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Introduc.on 2/25

(ii)	Useful	as	generaDng	funcDon	of	correlators
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<latexit sha1_base64="YKDVMDNYLyDbyyFYcB8Ln5o89WY="></latexit>

(i)	Useful	for	precision	holography [Bobev,Charles,Hong,Hristov,Reys,...]

input	for	conformal	bootstrap
[Agmon,Chester,Pufu,'17][Alday,Chester,Raj,'22]...

can	study	M-theory	through	large	N	expansion

mass	=	non-conformal	deformaDon	of AdS4 ⇥ S7/Zk
<latexit sha1_base64="h9c8W6EhruubEbCPE1o75beAimk=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxhLtIgkfUi0cM8ogsktlhgAmzj8z0GslmP8CLv+LFg8Z49QO8+TfOwh4UrKSTSlV3urucQHAFpvltZJaWV1bXsuu5jc2t7Z387l5T+aGkrEF94cu2QxQT3GMN4CBYO5CMuI5gLWd8mfiteyYV970bmASs65KhxwecEtBSL1+wgT1AdN6vx72yDdxlCtfvKie2S2DkONFt3BvrLrNoToEXiZWSAkpR6+W/7L5PQ5d5QAVRqmOZAXQjIoFTweKcHSoWEDomQ9bR1CN6azeaPhPjI6308cCXujzAU/X3RERcpSauozuTG9W8l4j/eZ0QBmfdiHtBCMyjs0WDUGDwcZIM7nPJKIiJJoRKrm/FdEQkoaDzy+kQrPmXF0mzVLROi6XrcqF6kcaRRQfoEB0jC1VQFV2hGmogih7RM3pFb8aT8WK8Gx+z1oyRzuyjPzA+fwCNQptM</latexit>

(small	pure	imaginary	mass)

[Freedman,Pufu,'13][Gautason,PuleZ,van	Muiden,'23]

AdS4 ⇥ S7/Zk
<latexit sha1_base64="h9c8W6EhruubEbCPE1o75beAimk=">AAACDHicbVDLTgJBEJzFF+IL9ehlIjHxhLtIgkfUi0cM8ogsktlhgAmzj8z0GslmP8CLv+LFg8Z49QO8+TfOwh4UrKSTSlV3urucQHAFpvltZJaWV1bXsuu5jc2t7Z387l5T+aGkrEF94cu2QxQT3GMN4CBYO5CMuI5gLWd8mfiteyYV970bmASs65KhxwecEtBSL1+wgT1AdN6vx72yDdxlCtfvKie2S2DkONFt3BvrLrNoToEXiZWSAkpR6+W/7L5PQ5d5QAVRqmOZAXQjIoFTweKcHSoWEDomQ9bR1CN6azeaPhPjI6308cCXujzAU/X3RERcpSauozuTG9W8l4j/eZ0QBmfdiHtBCMyjs0WDUGDwcZIM7nPJKIiJJoRKrm/FdEQkoaDzy+kQrPmXF0mzVLROi6XrcqF6kcaRRQfoEB0jC1VQFV2hGmogih7RM3pFb8aT8WK8Gx+z1oyRzuyjPzA+fwCNQptM</latexit>

ABJM

SO(6)			currentsR

background	fluxCan	add	mass	term [Gomis,Rodriguez-Gomez,van	Raamsdonk,Verlinde,'08]

ABJM	theory:

