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Based	on			



Introduc;on

discover	hidden	mathemaVcal	structures	through	exact	(non-perturbaVve)	analysis

MoVvaVon	of	research	related	to	supersymmetric	gauge	theories:
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M2-branes	in	M-theory

Some	observables	are	exactly	calculable	by	SUSY	localizaVon+α

We	focus	on	3d	supersymmetric	quiver	Chern-Simons	theories

:	ABJM	theory

quantum	gravity	on
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Exact	large	N	expansion 3/36

All	order	in	1/N	!

1/N	perturbaVve	=

1/N	non-pert.																																					=	refined	topological	string	free	energy
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TBA-like	equaVon		(											:	finite)
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semiclassical	expansion		(															)
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ParVally	reproduced	from	gravity	side	(not	this	talk)

't	Hooe	expansion		(																																:	fixed)

Fermi	gas	formalism



New	mathema;cal	structure	of	M2-SCFT 4/36

q-Painlevé	VI

Conceptually,	Fermi	gas	formalism	is

M2-branes quanVzed	algebraic	curves

follows	automaVcally

encodes	target	CY	of	topological	string	(TS/ST	correspondence)

symmetry	of	curve (enhanced)	IR	dualiVes
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																	obey	discrete	integrable	equaVons	associated	with	symmetry

q-Painlevé	III3 [Bonelli,Grassi,Tanzini,'17]
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[Grassi,Hatsuda,Marino,'14]

[BGKNT][MN]equaVon

symmetry

M2-SCFT
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<latexit sha1_base64="nsOgDZ5b8ELUE+Ar5+8cVL9I++k=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXspuVfRY1IPHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Gbqt56o0kyKBzOOqR/hgWAhI9hYqdkq3/YuTnvFkltxZ0DLxMtICTLUe8Wvbl+SJKLCEI617nhubPwUK8MIp5NCN9E0xmSEB7RjqcAR1X46u3aCTqzSR6FUtoRBM/X3RIojrcdRYDsjbIZ60ZuK/3mdxIRXfspEnBgqyHxRmHBkJJq+jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJs1rxzirV+/NS7TqLIw9HcAxl8OASanAHdWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/NG6OOg==</latexit>

Z2(= W (A1))
<latexit sha1_base64="rYwZrefVaE4Y/gTh4qPsTE7Lio0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAI7aYkVdCNUHXjsoJtxTaEyXTSDp08mJkIJRT8FTcuFHHrd7jzb5y0WWjrgYHDOfdyzxwv5kwqy/o2CkvLK6trxfXSxubW9o65u9eWUSIIbZGIR+Lew5JyFtKWYorT+1hQHHicdrzRdeZ3HqmQLArv1DimToAHIfMZwUpLrnnQC7Aael76MHHrlYtO5dK1q1XXLFs1awq0SOyclCFH0zW/ev2IJAENFeFYyq5txcpJsVCMcDop9RJJY0xGeEC7moY4oNJJp/En6FgrfeRHQr9Qoan6eyPFgZTjwNOTWVg572Xif143Uf65k7IwThQNyeyQn3CkIpR1gfpMUKL4WBNMBNNZERligYnSjZV0Cfb8lxdJu16zT2r129Ny4yqvowiHcAQVsOEMGnADTWgBgRSe4RXejCfjxXg3PmajBSPf2Yc/MD5/AAQilDU=</latexit>



Plan	of	talk

3.	q-discrete	Painlevé	equaVons

4.	Future	problems

1.	M2-branes	and	Fermi	gas	formalism

2.	Quantum	curve	and	symmetries
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D3

NS5

(1,k)5

(1,k)5	=	bound	state	of	NS5	and	k	D5

(1,k)5 (1,k')5

Chern-Simons	level	=	k'	-	k

U(4)k
<latexit sha1_base64="nX5r4XUh7trIInJa7gPHmZCciRE=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJHokevGIiYsksCHd0oWGbru2XROy4U948aAxXv073vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lqmilCfSC5VJ8Saciaob5jhtJMoiuOQ04dwfDPzH56o0kyKezNJaBDjoWARI9hYqeNXG+f9bDztlytuzZ0DrRIvJxXI0eqXv3oDSdKYCkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUCx1QH2fzeKTqzygBFUtkSBs3V3xMZjrWexKHtjLEZ6WVvJv7ndVMTXQUZE0lqqCCLRVHKkZFo9jwaMEWJ4RNLMFHM3orICCtMjI2oZEPwll9eJe16zbuo1e8aleZ1HkcRTuAUquDBJTThFlrgAwEOz/AKb86j8+K8Ox+L1oKTzxzDHzifPzAxj2o=</latexit>

U(2)0
<latexit sha1_base64="UxLB18Sws4k5pCxw7vrJZHelqSk=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnokevGIiQsksCHd0oWGbru2XROy4U948aAxXv073vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW6vjV+nk/c6f9csWtuXOgVeLlpAI5mv3yV28gSRpTYQjHWnc9NzFBhpVhhNNpqZdqmmAyxkPatVTgmOogm987RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP+8bmqi6yBjIkkNFWSxKEo5MhLNnkcDpigxfGIJJorZWxEZYYWJsRGVbAje8surpFWveRe1+v1lpXGTx1GEEziFKnhwBQ24gyb4QIDDM7zCm/PovDjvzseiteDkM8fwB87nD9Npjy0=</latexit>

U(2)k
<latexit sha1_base64="CYXDk70OaqCuZlWuarIe5NolzZI=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnokevGIiQsksCHd0oWGtru2XROy4U948aAxXv073vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFaE+iXmsOiHWlDNJfcMMp51EUSxCTtvh+Hbmt5+o0iyWD2aS0EDgoWQRI9hYqeNX6+f9bDztlytuzZ0DrRIvJxXI0eyXv3qDmKSCSkM41rrruYkJMqwMI5xOS71U0wSTMR7SrqUSC6qDbH7vFJ1ZZYCiWNmSBs3V3xMZFlpPRGg7BTYjvezNxP+8bmqi6yBjMkkNlWSxKEo5MjGaPY8GTFFi+MQSTBSztyIywgoTYyMq2RC85ZdXSate8y5q9fvLSuMmj6MIJ3AKVfDgChpwB03wgQCHZ3iFN+fReXHenY9Fa8HJZ47hD5zPHy0fj2g=</latexit>

U(4)�k
<latexit sha1_base64="p1J6pDFk04jNPPqHl1a1HwecrSI=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCB8kukuiR6MUjJi5gYEO6pUBD2920XROy4Vd48aAxXv053vw3FtiDgi+Z5OW9mczMC2POtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKE+iXik2iHWlDNJfcMMp+1YUSxCTlvh+Hbmt56o0iySD2YS00DgoWQDRrCx0qNfrp330ovxtFcsuRV3DrRKvIyUIEOjV/zq9iOSCCoN4VjrjufGJkixMoxwOi10E01jTMZ4SDuWSiyoDtL5wVN0ZpU+GkTKljRorv6eSLHQeiJC2ymwGellbyb+53USM7gOUibjxFBJFosGCUcmQrPvUZ8pSgyfWIKJYvZWREZYYWJsRgUbgrf88ippViveZaV6XyvVb7I48nACp1AGD66gDnfQAB8ICHiGV3hzlPPivDsfi9ack80cwx84nz+bZY+h</latexit>

U(3)�k
<latexit sha1_base64="dS/cLTb8HaWddbIT/NnIIXz5BGw=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCB8kumOiR6MUjJi5gYEO6pUBD2920XROy4Vd48aAxXv053vw3FtiDgi+Z5OW9mczMC2POtHHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFKE+iXik2iHWlDNJfcMMp+1YUSxCTlvh+Hbmt56o0iySD2YS00DgoWQDRrCx0qNfrp330ovxtFcsuRV3DrRKvIyUIEOjV/zq9iOSCCoN4VjrjufGJkixMoxwOi10E01jTMZ4SDuWSiyoDtL5wVN0ZpU+GkTKljRorv6eSLHQeiJC2ymwGellbyb+53USM7gOUibjxFBJFosGCUcmQrPvUZ8pSgyfWIKJYvZWREZYYWJsRgUbgrf88ippViterVK9vyzVb7I48nACp1AGD66gDnfQAB8ICHiGV3hzlPPivDsfi9ack80cwx84nz+Z24+g</latexit>

U(2)0
<latexit sha1_base64="UxLB18Sws4k5pCxw7vrJZHelqSk=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmKCF7KLJnokevGIiQsksCHd0oWGbru2XROy4U948aAxXv073vw3FtiDgi+Z5OW9mczMCxPOtHHdb6ewtr6xuVXcLu3s7u0flA+PWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03Y4vp357SeqNJPiwUwSGsR4KFjECDZW6vjV+nk/c6f9csWtuXOgVeLlpAI5mv3yV28gSRpTYQjHWnc9NzFBhpVhhNNpqZdqmmAyxkPatVTgmOogm987RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP+8bmqi6yBjIkkNFWSxKEo5MhLNnkcDpigxfGIJJorZWxEZYYWJsRGVbAje8surpFWveRe1+v1lpXGTx1GEEziFKnhwBQ24gyb4QIDDM7zCm/PovDjvzseiteDkM8fwB87nD9Npjy0=</latexit>

node:	vector	mulVplet

bond:	bifundamental	hypermulVplet
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D3

NS5
(1,k)5

fracVonal	D3

wrapped	D3 D2 M2

NS5 geometry	(KK	monopole)

D5 D6 geometry

discrete	flux	of C3
<latexit sha1_base64="w43rtNkvMUZH/Rl+DN2kT/9ungw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELh4xyiOBDZkdemHC7OxmZtaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+txvP6HSPJaPZpKgH9Gh5CFn1Fjpod6v9oslt+wuQNaJl5ESZGj0i1+9QczSCKVhgmrd9dzE+FOqDGcCZ4VeqjGhbEyH2LVU0gi1P12cOiMXVhmQMFa2pCEL9ffElEZaT6LAdkbUjPSqNxf/87qpCW/8KZdJalCy5aIwFcTEZP43GXCFzIiJJZQpbm8lbEQVZcamU7AheKsvr5NWpexVy5X7q1LtNosjD2dwDpfgwTXU4A4a0AQGQ3iGV3hzhPPivDsfy9ack82cwh84nz+/OY1x</latexit>

IIB IIA M

x012 x3 x456 x789

D3 ��� �
NS5 ��� ���
D5 ��� ���

<latexit sha1_base64="V/aS2wtj15DlWpzrC6tujbkKyPo="></latexit>

x3
<latexit sha1_base64="GcfdmiVXIuQAVIE+3vSRqlRiStc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEAaNpg==</latexit>

T-duality	in x10
<latexit sha1_base64="vE9SGuo3lDPkDivEyBOq5fOhZEc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0M/Vbj0wbruS9HScsiMlA8ohTYp3UfOplvjfplcpexZsBLxM/J2XIUe+Vvrp9RdOYSUsFMabje4kNMqItp4JNit3UsITQERmwjqOSxMwE2ezaCT51Sh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo6ELwF19eJs1qxT+vVO8uyrXrPI4CHMMJnIEPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD0ECjuo=</latexit>

uplie

(C2/Z#(NS5) ⇥ C2/Z#((1,k)5))/Zk
<latexit sha1_base64="3Ula9JtcodDfALEwc1urtDOYzTY="></latexit>

min(N1, N2, · · · )
<latexit sha1_base64="75I6y9OB/RcTsWPbR0Nz+sLmhok=">AAACA3icbVBNS8NAEN34WetX1JtegkWoUEpSBT0WvXgqFewHtCVsNpt26WYTdidiCQUv/hUvHhTx6p/w5r9x2+agrQ8GHu/NMDPPizlTYNvfxtLyyuraem4jv7m1vbNr7u03VZRIQhsk4pFse1hRzgRtAANO27GkOPQ4bXnD64nfuqdSsUjcwSimvRD3BQsYwaAl1zzsAn2ANGRiXKy5TqnmVkpd4kegTl2zYJftKaxF4mSkgDLUXfOr60ckCakAwrFSHceOoZdiCYxwOs53E0VjTIa4TzuaChxS1UunP4ytE634VhBJXQKsqfp7IsWhUqPQ050hhoGa9ybif14ngeCylzIRJ0AFmS0KEm5BZE0CsXwmKQE+0gQTyfStFhlgiQno2PI6BGf+5UXSrJSds3Ll9rxQvcriyKEjdIyKyEEXqIpuUB01EEGP6Bm9ojfjyXgx3o2PWeuSkc0coD8wPn8AwVaW7w==</latexit>

M2s	on

Note:	orbifold	is	independent	of		ordering	of	5-branes	&	fracVonal	D3's
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Suppose

-							:	SUSY	invariant	operator

is	independent	of	t

O
<latexit sha1_base64="4nqFhTMWyoVtHHdUwHBg4fod7qw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s0K9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZK7axLUZC7Sa9UdivuDGSZeDkpQ456r/TV7cc0jZg0VKDWHc9NjJ+hMpwKNil2U80SpCMcsI6lEiOm/Wx274ScWqVPwljZkobM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhFd+xmWSGibpfFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiIijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIU6NICCgGd4hTfn0Xlx3p2PeeuKk88cwR84nz+3b4/B</latexit>

�O = 0
<latexit sha1_base64="mlCrlZREwrZj3n17XacKJYL1k1E=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mqoBeh6MWbFewHNKFsNpN26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvCDlTGnH+bZKa+sbm1vl7crO7t7+gX141FZJJim0aMIT2Q2IAs4EtDTTHLqpBBIHHDrB6G7md8YgFUvEk56k4MdkIFjEKNFG6tu2FwLXJPco4fhheuP07apTc+bAq8QtSBUVaPbtLy9MaBaD0JQTpXquk2o/J1IzymFa8TIFKaEjMoCeoYLEoPx8fvkUnxklxFEiTQmN5+rviZzESk3iwHTGRA/VsjcT//N6mY6u/ZyJNNMg6GJRlHGsEzyLAYdMAtV8YgihkplbMR0SSag2YVVMCO7yy6ukXa+5F7X642W1cVvEUUYn6BSdIxddoQa6R03UQhSN0TN6RW9Wbr1Y79bHorVkFTPH6A+szx/DJ5MV</latexit>

Z
D�D Oe�S�t�V

<latexit sha1_base64="YG0WbwWaa8uFkSARDJ5VlwGzEfA=">AAACHnicbZDJSgNBEIZ7XGPcoh69NAbBS8KMC3oM6sGbEU0iZGLo6VSSJj0L3TVCGOZJvPgqXjwoInjSt7GTDLj+0PDxVxVd9XuRFBpt+8Oamp6ZnZvPLeQXl5ZXVgtr63UdxopDjYcyVNce0yBFADUUKOE6UsB8T0LDG5yM6o1bUFqEwRUOI2j5rBeIruAMjdUuHLgiQJq4nEl6mrrVvvhinfF5CjdJ6bKEbgckMlpP24WiXbbHon/ByaBIMlXbhTe3E/LYhwC5ZFo3HTvCVsIUCi4hzbuxhojxAetB02DAfNCtZHxeSreN06HdUJlnlh273ycS5ms99D3T6TPs69+1kflfrRlj96iViCCKEQI++agbS4ohHWVFO0IBRzk0wLgSZlfK+0wxjibRvAnB+X3yX6jvlp298u7FfrFynMWRI5tki+wQhxySCjkjVVIjnNyRB/JEnq1769F6sV4nrVNWNrNBfsh6/wRn9KII</latexit>

V ⇠ ( , � )
<latexit sha1_base64="vdnCqSl5q6svbDcKNIQXm9ZLpjQ=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBIlSQklRBl0U3LivYCzShTCaTdujMJMxMhBK68VXcuFDErY/hzrdx0mahrT8MfPznHM6cP0gYVdpxvq3Syura+kZ5s7K1vbO7Z+8fdFScSkzaOGax7AVIEUYFaWuqGeklkiAeMNINxrd5vftIpKKxeNCThPgcDQWNKEbaWAP7qOMpymHNayl67oWEaZTj2cCuOnVnJrgMbgFVUKg1sL+8MMYpJ0JjhpTqu06i/QxJTTEj04qXKpIgPEZD0jcoECfKz2YHTOGpcUIYxdI8oeHM/T2RIa7UhAemkyM9Uou13Pyv1k91dO1nVCSpJgLPF0UpgzqGeRowpJJgzSYGEJbU/BXiEZIIa5NZxYTgLp68DJ1G3b2oN+4vq82bIo4yOAYnoAZccAWa4A60QBtgMAXP4BW8WU/Wi/VufcxbS1Yxcwj+yPr8AWXSlaM=</latexit>

�V = 0
<latexit sha1_base64="tWkfS7VKpfHmeMWOdzbLM0xy1yc=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+wDWWz2bRLN5uwOxFK6b/w4kERr/4bb/4bt20O2vpg4PHeDDPzglQKg6777aysrq1vbBa2its7u3v7pYPDpkkyzXiDJTLR7YAaLoXiDRQoeTvVnMaB5K1geDv1W09cG5GoBxyl3I9pX4lIMIpWeuyGXCIlzWu3Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449nFE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrvyxUGmGXLH5oiiTBBMyfZ+EQnOGcmQJZVrYWwkbUE0Z2pCKNgRv8eVl0qxWvPNK9f6iXLvJ4yjAMZzAGXhwCTW4gzo0gIGCZ3iFN8c4L8678zFvXXHymSP4A+fzB4mpkCs=</latexit>

:	soluVons	of

t ! 0
<latexit sha1_base64="ISynWxRqdQxFhRLmEUZi8v2tC4o=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkUcCK5kdZmHC7M5mpldCCP/hxYPGePVfvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMCrVjNeZkkq3Amq4FDGvo0DJW4nmNAokbwbD25nffOLaCBU/4DjhfkT7sQgFo2ilR+xo0R8g1VqNiNstltyyOwdZJV5GSpCh1i1+dXqKpRGPkUlqTNtzE/QnVKNgkk8LndTwhLIh7fO2pTGNuPEn86un5MwqPRIqbStGMld/T0xoZMw4CmxnRHFglr2Z+J/XTjG89iciTlLkMVssClNJUJFZBKQnNGcox5ZQpoW9lbAB1ZShDapgQ/CWX14ljUrZuyhX7i9L1ZssjjycwCmcgwdXUIU7qEEdGGh4hld4c0bOi/PufCxac042cwx/4Hz+AGtzknM=</latexit>

t ! 1
<latexit sha1_base64="dy64RnyHQ6/QahVZAS5sj/M30I8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7sKnuKjMRCl4kfscRlCNrBrTt2ZA68StyA1VKA1sL+8YUzTiEmggmjdd50E/Jwo4FSwacVLNUsInZAR6xsqScS0n8+Pn+JTowxxGCtTEvBc/T2Rk0jrLApMZ0RgrJe9mfif108hvPJzLpMUmKSLRWEqMMR4lgQecsUoiMwQQhU3t2I6JopQMHlVTAju8surpNOou+f1xt1FrXldxFFGx+gEnSEXXaImukUt1EYUZegZvaI368l6sd6tj0VrySpmqugPrM8fR2iVLA==</latexit>

-	acVon	S	is	SUSY	invariant

�saddle
<latexit sha1_base64="KvwFd4AJQWZwcJnQkgI9SABbbMY=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq6LLoxmUF+4A2hMlk0g6dTMLMjVhD8VfcuFDErf/hzr9x2mahrQcuHM65d+beE6SCa3Ccb2tpeWV1bb20Ud7c2t7Ztff2WzrJFGVNmohEdQKimeCSNYGDYJ1UMRIHgrWD4fXEb98zpXki72CUMi8mfckjTgkYybcPe40B9/MesAfINQlDwcZj3644VWcKvEjcglRQgYZvf/XChGYxk0AF0brrOil4OVHAqXmw3Ms0Swkdkj7rGipJzLSXT7cf4xOjhDhKlCkJeKr+nshJrPUoDkxnTGCg572J+J/XzSC69HIu0wyYpLOPokxgSPAkChxyxSiIkSGEKm52xXRAFKFgAiubENz5kxdJq1Z1z6q12/NK/aqIo4SO0DE6RS66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFqXrGLmAP2B9fkDXlGV0Q==</latexit>

hOi =

Z
D�D Oe�S =

X

�saddle

h
Oe�S

i

�saddle

SDet�, [�
2(�saddle)]

<latexit sha1_base64="ehkLhgo40/I0s/EWoAD0UKC4lA8="></latexit>
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U(N1)k1
<latexit sha1_base64="RexVWn5mUa8g8O9i10/2dNjqxtM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXiSCqYttCFstpt26WYTdjdCCf0bXjwo4tU/481/46bNQVsfDDzem2FmXpBwprRtf1ultfWNza3ydmVnd2//oHp41FFxKgl1Scxj2QuwopwJ6mqmOe0lkuIo4LQbTG5zv/tEpWKxeNTThHoRHgkWMoK1kQZu/d53zv1s4jszv1qzG/YcaJU4BalBgbZf/RoMY5JGVGjCsVJ9x060l2GpGeF0VhmkiiaYTPCI9g0VOKLKy+Y3z9CZUYYojKUpodFc/T2R4UipaRSYzgjrsVr2cvE/r5/q8NrLmEhSTQVZLApTjnSM8gDQkElKNJ8agolk5lZExlhiok1MFROCs/zyKuk0G85Fo/lwWWvdFHGU4QROoQ4OXEEL7qANLhBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AGr05DM</latexit>

U(N2)k2
<latexit sha1_base64="w4fnMp6JyF1NxKlXy0OKhL4lmyI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoSBT0WvXiSCqYttCFstpt26WYTdjdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXphyprRtf1ultfWNza3ydmVnd2//oHp41FZJJgn1SMIT2Q2xopwJ6mmmOe2mkuI45LQTjm9nfueJSsUS8agnKfVjPBQsYgRrI/W9+n3gngf5OHCnQbVmN+w50CpxClKDAq2g+tUfJCSLqdCEY6V6jp1qP8dSM8LptNLPFE0xGeMh7RkqcEyVn89vnqIzowxQlEhTQqO5+nsix7FSkzg0nTHWI7XszcT/vF6mo2s/ZyLNNBVksSjKONIJmgWABkxSovnEEEwkM7ciMsISE21iqpgQnOWXV0nbbTgXDffhsta8KeIowwmcQh0cuIIm3EELPCCQwjO8wpuVWS/Wu/WxaC1Zxcwx/IH1+QOu45DO</latexit>

... U(NL)kL
<latexit sha1_base64="upxiuwLobuBd8xvlFiEchawRk9Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXgoUsG0hTaEzXbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzAsSzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqTiWhLol5LLsBVpQzQV3NNKfdRFIcBZx2gvHtzO88UalYLB71JKFehIeChYxgbaS+W733m+d+NvabU79csWv2HGiVODmpQI6WX/7qD2KSRlRowrFSPcdOtJdhqRnhdFrqp4ommIzxkPYMFTiiysvmN0/RmVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14v1eG1lzGRpJoKslgUphzpGM0CQAMmKdF8YggmkplbERlhiYk2MZVMCM7yy6ukXa85F7X6w2WlcZPHUYQTOIUqOHAFDbiDFrhAIIFneIU3K7VerHfrY9FasPKZY/gD6/MH/oORAg==</latexit>

X

�saddle

h
Oe�S

i

�saddle

SDet�, [�
2(�saddle)]

<latexit sha1_base64="xHCgi2vxWTFe8ZRAmm6U3Vtw+fY="></latexit>

ZS3 =
1

Na!

Z
dNa�(a)

i

(2⇡)Na

LY

a=1

e
ika
4⇡

PNa
i=1(�

(a)
i )2

LY

a=1

QNa

i<j(2 sinh
�(a)
i ��(a)

j

2 )2

QNa

i=1

QNa+1

j=1 2 cosh
�(a)
i ��(a+1)

j

2
<latexit sha1_base64="ybLCKh6fPHHbkVzKzFoUSDtQGV4="></latexit>

�(a)
i

<latexit sha1_base64="uqIU1BfRTFL6WVveqlB6c+CeTcY="></latexit>

:	vev	of	vectormulVplet

e�SCS
<latexit sha1_base64="Pas+vk8MN9qqLHOSCUertUz4Hl0="></latexit>

SDethyp
<latexit sha1_base64="mmK4iACDpGJJa4aRlmsbK7hRCzM="></latexit>

SDetvec
<latexit sha1_base64="JSM4rj/MsPJ1d4dAGWw4Di5WJeI="></latexit>

[KapusVn,Willeq,Yaakov,'09]
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Z =
1

N !

