
g-Painlevé equation ! P

V
ﬁ "affine Weyl group (= W(G) + translation) has a bi-rational representation”

A
[(w.T)g = Tw(@) (a.T)y = il j__ TT)
¥

bilinear eq




q-Painleve equations and exceptional groups 29/36

Sakai's classification of g-Painlevé by exceptional groups (or curves): [Sakai,'01]

aP(Eg) |[( gPVI || qgPV qPllly gPlll, gPlll;
E5:D5 E4:A4 E3:A2><A1 E2=A1><A1 E1=A1

il | [

. . time evolution Ty (v :discrete lattice points)
g-Painlevé equation ! P

V
ﬁ "affine Weyl group (= W(G) + translation) has a bi-rational representation”

A

TT + 7T
[(um')g = Tw(@) (a.T)y = j

—
From ABJM result, we expect ‘
bilinear eq

PX Zpo N
q NZ“ ())

gPVl is the easiest to realize by M2-branes



bilinear relations of (2,2) model 30/36

271

Structure of g-Painlevé V| equations (q =¢e % ) :

For each choice of two directions (i,j) in v = (Mg, M1, M3, Z1, Z3) and
three signs (0'1, 02, 0'3) < {(‘|‘ + —I_)a (‘|‘ — _)7 (_ T _)7 (_ - +)}

Q H To4+shiftl + Q H TF+shift2 + Q H To+shift3 — 0
+

/ + A + \ | (read off from [Jimbo,Nagoya,Sakai,'17])
/ /\ \
1 1 1 1 o1 02 O
((Uiavj)+(§a§) ((Uiavj)+(§a_§)) (UkavlvUM)_l_(?lvTQv?S))
Our conjecture: ; ;
/,N,'N+M0+M1+k,'N+2MO+2k: N + My + M3 + k ,/
i~ S Z e il i | '
v —k ’U N !
= 0) Z 0 Zs 0
satisfies 40 equations with some k-indep. coefficients (O's

In [BGKTN,22] we checked against exact values of Zx.5(N), and partially fixed O's




How about Z(N=0)? 31/36

2 =1 [ ok detfalalay)
= — €I, Y
Z(N=0) NJ @oN GG P
So far we have omitted Z(N=0) since it is not related to quantum curve

However

ZQ%IM(N =0) = Zcs(k, M) % H 2 sin T _j) (U(N)k)\/:(U(N+M)—k)
) 4
M

ch(k,M—I— 1)ch(]€,M — 1) = (2 sin T)ch(k M)

. g-Painleve lll3 equation!



qPVI eqs for unnormalized grand partition function 32/36

The same relation holds for g-Painlevé VI and (2,2) model !

Zy(N = 0) = Zos(L1) Zes(Lo) La ;L R
L 1 e k— M, — M3 k— My — M3 k+ My — My
x det[ LT > : 6—6’]
r,S 2Sln7T(T—L—|—Zl—|—T+S) 3 Hﬂ,(#5)2SIHT

(8} = {2n(Btt — ), U fon (Bt — o — Zy)yle, 0 -z 0 Z

v

O]] Zoznisa (N = 0) + O] [ Zotonitez(N = 0) + O H Zs+anitz(N = 0) = 0
I T

[MN,'23]

Bilinear relations of = () are viewed as uplift of thisto k # 0 :

00
— — — — _ N

Q “ll%mv:tshlftl ) + O H “llénvzl:sh1ft2 —|_ O H “ll;nv:l:shlftB :FZH; =0 “lli,n’l?’(’%) _ Z K Zkﬂ_f(N

:I: —

For (2,2) model, this approach is essential in finding bilinear relations with k # 0.
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Summary 34/36

Fermi gas formalism:

(normalized) M2 partition functions <= quantum curves O — Z ¢, ema+np

m,mn

NS5

Symmetry of curve = Hanany-Witten duality (+ a) ',"(1,k)5

E{> determine @ for general rank/Fl deformations

D3

T

M2 partition functions solve g-Painlevé equations (q~e¢e*, "time"~ AN;)

prescription: identify symmetry W(G) and curve with those in Sakai classification

qPX

T ~ grand partition function Z(x) = Det(1 + xO)

Z(N=0) also solve g-Painlevé equations, although they are not related to quantum curves



Use of bilinear relations? 35/36

For ABJM theory Em(k) = Z 1N ZU(N)xU(N+M)_y,
N=0

. o maM —_— . —_—
e Eppr(—ik)Ep—1(ik) + Ep (k) —e * Ep(—k)? =0

/ Can be solved recursively in M | AN
=0, Z, ) Zy forall M2 2 NN=>
HE 1?
QO
? e °) M
¢-o - o——>
S\ k
> D Zaa (O Zy—a(m) + (=5 — (<1)"e™ ) 2y (0) Zar(m)] = 0
imn)

Can we solve recursively in N (possibly with additional constraints)?

[Moriyama,TN,work in progress]



Generalizations? 36/36

- Mass (R-charge) deformations? ‘e
~ ~ M
. AL 3 (@ ——e—0—¢-0-0-0->
Zgs = — Iy DETSSNUEIE o [Tig; (2sinh =—5=-)?
5% = N, N He H a+1 @\ g 3
a= 1H,L “ 1[;Z7" 2cosh >
2
V =
. . _ a1
large N phase transition in &. [Honda,TN,Shimizu,Terashima, 18] L —ir™¢ )

For ABJM with & =&, g-Pllls eq = | generalization of v-site g-Toda eq

v

might be useful in understanding phase transition

- Other observables on §3?

- Longer circular quivers / N = 3 circular quivers?
(17k1)

k) (k) N




Backup slides



Precision holography (not this talk)

—logZS:a:N3/2—|—N1/2—|—logN—|—---—I—e_\/g—l—---%—e_VkN—l—---

N e

\%
Airy

- log N graviton 1-|oop [Bhattacharyya,Grassi,Marino,Sen]

- N1/2 : higher derivative terms [Bobev,Charles,Hristov,Reys]

- Proposals for Airy : SUGRA localization [pabholkar,Drukker,Gomes]

partial gravitational path integral [caputa,Hirano]

- 1/N non-perturbative : closed M2 wrapped on AdS; X Y-

[Cagnazzo,Sorokin Wulff][Becker,Becker,Strominger][Drukker,Marino,Putrov]
[Gautason,Puletti,vanMuiden]