U(N) k U(N)-k =	N	M2-branes	on C4/Zk
<latexit sha1_base64="f8KZz/yTjP6i582klg8YIQ6f8/M=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVzWpBV0Wu3FZwT6wjWEynbRDJ5MwMxFKCG78FTcuFHHrV7jzb5y0EbT1wMCZc+7l3nu8iFGpLOvLKCwtr6yuFddLG5tb2zvm7l5bhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt64kfmdeyIkDfmNmkTECdCQU59ipLTkmgf9AKmR5yWN9K52+vO5Td2xa5atijUFXCR2TsogR9M1P/uDEMcB4QozJGXPtiLlJEgoihlJS/1YkgjhMRqSnqYcBUQ6yfSEFB5rZQD9UOjHFZyqvzsSFEg5CTxdme0o571M/M/rxcq/cBLKo1gRjmeD/JhBFcIsDziggmDFJpogLKjeFeIREggrnVpJh2DPn7xI2tWKfVapXtfK9cs8jiI4BEfgBNjgHNTBFWiCFsDgATyBF/BqPBrPxpvxPistGHnPPvgD4+MbPsCXVQ==</latexit>

4	bifund.	mabers

Chern-Simons	gauge	fields

[Hosomichi,Lee,Lee,Lee,Park,'08]	
[Aharony,Bergman,Jafferis,Maldacena,'08]

...



3/25Beau.ful	mathema.cal	structures

ABJM	(&	circular	quiver	SCCS) mABJM

Fermi	gas	formalism

1/N	non-pert.	=	topological	string

all	order	1/N	=	Airy

q-difference	system

YES	(small	mass	only)

?
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M2	on	different	orbifolds
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<latexit sha1_base64="et3NGmlnOn+fuVrs4eBcVwzBRyo=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUlaQZdFN26UivaBbRom00k7dPJg5kasIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu997gRZxJM81vLLSwuLa/kVwtr6xubW/r2TkOGsSC0TkIeipaLJeUsoHVgwGkrEhT7LqdNd3g+9pv3VEgWBrcwiqjt437APEYwKMnR9+6c5KZbSbvJVQfoAySX5TR19KJZMicw5omVkSLKUHP0r04vJLFPAyAcS9m2zAjsBAtghNO00IkljTAZ4j5tKxpgn0o7mVyfGodK6RleKFQFYEzU3xMJ9qUc+a7q9DEM5Kw3Fv/z2jF4p3bCgigGGpDpIi/mBoTGOAqjxwQlwEeKYCKYutUgAywwARVYQYVgzb48TxrlklUpla+Pi9WzLI482kcH6AhZ6ARV0QWqoToi6BE9o1f0pj1pL9q79jFtzWnZzC76A+3zB4pelUg=</latexit>
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<latexit sha1_base64="kPFG/Xwr/lr+BQoiqp7+u6l+jtA=">AAACBnicbVDLSsNAFJ34rPUVdSnCaBHqpiRV0GXRjatSwT6giWUymbRDJ5MwMxFLyMqNv+LGhSJu/QZ3/o3TNgttPXDhcM693HuPFzMqlWV9GwuLS8srq4W14vrG5ta2ubPbklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vBr77XsiJI34rRrFxA1Rn9OAYqS01DMPnEAgnNpZWj/MHMoV9O/qD2UH+5GSJz2zZFWsCeA8sXNSAjkaPfPL8SOchIQrzJCUXduKlZsioShmJCs6iSQxwkPUJ11NOQqJdNPJGxk81ooPg0jo0odM1N8TKQqlHIWe7gyRGshZbyz+53UTFVy4KeVxogjH00VBwqCK4DgT6FNBsGIjTRAWVN8K8QDpXJROrqhDsGdfnietasU+rVRvzkq1yzyOAtgHR6AMbHAOauAaNEATYPAInsEreDOejBfj3fiYti4Y+cwe+APj8wdsDZhy</latexit>

SUSY	localizaDon
:	"M2-matrix	model"

New	recursion	relaDon	!