Z
dNx

(2⇡)N
det
i,j

[hxi|⇢(x̂, p̂)|xji]
<latexit sha1_base64="Gi2cTfd2ckOOSvnOqTkctm0senE="></latexit>

N	free	fermions	with Ĥone-particle = � log ⇢̂
<latexit sha1_base64="rNX6vK4SgCgXjrYWmoUXLkeGIA4="></latexit>

Key	formula	in	deriving	Fermi	gas	formalism:

(Cauchy-Vandermonde	determinant)

QN
i<j 2 sinh

xi�xj

2

QN+M
i<j 2 sinh yi�yj

2QN
i=1

QN+M
j=1 2 cosh xi�yj

2

= det
(i�r),j

0

B@
e�

M(xi�yj)

2

2 cosh
xi�yj

2

e(
M+1

2 �r)yj

1

CA = det

0

@
hxi| 1

2 cosh p̂�⇡iM
2

|yji

phh2⇡i(M+1
2 � r)|yji

1

A

<latexit sha1_base64="8t/X8YQxMqHt6ixpI1qDnkDZkFw="></latexit>

[x̂, p̂] = 2⇡i
<latexit sha1_base64="3It3quApRudWTzFr6vnX1BNtbWM="></latexit>

[Marino,Putrov,'11]
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V̂
<latexit sha1_base64="0HLmt72/LBunW3SZ0AJ5IG5WQi0="></latexit>

V̂ †
<latexit sha1_base64="y6VPDfnehGoFHP6POJGAfEZThO4="></latexit>

Û †
<latexit sha1_base64="4AncO9cPacxNuSin14HZMa7pQLw="></latexit>

Û
<latexit sha1_base64="p83J7LgHHg5qeRf4E1v2JJzeCyM="></latexit>

[x̂, p̂] = 2⇡ik
<latexit sha1_base64="tmp4ruYN5d0jDpDnbKBX9N2HmUI="></latexit>

U(N)k
<latexit sha1_base64="F0Py+vtWiUC4UMojXITe6nh1I5I=">AAACKHicbVDLSsNAFJ3UV61VW126CRahgoSkKrosunElFUxbaEOZTCbtmMkkzEzEEvIPbvUT/Bp30q1f4jTNwlYPXDhz7r3cM8eNKRHSNGdaaW19Y3OrvF3Zqe7u7dfqB10RJRxhG0U04n0XCkwJw7YkkuJ+zDEMXYp7bnA77/eeMRckYo9yGmMnhGNGfIKgVFLXbt6fjoJRrWEaZg79L7EK0gAFOqO6Vh16EUpCzCSiUIiBZcbSSSGXBFGcVYaJwDFEARzjgaIMhlg4aW4300+U4ul+xFUxqefq740UhkJMQ1dNhlBOxGpvLv7XGyTSv3ZSwuJEYoYWh/yE6jLS53/XPcIxknSqCEScKK86mkAOkVQJLV15WVitDD3sq2TzV8oiAQOYpXzsZqmK58w0LlWZmcrPWk3rL+m2DOvcaD1cNNo3RZJlcASOQRNY4Aq0wR3oABsg8ARewRt41z60T+1Lmy1GS1qxcwiWoH3/AGfhpHY=</latexit>

U(N)�k
<latexit sha1_base64="nBOSlErFcvtpQqcuMyfk982ROGc=">AAACK3icbVDLSsNAFJ3UV61VW126CRahgpakKrosunElFUxbaUOZTCftkMkkzEzEEvIVbvUT/BpXilv/w0mahW09cOHMufdyzxwnpERIw/jUCiura+sbxc3SVnl7Z7dS3euIIOIIWyigAe85UGBKGLYkkRT3Qo6h71DcdbybtN99wlyQgD3IaYhtH44ZcQmCUkmPVv3ueBifesmwUjMaRgZ9mZg5qYEc7WFVKw9GAYp8zCSiUIi+aYTSjiGXBFGclAaRwCFEHhzjvqIM+ljYceY40Y+UMtLdgKtiUs/Uvxsx9IWY+o6a9KGciMVeKv7X60fSvbJjwsJIYoZmh9yI6jLQ0+/rI8IxknSqCEScKK86mkAOkVQhzV15nlktDUbYVeFmr5gFAnowifnYSWIVz4nRuFBlpPmZi2ktk06zYZ41mvfntdZ1nmQRHIBDUAcmuAQtcAvawAII+OAFvII37V370L6079loQct39sEctJ9f3UqluQ==</latexit>

Z =
1

(N !)2

Z
dN�(1)

i

(2⇡)N
dN�(2)

i

(2⇡)N
det

h
h�(1)

i | 1

2 cosh p̂
2

|�(2)
j i

i
e�

i
4⇡k

P
i(�

(2))2 det
h
h�(2)

i | 1

2 cosh p̂
2

|�(1)
j i

i
e

i
4⇡k

P
i(�

(1))2

<latexit sha1_base64="T+DD7pLnjterVVfBdj0412taDzI="></latexit>

Û = V̂ = e
i

4⇡k p̂2

<latexit sha1_base64="uXE2kja7otTGwj+3Qnm5VW1kEMw="></latexit>

det[h�(2)
i | 1

2 cosh x̂
2

|�(1)
j i]

<latexit sha1_base64="BjnNOoHR7bANUDUdesaRbOnLzvI="></latexit>

= det
h2⇡�(�(2)

i � �(1)
j )

2 cosh
�(1)
j

2

i

<latexit sha1_base64="rJ5axGLYCIOS+riTy8IgctRG3WI="></latexit>

= N !
NY

i=1

2⇡�(�(2)
i � �(1)

i )

2 cosh
�(1)
i
2<latexit sha1_base64="QlZKI/9DWn83bQsmWC/kexQeEoc="></latexit>

Z =
1

N !

Z
dN�(1)

i

(2⇡)N
det
i,j

h
h�(1)

i | 1

2 cosh p̂
2

1

2 cosh x̂
2

|�(1)
j i

i

<latexit sha1_base64="AjV9tZ6ZyIDMzRVCAUhxMO+WGns="></latexit>



Fermi	gas	formalism	(ABJM	with																		) 12/36N1 6= N2
<latexit sha1_base64="/gOY8cYz0LWE5Z9xqEbUT5PXpvY=">AAACLXicbZDNSsNAEMc3flu/Wj16WSyCBylJVfRY9OJJFKwV2hI2m0ldutmNuxuxhDyGV30En8aDIF59DbdpD7Z1YOA//5lhhl+QcKaN6346c/MLi0vLK6ultfWNza1yZftOy1RRaFLJpboPiAbOBDQNMxzuEwUkDji0gv7FsN96AqWZFLdmkEA3Jj3BIkaJsVb7yvc6Ah7xlV/3y1W35haBZ4U3FlU0jmu/4qx3QknTGIShnGjd9tzEdDOiDKMc8lIn1ZAQ2ic9aFspSAy6mxU/53jfOiGOpLIpDC7cvxsZibUexIGdjIl50NO9oflfr52a6KybMZGkBgQdHYpSjo3EQwA4ZAqo4QMrCFXM/orpA1GEGotp4srz6NVSJ4TI4i2qTEhN+iTPVC/IM4vn0K2d2HRzy8+bpjUr7uo176hWvzmuNs7HJFfQLtpDB8hDp6iBLtE1aiKKJHpBr+jNeXc+nC/nezQ654x3dtBEOD+/PLamZw==</latexit>

U(N)k
<latexit sha1_base64="+t+MCM39WPTekB4dsso+xlOBbGY="></latexit>

U(N +M)�k
<latexit sha1_base64="3x8yQexOjHY+HkR6ja63zrSJRmY="></latexit>

⇥e�
i

4⇡k

P
i(�

(2))2 det
h
h�(2)

i | 1
2 cosh p̂+⇡iM

2

|�(1)
j i h�(2)

i |� 2⇡i(M+1
2 � s)iip

i
e

i
4⇡k

P
i(�

(1))2

<latexit sha1_base64="N7ALqzE85u5GzLHcWPQ9DDjvg1I="></latexit>

(N +M)!
NY

i=1

2⇡�(�(2)
i � �(1)

i )

2 cosh
�(1)
i +⇡iM

2

MY

r=1

2⇡�(�(2)
N+r � (�2⇡i(M+1

2 � r)))

<latexit sha1_base64="FZelw6DscaHz3//IqYDTAtCPanw="></latexit>

=
N
det
i,j

h
h�(1)

i | 1

2 cosh p̂
2

|�(2)
j i

i

<latexit sha1_base64="jp0bxlU/8/7l7l8sktQdhwWbw0Q="></latexit>

Reorganize											as

Z =
Z(0)

N !

Z
dN�(1)

i

(2⇡)N
det
i,j

h
h�(1)

i | 1

2 cosh p̂
2

QM
r=1 tanh

x̂+2⇡i(M+1
2 �r)

2k

2 cosh x̂+⇡iM
2

|�(1)
j i

i

<latexit sha1_base64="d7STd4dwAByYAx5zXHKhj+gv3g4="></latexit>

QN
i<j 2 sinh

�(1)
i ��(1)

j

2k

QN
i<j 2 sinh

�(2)
i ��(2)

j

2k

QN
i,j 2 cosh

�(1)
i ��(2)

j

2k

QN
i=1

QM
r=1 2 sinh

�(2)
i ��(2)

N+r

2k
QN

i=1

QM
r=1 2 cosh

�(1)
i ��(2)

N+r

2k

MY

r<s

2 sinh
�(2)
N+r � �(2)

N+s

2k
<latexit sha1_base64="jzx/Z3ZP3E/UbtRjyLYBGR2FAFM="></latexit>

[Awata,Hirano,Shigemori,'12]

Z =
1

N !(N +M)!

Z
dN�(1)

i

(2⇡)N
dN+M�(2)

i

(2⇡)N+M
det

 h�(1)
i | 1

2 cosh p̂�⇡iM
2

|�(2)
j i

phh2⇡i(M+1
2 � r)|�(2)

j i

�

<latexit sha1_base64="WLli6XSd/JsJLQv0F1pNp7LkFa8="></latexit>
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x̂0, p̂0 =
x̂⌥ p̂

2
<latexit sha1_base64="w/dxvZ3rM7g/ZA6j1ovhR1Ot1Yo=">AAACG3icbZDLSsNAFIYn9VbrLerSzWCRupCSREE3QtGNywr2Ak0ok+mkHTqThJmJWELew42v4saFIq4EF76N0zYFbT0w8PH/53Dm/H7MqFSW9W0UlpZXVteK66WNza3tHXN3rymjRGDSwBGLRNtHkjAakoaiipF2LAjiPiMtf3g99lv3REgahXdqFBOPo35IA4qR0lLXdFJ3gBR8yConU4qzyqUbCITTmePyGM68LHWyrlm2qtak4CLYOZRBXvWu+en2IpxwEirMkJQd24qVlyKhKGYkK7mJJDHCQ9QnHY0h4kR66eS2DB5ppQeDSOgXKjhRf0+kiEs54r7u5EgN5Lw3Fv/zOokKLryUhnGiSIini4KEQRXBcVCwRwXBio00ICyo/ivEA6SDUTrOkg7Bnj95EZpO1T6tOrdn5dpVHkcRHIBDcAxscA5q4AbUQQNg8AiewSt4M56MF+Pd+Ji2Fox8Zh/8KePrB/PQoWE=</latexit>

U(N)k
<latexit sha1_base64="F0Py+vtWiUC4UMojXITe6nh1I5I=">AAACKHicbVDLSsNAFJ3UV61VW126CRahgoSkKrosunElFUxbaEOZTCbtmMkkzEzEEvIPbvUT/Bp30q1f4jTNwlYPXDhz7r3cM8eNKRHSNGdaaW19Y3OrvF3Zqe7u7dfqB10RJRxhG0U04n0XCkwJw7YkkuJ+zDEMXYp7bnA77/eeMRckYo9yGmMnhGNGfIKgVFLXbt6fjoJRrWEaZg79L7EK0gAFOqO6Vh16EUpCzCSiUIiBZcbSSSGXBFGcVYaJwDFEARzjgaIMhlg4aW4300+U4ul+xFUxqefq740UhkJMQ1dNhlBOxGpvLv7XGyTSv3ZSwuJEYoYWh/yE6jLS53/XPcIxknSqCEScKK86mkAOkVQJLV15WVitDD3sq2TzV8oiAQOYpXzsZqmK58w0LlWZmcrPWk3rL+m2DOvcaD1cNNo3RZJlcASOQRNY4Aq0wR3oABsg8ARewRt41z60T+1Lmy1GS1qxcwiWoH3/AGfhpHY=</latexit>

U(N)�k
<latexit sha1_base64="nBOSlErFcvtpQqcuMyfk982ROGc=">AAACK3icbVDLSsNAFJ3UV61VW126CRahgpakKrosunElFUxbaUOZTCftkMkkzEzEEvIVbvUT/BpXilv/w0mahW09cOHMufdyzxwnpERIw/jUCiura+sbxc3SVnl7Z7dS3euIIOIIWyigAe85UGBKGLYkkRT3Qo6h71DcdbybtN99wlyQgD3IaYhtH44ZcQmCUkmPVv3ueBifesmwUjMaRgZ9mZg5qYEc7WFVKw9GAYp8zCSiUIi+aYTSjiGXBFGclAaRwCFEHhzjvqIM+ljYceY40Y+UMtLdgKtiUs/Uvxsx9IWY+o6a9KGciMVeKv7X60fSvbJjwsJIYoZmh9yI6jLQ0+/rI8IxknSqCEScKK86mkAOkVQhzV15nlktDUbYVeFmr5gFAnowifnYSWIVz4nRuFBlpPmZi2ktk06zYZ41mvfntdZ1nmQRHIBDUAcmuAQtcAvawAII+OAFvII37V370L6079loQct39sEctJ9f3UqluQ==</latexit>

U(N)k
<latexit sha1_base64="+t+MCM39WPTekB4dsso+xlOBbGY="></latexit>

U(N +M)�k
<latexit sha1_base64="3x8yQexOjHY+HkR6ja63zrSJRmY="></latexit>

is	mulVvalued.				Should	not	set	

Obtained	by	conVnuing							to															with	quantum	dilogarithm⇢̂
<latexit sha1_base64="tgRDjd6RN6Wa6P5UZxH21p8XV88=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2m2bpZjfsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx7czvPjFtuJIPMElZkJCR5BGnBKz0mPsxAV/Hajqo1ty6OwdeJV5BaqhAa1D98oeKZgmTQAUxpu+5KQQ50cCpYNOKnxmWEjomI9a3VJKEmSCfXzzFZ1YZ4khpWxLwXP09kZPEmEkS2s6EQGyWvZn4n9fPILoOci7TDJiki0VRJjAoPHsfD7lmFMTEEkI1t7diGhNNKNiQKjYEb/nlVdJp1L2LeuP+sta8KeIooxN0is6Rh65QE92hFmojiiR6Rq/ozTHOi/PufCxaS04xc4z+wPn8AfLOkRg=</latexit>

M 2 C
<latexit sha1_base64="WWOHXhXuB6iMSSj7HbmChG8lf+0=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiS1oMtiN26ECvYBTSyT6aQdOpmEmYlSQv/DjQtF3Pov7vwbJ20W2npg4HDOvdwzx485U9q2v63C2vrG5lZxu7Szu7d/UD486qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXnzQzv/tIpWKRuNfTmHohHgkWMIK1kR5uXSbcEOux76fN2aBcsav2HGiVODmpQI7WoPzlDiOShFRowrFSfceOtZdiqRnhdFZyE0VjTCZ4RPuGChxS5aXz1DN0ZpQhCiJpntBorv7eSHGo1DT0zWSWUC17mfif1090cOWlTMSJpoIsDgUJRzpCWQVoyCQlmk8NwUQykxWRMZaYaFNUyZTgLH95lXRqVeeiWrurVxrXeR1FOIFTOAcHLqEBN9CCNhCQ8Ayv8GY9WS/Wu/WxGC1Y+c4x/IH1+QOS+5KP</latexit>

= e
⇡ik
4 ex̂

0
+ e

⇡ik
4 ep̂

0
+ e

⇡ik
4 e�p̂0

+ e
⇡ik
4 e�x̂0

<latexit sha1_base64="AKHKg42lLI2zqrhkJHXpuvubst0=">AAACeHicjVHLSsNAFJ3EV62vqMtuBmupIpakFnQjFN24rGAf0NQymU7aoZNJmJmIJeQb/Dd3fogbV07aLrSV4oWBwznncu+c60WMSmXbH4a5tr6xuZXbzu/s7u0fWIdHLRnGApMmDlkoOh6ShFFOmooqRjqRICjwGGl74/tMb78QIWnIn9QkIr0ADTn1KUZKU33r7TZPnhPXFwgnbkQhHadJLU01l7gjpOBrWk7zFyst0SrL5f8901F9q2hX7GnBZeDMQRHMq9G33t1BiOOAcIUZkrLr2JHqJUgoihlJ824sSYTwGA1JV0OOAiJ7yTS4FJY0M4B+KPTjCk7Znx0JCqScBJ52BkiN5KKWkX9p3Vj5N72E8ihWhOPZID9mUIUwuwIcUEGwYhMNEBZU7wrxCOlolL5VFoKz+OVl0KpWnKtK9bFWrN/N48iBAjgBZ8AB16AOHkADNAEGn0bBODVKxpcJzbJ5PrOaxrznGPwqs/oNaO3Asg==</latexit>

e⇡iM = ±1
<latexit sha1_base64="f14T/76XLhx1BM5uqfyDN5F3Kns=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwVHaroBeh6MWLUMF+QHct2TRtQ5PdkGQLZek/8eJBEa/+E2/+G9N2D9r6YODx3gwz8yLJmTae9+2srK6tb2wWtorbO7t7++7BYUMnqSK0ThKeqFaENeUspnXDDKctqSgWEafNaHg79ZsjqjRL4kczljQUuB+zHiPYWKnjuvQpCyRD7H5yHUiB/I5b8sreDGiZ+DkpQY5ax/0KuglJBY0N4Vjrtu9JE2ZYGUY4nRSDVFOJyRD3advSGAuqw2x2+QSdWqWLeomyFRs0U39PZFhoPRaR7RTYDPSiNxX/89qp6V2FGYtlamhM5ot6KUcmQdMYUJcpSgwfW4KJYvZWRAZYYWJsWEUbgr/48jJpVMr+ebnycFGq3uRxFOAYTuAMfLiEKtxBDepAYATP8ApvTua8OO/Ox7x1xclnjuAPnM8fauaS3A==</latexit>

Note

Ô = ⇢̂�1
<latexit sha1_base64="NtG2/fJudZt0Eo7QbrHvXASkgFU=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVElBggWpgoWNItGH1ITKcZ3GqmNHtoNURVlZ+BUWBhBi5Q/Y+BvcNgO0HMnW8Tn36vqeIGFUacf5thYWl5ZXVktr5fWNza1te2e3pUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0Mr8Z++4FIRQW/06OE+DEacBpSjLSRejbMvAhpc2PE4E2eX0zfnoxEfp8du3nPrjhVZwI4T9yCVECBRs/+8voCpzHhGjOkVNd1Eu1nSGqKGcnLXqpIgvAQDUjXUI5iovxsskkOD43Sh6GQ5nANJ+rvjgzFSo3iwFTGSEdq1huL/3ndVIfnfkZ5kmrC8XRQmDKoBRzHAvtUEqzZyBCEJTV/hThCEmFtwiubENzZledJq1Z1T6q129NK/bKIowT2wQE4Ai44A3VwDRqgCTB4BM/gFbxZT9aL9W59TEsXrKJnD/yB9fkD8imZ2g==</latexit>

Ô =
⇣
2 cosh

x̂

2

⌘⇣
2 cosh

p̂

2

⌘

<latexit sha1_base64="aZe6xlRfuyIbUpvco5u2zeu9SmY="></latexit>

Ô = e⇡iM�⇡ik
4 ex̂

0
+ e

⇡ik
4 ep̂

0
+ e

⇡ik
4 e�p̂0

+ e⇡iM�⇡ik
4 e�x̂0

<latexit sha1_base64="wdy68NaUXnlX20IngA6iasai5Ks="></latexit>

Ô ! ⇢̂
<latexit sha1_base64="V9IMYP7/IdYMI1l0PQrP6Blikbs=">AAACD3icbVA9SwNBEN3zM8avqKXNYlCswp0KWgZt7IxgEiEXwtxmk1vcuz1255Rw3D+w8a/YWChia2vnv3HzUWjig4HHezPMzAsSKQy67rczN7+wuLRcWCmurq1vbJa2thtGpZrxOlNS6dsADJci5nUUKPltojlEgeTN4O5i6DfvuTZCxTc4SHg7gn4seoIBWqlTOsj8EJBmPgNJr/Lc16IfImitHujY8nWo8k6p7FbcEegs8SakTCaodUpfflexNOIxMgnGtDw3wXYGGgWTPC/6qeEJsDvo85alMUTctLPRPzndt0qX9pS2FSMdqb8nMoiMGUSB7YwAQzPtDcX/vFaKvbN2JuIkRR6z8aJeKikqOgyHdoXmDOXAEmBa2FspC0EDQxth0YbgTb88SxpHFe+4cnR9Uq6eT+IokF2yRw6JR05JlVySGqkTRh7JM3klb86T8+K8Ox/j1jlnMrND/sD5/AFwDZzq</latexit>

(b =
p
k)

<latexit sha1_base64="N9OcHznpMnwXDOWp5K3PVZJ1oxw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgl6EohePFWwtNKFstpt26WYTdydCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXpAIrtFxvq3Cyura+kZxs7S1vbO7V94/aOs4VZS1aCxi1QmIZoJL1kKOgnUSxUgUCPYQjG6m/sMTU5rH8h7HCfMjMpA85JSgkbxqcOXpR4XZaHLaK1ecmjODvUzcnFQgR7NX/vL6MU0jJpEKonXXdRL0M6KQU8EmJS/VLCF0RAasa6gkEdN+Nrt5Yp8YpW+HsTIl0Z6pvycyEmk9jgLTGREc6kVvKv7ndVMML/2MyyRFJul8UZgKG2N7GoDd54pRFGNDCFXc3GrTIVGEoompZEJwF19eJu16zT2r1e/OK43rPI4iHMExVMGFC2jALTShBRQSeIZXeLNS68V6tz7mrQUrnzmEP7A+fwCm55Fv</latexit>

�b(z) =
(�e⇡ib

2+2⇡ibz; e2⇡ib
2

)1
(�e�⇡ib�2+2⇡b�1z; e�2⇡ib�2)1

<latexit sha1_base64="/bKAT2Bkyoo3mfZercsgIg80y/0="></latexit>

[Kashaev,Marino,Zakany,'15]
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In	classical	limit,																																													is	a	complex	genus-1	curve.

example:			at	 x0, p0 ! 1
<latexit sha1_base64="yausYgPVm2AR6paHFcmx0jjzGF8=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL8Ei9SAlqYIei148VrAf0ISy2W7apZtN2J2oIfbgX/HiQRGv/g1v/hu3bQ5afTDweG+GmXl+zJkC2/4yCguLS8srxdXS2vrG5pa5vdNSUSIJbZKIR7LjY0U5E7QJDDjtxJLi0Oe07Y8uJ377lkrFInEDaUy9EA8ECxjBoKWeuXdfOY4rrmSDIWApozuXiQDSnlm2q/YU1l/i5KSMcjR65qfbj0gSUgGEY6W6jh2Dl2EJjHA6LrmJojEmIzygXU0FDqnysun9Y+tQK30riKQuAdZU/TmR4VCpNPR1Z4hhqOa9ifif100gOPcyJuIEqCCzRUHCLYisSRhWn0lKgKeaYCKZvtUiQywxAR1ZSYfgzL/8l7RqVeekWrs+Ldcv8jiKaB8doCPkoDNUR1eogZqIoAf0hF7Qq/FoPBtvxvustWDkM7voF4yPb/w8lhg=</latexit>

p0 = x0 +⇤
<latexit sha1_base64="vD9MbvQBQh6AeAEblkCIBZh++Ks=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYJAIQtiNgl6EoBePEcwDkiXMTnqTIbOPzMwGQ8h3ePGgiFc/xpt/4yTZgyYWNBRV3XR3ebHgStv2t7Wyura+sZnZym7v7O7t5w4OaypKJMMqi0QkGx5VKHiIVc21wEYskQaewLrXv5v69SFKxaPwUY9idAPaDbnPGdVGcuPCzVPhvKUGCZXYzuXtoj0DWSZOSvKQotLOfbU6EUsCDDUTVKmmY8faHVOpORM4ybYShTFlfdrFpqEhDVC549nRE3JqlA7xI2kq1GSm/p4Y00CpUeCZzoDqnlr0puJ/XjPR/rU75mGcaAzZfJGfCKIjMk2AdLhEpsXIEMokN7cS1qOSMm1yypoQnMWXl0mtVHQuiqWHy3z5No0jA8dwAmfgwBWU4R4qUAUGA3iGV3izhtaL9W59zFtXrHTmCP7A+vwB6KmRiw==</latexit>

⇢�1 ⇠ �ex
0
+�ep

0
= const.

<latexit sha1_base64="5naMT9Zd+MhtvMteY5mME3tgpHY=">AAACHXicbVDLSgMxFM3UV62vqks3wSIVxGGmFnQjFN24rGAf0JmWTJq2oZlkSDJiGeZH3Pgrblwo4sKN+Demj0WtHrhwcs695N4TRIwq7TjfVmZpeWV1Lbue29jc2t7J7+7VlYglJjUsmJDNACnCKCc1TTUjzUgSFAaMNILh9dhv3BOpqOB3ehQRP0R9TnsUI22kTr7syYFoJ6du6ikaQi+gfUwlhqSdPBTTk/l3VEwvseBK2518wbGdCeBf4s5IAcxQ7eQ/va7AcUi4xgwp1XKdSPsJkppiRtKcFysSITxEfdIylKOQKD+ZXJfCI6N0YU9IU1zDiTo/kaBQqVEYmM4Q6YFa9Mbif14r1r0LP6E8ijXhePpRL2ZQCziOCnapJFizkSEIS2p2hXiAJMLaBJozIbiLJ/8l9ZLtntml23KhcjWLIwsOwCE4Bi44BxVwA6qgBjB4BM/gFbxZT9aL9W59TFsz1mxmH/yC9fUDAaGh3A==</latexit>

Ô = ⇢̂�1
<latexit sha1_base64="NtG2/fJudZt0Eo7QbrHvXASkgFU=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEgsVElBggWpgoWNItGH1ITKcZ3GqmNHtoNURVlZ+BUWBhBi5Q/Y+BvcNgO0HMnW8Tn36vqeIGFUacf5thYWl5ZXVktr5fWNza1te2e3pUQqMWliwYTsBEgRRjlpaqoZ6SSSoDhgpB0Mr8Z++4FIRQW/06OE+DEacBpSjLSRejbMvAhpc2PE4E2eX0zfnoxEfp8du3nPrjhVZwI4T9yCVECBRs/+8voCpzHhGjOkVNd1Eu1nSGqKGcnLXqpIgvAQDUjXUI5iovxsskkOD43Sh6GQ5nANJ+rvjgzFSo3iwFTGSEdq1huL/3ndVIfnfkZ5kmrC8XRQmDKoBRzHAvtUEqzZyBCEJTV/hThCEmFtwiubENzZledJq1Z1T6q129NK/bKIowT2wQE4Ai44A3VwDRqgCTB4BM/gFbxZT9aL9W59TEsXrKJnD/yB9fkD8imZ2g==</latexit>

ÔABJM = �ex̂
0
+�ep̂

0
+�e�p̂0

+�e�x̂0

<latexit sha1_base64="rA6RV9tKKJQl73UDvlllq+i3ZUU="></latexit>

OABJM(x0, p0) = const.
<latexit sha1_base64="3OBqz30L/ILuFRKtGG3tgtAKPHU=">AAACDXicbVBNS8NAEN34bf2qevSyWKUVpCQq6EWoehFBVLAf0Iay2W7bpZtN2J1IS8gf8OJf8eJBEa/evflv3NYctPpg4PHeDDPzvFBwDbb9aU1MTk3PzM7NZxYWl5ZXsqtrFR1EirIyDUSgah7RTHDJysBBsFqoGPE9wape72zoV++Y0jyQtzAImeuTjuRtTgkYqZndihuUCHyVNOMGsD7EJ6cXl0lS6Od3w/zOMQ2khmIzm7OL9gj4L3FSkkMprpvZj0YroJHPJFBBtK47dghuTBRwKliSaUSahYT2SIfVDZXEZ9qNR98keNsoLdwOlCkJeKT+nIiJr/XA90ynT6Crx72h+J9Xj6B95MZchhEwSb8XtSOBIcDDaHCLK0ZBDAwhVHFzK6ZdoggFE2DGhOCMv/yXVPaKzn5x7+YgVzpN45hDG2gTFZCDDlEJnaNrVEYU3aNH9IxerAfryXq13r5bJ6x0Zh39gvX+Bfvkmtk=</latexit>

is	dual	diagram	of	Newton	polygon	{(m,n)}O = const.
<latexit sha1_base64="UIyr6c+r6aBgUs1R02qdCSp0/2Q=">AAAB+HicbVBNSwMxEJ31s9aPVj16CRbB07JbBb0IRS/erGA/oF1KNs22odlkSbJCXfpLvHhQxKs/xZv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29Unn/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjm6mfuuRKs2keDDjhAYxHggWMYKNlXrlUtYlmKO7yRWRQhu3V654rjcDWiZ+TiqQo94rf3X7kqQxFYZwrHXH9xITZFgZRjidFLuppgkmIzygHUsFjqkOstnhE3RilT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66QmugwyJpLUUEHmi6KUIyPRNAXUZ4oSw8eWYKKYvRWRIVaYGJtV0YbgL768TJpV1z9zq/fnldp1HkcBjuAYTsGHC6jBLdShAQRSeIZXeHOenBfn3fmYt644+cwh/IHz+QMz8JLK</latexit>

Ô =
X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="mTTOJLI9rLaE15sFu4I2pb/1F1k=">AAACIHicbVBLSwMxGMzWV62vVY9egkUQlLJbhXoRil68WcE+oFtLNk3b0CS7JFmxLPkpXvwrXjwoojf9NaaPg7YOhAwz85F8E8aMKu15X05mYXFpeSW7mltb39jccrd3aipKJCZVHLFINkKkCKOCVDXVjDRiSRAPGamHg8uRX78nUtFI3OphTFoc9QTtUoy0ldpuKQ36SMM0wIjBa2POA5XwdsqPhcH2EobcpXySeTBHYsJiY9pu3it4Y8B54k9JHkxRabufQSfCCSdCY4aUavperFspkppiRkwuSBSJER6gHmlaKhAnqpWOFzTwwCod2I2kPULDsfp7IkVcqSEPbZIj3Vez3kj8z2smunvWSqmIE00EnjzUTRjUERy1BTtUEqzZ0BKEJbV/hbiPJMLadpqzJfizK8+TWrHgnxSKN6f58sW0jizYA/vgEPigBMrgClRAFWDwCJ7BK3hznpwX5935mEQzznRmF/yB8/0Dcm2kZQ==</latexit>

In	general,

m

n

m

n
1

1
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U(N1)k1
<latexit sha1_base64="RexVWn5mUa8g8O9i10/2dNjqxtM=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXiSCqYttCFstpt26WYTdjdCCf0bXjwo4tU/481/46bNQVsfDDzem2FmXpBwprRtf1ultfWNza3ydmVnd2//oHp41FFxKgl1Scxj2QuwopwJ6mqmOe0lkuIo4LQbTG5zv/tEpWKxeNTThHoRHgkWMoK1kQZu/d53zv1s4jszv1qzG/YcaJU4BalBgbZf/RoMY5JGVGjCsVJ9x060l2GpGeF0VhmkiiaYTPCI9g0VOKLKy+Y3z9CZUYYojKUpodFc/T2R4UipaRSYzgjrsVr2cvE/r5/q8NrLmEhSTQVZLApTjnSM8gDQkElKNJ8agolk5lZExlhiok1MFROCs/zyKuk0G85Fo/lwWWvdFHGU4QROoQ4OXEEL7qANLhBI4Ble4c1KrRfr3fpYtJasYuYY/sD6/AGr05DM</latexit>

U(N2)k2
<latexit sha1_base64="w4fnMp6JyF1NxKlXy0OKhL4lmyI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkoSBT0WvXiSCqYttCFstpt26WYTdjdCCf0bXjwo4tU/481/47bNQVsfDDzem2FmXphyprRtf1ultfWNza3ydmVnd2//oHp41FZJJgn1SMIT2Q2xopwJ6mmmOe2mkuI45LQTjm9nfueJSsUS8agnKfVjPBQsYgRrI/W9+n3gngf5OHCnQbVmN+w50CpxClKDAq2g+tUfJCSLqdCEY6V6jp1qP8dSM8LptNLPFE0xGeMh7RkqcEyVn89vnqIzowxQlEhTQqO5+nsix7FSkzg0nTHWI7XszcT/vF6mo2s/ZyLNNBVksSjKONIJmgWABkxSovnEEEwkM7ciMsISE21iqpgQnOWXV0nbbTgXDffhsta8KeIowwmcQh0cuIIm3EELPCCQwjO8wpuVWS/Wu/WxaC1Zxcwx/IH1+QOu45DO</latexit>

... U(NL)kL
<latexit sha1_base64="upxiuwLobuBd8xvlFiEchawRk9Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahXkpSBT0WvXgoUsG0hTaEzXbTLt1swu5GKKF/w4sHRbz6Z7z5b9y2OWjrg4HHezPMzAsSzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqTiWhLol5LLsBVpQzQV3NNKfdRFIcBZx2gvHtzO88UalYLB71JKFehIeChYxgbaS+W733m+d+NvabU79csWv2HGiVODmpQI6WX/7qD2KSRlRowrFSPcdOtJdhqRnhdFrqp4ommIzxkPYMFTiiysvmN0/RmVEGKIylKaHRXP09keFIqUkUmM4I65Fa9mbif14v1eG1lzGRpJoKslgUphzpGM0CQAMmKdF8YggmkplbERlhiYk2MZVMCM7yy6ukXa85F7X6w2WlcZPHUYQTOIUqOHAFDbiDFrhAIIFneIU3K7VerHfrY9FasPKZY/gD6/MH/oORAg==</latexit>

D3

NS5(1,k)5

Z =
Z(N = 0)

N !

Z
dNx

(2⇡)N
det
i,j

hxi|⇢̂|xji
<latexit sha1_base64="20xQ8CHXnNadMaVydCecSOdpGD0="></latexit>

N = min(N1, · · · , NL)
<latexit sha1_base64="hg/Bvhe2lpQUgRh5Wzdlkz38rcg=">AAACBXicbVDLSsNAFJ34rPUVdamLYBEqlJJUQTdC0Y0LKRXsA9oQJtNJO3QyCTM3YgnduPFX3LhQxK3/4M6/cfpYaOuBC4dz7uXee/yYMwW2/W0sLC4tr6xm1rLrG5tb2+bObl1FiSS0RiIeyaaPFeVM0Bow4LQZS4pDn9OG378a+Y17KhWLxB0MYuqGuCtYwAgGLXnmQeWiDfQB0pCJYb7iOYU26USgChXv5tgzc3bRHsOaJ86U5NAUVc/8ancikoRUAOFYqZZjx+CmWAIjnA6z7UTRGJM+7tKWpgKHVLnp+IuhdaSVjhVEUpcAa6z+nkhxqNQg9HVniKGnZr2R+J/XSiA4d1Mm4gSoIJNFQcItiKxRJFaHSUqADzTBRDJ9q0V6WGICOrisDsGZfXme1EtF56RYuj3NlS+ncWTQPjpEeeSgM1RG16iKaoigR/SMXtGb8WS8GO/Gx6R1wZjO7KE/MD5/ABfBl6g=</latexit>

If N1 = · · · = NL
<latexit sha1_base64="db9ZGElIWIwZ3mHHMwvaC5q+jyc=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoJdC0YsHKRXsB7QxbDbbdukmG3YnSgn9H148KOLV/+LNf+O2zUFbHww83pthZp4fC67Btr+t3Mrq2vpGfrOwtb2zu1fcP2hpmSjKmlQKqTo+0UzwiDWBg2CdWDES+oK1/dH11G8/MqW5jO5hHDM3JIOI9zklYKSHuudUezSQoKt179YrluyyPQNeJk5GSihDwyt+9QJJk5BFQAXRuuvYMbgpUcCpYJNCL9EsJnREBqxraERCpt10dvUEnxglwH2pTEWAZ+rviZSEWo9D33SGBIZ60ZuK/3ndBPqXbsqjOAEW0fmifiIwSDyNAAdcMQpibAihiptbMR0SRSiYoAomBGfx5WXSqpSds3Ll7rxUu8riyKMjdIxOkYMuUA3doAZqIooUekav6M16sl6sd+tj3pqzsplD9AfW5w9y2ZHU</latexit>

With	fracVonal	D3's	it	is	difficult	to	obtain							and						,	but	we	expect							shares	the⇢̂
<latexit sha1_base64="r9/VESkQXtZiu7dtUnR85d4VZlU=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9Fj04rGC/YAklM120yzd7IbdiVBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXZYIbcN1vZ219Y3Nru7JT3d3bPzisHR13jco1ZR2qhNL9iBgmuGQd4CBYP9OMpJFgvWh8N/N7T0wbruQjTDIWpmQkecwpASv5RZAQwIFO1HRQq7sNdw68SryS1FGJ9qD2FQwVzVMmgQpijO+5GYQF0cCpYNNqkBuWETomI+ZbKknKTFjMT57ic6sMcay0LQl4rv6eKEhqzCSNbGdKIDHL3kz8z/NziG/CgsssBybpYlGcCwwKz/7HQ64ZBTGxhFDN7a2YJkQTCjalqg3BW355lXSbDe+y0Xy4qrduyzgq6BSdoQvkoWvUQveojTqIIoWe0St6c8B5cd6dj0XrmlPOnKA/cD5/AEsHkUI=</latexit>

Ô
<latexit sha1_base64="+gw+7r/vdFAxLbVMaTy18h1uZ68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSBT0WvXizgv2AJpTJdtMu3WzC7kaoIb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0tr6xuVXeruzs7u1X7YPDjopTSWibxDyWvQAU5UzQtmaa014iKUQBp91gcjPzu49UKhaLBz1NqB/BSLCQEdBGGtjVzBuDxplHgOO7PB/YNafuzIFXiVuQGirQGthf3jAmaUSFJhyU6rtOov0MpGaE07zipYomQCYwon1DBURU+dn88ByfGmWIw1iaEhrP1d8TGURKTaPAdEagx2rZm4n/ef1Uh1d+xkSSairIYlGYcqxjPEsBD5mkRPOpIUAkM7diMgYJRJusKiYEd/nlVdJp1N3zeuP+ota8LuIoo2N0gs6Qiy5RE92iFmojglL0jF7Rm/VkvVjv1seitWQVM0foD6zPH2OWkuk=</latexit>

Ô
<latexit sha1_base64="+gw+7r/vdFAxLbVMaTy18h1uZ68=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSBT0WvXizgv2AJpTJdtMu3WzC7kaoIb/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6u0tr6xuVXeruzs7u1X7YPDjopTSWibxDyWvQAU5UzQtmaa014iKUQBp91gcjPzu49UKhaLBz1NqB/BSLCQEdBGGtjVzBuDxplHgOO7PB/YNafuzIFXiVuQGirQGthf3jAmaUSFJhyU6rtOov0MpGaE07zipYomQCYwon1DBURU+dn88ByfGmWIw1iaEhrP1d8TGURKTaPAdEagx2rZm4n/ef1Uh1d+xkSSairIYlGYcqxjPEsBD5mkRPOpIUAkM7diMgYJRJusKiYEd/nlVdJp1N3zeuP+ota8LuIoo2N0gs6Qiy5RE92iFmojglL0jF7Rm/VkvVjv1seitWQVM0foD6zPH2OWkuk=</latexit>

Ô = ⇢̂�1 =
X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="5rM9YqAoJcRIMPN4P1iBd72sPMc="></latexit>

cmn
<latexit sha1_base64="SQaabo6/dI3m2n+QCQ0O2Bvgkc4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1SD8TctovV/yqPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSqlWDi2rt/rJSv8njKMIJnMI5BHAFdbiDBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8f2mOPTw==</latexit>

Ni �N
<latexit sha1_base64="YqNlqebulZZGsy4kOM7e8fbNAgs=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CnosevFUKrhtoV1KNs22oUl2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvDDhTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVBHqk5jHqhNiTTmT1DfMcNpJFMUi5LQdju9mfvuJKs1i+WgmCQ0EHkoWMYKNlfxGn100+uWKW3XnQKvEy0kFcjT75a/eICapoNIQjrXuem5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfO0VnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6CbImExSQyVZLIpSjkyMZp+jAVOUGD6xBBPF7K2IjLDCxNh8SjYEb/nlVdKqVb3Lau3hqlK/zeMowgmcwjl4cA11uIcm+ECAwTO8wpsjnRfn3flYtBacfOYY/sD5/AEoiI5B</latexit>

NS5(1,k)5

same	Newton	polygon	{(m,n)},	with												depending	on	

⇢̂ =
⇣
2 cosh

x̂ or p̂

2

⌘�1⇣
2 cosh

x̂ or p̂

2

⌘�1
· · ·

⇣
2 cosh

x̂ or p̂

2

⌘�1

<latexit sha1_base64="pie7l3/QlI6rxEyog+oyUv2GT+8="></latexit>



Plan	of	talk

3.	q-discrete	Painlevé	equaVons

4.	Future	problems

1.	M2-branes	and	Fermi	gas	formalism

2.	Quantum	curve	and	symmetries



Symmetry	of	quantum	curve 17/36

Two	types	of	coordinate	trsf.:

gauge	degrees	of	freedom.		Fix	by	hand

⇢̂ ! Û ⇢̂Û�1
<latexit sha1_base64="mYrnU7BJ4NM5d0G26SeVwu8lj3Q=">AAACIHicbZDLSsNAFIYnXmu9RV26GSyCG0tShbosunFZwV6gqWUynTZDJ5kwc6KUkEdx46u4caGI7vRpnF6E2npg4Of7z+HM+f1YcA2O82UtLa+srq3nNvKbW9s7u/befl3LRFFWo1JI1fSJZoJHrAYcBGvGipHQF6zhD65GfuOeKc1ldAvDmLVD0o94j1MCBnXscuoFBLCnApl5ivcDIErJBzzBtWzG/kV36ambdeyCU3TGhReFOxUFNK1qx/70upImIYuACqJ1y3ViaKdEAaeCZXkv0SwmdED6rGVkREKm2+n4wAwfG9LFPanMiwCP6exESkKth6FvOkMCgZ73RvA/r5VA76Kd8ihOgEV0sqiXCAwSj9LCXa4YBTE0glDFzV8xDYgiFEymeROCO3/yoqiXiu5ZsXRzXqhcTuPIoUN0hE6Qi8qogq5RFdUQRY/oGb2iN+vJerHerY9J65I1nTlAf8r6/gHo9aQG</latexit>

is	invariant	under

Û⇢(x̂, p̂)Û�1 = ⇢(Û x̂Û�1, Û p̂Û�1)
<latexit sha1_base64="2BJJ34pboNAoSH8Yc0z16JMKueo=">AAACV3icbVHNT8IwHO0GKuIX6NFLIzGBBMmGJnoxIXrxiIkDEoakKwUaum5pOyNZ9k8aL/wrXrTASPjwJU1e33u/tH31QkalsqyZYWaye/sHucP80fHJ6VmheN6SQSQwcXDAAtHxkCSMcuIoqhjphIIg32Ok7U2e5377gwhJA/6mpiHp+WjE6ZBipLTUL/DYHSMFncQV46C83Hwm1SUJk8rKfo9v7ORxLeQkq/BGpLrphptupV8oWTVrAbhL7JSUQIpmv/DlDgIc+YQrzJCUXdsKVS9GQlHMSJJ3I0lChCdoRLqacuQT2YsXvSTwWisDOAyEXlzBhbo+ESNfyqnv6aSP1Fhue3PxP68bqeFDL6Y8jBTheHnQMGJQBXBeMhxQQbBiU00QFlTfFeIxEggr/RV5XYK9/eRd0qrX7Nta/fWu1HhK68iBS3AFysAG96ABXkATOACDb/BjZIysMTN+zX0zt4yaRjpzATZgFv8AzI60VQ==</latexit>

symmetry	of																																			coordinate	trsf	of	curve O
<latexit sha1_base64="4nqFhTMWyoVtHHdUwHBg4fod7qw=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04s0K9gPaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqKGvQWMSqHaBmgkvWMNwI1k4UwygQrBWMbqZ+64kpzWP5YMYJ8yMcSB5yisZK7axLUZC7Sa9UdivuDGSZeDkpQ456r/TV7cc0jZg0VKDWHc9NjJ+hMpwKNil2U80SpCMcsI6lEiOm/Wx274ScWqVPwljZkobM1N8TGUZaj6PAdkZohnrRm4r/eZ3UhFd+xmWSGibpfFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiIijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIU6NICCgGd4hTfn0Xlx3p2PeeuKk88cwR84nz+3b4/B</latexit>

-	conVnuous	trsf x ! x+ a, p ! p+ b
<latexit sha1_base64="zXIwb1qaYGZEZ/EFStrS4GbkbFs=">AAACDHicbVDLSgMxFM34rPVVdekmWAShpcxUQZdFNy4r2Ae0Q8mkmTY0k4Qkoy1DP8CNv+LGhSJu/QB3/o1pO4vaeiBwOOdcbu4JJKPauO6Ps7K6tr6xmdnKbu/s7u3nDg7rWsQKkxoWTKhmgDRhlJOaoYaRplQERQEjjWBwM/EbD0RpKvi9GUniR6jHaUgxMlbq5PLDtqK9vkFKiUc4LKBiuyjnJVkIbMotuVPAZeKlJA9SVDu573ZX4Dgi3GCGtG55rjR+gpShmJFxth1rIhEeoB5pWcpRRLSfTI8Zw1OrdGEolH3cwKk6P5GgSOtRFNhkhExfL3oT8T+vFZvwyk8ol7EhHM8WhTGDRsBJM7BLFcGGjSxBWFH7V4j7SCFsbH9ZW4K3ePIyqZdL3nmpfHeRr1yndWTAMTgBZ8ADl6ACbkEV1AAGT+AFvIF359l5dT6cz1l0xUlnjsAfOF+/bKmbNA==</latexit>

-	discrete	trsf discrete	symmetry	on	moduli	space	of	curve

Z

Z(N = 0)
=

1

N !

Z
dNx

(2⇡)N
det
i,j

hxi|⇢̂|xji
<latexit sha1_base64="vMGF7wWvFFGd3hCbXVYwUyJinJo="></latexit>

Z

Z(N = 0)
<latexit sha1_base64="WTcZALg4byx36Mh5KzNQn43Etvk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyWpgm6EohtXUsE+6IMymU7aoZNJmJkUSsifuHGhiFv/xJ1/47TNQlsPXDiccy/33uNFnCntON9Wbm19Y3Mrv13Y2d3bP7APjxoqjCWhdRLyULY8rChngtY105y2Iklx4HHa9MZ3M785oVKxUDzpaUR7AR4K5jOCtZH6tt31JSZJO03apYcb5zzt20Wn7MyBVombkSJkqPXtr+4gJHFAhSYcK9VxnUj3Eiw1I5ymhW6saITJGA9px1CBA6p6yfzyFJ0ZZYD8UJoSGs3V3xMJDpSaBp7pDLAeqWVvJv7ndWLtX/cSJqJYU0EWi/yYIx2iWQxowCQlmk8NwUQycysiI2yi0CasggnBXX55lTQqZfeiXHm8LFZvszjycAKnUAIXrqAK91CDOhCYwDO8wpuVWC/Wu/WxaM1Z2cwx/IH1+QOVFpL3</latexit>



Symmetry	of	quantum	curve 18/36
ÔABJM

<latexit sha1_base64="NishCRPO3IWmeRrJE6tgsjV7Jk4=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxUQZe1bkQQK9gHdIaSSTNtaOZBckcsw6zc+CtuXCji1m9w59+YPhbaeuDCyTn3knuPFwuuwLK+jdzC4tLySn61sLa+sbllbu80VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vQGFyO/ec+k4lF4B8OYuQHphdznlICWOuZ+6vQJ4NShROCbLOukDrAHSM+rV9f6ZRatkjUGnif2lBTRFLWO+eV0I5oELAQqiFJt24rBTYkETgXLCk6iWEzogPRYW9OQBEy56fiMDB9qpYv9SOoKAY/V3xMpCZQaBp7uDAj01aw3Ev/z2gn4Z27KwzgBFtLJR34iMER4lAnucskoiKEmhEqud8W0TyShoJMr6BDs2ZPnSaNcso9L5duTYqU6jSOP9tABOkI2OkUVdIlqqI4oekTP6BW9GU/Gi/FufExac8Z0Zhf9gfH5A0VzmP8=</latexit>

Ô = e⇡iM�⇡ik
4 ex̂ + e

⇡ik
4 ep̂ + e

⇡ik
4 e�p̂ + e⇡iM�⇡ik

4 e�x̂
<latexit sha1_base64="4wt1vyl08ekslVb0Co47BH5jxS0="></latexit>

U(N)k
<latexit sha1_base64="+t+MCM39WPTekB4dsso+xlOBbGY="></latexit>

U(N +M)�k
<latexit sha1_base64="3x8yQexOjHY+HkR6ja63zrSJRmY="></latexit>

By																																																	and	overall	rescaling	(count	separately),x ! x+ a, p ! p+ b
<latexit sha1_base64="zXIwb1qaYGZEZ/EFStrS4GbkbFs=">AAACDHicbVDLSgMxFM34rPVVdekmWAShpcxUQZdFNy4r2Ae0Q8mkmTY0k4Qkoy1DP8CNv+LGhSJu/QB3/o1pO4vaeiBwOOdcbu4JJKPauO6Ps7K6tr6xmdnKbu/s7u3nDg7rWsQKkxoWTKhmgDRhlJOaoYaRplQERQEjjWBwM/EbD0RpKvi9GUniR6jHaUgxMlbq5PLDtqK9vkFKiUc4LKBiuyjnJVkIbMotuVPAZeKlJA9SVDu573ZX4Dgi3GCGtG55rjR+gpShmJFxth1rIhEeoB5pWcpRRLSfTI8Zw1OrdGEolH3cwKk6P5GgSOtRFNhkhExfL3oT8T+vFZvwyk8ol7EhHM8WhTGDRsBJM7BLFcGGjSxBWFH7V4j7SCFsbH9ZW4K3ePIyqZdL3nmpfHeRr1yndWTAMTgBZ8ADl6ACbkEV1AAGT+AFvIF359l5dT6cz1l0xUlnjsAfOF+/bKmbNA==</latexit>

we	can	set		all	but	one	coefficients	to	1

moduli	of	curve

Discrete	symmetry

(x, p) ! (p,�x)
<latexit sha1_base64="Ppw4PLVivz3AFDn9YRgzGAA5zmE=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL0EItM1XQZdGNywr2Ae1QMmmmDc1kQpLRlqEbf8WNC0Xc+hnu/BvTdhbaeuDC4Zx7ufceXzCqtON8W5mV1bX1jexmbmt7Z3fP3j9oqCiWmNRxxCLZ8pEijHJS11Qz0hKSoNBnpOkPb6Z+84FIRSN+r8eCeCHqcxpQjLSRuvZRYVQSxY6k/YFGUkaPsCBKZ6Ni1847ZWcGuEzclORBilrX/ur0IhyHhGvMkFJt1xHaS5DUFDMyyXViRQTCQ9QnbUM5ConyktkDE3hqlB4MImmKazhTf08kKFRqHPqmM0R6oBa9qfif1451cOUllItYE47ni4KYQR3BaRqwRyXBmo0NQVhScyvEAyQR1iaznAnBXXx5mTQqZfe8XLm7yFev0ziy4BicgAJwwSWogltQA3WAwQQ8g1fwZj1ZL9a79TFvzVjpzCH4A+vzB+kqlVE=</latexit>

Ô ⇠ ex̂ + ep̂ + e2⇡iM�⇡ike�p̂ + e�x̂
<latexit sha1_base64="9SUApZxGOxO5bUjhMP02KsMNLUU="></latexit>

gauge	+	overall	to	bring	back	to	standard	form

Ô ⇠ ex̂ + ep̂ + e�p̂ + e2⇡iM�⇡ike�x̂
<latexit sha1_base64="b2SOcFQZTPTWrD8H3dfOASbLvSs="></latexit>

Ô ⇠ ex̂ + ep̂ + e�p̂ + e�2⇡iM+⇡ike�x̂
<latexit sha1_base64="M03HzBZleKpYxn+n/fQToxHc/sw="></latexit>

Z2
<latexit sha1_base64="E/krzLTDGa3vl6FomFAeKt9MLio=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFNy4r2Ad2hpJJM21oJhmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUM0HbhhlOe4miOA457YaT29zvPlGlmRQPZprQIMYjwSJGsLGS78fYjMMwe5wNGoNqza27c6BV4hWkBgVag+qXP5QkjakwhGOt+56bmCDDyjDC6azip5ommEzwiPYtFTimOsjmmWfozCpDFEllnzBorv7eyHCs9TQO7WSeUS97ufif109NdB1kTCSpoYIsDkUpR0aivAA0ZIoSw6eWYKKYzYrIGCtMjK2pYkvwlr+8SjqNundRb9xf1po3RR1lOIFTOAcPrqAJd9CCNhBI4Ble4c1JnRfn3flYjJacYucY/sD5/AH5LZGj</latexit>

M ! k �M
<latexit sha1_base64="y5nRNYGtw0HI9tuZXDh9miyOnF8=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi2W3CnosevFSqGA/oF1KNk3b0GyyJLOVsvSfePGgiFf/iTf/jWm7B219MPB4b4aZeWEsuAHP+3Zya+sbm1v57cLO7t7+gXt41DAq0ZTVqRJKt0JimOCS1YGDYK1YMxKFgjXD0d3Mb46ZNlzJR5jELIjIQPI+pwSs1HXdakfzwRCI1uoJjy6qXbfolbw58CrxM1JEGWpd96vTUzSJmAQqiDFt34shSIkGTgWbFjqJYTGhIzJgbUsliZgJ0vnlU3xmlR7uK21LAp6rvydSEhkziULbGREYmmVvJv7ntRPo3wQpl3ECTNLFon4iMCg8iwH3uGYUxMQSQjW3t2I6JJpQsGEVbAj+8surpFEu+Zel8sNVsXKbxZFHJ+gUnSMfXaMKukc1VEcUjdEzekVvTuq8OO/Ox6I152Qzx+gPnM8fDceTRg==</latexit>

-symmetry:



Physical	interpreta;on 19/36

Hanany-Wiqen	effect NS5 D5

D3

(1,k)5 (1,k')5

...