4/25Rough	idea	for	recursion	rela.on

self-consistency	condiDon	→	recursion	relaDon	at	same	point

M2	matrix	models	have	discrete	moduli	(typically	relaDve	ranks	of	gauge	group).

q-difference	system	=	evoluDon	on	theory	laZce	space

laZce	is	periodic:	dualiDes	(typically	Seiberg-like	duality)	act	as	large	translaDons

"

"



An	applica.on:	phase	transi.on	in	mABJM 5/25

Mass	deformaDon	changes	vacuum	structure	in	flat	space

m=0

phase	transiDon	in	dimensionless	parameter

m>0

S3
<latexit sha1_base64="SgswK20EjZM/eT+9SDTBnHQ3cic=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw8kV0w0SPRi0cM8khgJbNDL0yYnd3MzJoQwid48aAxXv0ib/6NA+xBwUo6qVR1p7srSATXxnW/nbX1jc2t7dxOfndv/+CwcHTc1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3nlBpHssHM07Qj+hA8pAzaqxUrz9WeoWiW3LnIKvEy0gRMtR6ha9uP2ZphNIwQbXueG5i/AlVhjOB03w31ZhQNqID7FgqaYTan8xPnZJzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTydsQvOWXV0mzXPIqpfL9ZbF6k8WRg1M4gwvw4AqqcAc1aACDATzDK7w5wnlx3p2PReuak82cwB84nz/WFI2A</latexit>

[Gomis,Rodriguez-Gomez,van	Raamsdonk,Verlinde,'08][Kim,Kim,'10]

't	Hoop	limit: fixedwith

M-theory	limit:

k,N ! 1
<latexit sha1_base64="6k2HfaE+DOT5AkDU4wxcmV3v0H8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWpgi6LblxJBfuAJpTJdNIOnUzCzI1SQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77wkSwTU4zre1sLi0vLJaWCuub2xubds7uw0dp4qyOo1FrFoB0UxwyerAQbBWohiJAsGaweBq7DfvmdI8lncwTJgfkZ7kIacEjNSx9wcnN57ivT4QpeIHj8sQhh275JSdCfA8cXNSQjlqHfvL68Y0jZgEKojWbddJwM+IAk4FGxW9VLOE0AHpsbahkkRM+9nk+hE+MkoXh7EyJQFP1N8TGYm0HkaB6YwI9PWsNxb/89ophBd+xmWSApN0uihMBYYYj6PAXa4YBTE0hFDFza2Y9okiFExgRROCO/vyPGlUyu5puXJ7Vqpe5nEU0AE6RMfIReeoiq5RDdURRY/oGb2iN+vJerHerY9p64KVz+yhP7A+fwDp/ZWH</latexit>
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fixedwith

[Anderson,Zarembo,'14][Anderson,Russo,'15]

can	study	with	
recursion	rela.on

m⇥ rS3
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=	fuzzy	M5

[TN,Shimizu,Terashima,'16]

[Y, Y, Y ] = 0
<latexit sha1_base64="twBXO3oKyprZ58+tE2cDhncuBRc=">AAAB8HicbVDLSgMxFL3js9ZX1aWbYBFcSJmpgm6EohuXFeyL6VAyaaYNTTJDkhHK0K9w40IRt36OO//GtJ2Ftp4QOJxzL/feEyacaeO6387K6tr6xmZhq7i9s7u3Xzo4bOo4VYQ2SMxj1Q6xppxJ2jDMcNpOFMUi5LQVju6mfuuJKs1i+WjGCQ0EHkgWMYKNlTp+59y+4MbtlcpuxZ0BLRMvJ2XIUe+Vvrr9mKSCSkM41tr33MQEGVaGEU4nxW6qaYLJCA+ob6nEguogmy08QadW6aMoVvZLg2bq744MC63HIrSVApuhXvSm4n+en5roOsiYTFJDJZkPilKOTIym16M+U5QYPrYEE8XsrogMscLE2IyKNgRv8eRl0qxWvItK9eGyXLvN4yjAMZzAGXhwBTW4hzo0gICAZ3iFN0c5L8678zEvXXHyniP4A+fzBzooj2A=</latexit>

[Y, Y, Y ] = mY
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<latexit sha1_base64="dbTtdFOeuIJxZHvEPcavGY1dUUY="></latexit>

[Honda,TN,Shimizu,Terashima,'18]