(1,k)5(1,k')5

|k0 � k|
<latexit sha1_base64="b3z+Kgsqn+JP5GHA01J4nhTmJ4k=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPoxbAbBT0GvXiMYB6QLGF2MpuMOzuzzMwKYZN/8OJBEa/+jzf/xsnjoIkFDUVVN91dQcKZNq777eRWVtfWN/Kbha3tnd294v5BQ8tUEVonkkvVCrCmnAlaN8xw2koUxXHAaTOIbid+84kqzaR4MMOE+jHuCxYygo2VGqPo9DwadYslt+xOgZaJNyclmKPWLX51epKkMRWGcKx123MT42dYGUY4HRc6qaYJJhHu07alAsdU+9n02jE6sUoPhVLZEgZN1d8TGY61HsaB7YyxGehFbyL+57VTE177GRNJaqggs0VhypGRaPI66jFFieFDSzBRzN6KyAArTIwNqGBD8BZfXiaNStm7KFfuL0vVm3kceTiCYzgDD66gCndQgzoQeIRneIU3RzovzrvzMWvNOfOZQ/gD5/MHK0WO3A==</latexit>

For	(1,k)5-branes	(=bound	state	of	NS5	and	k	D5):

For	ABJM,	we	obtain

N1
<latexit sha1_base64="D3PB97PrpeFoAlKtaHGaKQ26HJs="></latexit>

N2
<latexit sha1_base64="HP5vgDynZncYpl7E2ABVj4FWmqA="></latexit>

N3
<latexit sha1_base64="+8Sol2097sJUsyvoe7b3N3Y8GCo="></latexit>

N 0
2 = N1 +N3 �N2 + |k � k0|

<latexit sha1_base64="emru20QSrpaK5b2UZxyG09BOqJA="></latexit>

N 0
2

<latexit sha1_base64="imQG/XQaPnmER3F+5/yFWVCuAKI="></latexit>

N1
<latexit sha1_base64="D3PB97PrpeFoAlKtaHGaKQ26HJs="></latexit>

N3
<latexit sha1_base64="+8Sol2097sJUsyvoe7b3N3Y8GCo="></latexit>

U(N)k ⇥ U(N +M)�k
<latexit sha1_base64="BE6nHvuXM4MOaMD5TK58/ox6TUw="></latexit>

U(N)k ⇥ U(N + k �M)�k
<latexit sha1_base64="fPkjt/SPLmxBoiZFb09Hz4VNsy4="></latexit>

x012 x3 x456 x789

D3 ��� �
NS5 ��� ���
D5 ��� ���

<latexit sha1_base64="V/aS2wtj15DlWpzrC6tujbkKyPo="></latexit>



More	general	quantum	curves? 20/36

In	ABJM	we	have	found

D3

NS5(1,k)5
Ô =

X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="mTTOJLI9rLaE15sFu4I2pb/1F1k=">AAACIHicbVBLSwMxGMzWV62vVY9egkUQlLJbhXoRil68WcE+oFtLNk3b0CS7JFmxLPkpXvwrXjwoojf9NaaPg7YOhAwz85F8E8aMKu15X05mYXFpeSW7mltb39jccrd3aipKJCZVHLFINkKkCKOCVDXVjDRiSRAPGamHg8uRX78nUtFI3OphTFoc9QTtUoy0ldpuKQ36SMM0wIjBa2POA5XwdsqPhcH2EobcpXySeTBHYsJiY9pu3it4Y8B54k9JHkxRabufQSfCCSdCY4aUavperFspkppiRkwuSBSJER6gHmlaKhAnqpWOFzTwwCod2I2kPULDsfp7IkVcqSEPbZIj3Vez3kj8z2smunvWSqmIE00EnjzUTRjUERy1BTtUEqzZ0BKEJbV/hbiPJMLadpqzJfizK8+TWrHgnxSKN6f58sW0jizYA/vgEPigBMrgClRAFWDwCJ7BK3hznpwX5935mEQzznRmF/yB8/0Dcm2kZQ==</latexit>

cmn = e(1st order pol of {Ni�N})
<latexit sha1_base64="yxL4Gic/oGMTymFmIsVuU2cqZAY=">AAACF3icbVA9SwNBEN3z2/gVtbRZDIIWhjsVtBFEGytRMCrk4rG3mdMle7vH7pwYjvsXNv4VGwtFbLXz37iJKfx6MPB4b4aZeXEmhUXf//CGhkdGx8YnJitT0zOzc9X5hTOrc8OhwbXU5iJmFqRQ0ECBEi4yAyyNJZzHnYOef34DxgqtTrGbQStlV0okgjN0UlSt86hIVbkLl8VqiHCLRWCRatMGQzMtqU5oGRZHkVg/Csu1MqrW/LrfB/1LggGpkQGOo+p72NY8T0Ehl8zaZuBn2CqYQcEllJUwt5Ax3mFX0HRUsRRsq+j/VdIVp7Rpoo0rhbSvfp8oWGptN41dZ8rw2v72euJ/XjPHZKdVCJXlCIp/LUpySVHTXki0LQxwlF1HGDfC3Ur5NTOMo4uy4kIIfr/8l5xt1IPN+sbJVm1vfxDHBFkiy2SVBGSb7JFDckwahJM78kCeyLN37z16L97rV+uQN5hZJD/gvX0Ck/Gfhw==</latexit>

-	Hanany-Wiqen	trsf.	is	symmetry	of	curve

preserves	moduli	parameters	up	to	discrete	trsf.

-

special	points	which	are	HW	dual	to	a	"ΔN=0	configuraVon".

We	can	idenVfy																															for	general	theories	by	the	extrapolaVon	fromcmn(N �Ni)
<latexit sha1_base64="TieTs0Arhdg3o2WyAnYdMakIreA=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQD5akCnosevFUKtgPaEPYbDft0t1N3N0USujv8OJBEa/+GG/+G7dtDtr6YODx3gwz84KYUaUd59vKra1vbG7ltws7u3v7B8XDo5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehu5rfHRCoaiUc9iYnH0UDQkGKkjeRhP+ViWq5f1H167hdLTsWZw14lbkZKkKHhF796/QgnnAiNGVKq6zqx9lIkNcWMTAu9RJEY4REakK6hAnGivHR+9NQ+M0rfDiNpSmh7rv6eSBFXasID08mRHqplbyb+53UTHd54KRVxoonAi0Vhwmwd2bME7D6VBGs2MQRhSc2tNh4iibA2ORVMCO7yy6ukVa24l5Xqw1WpdpvFkYcTOIUyuHANNbiHBjQBwxM8wyu8WWPrxXq3PhatOSubOYY/sD5/AM8hkXc=</latexit>
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Ô =
X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="mTTOJLI9rLaE15sFu4I2pb/1F1k=">AAACIHicbVBLSwMxGMzWV62vVY9egkUQlLJbhXoRil68WcE+oFtLNk3b0CS7JFmxLPkpXvwrXjwoojf9NaaPg7YOhAwz85F8E8aMKu15X05mYXFpeSW7mltb39jccrd3aipKJCZVHLFINkKkCKOCVDXVjDRiSRAPGamHg8uRX78nUtFI3OphTFoc9QTtUoy0ldpuKQ36SMM0wIjBa2POA5XwdsqPhcH2EobcpXySeTBHYsJiY9pu3it4Y8B54k9JHkxRabufQSfCCSdCY4aUavperFspkppiRkwuSBSJER6gHmlaKhAnqpWOFzTwwCod2I2kPULDsfp7IkVcqSEPbZIj3Vez3kj8z2smunvWSqmIE00EnjzUTRjUERy1BTtUEqzZ0BKEJbV/hbiPJMLadpqzJfizK8+TWrHgnxSKN6f58sW0jizYA/vgEPigBMrgClRAFWDwCJ7BK3hznpwX5935mEQzznRmF/yB8/0Dcm2kZQ==</latexit>

m

n

Parametrize	moduli	of	curve	by	asymptoVc	loci

example:		at

ep = �,⇤
<latexit sha1_base64="rjjHOq84ZlvG8Kt9EWEFcvCFJy8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCylJFXQjFN24rGAf0MQymd60QyeTODMRaij+ihsXirj1P9z5N04fC209cOFwzr3ce0+QcKa043xbuYXFpeWV/GphbX1jc8ve3qmrOJUUajTmsWwGRAFnAmqaaQ7NRAKJAg6NoH818hsPIBWLxa0eJOBHpCtYyCjRRmrbe3CXXHgB61Im6bGn7lMioW0XnZIzBp4n7pQU0RTVtv3ldWKaRiA05USplusk2s+I1IxyGBa8VEFCaJ90oWWoIBEoPxtfP8SHRungMJamhMZj9fdERiKlBlFgOiOie2rWG4n/ea1Uh+d+xkSSahB0sihMOdYxHkWBO0wC1XxgCKGSmVsx7RFJqDaBFUwI7uzL86ReLrknpfLNabFyOY0jj/bRATpCLjpDFXSNqqiGKHpEz+gVvVlP1ov1bn1MWnPWdGYX/YH1+QNjpZUv</latexit>

NS5 (1,k)5

D3

x ! �1
<latexit sha1_base64="tPbIvNuqMeuoWqeOZPUvoYsyBY0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwY0mqoMuiG5cV7AOaUCbTSTt0MgkzN2oMxV9x40IRt/6HO//G6WOhrQcuHM65l3vvCRLBNTjOt7WwuLS8slpYK65vbG5t2zu7DR2nirI6jUWsWgHRTHDJ6sBBsFaiGIkCwZrB4GrkN++Y0jyWt5AlzI9IT/KQUwJG6tj7D57ivT4QpeJ7fOJxGULWsUtO2RkDzxN3SkpoilrH/vK6MU0jJoEKonXbdRLwc6KAU8GGRS/VLCF0QHqsbagkEdN+Pr5+iI+M0sVhrExJwGP190ROIq2zKDCdEYG+nvVG4n9eO4Xwws+5TFJgkk4WhanAEONRFLjLFaMgMkMIVdzcimmfKELBBFY0IbizL8+TRqXsnpYrN2el6uU0jgI6QIfoGLnoHFXRNaqhOqLoET2jV/RmPVkv1rv1MWldsKYze+gPrM8fvWaVZw==</latexit>

O ⇠ e�x�p(c�1,1e
2p + c�1,0e

p + c�1,�1)
<latexit sha1_base64="akHIwerG3KEhGjd5vZ9BIEko3aw="></latexit>

=	9(								)	-	2(gauge)	-	1(overall)	-	1(								)c0,0
<latexit sha1_base64="a/q/PEjhu9Ja47BeeK5v2P/YWwc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBg5SkCnosevFYwX5AG8pmO2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8NJME/YgOJQ85o8ZKbdbP3At32i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOyVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhDd+xmWSGpRssShMBTExmf1OBlwhM2JiCWWK21sJG1FFmbEJlWwI3vLLq6RVq3qX1drDVaV+m8dRhBM4hXPw4BrqcA8NaAKDMTzDK7w5ifPivDsfi9aCk88cwx84nz+Ioo8K</latexit>

count	separately

=	8(asymptoVc	loci)	-	2(translaVon)	-	1(vieta	relaVon)

cmn
<latexit sha1_base64="SQaabo6/dI3m2n+QCQ0O2Bvgkc4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1SD8TctovV/yqPwdaJUFOKpCj0S9/9QaKpIJKSzg2phv4iQ0zrC0jnE5LvdTQBJMxHtKuoxILasJsfu0UnTllgGKlXUmL5urviQwLYyYicp0C25FZ9mbif143tfF1mDGZpJZKslgUpxxZhWavowHTlFg+cQQTzdytiIywxsS6gEouhGD55VXSqlWDi2rt/rJSv8njKMIJnMI5BHAFdbiDBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8f2mOPTw==</latexit>

=	3(rank	differences)	+	2(FI	parameters)

dim(MO)
<latexit sha1_base64="sT4V+TDUPmGsE8fbA7W/N5ur/jI=">AAACCHicbZC7SgNBFIZnvcZ4i1paOBiE2ITdKGgZtLERI5gLJMsyO5kkQ2Z2l5mzYli2tPFVbCwUsfUR7HwbJ8kWmvjDwMd/zuHM+f1IcA22/W0tLC4tr6zm1vLrG5tb24Wd3YYOY0VZnYYiVC2faCZ4wOrAQbBWpBiRvmBNf3g5rjfvmdI8DO5gFDFXkn7Ae5wSMJZXOOgAe4Cky2VaSjqUCHydesmUbtL02CsU7bI9EZ4HJ4MiylTzCl+dbkhjyQKggmjdduwI3IQo4FSwNN+JNYsIHZI+axsMiGTaTSaHpPjIOF3cC5V5AeCJ+3siIVLrkfRNpyQw0LO1sflfrR1D79xNeBDFwAI6XdSLBYYQj1PBXa4YBTEyQKji5q+YDogiFEx2eROCM3vyPDQqZeekXLk9LVYvsjhyaB8dohJy0BmqoitUQ3VE0SN6Rq/ozXqyXqx362PaumBlM3voj6zPH7nemcQ=</latexit>

dim(MSuperCS)
<latexit sha1_base64="CajOJWQHSXr8EjMfOa0dcDQYTKk=">AAACDnicbVDJSgNBEO1xjXGLevTSGALxEmaioMdgLl6ESMwCSQg9nUrSpGehu0YMw3yBF3/FiwdFvHr25t/YWQ6a+KDg8V4VVfXcUAqNtv1trayurW9sprbS2zu7e/uZg8O6DiLFocYDGaimyzRI4UMNBUpohgqY50pouKPyxG/cg9Ii8O9wHELHYwNf9AVnaKRuJtdGeMC4J7wkH7c5k/Qm6cYzsRqFoMrVJDntZrJ2wZ6CLhNnTrJkjko389XuBTzywEcumdYtxw6xEzOFgktI0u1IQ8j4iA2gZajPPNCdePpOQnNG6dF+oEz5SKfq74mYeVqPPdd0egyHetGbiP95rQj7l51Y+GGE4PPZon4kKQZ0kg3tCQUc5dgQxpUwt1I+ZIpxNAmmTQjO4svLpF4sOGeF4u15tnQ1jyNFjskJyROHXJASuSYVUiOcPJJn8krerCfrxXq3PmatK9Z85oj8gfX5AyfwnMs=</latexit>

Agrees	with FI
D3

NS/(1,k)5
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421 3
r

m0m3

z3
<latexit sha1_base64="AyHYS5roNh1M6UzUQM7uUNRd/9Q=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBiLRB9SE0WO67RWbSfYDlKJIhZ+hYUBhFj5Cjb+BrfNAC1HuldH59wr+54wYVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvideyIVjcWtHifE52ggaEQx0kYK7ENP3UmdeZFEOOOBw4N6nj2Ylgd2xak6U8BF4hakAgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0hByeGKUPo1iaEhpO1d8bGeJKjXloJjnSQzXvTcT/vF6qows/oyJJNRF49lCUMqhjOMkD9qkkWLOxIQhLav4K8RCZNLRJrWxCcOdPXiTtWtWtV2s3Z5XGZRFHCRyBY3AKXHAOGuAaNEELYPAInsEreLOerBfr3fqYjS5Zxc4B+APr8wfZV5e2</latexit>

r
m0z3
m3

<latexit sha1_base64="35K3GLM11lmJFfyAXv1NcmKStYw=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBiLRB9SE0WO67RWbSfYDlKJIhZ+hYUBhFj5Cjb+BrfNAC1HurpH59wr+54wYVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvideyIVjcWtHifE52ggaEQx0kYK7ENP3UmdeZFEOOOB8xDUc9PreR7YFafqTAEXiVuQCijQDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzspYokCI/QgPQMFYgT5WfTE3J4YpQ+jGJpSmg4VX9vZIgrNeahmeRID9W8NxH/83qpji78jIok1UTg2UNRyqCO4SQP2KeSYM3GhiAsqfkrxENk0tAmtbIJwZ0/eZG0a1W3Xq3dnFUal0UcJXAEjsEpcME5aIBr0AQtgMEjeAav4M16sl6sd+tjNrpkFTsH4A+szx/ZmJe2</latexit> r
m0

m1z1
<latexit sha1_base64="qv9l3I9qNeCNm93vs1KbHfvIgxs=">AAACAnicbVC7TsMwFHXKq5RXgAmxWFRITFVSkGCsYGEsEn1ITRQ5rtNatZ1gO0glilj4FRYGEGLlK9j4G9w2A7Qc6V4dnXOv7HvChFGlHefbKi0tr6yuldcrG5tb2zv27l5bxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0NfE790QqGotbPU6Iz9FA0IhipI0U2AeeupM68yKJcMYDJzfNfQjcPA/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPpCTk8NkofRrE0JTScqr83MsSVGvPQTHKkh2rem4j/eb1URxd+RkWSaiLw7KEoZVDHcJIH7FNJsGZjQxCW1PwV4iEyaWiTWsWE4M6fvEja9Zp7WqvfnFUbl0UcZXAIjsAJcME5aIBr0AQtgMEjeAav4M16sl6sd+tjNlqyip198AfW5w/UI5ey</latexit>

p
m0m1z1

<latexit sha1_base64="JXABk3Jw29tSfV9Bd6gWuDbvNYY=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbBT0WvXisYD+gXZZsmrahSXZNsoW69J948aCIV/+JN/+NabsHbX0w8Hhvhpl5UcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8KaciZpwzDDaTtRFIuI01Y0up35rTFVmsXywUwSGgg8kKzPCDZWCl23qx+VyUToidB/Cv1p6Ja9ijcHWiV+TsqQox66X91eTFJBpSEca93xvcQEGVaGEU6npW6qaYLJCA9ox1KJBdVBNr98is6s0kP9WNmSBs3V3xMZFlpPRGQ7BTZDvezNxP+8Tmr610HGZJIaKsliUT/lyMRoFgPqMUWJ4RNLMFHM3orIECtMjA2rZEPwl19eJc1qxb+oVO8vy7WbPI4inMApnIMPV1CDO6hDAwiM4Rle4c3JnBfn3flYtBacfOYY/sD5/AFOlZNw</latexit>

r
1

m0m3z3
<latexit sha1_base64="TxqFyTL+OMpyHpogOd45f4pwbjI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kkkr6LLoxmUF+4AmhMl00g6dmcSZiVBDwI2/4saFIm79CXf+jdM2C209cOFwzr3ce0+YMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxdTfzOPZGKxuJWjxPiczQQNKIYaSMF9qGn7qTOvEginLl5xgOHB/WHoJ7ngV1xqs4UcJG4BamAAs3A/vL6MU45ERozpFTPdRLtZ0hqihnJy16qSILwCA1Iz1CBOFF+Nv0hhydG6cMolqaEhlP190SGuFJjHppOjvRQzXsT8T+vl+rows+oSFJNBJ4tilIGdQwngcA+lQRrNjYEYUnNrRAPkYlDm9jKJgR3/uVF0q5V3Xq1dnNWaVwWcZTAETgGp8AF56ABrkETtAAGj+AZvII368l6sd6tj1nrklXMHIA/sD5/AFJIl/E=</latexit>

r
m3z3
m0

<latexit sha1_base64="EwmRVD50zvdQF2ld9GiLoKMcdlY=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBiLRB9SE0WO67RWbSfYDlKJIhZ+hYUBhFj5Cjb+BrfNAC1HurpH59wr+54wYVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvideyIVjcWtHifE52ggaEQx0kYK7ENP3UmdeZFEOONB/SGo56Y7eR7YFafqTAEXiVuQCijQDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzspYokCI/QgPQMFYgT5WfTE3J4YpQ+jGJpSmg4VX9vZIgrNeahmeRID9W8NxH/83qpji78jIok1UTg2UNRyqCO4SQP2KeSYM3GhiAsqfkrxENk0tAmtbIJwZ0/eZG0a1W3Xq3dnFUal0UcJXAEjsEpcME5aIBr0AQtgMEjeAav4M16sl6sd+tjNrpkFTsH4A+szx/ZsJe2</latexit>

r
m1

m0z1
<latexit sha1_base64="A7ws542TCvKg8Zo1w+HnMLHmLRQ=">AAACAnicbVC7TsMwFHXKq5RXgAmxWFRITFVSkGCsYGEsEn1ITRQ5rtNatZ1gO0glilj4FRYGEGLlK9j4G9w2A7Qcyb5H59wr+54wYVRpx/m2SkvLK6tr5fXKxubW9o69u9dWcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxdTfzOPZGKxuJWjxPiczQQNKIYaSMF9oGn7qTOvEginPHAzc3lPJiaB3bVqTlTwEXiFqQKCjQD+8vrxzjlRGjMkFI910m0nyGpKWYkr3ipIgnCIzQgPUMF4kT52XSFHB4bpQ+jWJojNJyqvycyxJUa89B0cqSHat6biP95vVRHF35GRZJqIvDsoShlUMdwkgfsU0mwZmNDEJbU/BXiITJpaJNaxYTgzq+8SNr1mntaq9+cVRuXRRxlcAiOwAlwwTlogGvQBC2AwSN4Bq/gzXqyXqx362PWWrKKmX3wB9bnD9Qol7I=</latexit>

r
z1

m0m1
<latexit sha1_base64="WcDw2cgZjvoaUr8TLwN3V5Jq0uA=">AAACAnicbVC7TsMwFHXKq5RXgAmxWFRITFVSkGCsYGEsEn1ITRQ5rtNatZ1gO0glilj4FRYGEGLlK9j4G9w2A7Qc6eoenXOv7HvChFGlHefbKi0tr6yuldcrG5tb2zv27l5bxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0NfE790QqGotbPU6Iz9FA0IhipI0U2AeeupM68yKJcPYQuHnGA4ebngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJK94qSIJwiM0ID1DBeJE+dn0hBweG6UPo1iaEhpO1d8bGeJKjXloJjnSQzXvTcT/vF6qows/oyJJNRF49lCUMqhjOMkD9qkkWLOxIQhLav4K8RCZNLRJrWJCcOdPXiTtes09rdVvzqqNyyKOMjgER+AEuOAcNMA1aIIWwOARPINX8GY9WS/Wu/UxGy1Zxc4++APr8wfUkJey</latexit>

N
<latexit sha1_base64="FUcBaOutMug4qVqfNLwic8W1axE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ffjNY=</latexit>

N +M0 +M1 + k
<latexit sha1_base64="qmb+6T01dI5d5y0LymjPy3pZDR0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRZBKJTdKuix6MWLUsHawnYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g0ctU0Voi0guVSfEmnImaMsww2knURTHIaftcHQ99dtPVGkmxYMZJzSI8UCwiBFsrOTfVW97ri2vOuqVK27NnQEtEy8nFcjR7JW/un1J0pgKQzjW2vfcxAQZVoYRTielbqppgskID6hvqcAx1UE2O3mCTqzSR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLLIGMiSQ0VZL4oSjkyEk3/R32mKDF8bAkmitlbERlihYmxKZVsCN7iy8vksV7zzmr1+/NK4yqPowhHcAyn4MEFNOAGmtACAhKe4RXeHOO8OO/Ox7y14OQzh/AHzucPKfSP3w==</latexit>

N + 2M0 + 2k
<latexit sha1_base64="faZqZG/d/IhKTh5Wg4S7t81dHtA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBKJTdKuix6MWLUsF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ99VtPVGkWyQczjqkv8ECykBFsrPR4V67e9txyddQrltyKOwNaJl5GSpCh3it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7OAJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxISXfspknBgqyXxRmHBkIjT9HvWZosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+TZrXinVWq9+el2lUWRx6O4BhOwYMLqMEN1KEBBAQ8wyu8Ocp5cd6dj3lrzslmDuEPnM8f4dWPJw==</latexit>

N +M0 +M3 + k
<latexit sha1_base64="Zb3cvter10M/1CVAaIDs5n0C1X0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgFMpuK+ix6MWLUsF+wHYp2TTbhmaTJZkVSunP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88JEcAOu++3k1tY3Nrfy24Wd3b39g+LhUcuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYORzczv/3EtOFKPsI4YUFMBpJHnBKwkn9fvuu5tmrlUa9YcivuHHiVeBkpoQyNXvGr21c0jZkEKogxvucmEEyIBk4Fmxa6qWEJoSMyYL6lksTMBJP5yVN8ZpU+jpS2JQHP1d8TExIbM45D2xkTGJplbyb+5/kpRFfBhMskBSbpYlGUCgwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKBRuCt/zyKmlVK16tUn24KNWvszjy6ASdonPkoUtUR7eogZqIIoWe0St6c8B5cd6dj0VrzslmjtEfOJ8/LQCP4Q==</latexit>

Z1
<latexit sha1_base64="x7p3761RoBZBjFVyTF7mNEr5cuo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHfO42G</latexit>

Z3
<latexit sha1_base64="Y8QmH3Wi0WY/nmroN4FeVTyKX/Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiPChswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kONiA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>FI

Special	points:
421 3

421 3

4 21 3

4213

4 213

4 213

(M0,M1,M3) = (0, 0, 0)
<latexit sha1_base64="q3P+8BVirjah1btpMD0e9Du+da8=">AAAB/nicbVDLSsNAFL2pr1pfUXHlJliEFkpJWkE3QtGNm0IF+4A2hMl02g6dTMLMRCih4K+4caGIW7/DnX/jtM1CW89w4XDOvdw7x48Ylcq2v43M2vrG5lZ2O7ezu7d/YB4etWQYC0yaOGSh6PhIEkY5aSqqGOlEgqDAZ6Ttj29nfvuRCElD/qAmEXEDNOR0QDFSWvLMk0Lds0t1z9FVLV4X7JJ+Rc/M22V7DmuVOCnJQ4qGZ371+iGOA8IVZkjKrmNHyk2QUBQzMs31YkkihMdoSLqachQQ6Sbz86fWuVb61iAUuriy5urviQQFUk4CX3cGSI3ksjcT//O6sRpcuQnlUawIx4tFg5hZKrRmWVh9KghWbKIJwoLqWy08QgJhpRPL6RCc5S+vklal7FTLlfuLfO0mjSMLp3AGBXDgEmpwBw1oAoYEnuEV3own48V4Nz4WrRkjnTmGPzA+fwDmdpI4</latexit>

(M0,M1,M3) = (�k
2 ,�

k
2 ,�

k
2 )

<latexit sha1_base64="RbrlvG251fxeUA6BEwgLEQ/OrX8="></latexit>

(M0,M1,M3) = (�k
2 ,

k
2 ,

k
2 )

<latexit sha1_base64="2cmA7KkbMVYY1nuDLFwKqJk4dpA="></latexit>

(M0,M1,M3) = (0,�k, 0)
<latexit sha1_base64="wCZGqwiWvtk67Nc7HZd+2wcNuWw=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAILdQyaQXdCEU3bgoV7APaECbTSTt0MgkzE6HELvwVNy4UcetvuPNvnLZZaOuBC4dz7uXee7yIUakg/DYyK6tr6xvZzdzW9s7unrl/0JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7qZ+u0HIiQN+b0aR8QJ0IBTn2KktOSaR4W6C0t119ZVLV4VYOlsVIJF18zDMpzBWiZ2SvIgRcM1v3r9EMcB4QozJGXXhpFyEiQUxYxMcr1YkgjhERqQrqYcBUQ6yez+iXWqlb7lh0IXV9ZM/T2RoEDKceDpzgCpoVz0puJ/XjdW/qWTUB7FinA8X+THzFKhNQ3D6lNBsGJjTRAWVN9q4SESCCsdWU6HYC++vExalbJdLVfuzvO16zSOLDgGJ6AAbHABauAWNEATYPAInsEreDOejBfj3fiYt2aMdOYQ/IHx+QOut5Kq</latexit>

(M0,M1,M3) = (0, 0,�k)
<latexit sha1_base64="wE6lHbpqX9G2HrdfWgPsX9YShPc=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAILdQyaQXdCEU3bgoV7APaECbTSTt0MgkzE6HELvwVNy4UcetvuPNvnLZZaOuBC4dz7uXee7yIUakg/DYyK6tr6xvZzdzW9s7unrl/0JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N7qZ+u0HIiQN+b0aR8QJ0IBTn2KktOSaR4W6C0t119ZVLV4VYAmWzkZF18zDMpzBWiZ2SvIgRcM1v3r9EMcB4QozJGXXhpFyEiQUxYxMcr1YkgjhERqQrqYcBUQ6yez+iXWqlb7lh0IXV9ZM/T2RoEDKceDpzgCpoVz0puJ/XjdW/qWTUB7FinA8X+THzFKhNQ3D6lNBsGJjTRAWVN9q4SESCCsdWU6HYC++vExalbJdLVfuzvO16zSOLDgGJ6AAbHABauAWNEATYPAInsEreDOejBfj3fiYt2aMdOYQ/IHx+QOuQ5Kq</latexit>

(M0,M1,M3) = (k, 0, 0)
<latexit sha1_base64="5EcrfGm4F2WNRcz45wDGZJ34TTs=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEFkrJtIJuhKIbN4UK9gHtMGTStA3NZIYkI5Sh4K+4caGIW7/DnX9j2s5CWw9cOJxzL/fe40ecKY3Qt5VZW9/Y3Mpu53Z29/YP7MOjlgpjSWiThDyUHR8rypmgTc00p51IUhz4nLb98e3Mbz9SqVgoHvQkom6Ah4INGMHaSJ59Uqh7qFT3HFPV4nVhXEIlVPTsPCqjOeAqcVKSBykanv3V64ckDqjQhGOlug6KtJtgqRnhdJrrxYpGmIzxkHYNFTigyk3m50/huVH6cBBKU0LDufp7IsGBUpPAN50B1iO17M3E/7xurAdXbsJEFGsqyGLRIOZQh3CWBewzSYnmE0MwkczcCskIS0y0SSxnQnCWX14lrUrZqZYr9xf52k0aRxacgjNQAA64BDVwBxqgCQhIwDN4BW/Wk/VivVsfi9aMlc4cgz+wPn8AQRiScw==</latexit>

extrapolate!

m0 = e2⇡iM0 , m1 = e2⇡iM1 , m3 = e2⇡iM3 , z1 = e2⇡iZ1 , z3 = e2⇡iZ3
<latexit sha1_base64="yNn0gErmJsRk/ydFrx0p0UM7naI="></latexit>



Enhanced	symmetry 23/36

Symmetry	of	curve	=	permutaVons	of	asymptoVc	loci
r

m0m3

z3
<latexit sha1_base64="AyHYS5roNh1M6UzUQM7uUNRd/9Q=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBiLRB9SE0WO67RWbSfYDlKJIhZ+hYUBhFj5Cjb+BrfNAC1HuldH59wr+54wYVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvideyIVjcWtHifE52ggaEQx0kYK7ENP3UmdeZFEOOOBw4N6nj2Ylgd2xak6U8BF4hakAgo0A/vL68c45URozJBSPddJtJ8hqSlmJC97qSIJwiM0ID1DBeJE+dn0hByeGKUPo1iaEhpO1d8bGeJKjXloJjnSQzXvTcT/vF6qows/oyJJNRF49lCUMqhjOMkD9qkkWLOxIQhLav4K8RCZNLRJrWxCcOdPXiTtWtWtV2s3Z5XGZRFHCRyBY3AKXHAOGuAaNEELYPAInsEreLOerBfr3fqYjS5Zxc4B+APr8wfZV5e2</latexit>

r
m0z3
m3

<latexit sha1_base64="35K3GLM11lmJFfyAXv1NcmKStYw=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBiLRB9SE0WO67RWbSfYDlKJIhZ+hYUBhFj5Cjb+BrfNAC1HurpH59wr+54wYVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvideyIVjcWtHifE52ggaEQx0kYK7ENP3UmdeZFEOOOB8xDUc9PreR7YFafqTAEXiVuQCijQDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzspYokCI/QgPQMFYgT5WfTE3J4YpQ+jGJpSmg4VX9vZIgrNeahmeRID9W8NxH/83qpji78jIok1UTg2UNRyqCO4SQP2KeSYM3GhiAsqfkrxENk0tAmtbIJwZ0/eZG0a1W3Xq3dnFUal0UcJXAEjsEpcME5aIBr0AQtgMEjeAav4M16sl6sd+tjNrpkFTsH4A+szx/ZmJe2</latexit> r
m0

m1z1
<latexit sha1_base64="qv9l3I9qNeCNm93vs1KbHfvIgxs=">AAACAnicbVC7TsMwFHXKq5RXgAmxWFRITFVSkGCsYGEsEn1ITRQ5rtNatZ1gO0glilj4FRYGEGLlK9j4G9w2A7Qc6V4dnXOv7HvChFGlHefbKi0tr6yuldcrG5tb2zv27l5bxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0NfE790QqGotbPU6Iz9FA0IhipI0U2AeeupM68yKJcMYDJzfNfQjcPA/sqlNzpoCLxC1IFRRoBvaX149xyonQmCGleq6TaD9DUlPMSF7xUkUShEdoQHqGCsSJ8rPpCTk8NkofRrE0JTScqr83MsSVGvPQTHKkh2rem4j/eb1URxd+RkWSaiLw7KEoZVDHcJIH7FNJsGZjQxCW1PwV4iEyaWiTWsWE4M6fvEja9Zp7WqvfnFUbl0UcZXAIjsAJcME5aIBr0AQtgMEjeAav4M16sl6sd+tjNlqyip198AfW5w/UI5ey</latexit>

p
m0m1z1

<latexit sha1_base64="JXABk3Jw29tSfV9Bd6gWuDbvNYY=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbBT0WvXisYD+gXZZsmrahSXZNsoW69J948aCIV/+JN/+NabsHbX0w8Hhvhpl5UcKZNp737RTW1jc2t4rbpZ3dvf0D9/CoqeNUEdogMY9VO8KaciZpwzDDaTtRFIuI01Y0up35rTFVmsXywUwSGgg8kKzPCDZWCl23qx+VyUToidB/Cv1p6Ja9ijcHWiV+TsqQox66X91eTFJBpSEca93xvcQEGVaGEU6npW6qaYLJCA9ox1KJBdVBNr98is6s0kP9WNmSBs3V3xMZFlpPRGQ7BTZDvezNxP+8Tmr610HGZJIaKsliUT/lyMRoFgPqMUWJ4RNLMFHM3orIECtMjA2rZEPwl19eJc1qxb+oVO8vy7WbPI4inMApnIMPV1CDO6hDAwiM4Rle4c3JnBfn3flYtBacfOYY/sD5/AFOlZNw</latexit>

r
1

m0m3z3
<latexit sha1_base64="TxqFyTL+OMpyHpogOd45f4pwbjI=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kkkr6LLoxmUF+4AmhMl00g6dmcSZiVBDwI2/4saFIm79CXf+jdM2C209cOFwzr3ce0+YMKq043xbS8srq2vrpY3y5tb2zq69t99WcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxdTfzOPZGKxuJWjxPiczQQNKIYaSMF9qGn7qTOvEginLl5xgOHB/WHoJ7ngV1xqs4UcJG4BamAAs3A/vL6MU45ERozpFTPdRLtZ0hqihnJy16qSILwCA1Iz1CBOFF+Nv0hhydG6cMolqaEhlP190SGuFJjHppOjvRQzXsT8T+vl+rows+oSFJNBJ4tilIGdQwngcA+lQRrNjYEYUnNrRAPkYlDm9jKJgR3/uVF0q5V3Xq1dnNWaVwWcZTAETgGp8AF56ABrkETtAAGj+AZvII368l6sd6tj1nrklXMHIA/sD5/AFJIl/E=</latexit>

r
m3z3
m0

<latexit sha1_base64="EwmRVD50zvdQF2ld9GiLoKMcdlY=">AAACAnicbVC7TsMwFHV4lvIKMCEWiwqJqUpaJBgrWBiLRB9SE0WO67RWbSfYDlKJIhZ+hYUBhFj5Cjb+BrfNAC1HurpH59wr+54wYVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6mvideyIVjcWtHifE52ggaEQx0kYK7ENP3UmdeZFEOONB/SGo56Y7eR7YFafqTAEXiVuQCijQDOwvrx/jlBOhMUNK9Vwn0X6GpKaYkbzspYokCI/QgPQMFYgT5WfTE3J4YpQ+jGJpSmg4VX9vZIgrNeahmeRID9W8NxH/83qpji78jIok1UTg2UNRyqCO4SQP2KeSYM3GhiAsqfkrxENk0tAmtbIJwZ0/eZG0a1W3Xq3dnFUal0UcJXAEjsEpcME5aIBr0AQtgMEjeAav4M16sl6sd+tjNrpkFTsH4A+szx/ZsJe2</latexit>

r
m1

m0z1
<latexit sha1_base64="A7ws542TCvKg8Zo1w+HnMLHmLRQ=">AAACAnicbVC7TsMwFHXKq5RXgAmxWFRITFVSkGCsYGEsEn1ITRQ5rtNatZ1gO0glilj4FRYGEGLlK9j4G9w2A7Qcyb5H59wr+54wYVRpx/m2SkvLK6tr5fXKxubW9o69u9dWcSoxaeGYxbIbIkUYFaSlqWakm0iCeMhIJxxdTfzOPZGKxuJWjxPiczQQNKIYaSMF9oGn7qTOvEginPHAzc3lPJiaB3bVqTlTwEXiFqQKCjQD+8vrxzjlRGjMkFI910m0nyGpKWYkr3ipIgnCIzQgPUMF4kT52XSFHB4bpQ+jWJojNJyqvycyxJUa89B0cqSHat6biP95vVRHF35GRZJqIvDsoShlUMdwkgfsU0mwZmNDEJbU/BXiITJpaJNaxYTgzq+8SNr1mntaq9+cVRuXRRxlcAiOwAlwwTlogGvQBC2AwSN4Bq/gzXqyXqx362PWWrKKmX3wB9bnD9Qol7I=</latexit>

r
z1

m0m1
<latexit sha1_base64="WcDw2cgZjvoaUr8TLwN3V5Jq0uA=">AAACAnicbVC7TsMwFHXKq5RXgAmxWFRITFVSkGCsYGEsEn1ITRQ5rtNatZ1gO0glilj4FRYGEGLlK9j4G9w2A7Qc6eoenXOv7HvChFGlHefbKi0tr6yuldcrG5tb2zv27l5bxanEpIVjFstuiBRhVJCWppqRbiIJ4iEjnXB0NfE790QqGotbPU6Iz9FA0IhipI0U2AeeupM68yKJcPYQuHnGA4ebngd21ak5U8BF4hakCgo0A/vL68c45URozJBSPddJtJ8hqSlmJK94qSIJwiM0ID1DBeJE+dn0hBweG6UPo1iaEhpO1d8bGeJKjXloJjnSQzXvTcT/vF6qows/oyJJNRF49lCUMqhjOMkD9qkkWLOxIQhLav4K8RCZNLRJrWJCcOdPXiTtes09rdVvzqqNyyKOMjgER+AEuOAcNMA1aIIWwOARPINX8GY9WS/Wu/UxGy1Zxc4++APr8wfUkJey</latexit>generated	by

Weyl	group	of	D5
<latexit sha1_base64="JKzACfQcYmmH27IDXSY4yPphB58=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGRY9BPXiMaB6QLGF20kmGzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUK6AaBZdYN9wIbMUKaRgIbAajm6nffEKleSQfzThGP6QDyfucUWOlh9vuRbdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/lp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvrFy5Py9Vr7M48nAEx3AKHlxCFe6gBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDw8eNdA==</latexit>

Note				This	symmetry	is	larger	than	duality	web	of	Hanany-Wiqen	transiVons.

examples	not	in	HW:

Z1
<latexit sha1_base64="x7p3761RoBZBjFVyTF7mNEr5cuo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHfO42G</latexit>

Z3
<latexit sha1_base64="Y8QmH3Wi0WY/nmroN4FeVTyKX/Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiPChswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kONiA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

M0 +M3 �M1
<latexit sha1_base64="PxqLOLA8KM3EWENJVIoEhknb97k="></latexit>

M1 + k
<latexit sha1_base64="omb3oCKrDQwF/0xVwFerCM6ALOA="></latexit>

M3
<latexit sha1_base64="mB/9kH6MeDz6ND2xkrMrHxv45R4="></latexit>

1																			3																	2																																			4(M0,M3) ! (M3,M0)
<latexit sha1_base64="Gh6FD6XucMwjTzoGMnWombP6xTc="></latexit>

(Mi, Zj) ! (Zi,Mj)
<latexit sha1_base64="WQUcJuUcbrIBAKAHV7GUtt5ejDQ="></latexit>

M0
<latexit sha1_base64="hlwcvm+maf3Y7fU3l0+iJgobjTo="></latexit>

[Kubo,'20]

(~v = (M0,M1,M3, Z1, Z3))
<latexit sha1_base64="upYqqgi+6Cpki1P/3D1/ifbO6Ko=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahhVJmWkE3QtGNm0IF+6DtMGTStA3NZIYkUyhDl278FTcuFHHrJ7jzb0zbWWjrgUsO59zLzT1eyKhUlvVtpNbWNza30tuZnd29/QPz8Kghg0hgUscBC0TLQ5IwykldUcVIKxQE+R4jTW90O/ObYyIkDfiDmoTE8dGA0z7FSGnJNU9z3THB8Xh6nau6VqHq2rrKhbZ+2245n3fNrFW05oCrxE5IFiSoueZXtxfgyCdcYYak7NhWqJwYCUUxI9NMN5IkRHiEBqSjKUc+kU48P2QKz7XSg/1A6OIKztXfEzHypZz4nu70kRrKZW8m/ud1ItW/cmLKw0gRjheL+hGDKoCzVGCPCoIVm2iCsKD6rxAPkUBY6ewyOgR7+eRV0igV7XKxdH+RrdwkcaTBCTgDOWCDS1ABd6AG6gCDR/AMXsGb8WS8GO/Gx6I1ZSQzx+APjM8fQgqW6g==</latexit>

(va, vb) ! (vb, va)
<latexit sha1_base64="CueiV4ffavl1SUPXP+WGDOvdJ2s=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEitCAlqYIui25cVrAXaEM4mU7aoZMLM5NKCd258VXcuFDEra/gzrdx2mahrT8M/HznHM6c34s5k8qyvo3cyura+kZ+s7C1vbO7Z+4fNGWUCEIbJOKRaHsgKWchbSimOG3HgkLgcdryhjfTemtEhWRReK/GMXUC6IfMZwSURq55XBq5cDZyvXJXsP5AgRDRA9bQ0xDKrlm0KtZMeNnYmSmiTHXX/Or2IpIENFSEg5Qd24qVk4JQjHA6KXQTSWMgQ+jTjrYhBFQ66eyOCT7VpIf9SOgXKjyjvydSCKQcB57uDEAN5GJtCv+rdRLlXzkpC+NE0ZDMF/kJxyrC01BwjwlKFB9rA0Qw/VdMBiCAKB1dQYdgL568bJrVin1eqd5dFGvXWRx5dIROUAnZ6BLV0C2qowYi6BE9o1f0ZjwZL8a78TFvzRnZzCH6I+PzB4g+mHQ=</latexit>

(va, vb) ! (�va,�vb)
<latexit sha1_base64="zFaNPrryUrBdUguw6fD/lhQ64/o=">AAACCXicbZDLSgMxFIYz9VbrbdSlm2ARKtgyUwVdFt24rGAv0A5DJk3b0EwyJJlKGbp146u4caGIW9/AnW9jpp2Ftv4Q+PnOOZycP4gYVdpxvq3cyura+kZ+s7C1vbO7Z+8fNJWIJSYNLJiQ7QApwignDU01I+1IEhQGjLSC0U1ab42JVFTwez2JiBeiAad9ipE2yLdhaeyjs7EfnHYlHQw1klI8wFI5peUU+3bRqTgzwWXjZqYIMtV9+6vbEzgOCdeYIaU6rhNpL0FSU8zItNCNFYkQHqEB6RjLUUiUl8wumcITQ3qwL6R5XMMZ/T2RoFCpSRiYzhDpoVqspfC/WifW/SsvoTyKNeF4vqgfM6gFTGOBPSoJ1mxiDMKSmr9CPEQSYW3CK5gQ3MWTl02zWnHPK9W7i2LtOosjD47AMSgBF1yCGrgFddAAGDyCZ/AK3qwn68V6tz7mrTkrmzkEf2R9/gBuhpji</latexit>

[Kubo,Moriyama,TN,'18]



Implica;ons	of	(enhanced)	symmetry? 24/36

Group	theoreVcal	structures	in	large	N	expansion:

Zpert(N) = eAC� 1
3Ai[C� 1

3 (N �B)]
<latexit sha1_base64="0GC686oHKrdcynJjAKCCUoTSRvg="></latexit>

-		1/N	non-pert.	=	topological	string

enumeraVve	invariants	are	wriqen	as	characters	of	W(G)

C:	independent	of

B:	depends	through

-

New:	
-	connecVon	to	q-Painlevé:	discrete	integrable	systems	classified	by	W(G)

[Moriyama,Nakayama,TN,17][Moriyama,TN,Yano,'17]

[Kubo,Moriyama,'19]

~v
<latexit sha1_base64="IqKiSALImfgg3wgvhbXFJH+0YFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZZNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCwJ4/M</latexit>

|~v|2
<latexit sha1_base64="kH+TCI3FaMMdopYqKDCU6AUDQuI=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHbtWTT2TY0myxJtlC2/RlePCji1V/jzX9j2u5BWx8MPN6bYWZemHCmjet+O2vrG5tb24Wd4u7e/sFh6ei4qWWqKDSo5FK1Q6KBMwENwwyHdqKAxCGHVji8m/mtESjNpHg04wSCmPQFixglxkr+pDMCmo2mk6dqt1R2K+4ceJV4OSmjHPVu6avTkzSNQRjKida+5yYmyIgyjHKYFjuphoTQIemDb6kgMeggm588xedW6eFIKlvC4Ln6eyIjsdbjOLSdMTEDvezNxP88PzXRTZAxkaQGBF0silKOjcSz/3GPKaCGjy0hVDF7K6YDogg1NqWiDcFbfnmVNKsV77JSfbgq127zOAroFJ2hC+Sha1RD96iOGogiiZ7RK3pzjPPivDsfi9Y1J585QX/gfP4ApYaRfA==</latexit>



Plan	of	talk

3.	q-discrete	Painlevé	equaVons

4.	Future	problems

1.	M2-branes	and	Fermi	gas	formalism

2.	Quantum	curve	and	symmetries



Painlevé	equa;ons 26/36

Painlevé	property:		soluVon	should	not	have	an	iniVal	value-dependent	branch	point

PVI PV PIII PIII PIII

PIV PII PI

321

Non-trivial	2nd	order	ODE	with	Painlevé	property	were	classified	into	six:

�̈ =
�̇2

�
� �̇

t
+

2�2

t2
� 2

t
<latexit sha1_base64="U4620JkH97F2ngXCtpIbJNSqu4Q=">AAACUnicbVJbS8MwGM3mbc6pVR99KQ5BEEdbBX0Rhr74OMFdYK0jTdMtLL2QfBVG6W8UxBd/iC8+qOlWZG77IOHknO+Q5CRuzJkEw/goldfWNza3KtvVndru3r52cNiRUSIIbZOIR6LnYkk5C2kbGHDaiwXFgctp1x3f53r3hQrJovAJJjF1AjwMmc8IBkUNNGZ7XgSpzZXFw9mt7QtMUnuee7ayP3yxQs9SyM5nvFVwuQXUVLTnq2yg1Y2GMS19GZgFqKOiWgPtTW1DkoCGQDiWsm8aMTgpFsAIp1nVTiSNMRnjIe0rGOKASiedRpLpp4rxdD8SaoSgT9l5R4oDKSeBqzoDDCO5qOXkKq2fgH/jpCyME6AhmW3kJ1yHSM/z1T0mKAE+UQATwdRZdTLCKgVQr1BVIZiLV14GHathXjasx6t6866Io4KO0Qk6Qya6Rk30gFqojQh6RZ/oG/2U3ktfZfVLZq3lUuE5Qv+qXPsFWy23hA==</latexit>

�̇ = �↵
<latexit sha1_base64="31gFtqV5iFEOnbFDhNJJc/Cv658=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZmpgm6EohuXFewDOmO5k0nb0ExmSDJCGbpx46+4caGIW//BnX9j2s5CWw8EDufck+SeIOFMacf5tgpLyyura8X10sbm1vaOvbvXVHEqCW2QmMeyHYCinAna0Exz2k4khSjgtBUMryd+64FKxWJxp0cJ9SPoC9ZjBLSRuvahF8Y687hJhDC+zMm9BzwZQNcuOxVnCrxI3JyUUY561/4y15E0okITDkp1XCfRfgZSM8LpuOSliiZAhtCnHUMFRFT52XSLMT42Soh7sTRHaDxVfycyiJQaRYGZjEAP1Lw3Ef/zOqnuXfgZE0mqqSCzh3opxzrGk0pwyCQlmo8MASKZ+SsmA5BAtCmuZEpw51deJM1qxT2tVG/PyrWrvI4iOkBH6AS56BzV0A2qowYi6BE9o1f0Zj1ZL9a79TEbLVh5Zh/9gfX5A/D+mNk=</latexit>

� = (t� t0)
1

1�↵
<latexit sha1_base64="CaeGUMnwMWPd9uIITM2xqs9lA1Q=">AAACDXicbVC7SgNBFJ2NrxhfUUubxSjEImE3CtoIQRvLCOYB2RjuTmaTIbMPZu4KYdkfsPFXbCwUsbW382+cPApNPDBwOOdc7tzjRoIrtKxvI7O0vLK6ll3PbWxube/kd/caKowlZXUailC2XFBM8IDVkaNgrUgy8F3Bmu7weuw3H5hUPAzucBSxjg/9gHucAmqpmz9yhA734LKIJexaJ/eJ40mgiZ0mdskBEQ0gTbv5glW2JjAXiT0jBTJDrZv/cnohjX0WIBWgVNu2IuwkIJFTwdKcEysWAR1Cn7U1DcBnqpNMrknNY630TC+U+gVoTtTfEwn4So18Vyd9wIGa98bif147Ru+ik/AgipEFdLrIi4WJoTmuxuxxySiKkSZAJdd/NekAdBuoC8zpEuz5kxdJo1K2T8uV27NC9WpWR5YckENSJDY5J1VyQ2qkTih5JM/klbwZT8aL8W58TKMZYzazT/7A+PwBfTSbNQ==</latexit>