Plan	of	talk

1.		All	order	1/N	expansion

2.		q-difference	system	and	recursion	relaDon

3.		ApplicaDon:	large	N	expansion	beyond	phase	transiDon



7/25Fermi	gas	formalism

m1
<latexit sha1_base64="2x8OdG+RffUxeMV7m1m14JPua9k=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Lv98sVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6RVq/oX1dr9ZaV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwD8LY2Z</latexit>
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<latexit sha1_base64="CUWwbC8rk5+KAsD63oJUzRjk2nc=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJD7Jf65crXtWbA68SPycVyNHol796g5imkilLBTGm63uJDTKiLaeCTUu91LCE0DEZsq6jikhmgmx+6hSfOWWAo1i7UhbP1d8TGZHGTGToOiWxI7PszcT/vG5qo+sg4ypJLVN0sShKBbYxnv2NB1wzasXEEUI1d7diOiKaUOvSKbkQ/OWXV0mrVvUvqrX7y0r9Jo+jCCdwCufgwxXU4Q4a0AQKQ3iGV3hDAr2gd/SxaC2gfOYY/gB9/gD9sY2a</latexit>
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[x̂, p̂] = 2⇡ik
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[Marino,Putrov,'11]
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<latexit sha1_base64="WSv+j96ghxWHwNhhRFQ27CwlhCM="></latexit>

1

2k cosh x�y�mk
2k

= hx| e�
imp̂
2⇡

2 cosh p̂
2

|yi
<latexit sha1_base64="hQGb/dYlMFS4X8YAIOYAEa2kOrg="></latexit>

Q
i<j(xi � xj)(yi � yj)Q

i,j(xi + yj)
= det

1

xi + yj
<latexit sha1_base64="PcAbZscu/dMPMgOZkQ+KeO82Urs="></latexit>

t-independent

[KapusDn,Willeb,Yaakov,'09]
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H = � log ⇢ ⇠ |x|
2

+
im2x

2⇡
+

|p|
2

+
im1p

2⇡
<latexit sha1_base64="RKg+BaJy8kU35jD1Op/wyYzlAGc="></latexit>

x
<latexit sha1_base64="hL+FaLtOT9luwfLW3Ut08xl3Pcw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOeHjQA=</latexit>

p
<latexit sha1_base64="YCRLqY3FYFMPr169IIibebwVZHg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP22eM+A==</latexit>

C =
2

⇡2k(1 + m2
1

⇡2 )(1 +
m2

2
⇡2 )

<latexit sha1_base64="UE2gD4Toag4eDE6dpfgeNGkB0/M=">AAACKXicbZDLSsNAFIYn9VbrLerSTbAIFaEkUdCNUOzGZQV7gSYNk+mkHTqThJmJUEJex42v4kZBUbe+iNM2Qm39YeDnO+dw5vx+TImQpvmpFVZW19Y3ipulre2d3T19/6AlooQj3EQRjXjHhwJTEuKmJJLiTswxZD7FbX9Un9TbD5gLEoX3chxjl8FBSAKCoFTI02v1ayfgEKV2ljox6dmjinU2I8yzer80O53D9hzOPL1sVs2pjGVj5aYMcjU8/dXpRyhhOJSIQiG6lhlLN4VcEkRxVnISgWOIRnCAu8qGkGHhptNLM+NEkb4RRFy9UBpTOj+RQibEmPmqk0E5FIu1Cfyv1k1kcOWmJIwTiUM0WxQk1JCRMYnN6BOOkaRjZSDiRP3VQEOo8pAq3JIKwVo8edm07Kp1XrXvLsq1mzyOIjgCx6ACLHAJauAWNEATIPAInsEbeNeetBftQ/uatRa0fOYQ/JH2/QPbtKXI</latexit>

J =
C

3
µ3 +Bµ+A+ (non-pert. in µ�1)