↵ = 0, 1
<latexit sha1_base64="ucbfEWJ8rBe+udpczrunPWEMghQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQiBL14jGAemCyhdzJJhszOLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiaKsTiMRqVaAmgkuWd1wI1grVgzDQLBmMLqd+s0npjSP5IMZx8wPcSB5n1M0VnrsoIiHeO2eed1iyS27M5Bl4mWkBBlq3eJXpxfRJGTSUIFatz03Nn6KynAq2KTQSTSLkY5wwNqWSgyZ9tPZxRNyYpUe6UfKljRkpv6eSDHUehwGtjNEM9SL3lT8z2snpn/lp1zGiWGSzhf1E0FMRKbvkx5XjBoxtgSp4vZWQoeokBobUsGG4C2+vEwalbJ3Xq7cX5SqN1kceTiCYzgFDy6hCndQgzpQkPAMr/DmaOfFeXc+5q05J5s5hD9wPn8AXaSQDg==</latexit>

↵ = 2
<latexit sha1_base64="7R4dWGjxzBrkvoKrRCQ6I+F3GiE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWy3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2gFqJrhkDcONYO1EMYwCwVrB6Hbqt56Y0jyWD2acMD/CgeQhp2is1O6iSIZ4Xe2Vym7FnYEsEy8nZchR75W+uv2YphGThgrUuuO5ifEzVIZTwSbFbqpZgnSEA9axVGLEtJ/N7p2QU6v0SRgrW9KQmfp7IsNI63EU2M4IzVAvelPxP6+TmvDKz7hMUsMknS8KU0FMTKbPkz5XjBoxtgSp4vZWQoeokBobUdGG4C2+vEya1Yp3XqneX5RrN3kcBTiGEzgDDy6hBndQhwZQEPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHg/mPnw==</latexit>

example: regular
pole

Original	moVvaVon:	new	special	funcVon	from	non-linear	differenVal	equaVons

Painlevé	III			equaVon:3



Hirota	bilinear	(τ-)form	and	q-upliI 27/36

⌧1(qt)⌧1(q
�1t) = ⌧1(t)

2 + t
1
2 ⌧2(t)

2
<latexit sha1_base64="zcXwoGDfwZeFdausc085HKu0A7k="></latexit>

�̈ =
�̇2

�
� �̇

t
+

2�2

t2
� 2

t
<latexit sha1_base64="U4620JkH97F2ngXCtpIbJNSqu4Q=">AAACUnicbVJbS8MwGM3mbc6pVR99KQ5BEEdbBX0Rhr74OMFdYK0jTdMtLL2QfBVG6W8UxBd/iC8+qOlWZG77IOHknO+Q5CRuzJkEw/goldfWNza3KtvVndru3r52cNiRUSIIbZOIR6LnYkk5C2kbGHDaiwXFgctp1x3f53r3hQrJovAJJjF1AjwMmc8IBkUNNGZ7XgSpzZXFw9mt7QtMUnuee7ayP3yxQs9SyM5nvFVwuQXUVLTnq2yg1Y2GMS19GZgFqKOiWgPtTW1DkoCGQDiWsm8aMTgpFsAIp1nVTiSNMRnjIe0rGOKASiedRpLpp4rxdD8SaoSgT9l5R4oDKSeBqzoDDCO5qOXkKq2fgH/jpCyME6AhmW3kJ1yHSM/z1T0mKAE+UQATwdRZdTLCKgVQr1BVIZiLV14GHathXjasx6t6866Io4KO0Qk6Qya6Rk30gFqojQh6RZ/oG/2U3ktfZfVLZq3lUuE5Qv+qXPsFWy23hA==</latexit>

⌧i@
2
log t⌧i � (@log t⌧i)

2 = t
1
2 ⌧2j

<latexit sha1_base64="2AVAiBN3PUktR0k4uiE/iwpLX/Y="></latexit>

(i 6= j)
<latexit sha1_base64="ElCbsKY2/F7PlQZoNbW5c1Weojo=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OKxgv2QdinZNNvGJtk1yQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6Hrqt56o0iySd2YcU1/ggWQhI9hY6b7MupI+oofTXrHkVtwZ0DLxMlKCDPVe8avbj0giqDSEY607nhsbP8XKMMLppNBNNI0xGeEB7VgqsaDaT2cHT9CJVfoojJQtadBM/T2RYqH1WAS2U2Az1IveVPzP6yQmvPRTJuPEUEnmi8KEIxOh6feozxQlho8twUQxeysiQ6wwMTajgg3BW3x5mTSrFe+sUr09L9WusjjycATHUAYPLqAGN1CHBhAQ8Ayv8OYo58V5dz7mrTknmzmEP3A+fwDG2I+8</latexit>

(also	known	as	SU(2)	periodic	Toda)Painlevé	III			equaVon:3

@2
log t log ⌧1 = �, @2

log t log ⌧2 = t��1
<latexit sha1_base64="HA6f1pdiUgjfvZFSLlQrOX+uciY="></latexit>

q-Painlevé	III			equaVon:3

q-uplie: @log tf(t) !
f(qt)� f(t)

q� 1
<latexit sha1_base64="8xm5qKmJpVRaOZK7GenmGi1+6so="></latexit>



ABJM								q-Painlevé	III 28/36

⌅M () =
1X

N=0

N Zk,M (N)

Zk,M (N = 0)
<latexit sha1_base64="lOUNHIwSB1AJOxR7CoVCKLD6hWw="></latexit>

(1� e
2⇡iM

k )⌅M+1(�i)⌅M�1(i) = ⌅M ()2 � e
2⇡iM

k ⌅M (�)2
<latexit sha1_base64="HZ1Wzeo+zffP9J1acO8uKl3eyr4="></latexit>

q = e
4⇡i
k

<latexit sha1_base64="3BwNfhIPkgFxc7d3hQsh+93e93E=">AAACCnicbZC7TsMwFIadcivlFmBkMVRITFVSKsGCVMHCWCR6kZpQOa7TWnEu2A5SZWVm4VVYGECIlSdg421w2gzQ8kuWPv3nHPmc30sYFdKyvo3S0vLK6lp5vbKxubW9Y+7udUScckzaOGYx73lIEEYj0pZUMtJLOEGhx0jXC67yeveBcEHj6FZOEuKGaBRRn2IktTUwD50QybHPUaDuswtypxzNWDWchEKaqSDLBmbVqllTwUWwC6iCQq2B+eUMY5yGJJKYISH6tpVIVyEuKWYkqzipIAnCARqRvsYIhUS4anpKBo+1M4R+zPWLJJy6vycUCoWYhJ7uzBcX87Xc/K/WT6V/7ioaJakkEZ595KcMyhjmucAh5QRLNtGAMKd6V4jHSGchdXoVHYI9f/IidOo1+7RWv2lUm5dFHGVwAI7ACbDBGWiCa9ACbYDBI3gGr+DNeDJejHfjY9ZaMoqZffBHxucPTyKbSQ==</latexit>

t = e�2⇡i(1� 2M
k )

<latexit sha1_base64="fXuMeqIMF3Yo2bm3Vb/puCgdVCc=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqoiWJgm6Eohs3QgX7gCaWyXTSDp1MwsxEKCErN/6KGxeKuPUb3Pk3TtsstPXAhcM593LvPX7MqFSW9W0sLC4tr6wW1orrG5tb2+bOblNGicCkgSMWibaPJGGUk4aiipF2LAgKfUZa/vBq7LceiJA04ndqFBMvRH1OA4qR0lLXPFAX5D6tOG5MIS3bFTcQCKfOTZYOs+Osa5asqjUBnCd2TkogR71rfrm9CCch4QozJGXHtmLlpUgoihnJim4iSYzwEPVJR1OOQiK9dPJGBo+00oNBJHRxBSfq74kUhVKOQl93hkgN5Kw3Fv/zOokKzr2U8jhRhOPpoiBhUEVwnAnsUUGwYiNNEBZU3wrxAOkglE6uqEOwZ1+eJ02nap9UndvTUu0yj6MA9sEhKAMbnIEauAZ10AAYPIJn8ArejCfjxXg3PqatC0Y+swf+wPj8AXY9l9s=</latexit>

IdenVcal	to	q-Painlevé	III				equaVon	with3

By	using	exact	values	of																			,	we	findZk,M (N)

Zk,M (0)
<latexit sha1_base64="vMx3POiQV0kIftFPfPzjT4LGd/E=">AAACBnicbZDLSsNAFIYn9VbrLepShMEitCAlqYIui27cKBXsBdsQJtNJO3QyCTMToYSs3Pgqblwo4tZncOfbOG2DaOsPAx//OYcz5/ciRqWyrC8jt7C4tLySXy2srW9sbpnbO00ZxgKTBg5ZKNoekoRRThqKKkbakSAo8BhpecOLcb11T4SkIb9Vo4g4Aepz6lOMlLZcc7/rC4STOzcZHl2lpety+sNWOXXNolWxJoLzYGdQBJnqrvnZ7YU4DghXmCEpO7YVKSdBQlHMSFroxpJECA9Rn3Q0chQQ6SSTM1J4qJ0e9EOhH1dw4v6eSFAg5SjwdGeA1EDO1sbmf7VOrPwzJ6E8ihXheLrIjxlUIRxnAntUEKzYSAPCguq/QjxAOhelkyvoEOzZk+ehWa3Yx5XqzUmxdp7FkQd74ACUgA1OQQ1cgjpoAAwewBN4Aa/Go/FsvBnv09ackc3sgj8yPr4BwieYAw==</latexit>

1

8
<latexit sha1_base64="JDSIlWpckE5ub1eg+hoHrh9ZmcE=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mqYI9FLx4r2A9IQ9lsN+3SzW7YnQgl5Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5YSK4Adf9dkobm1vbO+Xdyt7+weFR9fika1SqKetQJZTuh8QwwSXrAAfB+olmJA4F64XTu7nfe2LacCUfYZawICZjySNOCVjJH0Sa0MzLs2Y+rNbcursAXideQWqoQHtY/RqMFE1jJoEKYozvuQkEGdHAqWB5ZZAalhA6JWPmWypJzEyQLU7O8YVVRjhS2pYEvFB/T2QkNmYWh7YzJjAxq95c/M/zU4iaQcZlkgKTdLkoSgUGhef/4xHXjIKYWUKo5vZWTCfEpgA2pYoNwVt9eZ10G3Xvqt54uK61bos4yugMnaNL5KEb1EL3qI06iCKFntErenPAeXHenY9la8kpZk7RHzifP0OskT0=</latexit>

1

32⇡2
<latexit sha1_base64="WN6dMKmMtBGzN4tJxQyYHwzh/l8=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16CRbBU0lSQY9FLx4r2A9oYtlsN+3SzSbsbpQS81O8eFDEq7/Em//GbZuDtj4YeLw3w8y8IGFUKtv+Nkpr6xubW+Xtys7u3v6BWT3syDgVmLRxzGLRC5AkjHLSVlQx0ksEQVHASDeYXM/87gMRksb8Tk0T4kdoxGlIMVJaGphVLxQIZ06eNVwvofduPjBrdt2ew1olTkFqUKA1ML+8YYzTiHCFGZKy79iJ8jMkFMWM5BUvlSRBeIJGpK8pRxGRfjY/PbdOtTK0wljo4sqaq78nMhRJOY0C3RkhNZbL3kz8z+unKrz0M8qTVBGOF4vClFkqtmY5WEMqCFZsqgnCgupbLTxGOgul06roEJzll1dJx607jbp7e15rXhVxlOEYTuAMHLiAJtxAC9qA4RGe4RXejCfjxXg3PhatJaOYOYI/MD5/AKpHk5w=</latexit>

� 1

512
+

5

256⇡2
<latexit sha1_base64="Pdh4HZe8geHwx3r2zryFN3HrVj0=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCEhIaokUGCsYGEsEn1ITagc12mtOk5kO0hVlJmFX2FhACFWvoCNv8FtM0DLka50fM698r3HjxmVyrK+jcLC4tLySnG1tLa+sbllbu80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOUPr8d+64EISSN+p0Yx8ULU5zSgGCktdc39EzcQCKd2llZtJzuevqpZ6lTP3ZjeO1nXLFsVawI4T+yclEGOetf8cnsRTkLCFWZIyo5txcpLkVAUM5KV3ESSGOEh6pOOphyFRHrp5JQMHmqlB4NI6OIKTtTfEykKpRyFvu4MkRrIWW8s/ud1EhVceinlcaIIx9OPgoRBFcFxLrBHBcGKjTRBWFC9K8QDpMNQOr2SDsGePXmeNJ2KfVpxbs/Ktas8jiLYAwfgCNjgAtTADaiDBsDgETyDV/BmPBkvxrvxMW0tGPnMLvgD4/MHf6GZgQ==</latexit>

M = 0, 2
<latexit sha1_base64="pgMQpV1BieMoNN+CIitpi4ltBWA=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuhFKHrxIlRw20K7lGyabUOT7JJkhbL0N3jxoIhXf5A3/41puwdtfTDweG+GmXlhwpk2rvvtFFZW19Y3ipulre2d3b3y/kFTx6ki1Ccxj1U7xJpyJqlvmOG0nSiKRchpKxzdTv3WE1WaxfLRjBMaCDyQLGIEGyv599fuWa1XrrhVdwa0TLycVCBHo1f+6vZjkgoqDeFY647nJibIsDKMcDopdVNNE0xGeEA7lkosqA6y2bETdGKVPopiZUsaNFN/T2RYaD0Woe0U2Az1ojcV//M6qYmugozJJDVUkvmiKOXIxGj6OeozRYnhY0swUczeisgQK0yMzadkQ/AWX14mzVrVO6/WHi4q9Zs8jiIcwTGcggeXUIc7aIAPBBg8wyu8OdJ5cd6dj3lrwclnDuEPnM8fcDiNyA==</latexit>

1

4⇡
<latexit sha1_base64="GMSh9C2VSoX3p7oPkJdgHMrJH+o=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY9FLx4r2A9oYtlsN+3SzSbsbpQS8j+8eFDEq//Fm//GTZuDtj4YeLw3w8w8P+ZMadv+tkpr6xubW+Xtys7u3v5B9fCoq6JEEtohEY9k38eKciZoRzPNaT+WFIc+pz1/epP7vUcqFYvEvZ7F1AvxWLCAEayN9OAGEpPUydKmG7NsWK3ZdXsOtEqcgtSgQHtY/XJHEUlCKjThWKmBY8faS7HUjHCaVdxE0RiTKR7TgaECh1R56fzqDJ0ZZYSCSJoSGs3V3xMpDpWahb7pDLGeqGUvF//zBokOrryUiTjRVJDFoiDhSEcojwCNmKRE85khmEhmbkVkgk0Q2gRVMSE4yy+vkm6j7lzUG3fNWuu6iKMMJ3AK5+DAJbTgFtrQAQISnuEV3qwn68V6tz4WrSWrmDmGP7A+fwCOxZKM</latexit>

1

128
� 1

16⇡2
<latexit sha1_base64="W0tFx+Ga+Ga0XS70gO7mURZMOX4=">AAACCHicbVDLSsNAFL3xWesr6tKFg0VwY0miaJdFNy4r2Ac0tUymk3bo5MHMRCghSzf+ihsXirj1E9z5N07bgNp64MKZc+5l7j1ezJlUlvVlLCwuLa+sFtaK6xubW9vmzm5DRokgtE4iHomWhyXlLKR1xRSnrVhQHHicNr3h1dhv3lMhWRTeqlFMOwHuh8xnBCstdc0D1xeYpHaW2k4lO/l5nbsxu3OyrlmyytYEaJ7YOSlBjlrX/HR7EUkCGirCsZRt24pVJ8VCMcJpVnQTSWNMhrhP25qGOKCyk04OydCRVnrIj4SuUKGJ+nsixYGUo8DTnQFWAznrjcX/vHai/EonZWGcKBqS6Ud+wpGK0DgV1GOCEsVHmmAimN4VkQHWWSidXVGHYM+ePE8aTtk+LTs3Z6XqZR5HAfbhEI7BhguowjXUoA4EHuAJXuDVeDSejTfjfdq6YOQze/AHxsc3kO6ZCw==</latexit>

5

4608⇡
� 1

96⇡3
<latexit sha1_base64="F5lsA/oiCb8pUe5A8gFa9f2fEYE=">AAACDHicbVDLTgIxFL2DL8QX6tJNIzFxI5kBRNwR3bjERB4JM5JO6UBD55G2Y0Im8wFu/BU3LjTGrR/gzr+xPBYKnqTJ6Tnnpr3HjTiTyjS/jczK6tr6RnYzt7W9s7uX3z9oyTAWhDZJyEPRcbGknAW0qZjitBMJin2X07Y7up747QcqJAuDOzWOqOPjQcA8RrDSUi9fsD2BSXKeJpWqWbMjlp7NFCtNLqv6fl9OdcosmlOgZWLNSQHmaPTyX3Y/JLFPA0U4lrJrmZFyEiwUI5ymOTuWNMJkhAe0q2mAfSqdZLpMik600kdeKPQJFJqqvycS7Es59l2d9LEaykVvIv7ndWPl1ZyEBVGsaEBmD3kxRypEk2ZQnwlKFB9rgolg+q+IDLHuQun+croEa3HlZdIqFa1ysXRbKdSv5nVk4QiO4RQsuIA63EADmkDgEZ7hFd6MJ+PFeDc+ZtGMMZ85hD8wPn8Aj+aarA==</latexit>

M = 1
<latexit sha1_base64="uKel1Hqwkho1aI7Z9xTJIeRAkAg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IsXIaJ5QLKE2UknGTI7u8zMCmHJJ3jxoIhXv8ibf+Mk2YMmFjQUVd10dwWx4Nq47reTW1ldW9/Ibxa2tnd294r7Bw0dJYphnUUiUq2AahRcYt1wI7AVK6RhILAZjG6mfvMJleaRfDTjGP2QDiTvc0aNlR7urrxuseSW3RnIMvEyUoIMtW7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NQJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/0k+5jBODks0X9RNBTESmf5MeV8iMGFtCmeL2VsKGVFFmbDoFG4K3+PIyaVTK3lm5cn9eql5nceThCI7hFDy4gCrcQg3qwGAAz/AKb45wXpx352PemnOymUP4A+fzB5fDjVc=</latexit>

N
<latexit sha1_base64="FUcBaOutMug4qVqfNLwic8W1axE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ffjNY=</latexit>

1
<latexit sha1_base64="TtIgPQprnJE4HSS++PuM3etxya8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPe+uMuQ==</latexit>

2
<latexit sha1_base64="jk/1fpohXujb3eq/tOFNvjxoFrw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ffW+Mug==</latexit>

3
<latexit sha1_base64="LNUgVcgcWmrkAqMqFwJgrNe8JZM=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9ovltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XGlel2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH7zjLs=</latexit>

k = 2
<latexit sha1_base64="viBqh54K37gbgSrEwGE8G1VuQC0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisaD+gDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8NOME/YgOJA85o8ZKD6Praq9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx26oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7QheIsvL5NmteKdV6r3F+XaTR5HAY7hBM7Ag0uowR3UoQEMBvAMr/DmCOfFeXc+5q0rTj5zBH/gfP4AxvuNdg==</latexit>

⌧1(t) ⇠ ⌅M (e�
⇡iM

2 )
<latexit sha1_base64="LwDIN/O5DwrdK6r+XLt1XVyloQU=">AAACGHicbVBNS8NAEN34bf2qevSyWIR6sCZV0GPRixehgtVCU8Nku9Glm2TZnQgl5Gd48a948aCI1978N25rD349GHi8N8PMvFBJYdB1P5yp6ZnZufmFxdLS8srqWnl948qkmWa8xVKZ6nYIhkuR8BYKlLytNIc4lPw67J+O/Ot7ro1Ik0scKN6N4TYRkWCAVgrK+z5CFnhV3PWNiP22CM6r/Cbf8yMNLPeVoOK8yOtF4fdBKdgNyhW35o5B/xJvQipkgmZQHvq9lGUxT5BJMKbjuQq7OWgUTPKi5GeGK2B9uOUdSxOIuenm48cKumOVHo1SbStBOla/T+QQGzOIQ9sZA96Z395I/M/rZBgdd3ORqAx5wr4WRZmkmNJRSrQnNGcoB5YA08LeStkd2EjQZlmyIXi/X/5Lruo176BWvzisNE4mcSyQLbJNqsQjR6RBzkiTtAgjD+SJvJBX59F5dt6c96/WKWcys0l+wBl+AunAn7U=</latexit>

⌧2(t) ⇠ ⌅M (�e�
⇡iM

2 )
<latexit sha1_base64="e240x+3Cfj+zdceAphp1l49nyZY=">AAACGnicbVBNS8NAEN34bf2qevSyWIR6sCRV0GPRixehgtVCU8Nku9Glm2TZnQgl5Hd48a948aCIN/Hiv3H7cfDrwcDjvRlm5oVKCoOu++lMTc/Mzs0vLJaWlldW18rrG5cmzTTjLZbKVLdDMFyKhLdQoORtpTnEoeRXYf9k6F/dcW1EmlzgQPFuDDeJiAQDtFJQ9nyELKhXcdc3IqZ+WwRn1T1+ne/5kQaW+0pQcVbk9aLw+6AU7AbliltzR6B/iTchFTJBMyi/+72UZTFPkEkwpuO5Crs5aBRM8qLkZ4YrYH244R1LE4i56eaj1wq6Y5UejVJtK0E6Ur9P5BAbM4hD2xkD3prf3lD8z+tkGB11c5GoDHnCxouiTFJM6TAn2hOaM5QDS4BpYW+l7BZsJGjTLNkQvN8v/yWX9Zq3X6ufH1Qax5M4FsgW2SZV4pFD0iCnpElahJF78kieyYvz4Dw5r87buHXKmcxskh9wPr4Av2+gFw==</latexit>

3

U(N)k
<latexit sha1_base64="+t+MCM39WPTekB4dsso+xlOBbGY="></latexit>

U(N +M)�k
<latexit sha1_base64="3x8yQexOjHY+HkR6ja63zrSJRmY="></latexit>

GeneralizaVon	of	"O(2)	matrix	model								PIII		"	[Zamolodchikov,'94]	to	q	≠	13

[Grassi,Hatsuda,Marino,'14][Bonelli,Grassi,Tanzini,'17]

(sVll	no	rigorous	proof)



q-Painleve	equa;ons	and	excep;onal	groups 29/36

Sakai's	classificaVon	of	q-Painlevé	by	excepVonal	groups	(or	curves):

q-Painlevé	equaVon

"affine	Weyl	group	(=	W(G)	+	translaVon)	has	a	bi-raVonal	representaVon"

Vme	evoluVon (					:	discrete	la{ce	points)⌧~v
<latexit sha1_base64="WyJ0wuUBiBoEoPbk9niOrzx37uc=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAcka5id9CZDZh/MzEbCsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxYIrbdvfVmFtfWNzq7hd2tnd2z8oHx61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98O/PbE5SKR+GDnsboBnQYcp8zqo302NM06ae9CbJ0kmX9csWu2nOQVeLkpAI5Gv3yV28QsSTAUDNBleo6dqzdlErNmcCs1EsUxpSN6RC7hoY0QOWm86szcmaUAfEjaSrUZK7+nkhpoNQ08ExnQPVILXsz8T+vm2j/2k15GCcaQ7ZY5CeC6IjMIiADLpFpMTWEMsnNrYSNqKRMm6BKJgRn+eVV0qpVnYtq7f6yUr/J4yjCCZzCOThwBXW4gwY0gYGEZ3iFN+vJerHerY9Fa8HKZ47hD6zPH1e/kw8=</latexit>

~v
<latexit sha1_base64="IqKiSALImfgg3wgvhbXFJH+0YFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZZNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCwJ4/M</latexit>

(w.⌧)~v = ⌧w(~v)
<latexit sha1_base64="nk0b0aTxXt3mM3cJX1lJwfwbCmc=">AAACDXicbVDLSsNAFJ34rPUVdekmWIV2E5Iq6EYounFZwT6gCWEynbRDJ5MwM2kpIT/gxl9x40IRt+7d+TdO2iy09cCFM+fcy9x7/JgSIS3rW1tZXVvf2Cxtlbd3dvf29YPDtogSjnALRTTiXR8KTAnDLUkkxd2YYxj6FHf80W3ud8aYCxKxBzmNsRvCASMBQVAqydNPqxPTkTCpeakzxigdZ9l1/vbSSbUQapmnVyzTmsFYJnZBKqBA09O/nH6EkhAziSgUomdbsXRTyCVBFGdlJxE4hmgEB7inKIMhFm46uyYzzpTSN4KIq2LSmKm/J1IYCjENfdUZQjkUi14u/uf1EhlcuSlhcSIxQ/OPgoQaMjLyaIw+4RhJOlUEIk7UrgYaQg6RVAGWVQj24snLpF037XOzfn9RadwUcZTAMTgBVWCDS9AAd6AJWgCBR/AMXsGb9qS9aO/ax7x1RStmjsAfaJ8/6rycHA==</latexit>

(a.⌧)~v =
⌧⌧ + ⌧⌧

⌧
<latexit sha1_base64="vlTXCRGS9/B8ZlLHTDiXsWr22iA=">AAACK3icbVDJSgNBEO1xjXGLevQyGARFCDNR0IsQ4sVjBKNCJoSeTo1p0rPQXRMMzfyPF3/Fgx5c8Op/2DNGcHtQ8Hivqrr6+YngCh3nxZqanpmdmy8tlBeXlldWK2vrFypOJYM2i0Usr3yqQPAI2shRwFUigYa+gEt/eJL7lyOQisfROY4T6Ib0OuIBZxSN1Ks0PYQbLPZoCf1M79CahzTd7WlvBEyPsuzYCyRlOlfz2vsiWSFlWa9SdWpOAfsvcSekSiZo9SoPXj9maQgRMkGV6rhOgl1NJXImICt7qYKEsiG9ho6hEQ1BdXVxY2ZvG6VvB7E0FaFdqN8nNA2VGoe+6QwpDtRvLxf/8zopBkddzaMkRYjY50NBKmyM7Tw4u88lMBRjQyiT3NxqswE1yaCJt2xCcH9/+S+5qNfc/Vr97KDaaE7iKJFNskV2iEsOSYOckhZpE0ZuyT15Is/WnfVovVpvn61T1mRmg/yA9f4BOmqqIQ==</latexit>

bilinear	eq

[Sakai,'01]

qPVI qPV qPIII qPIII qPIII1 2 3

E6
<latexit sha1_base64="whNC+O1hiWGCVhHkihhI3R5UpuI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGUY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw233olssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Vq7cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBxtGNdg==</latexit>

qP(						)E6
<latexit sha1_base64="whNC+O1hiWGCVhHkihhI3R5UpuI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGUY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw233olssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Vq7cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBxtGNdg==</latexit>

...
E5 = D5

<latexit sha1_base64="6Ra0cilkHDjErouH7yPLe88OBJ4=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiTVohuh+ACXFewD2hAm00k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAhcM593LvPUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dtPVCoWi0c9TqgX4YFgISNYG6l959eubv2ab5edijMDWiZuTsqQo+HbX71+TNKICk04VqrrOon2Miw1I5xOSr1U0QSTER7QrqECR1R52ezcCToxSh+FsTQlNJqpvycyHCk1jgLTGWE9VIveVPzP66Y6vPQyJpJUU0Hmi8KUIx2j6e+ozyQlmo8NwUQycysiQywx0SahkgnBXXx5mbSqFfesUn04L9ev8ziKcATHcAouXEAd7qEBTSAwgmd4hTcrsV6sd+tj3lqw8plD+APr8wcB/I6y</latexit>

E4 = A4
<latexit sha1_base64="cR2N/9DXvOYuKWzdZoX0hJQ2SYM=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Kru1oBehKoLHCvYD2mXJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDRjSf0YDwSLGMHGSu27oHZ1HdSCUtmtuDOgZeLlpAw5GkHpq9dPSBpTYQjHWnc9Vxo/w8owwumk2Es1lZiM8IB2LRU4ptrPZudO0KlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRpZ8xIVNDBZkvilKOTIKmv6M+U5QYPrYEE8XsrYgMscLE2ISKNgRv8eVl0qpWvPNK9aFWrt/kcRTgGE7gDDy4gDrcQwOaQGAEz/AKb450Xpx352PeuuLkM0fwB87nD/pPjq0=</latexit>

E3 = A2 ⇥A1
<latexit sha1_base64="1dUf9/FjxMunW0OSlRwaktfqU/w=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJW0IvQKoLHCvYD2hA22227dLMJuxOlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL4gF1+A439bK6tr6xmZuK7+9s7u3bxcOmjpKFGUNGolItQOimeCSNYCDYO1YMRIGgrWC0fXUbz0wpXkk72EcMy8kA8n7nBIwkm8XbvzKZc0vd4GHTOOa7/p20Sk5M+Bl4makiDLUffur24toEjIJVBCtO64Tg5cSBZwKNsl3E81iQkdkwDqGSmIWeens9Ak+MUoP9yNlSgKeqb8nUhJqPQ4D0xkSGOpFbyr+53US6F94KZdxAkzS+aJ+IjBEeJoD7nHFKIixIYQqbm7FdEgUoWDSypsQ3MWXl0mzXHIrpfLdWbF6lcWRQ0foGJ0iF52jKrpFddRAFD2iZ/SK3qwn68V6tz7mrStWNnOI/sD6/AE4a5Ku</latexit>

E2 = A1 ⇥A1
<latexit sha1_base64="gGnFP8akq8GObG2TG9/LLGLbgbI=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSBd0IVRFcVrAXaEOYTCft0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB8knCntON/W0vLK6tp6YaO4ubW9s2uX9poqTiWhDRLzWLYDrChngjY005y2E0lxFHDaCobXk3rrgUrFYnGvRwn1ItwXLGQEa2P5dunGr15c+m5Xs4gqZMi3y07FmQotgptDGXLVffur24tJGlGhCcdKdVwn0V6GpWaE03GxmyqaYDLEfdoxKLBZ5GXT08foyDg9FMbSPKHR1P09keFIqVEUmM4I64Gar03M/2qdVIfnXsZEkmoqyGxRmHKkYzTJAfWYpETzkQFMJDO3IjLAEhNt0iqaENz5Ly9Cs1pxTyrVu9Ny7SqPowAHcAjH4MIZ1OAW6tAAAo/wDK/wZj1ZL9a79TFrXbLymX34I+vzBzVLkqw=</latexit>

E1 = A1
<latexit sha1_base64="2hCO7AhmWV2M8W/KZJyAgQ5mpMU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lUQS9CVQSPFewHtMuSTbNtaDa7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLqd+u0npjSP5aMZJ8yLyEDykFNirNS+8/HVtY/9csWtujOgZYJzUoEcDb/81evHNI2YNFQQrbvYTYyXEWU4FWxS6qWaJYSOyIB1LZUkYtrLZudO0IlV+iiMlS1p0Ez9PZGRSOtxFNjOiJihXvSm4n9eNzXhpZdxmaSGSTpfFKYCmRhNf0d9rhg1YmwJoYrbWxEdEkWosQmVbAh48eVl0qpV8Vm19nBeqd/kcRThCI7hFDBcQB3uoQFNoDCCZ3iFNydxXpx352PeWnDymUP4A+fzB/Erjqc=</latexit>

...

...



q-Painleve	equa;ons	and	excep;onal	groups 29/36

Sakai's	classificaVon	of	q-Painlevé	by	excepVonal	groups	(or	curves):

Vme	evoluVon (					:	discrete	la{ce	points)⌧~v
<latexit sha1_base64="WyJ0wuUBiBoEoPbk9niOrzx37uc=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4jmAcka5id9CZDZh/MzEbCsv/hxYMiXv0Xb/6Nk2QPmljQUFR1093lxYIrbdvfVmFtfWNzq7hd2tnd2z8oHx61VJRIhk0WiUh2PKpQ8BCbmmuBnVgiDTyBbW98O/PbE5SKR+GDnsboBnQYcp8zqo302NM06ae9CbJ0kmX9csWu2nOQVeLkpAI5Gv3yV28QsSTAUDNBleo6dqzdlErNmcCs1EsUxpSN6RC7hoY0QOWm86szcmaUAfEjaSrUZK7+nkhpoNQ08ExnQPVILXsz8T+vm2j/2k15GCcaQ7ZY5CeC6IjMIiADLpFpMTWEMsnNrYSNqKRMm6BKJgRn+eVV0qpVnYtq7f6yUr/J4yjCCZzCOThwBXW4gwY0gYGEZ3iFN+vJerHerY9Fa8HKZ47hD6zPH1e/kw8=</latexit>

~v
<latexit sha1_base64="IqKiSALImfgg3wgvhbXFJH+0YFo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN2N4US+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx/dxvT1BpHssnM03Qj+hQ8pAzaqzU7k2QZZNZv1xxq+4CZJ14OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4K/VSjQllYzrErqWSRqj9bHHujFxYZUDCWNmShizU3xMZjbSeRoHtjKgZ6VVvLv7ndVMT3voZl0lqULLlojAVxMRk/jsZcIXMiKkllClubyVsRBVlxiZUsiF4qy+vk1at6l1Va4/XlfpdHkcRzuAcLsGDG6jDAzSgCQzG8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gCwJ4/M</latexit>

⌧qPX ⇠
1X

N=0

N Z ⇢̂=Ô
�1

(N)

Z(N = 0)
<latexit sha1_base64="VIrdPyZsAkpbMlPd7PnaCzUIH0A="></latexit>

From	ABJM	result,	we	expect

(w.⌧)~v = ⌧w(~v)
<latexit sha1_base64="nk0b0aTxXt3mM3cJX1lJwfwbCmc=">AAACDXicbVDLSsNAFJ34rPUVdekmWIV2E5Iq6EYounFZwT6gCWEynbRDJ5MwM2kpIT/gxl9x40IRt+7d+TdO2iy09cCFM+fcy9x7/JgSIS3rW1tZXVvf2Cxtlbd3dvf29YPDtogSjnALRTTiXR8KTAnDLUkkxd2YYxj6FHf80W3ud8aYCxKxBzmNsRvCASMBQVAqydNPqxPTkTCpeakzxigdZ9l1/vbSSbUQapmnVyzTmsFYJnZBKqBA09O/nH6EkhAziSgUomdbsXRTyCVBFGdlJxE4hmgEB7inKIMhFm46uyYzzpTSN4KIq2LSmKm/J1IYCjENfdUZQjkUi14u/uf1EhlcuSlhcSIxQ/OPgoQaMjLyaIw+4RhJOlUEIk7UrgYaQg6RVAGWVQj24snLpF037XOzfn9RadwUcZTAMTgBVWCDS9AAd6AJWgCBR/AMXsGb9qS9aO/ax7x1RStmjsAfaJ8/6rycHA==</latexit>

(a.⌧)~v =
⌧⌧ + ⌧⌧

⌧
<latexit sha1_base64="vlTXCRGS9/B8ZlLHTDiXsWr22iA=">AAACK3icbVDJSgNBEO1xjXGLevQyGARFCDNR0IsQ4sVjBKNCJoSeTo1p0rPQXRMMzfyPF3/Fgx5c8Op/2DNGcHtQ8Hivqrr6+YngCh3nxZqanpmdmy8tlBeXlldWK2vrFypOJYM2i0Usr3yqQPAI2shRwFUigYa+gEt/eJL7lyOQisfROY4T6Ib0OuIBZxSN1Ks0PYQbLPZoCf1M79CahzTd7WlvBEyPsuzYCyRlOlfz2vsiWSFlWa9SdWpOAfsvcSekSiZo9SoPXj9maQgRMkGV6rhOgl1NJXImICt7qYKEsiG9ho6hEQ1BdXVxY2ZvG6VvB7E0FaFdqN8nNA2VGoe+6QwpDtRvLxf/8zopBkddzaMkRYjY50NBKmyM7Tw4u88lMBRjQyiT3NxqswE1yaCJt2xCcH9/+S+5qNfc/Vr97KDaaE7iKJFNskV2iEsOSYOckhZpE0ZuyT15Is/WnfVovVpvn61T1mRmg/yA9f4BOmqqIQ==</latexit>

bilinear	eq

qPVI	is	the	easiest	to	realize	by	M2-branes

[Sakai,'01]

q-Painlevé	equaVon

"affine	Weyl	group	(=	W(G)	+	translaVon)	has	a	bi-raVonal	representaVon"

qPVI qPV qPIII qPIII qPIII1 2 3

E6
<latexit sha1_base64="whNC+O1hiWGCVhHkihhI3R5UpuI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGUY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw233olssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Vq7cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBxtGNdg==</latexit>

qP(						)E6
<latexit sha1_base64="whNC+O1hiWGCVhHkihhI3R5UpuI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGUY9BETxGNA9IljA76SRDZmeXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPRzdRvPqHSPJKPZhyjH9KB5H3OqLHSw233olssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/yUy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Vq7cn5eq11kceTiCYzgFDy6hCndQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBxtGNdg==</latexit>

...
E5 = D5

<latexit sha1_base64="6Ra0cilkHDjErouH7yPLe88OBJ4=">AAAB7nicbVDLSsNAFL2pr1pfUZduBovgqiTVohuh+ACXFewD2hAm00k7dDIJMxOhhH6EGxeKuPV73Pk3TtsstPXAhcM593LvPUHCmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKXiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHQz9dtPVCoWi0c9TqgX4YFgISNYG6l959eubv2ab5edijMDWiZuTsqQo+HbX71+TNKICk04VqrrOon2Miw1I5xOSr1U0QSTER7QrqECR1R52ezcCToxSh+FsTQlNJqpvycyHCk1jgLTGWE9VIveVPzP66Y6vPQyJpJUU0Hmi8KUIx2j6e+ozyQlmo8NwUQycysiQywx0SahkgnBXXx5mbSqFfesUn04L9ev8ziKcATHcAouXEAd7qEBTSAwgmd4hTcrsV6sd+tj3lqw8plD+APr8wcB/I6y</latexit>

E4 = A4
<latexit sha1_base64="cR2N/9DXvOYuKWzdZoX0hJQ2SYM=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Kru1oBehKoLHCvYD2mXJptk2NJsNSVYoS3+EFw+KePX3ePPfmLZ70NYHA4/3ZpiZF0rOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDRjSf0YDwSLGMHGSu27oHZ1HdSCUtmtuDOgZeLlpAw5GkHpq9dPSBpTYQjHWnc9Vxo/w8owwumk2Es1lZiM8IB2LRU4ptrPZudO0KlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRpZ8xIVNDBZkvilKOTIKmv6M+U5QYPrYEE8XsrYgMscLE2ISKNgRv8eVl0qpWvPNK9aFWrt/kcRTgGE7gDDy4gDrcQwOaQGAEz/AKb450Xpx352PeuuLkM0fwB87nD/pPjq0=</latexit>

E3 = A2 ⇥A1
<latexit sha1_base64="1dUf9/FjxMunW0OSlRwaktfqU/w=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJW0IvQKoLHCvYD2hA22227dLMJuxOlxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL4gF1+A439bK6tr6xmZuK7+9s7u3bxcOmjpKFGUNGolItQOimeCSNYCDYO1YMRIGgrWC0fXUbz0wpXkk72EcMy8kA8n7nBIwkm8XbvzKZc0vd4GHTOOa7/p20Sk5M+Bl4makiDLUffur24toEjIJVBCtO64Tg5cSBZwKNsl3E81iQkdkwDqGSmIWeens9Ak+MUoP9yNlSgKeqb8nUhJqPQ4D0xkSGOpFbyr+53US6F94KZdxAkzS+aJ+IjBEeJoD7nHFKIixIYQqbm7FdEgUoWDSypsQ3MWXl0mzXHIrpfLdWbF6lcWRQ0foGJ0iF52jKrpFddRAFD2iZ/SK3qwn68V6tz7mrStWNnOI/sD6/AE4a5Ku</latexit>

E2 = A1 ⇥A1
<latexit sha1_base64="gGnFP8akq8GObG2TG9/LLGLbgbI=">AAAB+nicbZDLSsNAFIZPvNZ6S3XpZrAIrkpSBd0IVRFcVrAXaEOYTCft0MkkzEyUEvsoblwo4tYncefbOG2z0NYfBj7+cw7nzB8knCntON/W0vLK6tp6YaO4ubW9s2uX9poqTiWhDRLzWLYDrChngjY005y2E0lxFHDaCobXk3rrgUrFYnGvRwn1ItwXLGQEa2P5dunGr15c+m5Xs4gqZMi3y07FmQotgptDGXLVffur24tJGlGhCcdKdVwn0V6GpWaE03GxmyqaYDLEfdoxKLBZ5GXT08foyDg9FMbSPKHR1P09keFIqVEUmM4I64Gar03M/2qdVIfnXsZEkmoqyGxRmHKkYzTJAfWYpETzkQFMJDO3IjLAEhNt0iqaENz5Ly9Cs1pxTyrVu9Ny7SqPowAHcAjH4MIZ1OAW6tAAAo/wDK/wZj1ZL9a79TFrXbLymX34I+vzBzVLkqw=</latexit>

E1 = A1
<latexit sha1_base64="2hCO7AhmWV2M8W/KZJyAgQ5mpMU=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9lUQS9CVQSPFewHtMuSTbNtaDa7JFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NJxqihr0ljEqhMQzQSXrGm4EayTKEaiQLB2MLqd+u0npjSP5aMZJ8yLyEDykFNirNS+8/HVtY/9csWtujOgZYJzUoEcDb/81evHNI2YNFQQrbvYTYyXEWU4FWxS6qWaJYSOyIB1LZUkYtrLZudO0IlV+iiMlS1p0Ez9PZGRSOtxFNjOiJihXvSm4n9eNzXhpZdxmaSGSTpfFKYCmRhNf0d9rhg1YmwJoYrbWxEdEkWosQmVbAh48eVl0qpV8Vm19nBeqd/kcRThCI7hFDBcQB3uoQFNoDCCZ3iFNydxXpx352PeWnDymUP4A+fzB/Erjqc=</latexit>

...

...



bilinear	rela;ons	of	(2,2)	model 30/36

Structure	of	q-Painlevé	VI	equaVons																					:

For	each	choice	of	two	direcVons	(i,j)	in																																														and
three	signs (�1,�2,�3) 2 {(+ + +), (+��), (�+�), (��+)}

<latexit sha1_base64="zjLGv7/+8FdeUOVhptEQwYPq7fM=">AAACJ3icbZBdSwJBFIZn7cvsa6vLboYkUFZlV4O6CqmbLg1SA1dkdhx1cHZ2mZkNZPHfdNNf6SaoiLrsnzSrG5R2YDgP7zmHM+f1Qkalsu1PI7Oyura+kd3MbW3v7O6Z+wctGUQCkyYOWCDuPCQJo5w0FVWM3IWCIN9jpO2Nr5J6+54ISQN+qyYh6fpoyOmAYqS01DMvCq6kQx/1nFIK1R+oFV3KoRsXLMsqlmDBKpeTVLbmqWwV3WnPzNsVexZwGZwU8iCNRs98cfsBjnzCFWZIyo5jh6obI6EoZmSacyNJQoTHaEg6GjnyiezGszun8EQrfTgIhH5cwZn6eyJGvpQT39OdPlIjuVhLxP9qnUgNzrsx5WGkCMfzRYOIQRXAxDTYp4JgxSYaEBZU/xXiERIIK21tTpvgLJ68DK1qxalVqjen+fplakcWHIFjUAAOOAN1cA0aoAkweABP4BW8GY/Gs/FufMxbM0Y6cwj+hPH1DWWvn/k=</latexit>

~v = (M0,M1,M3, Z1, Z3)
<latexit sha1_base64="BDFkT7inyx6RoaCqF8erBCrqSL0=">AAACBnicbVDLSgMxFM34rPU16lKEYBEqlDLTCroRim7cFCrYB22HIZNm2tBMZkgyhTJ05cZfceNCEbd+gzv/xrSdhbYeuORwzr3c3ONFjEplWd/Gyura+sZmZiu7vbO7t28eHDZkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q1vp35zRISkIX9Q44g4Aepz6lOMlJZc86Q7IjgZTa7zVdcqVF1bV7nQ1m/bLZ+7Zs4qWjPAZWKnJAdS1Fzzq9sLcRwQrjBDUnZsK1JOgoSimJFJthtLEiE8RH3S0ZSjgEgnmZ0xgWda6UE/FLq4gjP190SCAinHgac7A6QGctGbiv95nVj5V05CeRQrwvF8kR8zqEI4zQT2qCBYsbEmCAuq/wrxAAmElU4uq0OwF09eJo1S0S4XS/cXucpNGkcGHINTkAc2uAQVcAdqoA4weATP4BW8GU/Gi/FufMxbV4x05gj8gfH5A29bloU=</latexit>

N
<latexit sha1_base64="FUcBaOutMug4qVqfNLwic8W1axE=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54kAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWP5YMYJ+hEdSB5yRo2V6ve9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexflSv2yVL3J4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD6ffjNY=</latexit>

N +M0 +M1 + k
<latexit sha1_base64="qmb+6T01dI5d5y0LymjPy3pZDR0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRZBKJTdKuix6MWLUsHawnYp2TTbhmaTJckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g0ctU0Voi0guVSfEmnImaMsww2knURTHIaftcHQ99dtPVGkmxYMZJzSI8UCwiBFsrOTfVW97ri2vOuqVK27NnQEtEy8nFcjR7JW/un1J0pgKQzjW2vfcxAQZVoYRTielbqppgskID6hvqcAx1UE2O3mCTqzSR5FUtoRBM/X3RIZjrcdxaDtjbIZ60ZuK/3l+aqLLIGMiSQ0VZL4oSjkyEk3/R32mKDF8bAkmitlbERlihYmxKZVsCN7iy8vksV7zzmr1+/NK4yqPowhHcAyn4MEFNOAGmtACAhKe4RXeHOO8OO/Ox7y14OQzh/AHzucPKfSP3w==</latexit>

N + 2M0 + 2k
<latexit sha1_base64="faZqZG/d/IhKTh5Wg4S7t81dHtA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBKJTdKuix6MWLUsF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3kVlbX1jfym4Wt7Z3dveL+QVNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHQ99VtPVGkWyQczjqkv8ECykBFsrPR4V67e9txyddQrltyKOwNaJl5GSpCh3it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSyUWVPvp7OAJOrFKH4WRsiUNmqm/J1IstB6LwHYKbIZ60ZuK/3mdxISXfspknBgqyXxRmHBkIjT9HvWZosTwsSWYKGZvRWSIFSbGZlSwIXiLLy+TZrXinVWq9+el2lUWRx6O4BhOwYMLqMEN1KEBBAQ8wyu8Ocp5cd6dj3lrzslmDuEPnM8f4dWPJw==</latexit>

N +M0 +M3 + k
<latexit sha1_base64="Zb3cvter10M/1CVAaIDs5n0C1X0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIsgFMpuK+ix6MWLUsF+wHYp2TTbhmaTJZkVSunP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88JEcAOu++3k1tY3Nrfy24Wd3b39g+LhUcuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYORzczv/3EtOFKPsI4YUFMBpJHnBKwkn9fvuu5tmrlUa9YcivuHHiVeBkpoQyNXvGr21c0jZkEKogxvucmEEyIBk4Fmxa6qWEJoSMyYL6lksTMBJP5yVN8ZpU+jpS2JQHP1d8TExIbM45D2xkTGJplbyb+5/kpRFfBhMskBSbpYlGUCgwKz/7Hfa4ZBTG2hFDN7a2YDokmFGxKBRuCt/zyKmlVK16tUn24KNWvszjy6ASdonPkoUtUR7eogZqIIoWe0St6c8B5cd6dj0VrzslmjtEfOJ8/LQCP4Q==</latexit>

Z1
<latexit sha1_base64="x7p3761RoBZBjFVyTF7mNEr5cuo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/cA2lM120y7dbMLuRCihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFrp/rHn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxTuvVO8uyrXrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AHfO42G</latexit>

Z3
<latexit sha1_base64="Y8QmH3Wi0WY/nmroN4FeVTyKX/Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiPChswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kONiA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

(vi, vj) + ( 12 ,�
1
2 )

<latexit sha1_base64="VIFPo23dk5Txub2b9ntF1LMg39c=">AAACJ3icbVDJSgNBEO1xN25Rj14agxAxhpko6EmCXjxGMFFIwtDTqYmtPQvdNcEwzN948Ve8CCqiR//EznKIy4OCx3tVVNXzYik02vanNTU9Mzs3v7CYW1peWV3Lr280dJQoDnUeyUhde0yDFCHUUaCE61gBCzwJV97d2cC/6oHSIgovsR9DO2DdUPiCMzSSmz8p9lxR6rm3u3vFtIVwjxr7EmjLV4ynTpZWsqw0aexPOrtuvmCX7SHoX+KMSYGMUXPzL61OxJMAQuSSad107BjbKVMouIQs10o0xIzfsS40DQ1ZALqdDv/M6I5ROtSPlKkQ6VCdnEhZoHU/8ExnwPBG//YG4n9eM0H/uJ2KME4QQj5a5CeSYkQHodGOUMBR9g1hXAlzK+U3zOSAJtqcCcH5/fJf0qiUnYNy5eKwUD0dx7FAtsg2KRKHHJEqOSc1UiecPJAn8krerEfr2Xq3PkatU9Z4ZpP8gPX1DXY1plQ=</latexit>

(vi, vj) + ( 12 ,
1
2 )

<latexit sha1_base64="X0b6RhIEib4eDLVozM/LH+j0ufY=">AAACJnicdVDLSgNBEJyN7/iKevQyGISIIexGQS9C0ItHBROFJCyzk95kzOyDmd5gWPZrvPgrXjwoIt78FCcxB41a0FBUddPd5cVSaLTtdys3Mzs3v7C4lF9eWV1bL2xsNnSUKA51HslI3XhMgxQh1FGghJtYAQs8Cdde/2zkXw9AaRGFVziMoR2wbih8wRkayS2clAauKA/c2739UtpCuEONQwm05SvGUydLq1lW/s/YcwtFu2KPQX8TZ0KKZIILt/Dc6kQ8CSBELpnWTceOsZ0yhYJLyPKtREPMeJ91oWloyALQ7XT8ZkZ3jdKhfqRMhUjH6veJlAVaDwPPdAYMe3raG4l/ec0E/eN2KsI4QQj51yI/kRQjOsqMdoQCjnJoCONKmFsp7zGTA5pk8yYEZ/rl36RRrTgHlerlYbF2OoljkWyTHVIiDjkiNXJOLkidcHJPHskzebEerCfr1Xr7as1Zk5kt8gPWxyf4E6Yd</latexit>

(vk, vl, vm) + (�1
2 , �2

2 , �3
2 )

<latexit sha1_base64="YsMNkXWcEnz6Zf0ezoGW8dXEJt4=">AAACWHichZFLSwMxFIUz46vWV61LN8EiVJQy0wq6FN24VLAqdMqQSe/U0GRmSO4UyzB/UnChf8WNae3CJ164cDjfvSQ5iTIpDHrei+MuLC4tr1RWq2vrG5tbte36rUlzzaHLU5nq+4gZkCKBLgqUcJ9pYCqScBeNLqb8bgzaiDS5wUkGfcWGiYgFZ2itsJY2x+HoaBxK2+rgsFkECI9ocCKBBrFmvAiMGCoW+mXRLsujP3n7H96Z8YOw1vBa3qzoT+HPRYPM6yqsPQWDlOcKEuSSGdPzvQz7BdMouISyGuQGMsZHbAg9KxOmwPSLWTAl3bfOgMaptp0gnbmfNwqmjJmoyE4qhg/mO5uav7FejvFpvxBJliMk/OOgOJcUUzpNmQ6EBo5yYgXjWti7Uv7AbBxo/6JqQ/C/P/mnuG23/E6rfX3cODufx1Ehu2SPNIlPTsgZuSRXpEs4eSZvzqKz5Ly6xF1xVz9GXWe+s0O+lFt/B+eKtdE=</latexit>