<latexit sha1_base64="GirZMK2RmyWJU+UWJtl88Tywgo0="></latexit>

Z(N) ⇡ Zpert(N) = eAC� 1
3Ai[C� 1

3 (N �B)]
<latexit sha1_base64="uARjOhLa2J5d14sJZaAd8sOMSg4="></latexit>

� logZpert(N) =
⇡
p
2k

3

r⇣
1 +

m2
1

⇡2

⌘⇣
1 +

m2
2

⇡2

⌘
N

3
2 +�N

1
2 +

1

4
logN + (all order in N�1)

<latexit sha1_base64="rSYrsJBiB+6Ta1QKS5PpEUioKEw="></latexit>

@µJ(µ) ⇠ hNiG.C.(µ) ⇠
vol(H(x, p) < µ)

2⇡~ ⇠ Cµ
2

<latexit sha1_base64="yNo4+1T1ynQ7wAN9wOxvZRRiKIk="></latexit>

To	study	large	N	expansion,	it	is	useful	to	consider	grand	potenDal	J(μ):

X

n2Z
eJ(µ+2⇡in) =

1X

N=0

eµNZ(N) = Det(1 + eµ⇢̂)
<latexit sha1_base64="GFjARO33LjVlp2xKsdFWHv4gBzY="></latexit>

✓
Z(N) =

Z i1

�i1

dµ

2⇡i
eJ(µ)�µN

◆

<latexit sha1_base64="8OOhQLjP2oGVCnCQ0r+bimw0k9c="></latexit>

integrate	→

B,A	can	also	be	fixed	by	semiclassical	expansion

[TN,'15]
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S7/Zk
<latexit sha1_base64="KzhPO0BzhcJ1f02sgJDJQYtkFF0=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExlaQglbGChbEI+hBtiBzXaa06TmQ7laqof8LCAEKs/Akbf4PTdoCWI1k6Oude3eMTJJwp7Tjf1srq2vrGZmGruL2zu7dvHxw2VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBUMb3K/NaJSsVg86HFCvQj3BQsZwdpIvm3fP1XPuxHWgyDIHif+0LdLTtmZAi0Td05KMEfdt7+6vZikERWacKxUx3US7WVYakY4nRS7qaIJJkPcpx1DBY6o8rJp8gk6NUoPhbE0T2g0VX9vZDhSahwFZjLPqBa9XPzP66Q6vPIyJpJUU0Fmh8KUIx2jvAbUY5ISzceGYCKZyYrIAEtMtCmraEpwF7+8TJqVsntRrtxdlmrX8zoKcAwncAYuVKEGt1CHBhAYwTO8wpuVWS/Wu/UxG12x5jtH8AfW5w8RcZNM</latexit>

(M2-instanton)

ABJM	is	dual	to	AdS			×	S		/Z					→		length	scale4 7 k

S7/Zk
<latexit sha1_base64="KzhPO0BzhcJ1f02sgJDJQYtkFF0=">AAAB+XicbVC7TsMwFL3hWcorwMhiUSExlaQglbGChbEI+hBtiBzXaa06TmQ7laqof8LCAEKs/Akbf4PTdoCWI1k6Oude3eMTJJwp7Tjf1srq2vrGZmGruL2zu7dvHxw2VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBUMb3K/NaJSsVg86HFCvQj3BQsZwdpIvm3fP1XPuxHWgyDIHif+0LdLTtmZAi0Td05KMEfdt7+6vZikERWacKxUx3US7WVYakY4nRS7qaIJJkPcpx1DBY6o8rJp8gk6NUoPhbE0T2g0VX9vZDhSahwFZjLPqBa9XPzP66Q6vPIyJpJUU0Fmh8KUIx2jvAbUY5ISzceGYCKZyYrIAEtMtCmraEpwF7+8TJqVsntRrtxdlmrX8zoKcAwncAYuVKEGt1CHBhAYwTO8wpuVWS/Wu/UxG12x5jtH8AfW5w8RcZNM</latexit>