(read	off	from	[Jimbo,Nagoya,Sakai,'17])

Our	conjecture:

(q = e
2⇡i
k )

<latexit sha1_base64="KDRAYkZKVSkefO3sVdRdRs7swc0=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZmpgm6EohuXFewDOmPJpJk2NJMZk4xQwnyAG3/FjQtF3PoB7vwbM+0stPVA4HDOueTe48eMSmXb31ZhaXllda24XtrY3NreKe/utWWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjj68yv/NAhKQRv1WTmHghGnIaUIyUkfrlStUNkRoFAo31fXpB7rRrONZ1N6aQpnqcpscmZdfsKeAicXJSATma/fKXO4hwEhKuMENS9hw7Vp5GQlHMSFpyE0lihMdoSHqGchQS6enpMSk8MsoABpEwjys4VX9PaBRKOQl9k8w2l/NeJv7n9RIVnHua8jhRhOPZR0HCoIpg1gwcUEGwYhNDEBbU7ArxCJkylOmvZEpw5k9eJO16zTmp1W9OK43LvI4iOACHoAoccAYa4Bo0QQtg8AiewSt4s56sF+vd+phFC1Y+sw/+wPr8ASP/m6w=</latexit>

⌧~v ⇠ ⌅k,~v() =
1X

N=0

N Zk,~v(N)

Zk,~v(N = 0)
<latexit sha1_base64="XopqOUItjg0J8d/tJC30n2UvOuk="></latexit>

�
Y

±
⌧~v±shift1 +�

Y

±
⌧~v±shift2 +�

Y

±
⌧~v±shift3 = 0

<latexit sha1_base64="ooY7goua/1dpQ0jsSmR5q1Js7ug=">AAAChXicnVHLSgMxFM2Mj9b6qrp0EyyCIJaZKupGLLpxWcFWoVOGTHqnDc08SO4UyzB/4le5829MHwu1bvRA4HDOPSQ5N0il0Og4H5a9srq2XipvVDa3tnd2q3v7HZ1kikObJzJRLwHTIEUMbRQo4SVVwKJAwnMwup/6z2NQWiTxE05S6EVsEItQcIZG8qtvXiAGXChOvVQlfd9LI+ohy/zcGwPPx8VcgFfM9VCE6BZF5fSPmcY/MudFceP41ZpTd2agy8RdkBpZoOVX371+wrMIYuSSad11nRR7OVMouISi4mUaUsZHbABdQ2MWge7lsxYLemyUPg0TZU6MdKZ+TeQs0noSBWYyYjjUP72p+JvXzTC87uUiTjOEmM8vCjNJMaHTldC+UMBRTgxhXAnzV sqHTDGOZnEVU4L788vLpNOou+f1xuNFrXm3qKNMDskROSEuuSJN8kBapE24ZVsnlms17JJ9Zl/Yl/NR21pkDsg32LefH17GRA==</latexit>

saVsfies	40	equaVons with	some	κ-indep.	coefficients �0s
<latexit sha1_base64="1/dHKNEP07Dxv+LmZq43zNry/gY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ6KkkV9Fj04rGC/cA2lM120i7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGis9dgM+YFyxM90rld2KOwNZJl5OypCj3it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bXTwhp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ITXfsZlkhqUbL4oTAUxMZm+T/pcITNibAllittbCRtSRZmxIRVtCN7iy8ukWa14F5Xq/WW5dpPHUYBjOIFz8OAKanAHdWgAAwnP8ApvjnZenHfnY9664uQzR/AHzucPTGuQqw==</latexit>

In	[BGKTN,'22]	we	checked												against	exact	values	of																,	and	parVally	fixedZk,~v(N)
<latexit sha1_base64="i7lDRz22TYUfTpjte0SQJO9ttk8=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEqSEmqoMuiG1dSwT6wDWEynbRDJw9mJoES8iduXCji1j9x5984bbPQ1gMXDufcy733eDFnUlnWt7Gyura+sVnaKm/v7O7tmweHbRklgtAWiXgkuh6WlLOQthRTnHZjQXHgcdrxxrdTv5NSIVkUPqpJTJ0AD0PmM4KVllzTfHKz8Xk/pSRL87x6f+aaFatmzYCWiV2QChRouuZXfxCRJKChIhxL2bOtWDkZFooRTvNyP5E0xmSMh7SnaYgDKp1sdnmOTrUyQH4kdIUKzdTfExkOpJwEnu4MsBrJRW8q/uf1EuVfOxkL40TRkMwX+QlHKkLTGNCACUoUn2iCiWD6VkRGWGCidFhlHYK9+PIyaddr9kWt/nBZadwUcZTgGE6gCjZcQQPuoAktIJDCM7zCm5EZL8a78TFvXTGKmSP4A+PzBwEMkz4=</latexit>

�0s
<latexit sha1_base64="1/dHKNEP07Dxv+LmZq43zNry/gY=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ6KkkV9Fj04rGC/cA2lM120i7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LBjBP0IzqQPOSMGis9dgM+YFyxM90rld2KOwNZJl5OypCj3it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bXTwhp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1ITXfsZlkhqUbL4oTAUxMZm+T/pcITNibAllittbCRtSRZmxIRVtCN7iy8ukWa14F5Xq/WW5dpPHUYBjOIFz8OAKanAHdWgAAwnP8ApvjnZenHfnY9664uQzR/AHzucPTGuQqw==</latexit>



How	about	Z(N=0)? 31/36

So	far	we	have	omiqed	Z(N=0)	since	it	is	not	related	to	quantum	curve

Z

Z(N = 0)
=

1

N !

Z
dNx

(2⇡)N
det
i,j

hxi|⇢̂|xji
<latexit sha1_base64="ft3JkzAtdKKVDFmwCL9XwvKhutg="></latexit>

However

ZABJM
k,M (N = 0) = ZCS(k,M) =

1

k
M
2

Y

j>j0

2 sin
⇡(j � j0)

k
<latexit sha1_base64="3EbuFv7ooNYmlO8KBfgwLoojdGE="></latexit>

ZCS(k,M + 1)ZCS(k,M � 1) =
⇣
2 sin

⇡M

k

⌘
ZCS(k,M)2

<latexit sha1_base64="0umJljly2BZmpWqCeZlmpOa3BQ8="></latexit>

U(N)k
<latexit sha1_base64="+t+MCM39WPTekB4dsso+xlOBbGY="></latexit>

U(N +M)�k
<latexit sha1_base64="3x8yQexOjHY+HkR6ja63zrSJRmY="></latexit>

:	q-Painlevé	III				equaVon!3



qPVI	eqs	for	unnormalized	grand	par;;on	func;on 32/36

Bilinear	relaVons	of																		are	viewed	as	uplie	of	this	to	κ	≠	0	:

The	same	relaVon	holds	for	q-Painlevé	VI	and	(2,2)	model	!

Z3
<latexit sha1_base64="Y8QmH3Wi0WY/nmroN4FeVTyKX/Y=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiPChswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJYPZpygH9GB5CFn1Fjp/rFX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8A4kONiA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit>

0
<latexit sha1_base64="rsPGDo38dCUrLsAt/ftnosrChUA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPemeMuA==</latexit> �Z1

<latexit sha1_base64="1UEt1ZrpNxvKSONpZGfTj61EdZU=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FfRY9OKxgv3AdinZNNuGJtklyQpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3md56o0iySD2YaU1/gkWQhI9hk0sXjwBuUK27VnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrlW9erV2f1lp3ORxFOEETuEcPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHSO2NvQ==</latexit>

k �M1 �M3
<latexit sha1_base64="2CAW9votDpNdQb5sP6z7HFtbFPM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix6MWLUMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHwz89tPVGkWyQcziakv8FCykBFsrPQ4vrjre7aq/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeOWnTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmlVyl61XLmvlerXWRx5OIFTOAcPLqEOt9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwAvTo9Z</latexit>

k �M0 �M3
<latexit sha1_base64="mmyrYWy76EODXLJynmRBTtOXDHI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix6MWLUMF+SLuUbJptQ5PskmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHwz89tPVGkWyQcziakv8FCykBFsrPQ4vrjru7aq/WLJLbtzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeOWnTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmlVyl61XLmvlerXWRx5OIFTOAcPLqEOt9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwAtxo9Y</latexit>

k +M0 �M3
<latexit sha1_base64="k1zishsIdRx3kGz8Jmcv58wTbuc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSIIYtltBT0WvXgpVLAf0i5LNs22oUl2SbJCKf0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjsrq2vrG5u5rfz2zu7efuHgsKnjVBHaIDGPVTvEmnImacMww2k7URSLkNNWOLyd+q0nqjSL5YMZJdQXuC9ZxAg2VnocntcC96IWVIJC0S25M6Bl4mWkCBnqQeGr24tJKqg0hGOtO56bGH+MlWGE00m+m2qaYDLEfdqxVGJBtT+eHTxBp1bpoShWtqRBM/X3xBgLrUcitJ0Cm4Fe9Kbif14nNdG1P2YySQ2VZL4oSjkyMZp+j3pMUWL4yBJMFLO3IjLAChNjM8rbELzFl5dJs1zyKqXy/WWxepPFkYNjOIEz8OAKqnAHdWgAAQHP8ApvjnJenHfnY9664mQzR/AHzucPKrCPVg==</latexit>

L1
<latexit sha1_base64="vVJZumWKo0QoKJ2h/djGgmIRvgQ=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvM5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/loxkn6Ed0IHnIGTVWerjreb1S2a24M5Bl4uWkDDnqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZqRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTtGG4C2+vEya1Yp3XqneX5Rr13kcBTiGEzgDDy6hBrdQhwYwGMAzvMKbI5wX5935mLeuOPnMEfyB8/kDyeeNeA==</latexit>

L
<latexit sha1_base64="QE9oDXOSeRcavWmZZHNQHB2S4vk=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioGXQxsIiAfMByRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyWD2acoB/RgeQhZ9RYqX7fK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpqVsndRrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCk14zU</latexit> L2

<latexit sha1_base64="kEvLwC5MMnbljZ6h7r7xAkLNFGE=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhENB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5up33ri2ohYPeI44X5EB0qEglG00sNdr9orld2KOwNZJl5OypCj3it9dfsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHUkUjbvxsduqEnFqlT8JY21JIZurviYxGxoyjwHZGFIdm0ZuK/3mdFMMrPxMqSZErNl8UppJgTKZ/k77QnKEcW0KZFvZWwoZUU4Y2naINwVt8eZk0qxXvvFK9vyjXrvM4CnAMJ3AGHlxCDW6hDg1gMIBneIU3RzovzrvzMW9dcfKZI/gD5/MHy2uNeQ==</latexit>= = =

{�} = {2⇡(L1+1
2 � t)}L1

t=1 [ {2⇡(L2+1
2 � t� Z3)}L2

t=1
<latexit sha1_base64="yHFIFQf60uduapQVFTTiUA2Tn2Y="></latexit>

Z~v(N = 0) = ZCS(L1)ZCS(L2)

⇥
L
det
r,s

h 1

2 sin⇡(L1+L2
2 � L+ Z1 + r + s)

X

�

e
i(L+1�Z1�r�s)�

k

Q
�0( 6=�) 2 sin

���0

2k

i

<latexit sha1_base64="5ojb0ixSVnA3GFadjQ3kwAmPg04="></latexit>

⌅k,~v()
<latexit sha1_base64="n/fUowUemNc/B7RABoK0MRVMwSY=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARKkhJqqDLohuXFewDmhAm00k7dDIZZiaFErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+8JBaNKO863tbK6tr6xWdoqb+/s7u3bB4dtlaQSkxZOWCK7IVKEUU5ammpGukISFIeMdMLR3dTvjIlUNOGPeiKIH6MBpxHFSBspsI+9Lg2y0YU3Jjgb53nVGyEh0HlgV5yaMwNcJm5BKqBAM7C/vH6C05hwjRlSquc6QvsZkppiRvKylyoiEB6hAekZylFMlJ/NHsjhmVH6MEqkKa7hTP09kaFYqUkcms4Y6aFa9Kbif14v1dGNn1EuUk04ni+KUgZ1AqdpwD6VBGs2MQRhSc2tEA+RRFibzMomBHfx5WXSrtfcy1r94arSuC3iKIETcAqqwAXXoAHuQRO0AAY5eAav4M16sl6sd+tj3rpiFTNH4A+szx+RipZi</latexit>

�
Y

±
⌅un
k,~v±shift1() +�

Y

±
⌅un
k,~v±shift2(�) +�

Y

±
⌅un
k,~v±shift3(⌥i) = 0

<latexit sha1_base64="WbhVYZ044DmfPk41KON+4lRV22Q="></latexit>

�
Y

±
Z~v±shift1(N = 0) +�

Y

±
Z~v±shift2(N = 0) +�

Y

±
Z~v±shift3(N = 0) = 0

<latexit sha1_base64="6HpiVNj4kyyvdEiGxw5MBQJT7WY="></latexit>

⌅un
k,~v() =

1X

N=0

NZk,~v(N)
<latexit sha1_base64="ZgMncAiLqTpQFwaVYnWxNLpUTZs="></latexit>

For	(2,2)	model,	this	approach	is	essenVal	in	finding	bilinear	relaVons	with	κ	≠	0.

[MN,'23]



Plan	of	talk

3.	q-discrete	Painlevé	equaVons

4.	Future	problems

1.	M2-branes	and	Fermi	gas	formalism

2.	Quantum	curve	and	symmetries
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M2	parVVon	funcVons	solve	q-Painlevé	equaVons						(														,		"Vme"													)

Fermi	gas	formalism:

Symmetry	of	curve	=	Hanany-Wiqen	duality	(+	α)

prescripVon:			idenVfy	symmetry	W(G)	and	curve	with	those	in	Sakai	classificaVon

quantum	curves

⌧qPX ⇠
<latexit sha1_base64="4x+NSMFIIfIgH/YIy28nmIuBFLQ=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCq5JUQZdFNy4r2Ac0sUymk3bozCTO3IglBPwVNy4Ucet3uPNvnD4W2nrgwuGce7n3njDhTIPrfluFpeWV1bXiemljc2t7x97da+o4VYQ2SMxj1Q6xppxJ2gAGnLYTRbEIOW2Fw6ux33qgSrNY3sIooYHAfckiRjAYqWsf+IDTu8wH+gjZfb2d575momuX3Yo7gbNIvBkpoxnqXfvL78UkFVQC4VjrjucmEGRYASOc5iU/1TTBZIj7tGOoxILqIJucnzvHRuk5UaxMSXAm6u+JDAutRyI0nQLDQM97Y/E/r5NCdBFkTCYpUEmmi6KUOxA74yycHlOUAB8Zgoli5laHDLDCBExiJROCN//yImlWK95ppXpzVq5dzuIookN0hE6Qh85RDV2jOmoggjL0jF7Rm/VkvVjv1se0tWDNZvbRH1ifP0XgllQ=</latexit>

Ô =
X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="mTTOJLI9rLaE15sFu4I2pb/1F1k=">AAACIHicbVBLSwMxGMzWV62vVY9egkUQlLJbhXoRil68WcE+oFtLNk3b0CS7JFmxLPkpXvwrXjwoojf9NaaPg7YOhAwz85F8E8aMKu15X05mYXFpeSW7mltb39jccrd3aipKJCZVHLFINkKkCKOCVDXVjDRiSRAPGamHg8uRX78nUtFI3OphTFoc9QTtUoy0ldpuKQ36SMM0wIjBa2POA5XwdsqPhcH2EobcpXySeTBHYsJiY9pu3it4Y8B54k9JHkxRabufQSfCCSdCY4aUavperFspkppiRkwuSBSJER6gHmlaKhAnqpWOFzTwwCod2I2kPULDsfp7IkVcqSEPbZIj3Vez3kj8z2smunvWSqmIE00EnjzUTRjUERy1BTtUEqzZ0BKEJbV/hbiPJMLadpqzJfizK8+TWrHgnxSKN6f58sW0jizYA/vgEPigBMrgClRAFWDwCJ7BK3hznpwX5935mEQzznRmF/yB8/0Dcm2kZQ==</latexit>

(normalized)	M2	parVVon	funcVons

⌅() = Det(1 + Ô)
<latexit sha1_base64="SaGf7xMOAKWNiur+L4tJaZfyofE=">AAACGHicbVDJSgNBEO1xN25Rj14agxAR4owKehFEPXhTwWggE0JNp2Ka9Cx014hhmM/w4q948aCIV2/+jZ3l4Pag4PFeFVX1gkRJQ6776YyNT0xOTc/MFubmFxaXissr1yZOtcCqiFWsawEYVDLCKklSWEs0QhgovAm6J33/5g61kXF0Rb0EGyHcRrItBZCVmsVtvybLfheSBDYPfcJ7yk6R8rK3NRQzvwPEM1+A4ud5vtksltyKOwD/S7wRKbERLprFD78VizTEiIQCY+qem1AjA01SKMwLfmowAdGFW6xbGkGIppENHsv5hlVavB1rWxHxgfp9IoPQmF4Y2M4QqGN+e33xP6+eUvugkckoSQkjMVzUThWnmPdT4i2pUZDqWQJCS3srFx3QIMhmWbAheL9f/kuudyrebmXncq90dDyKY4atsXVWZh7bZ0fsjF2wKhPsgT2xF/bqPDrPzpvzPmwdc0Yzq+wHnI8vqg2fiQ==</latexit>

grand	parVVon	funcVon

Z(N=0)	also	solve	q-Painlevé	equaVons,	although	they	are	not	related	to	quantum	curves

Ô
<latexit sha1_base64="9FSQhQcO4WzkNKi2q0klv4wpU/I="></latexit>

q ⇠ e
⇡i
k

<latexit sha1_base64="H74cLi4UVEztFCENvrO/ejSIHHE="></latexit>

⇠ �Ni
<latexit sha1_base64="p98bwyEY+CWRZoesVoBR30pZcMk="></latexit>

determine							for	general	rank/FI	deformaVons
D3

NS5(1,k)5
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ie
⇡iM

k ⌅M+1(�i)⌅M�1(i) + ⌅M ()2 � e
2⇡iM

k ⌅M (�)2 = 0
<latexit sha1_base64="QdJqXd4pUd9z9jB/rux/vfkZNPc="></latexit>

⌅M () =
1X

N=0

NZU(N)k⇥U(N+M)�k

<latexit sha1_base64="p95EMsL3MEr1W1FjkRbd4k5+M3M="></latexit>

For	ABJM	theory

Can	be	solved	recursively	in	M	!

⌅0,⌅1
<latexit sha1_base64="erJ+xZ1rNja0ddkRej30JGqkI8g=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgQspMFXRZdOOygn3AdCiZNNOGZpIhyQhl6Ge4caGIW7/GnX9jpp2Fth5IOJxzL/feEyacaeO6305pbX1jc6u8XdnZ3ds/qB4edbRMFaFtIrlUvRBrypmgbcMMp71EURyHnHbDyV3ud5+o0kyKRzNNaBDjkWARI9hYye/32MC9yH9vUK25dXcOtEq8gtSgQGtQ/eoPJUljKgzhWGvfcxMTZFgZRjidVfqppgkmEzyivqUCx1QH2XzlGTqzyhBFUtknDJqrvzsyHGs9jUNbGWMz1steLv7n+amJboKMiSQ1VJDFoCjlyEiU34+GTFFi+NQSTBSzuyIyxgoTY1Oq2BC85ZNXSadR9y7rjYerWvO2iKMMJ3AK5+DBNTThHlrQBgISnuEV3hzjvDjvzseitOQUPcfwB87nDwsckHE=</latexit>

⌅M
<latexit sha1_base64="2+vzLnE7dZxUIpcrb+iexGxLRxc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiFy9CBdMW2lA220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48auokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3c781hMqzRP5aMYpBjEdSB5xRo2V/G6b9+575Ypbdecgq8TLSQVyNHrlr24/YVmM0jBBte54bmqCCVWGM4HTUjfTmFI2ogPsWCppjDqYzI+dkjOr9EmUKFvSkLn6e2JCY63HcWg7Y2qGetmbif95ncxE18GEyzQzKNliUZQJYhIy+5z0uUJmxNgSyhS3txI2pIoyY/Mp2RC85ZdXSbNW9S6qtYfLSv0mj6MIJ3AK5+DBFdThDhrgAwMOz/AKb450Xpx352PRWnDymWP4A+fzB329jnk=</latexit>

for	all	M	≥	2

M

N

?

Can	we	solve	recursively	in	N	(possibly	with	addiVonal	constraints)?

k
...
...

......

...

...

X

`,m�0
(`+m=N)

[i(�1)`ZM+1(`)ZM�1(m) + (�e
⇡iM

k � (�1)ne�
⇡iM

k )ZM (`)ZM (m)] = 0

<latexit sha1_base64="DwqZH5t4ASttGGMApCyXDEem5HY="></latexit>

[Moriyama,TN,work	in	progress]
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-	Mass	(R-charge)	deformaVons?

-	Longer	circular	quivers	/														circular	quivers?N = 3
<latexit sha1_base64="qS/5LOh4GS0AZK/soC7pArLbinI=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd1E0IsQ9OJJIpgHJkuYnUySIbOzy0yvEJb8hRcPinj1b7z5N06SPWhiQUNR1U13VxBLYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBRohmvs0hGuhVQw6VQvI4CJW/FmtMwkLwZjG6mfvOJayMi9YDjmPshHSjRF4yilR7TDqOS3E2uKt1C0S25M5Bl4mWkCBlq3cJXpxexJOQKmaTGtD03Rj+lGgWTfJLvJIbHlI3ogLctVTTkxk9nF0/IqVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItP3SU9ozlCOLaFMC3srYUOqKUMbUt6G4C2+vEwa5ZJXKZXvz4vV6yyOHBzDCZyBBxdQhVuoQR0YKHiGV3hzjPPivDsf89YVJ5s5gj9wPn8Ar8CQRA==</latexit>

(1, k1)
<latexit sha1_base64="qw8W+Z/VvAu/hGalFJPS3QZjEhQ=">AAACAXicbVDLSgNBEJyNrxhfq14EL4tBiCBhNwp6DHrxGME8IAlhdrY3GTL7YKZXDEu8+CtePCji1b/w5t842eSgiQUNRVX39HS5seAKbfvbyC0tr6yu5dcLG5tb2zvm7l5DRYlkUGeRiGTLpQoED6GOHAW0Ygk0cAU03eH1xG/eg1Q8Cu9wFEM3oP2Q+5xR1FLPPOggPGD2TirBG6cl53TYc07GPbNol+0M1iJxZqRIZqj1zK+OF7EkgBCZoEq1HTvGbkolciZgXOgkCmLKhrQPbU1DGoDqptnmsXWsFc/yI6krRCtTf0+kNFBqFLi6M6A4UPPeRPzPayfoX3ZTHsYJQsimi/xEWBhZkzgsj0tgKEaaUCa5/qvFBlRShjq0gg7BmT95kTQqZeesXLk9L1avZnHkySE5IiXikAtSJTekRuqEkUfyTF7Jm/FkvBjvxse0NWfMZvbJHxifPzEblrM=</latexit>

(1, k2)
<latexit sha1_base64="XLMqwyGD6+O9PliJkpGEzgeM+q0="></latexit>

(1, k3)
<latexit sha1_base64="o5XPLvUmFEZbCppQYQu8xxCjqFo="></latexit>

(1, k4)
<latexit sha1_base64="gPPLw2jovf2KrWB9znBN9L73HfA="></latexit>

-	Other	observables	on							?S3
<latexit sha1_base64="SgswK20EjZM/eT+9SDTBnHQ3cic=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV0w0SPRi0cM8khgJbNDL0yYnd3MzJoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSATXxnW/nbX1jc2t7dxOfndv/+CwcHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHssHM07Qj+hA8pAzaqxUrz9WeoWiW3LnIKvEy0gRMtR6ha9uP2ZphNIwQbXueG5i/AlVhjOB03w31ZhQNqID7FgqaYTan8xPnZJzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTydsQvOWXV0mzXPIqpfL9ZbF6k8WRg1M4gwvw4AqqcAc1aACDATzDK7w5wnlx3p2PReuak82cwB84nz/WFI2A</latexit>
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1

Na!

Z
dNa�(a)

i

(2⇡)Na

LY

a=1

e
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i=1(�
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i<j(2 sinh
�(a)
i ��(a)

j

2 )2

QNa

i=1
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j=1 2 cosh
�(a)
i ��(a+1)

j �⇠a
2

<latexit sha1_base64="Y4j8i9pB0j0H4yS2kDW6ks89hGo="></latexit>
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,			q-PIII			eq	→			generalizaVon	of	ν-site	q-Toda	eq3
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might	be	useful	in	understanding	phase	transiVon

[Honda,TN,Shimizu,Terashima,'18]

[TN,'20]
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Precision	holography	(not	this	talk)

-	1/N	non-perturbaVve			:	closed	M2	wrapped	on

-																:	higher	derivaVve	terms	[Bobev,Charles,Hristov,Reys]

-	Proposals	for	Airy			:	SUGRA	localizaVon	[Dabholkar,Drukker,Gomes]

-																		:	graviton	1-loop	[Bhaqacharyya,Grassi,Marino,Sen]

Airy

[Cagnazzo,Sorokin,Wulff][Becker,Becker,Strominger][Drukker,Marino,Putrov]	
[Gautason,Pule{,vanMuiden]
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parVal	gravitaVonal	path	integral	[Caputa,Hirano]
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