Non-perturbaDve	effects	in	1/N	=	closed	M2	wrapped	on	

M3 ⇢ S7/Zk
<latexit sha1_base64="ZzzCEmBp5BVJSAJe+7geOVIdaOg=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFc1aQV6rLoxo1Q0T6wiWEynbRDJ5MwMxFK6MKNv+LGhSJu/Qh3/o2TNgttPXDhcM693HuPHzMqlWV9G0vLK6tr64WN4ubW9s6uubffllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/usj8zgMRkkb8Vo1j4oZowGlAMVJa8szSlVdzZOJLouDNff3ECZEa+n56N/FGnlm2KtYUcJHYOSmDHE3P/HL6EU5CwhVmSMqebcXKTZFQFDMyKTqJJDHCIzQgPU05Col00+kTE3iklT4MIqGLKzhVf0+kKJRyHPq6M7tRznuZ+J/XS1Rw5qaUx4kiHM8WBQmDKoJZIrBPBcGKjTVBWFB9K8RDJBBWOreiDsGef3mRtKsVu1apXp+WG+d5HAVQAofgGNigDhrgEjRBC2DwCJ7BK3gznowX4934mLUuGfnMAfgD4/MH9paXqw==</latexit>

M2 ⇥ S1/Zk ⇢ S7/Zk
<latexit sha1_base64="pax0h+nxsGIVdR9sL9pOLdNY690=">AAACG3icbVC7SgNBFJ2NrxhfUUubwSBYxd0oxDJoYyNENA/MrsvsZDYZMvtg5q4QlvyHjb9iY6GIlWDh3zhJtjCJBwYO59zLnHu8WHAFpvlj5JaWV1bX8uuFjc2t7Z3i7l5TRYmkrEEjEcm2RxQTPGQN4CBYO5aMBJ5gLW9wOfZbj0wqHoV3MIyZE5BeyH1OCWjJLVau3YoNPGAK3z5YJ3ZAoO956f3IHdgq8RQDrVdndLdYMsvmBHiRWBkpoQx1t/hldyOaBCwEKohSHcuMwUmJBE4FGxXsRLGY0AHpsY6mIdFpnHRy2wgfaaWL/UjqFwKeqH83UhIoNQw8PTnOqOa9sfif10nAP3dSHsYJsJBOP/ITgSHC46Jwl0tGQQw1IVRynRXTPpGEgq6zoEuw5k9eJM1K2TotV27OSrWLrI48OkCH6BhZqIpq6ArVUQNR9IRe0Bt6N56NV+PD+JyO5oxsZx/NwPj+BY93oSU=</latexit>

� logZABJM
pert (N) =

⇡
p
2k

3
N

3
2 + · · · = S11d SUGRA ⇠ k�1R11�2

AdS
<latexit sha1_base64="HxSCF32CJTBzCpcixVb4LWuojU8="></latexit>

Z11d ⇠ e�SAdS4⇥S7/Zk + e�SAdS4⇥S7/Zk+SM2inst + · · ·
<latexit sha1_base64="D8SsBRvphr2Y1DnUghEdxLXmaGg="></latexit>

⇠ vol(M2) ⇠ R3
AdS ⇠

p
kN

<latexit sha1_base64="gjyWhx6FjbFFlqXJWDyTwfUwM4Q=">AAACJnicbVDLTgIxFO3gC/GFunTTSExwQ2bARDcmqBs3GnzwSABJpxRo6Dxs7xDJZL7Gjb/ixgXGGHd+ioVhoeBJmpycc25u77F9wRWY5peRWFhcWl5JrqbW1jc2t9LbOxXlBZKyMvWEJ2s2UUxwl5WBg2A1XzLi2IJV7f7F2K8OmFTcc+9h6LOmQ7ou73BKQEut9GlDcQc3gD1BOPBElI3pVT46nDi3rTBWztp3UfRQiOPqUULYv45a6YyZMyfA88SakgyaotRKjxptjwYOc4EKolTdMn1ohkQCp4JFqUagmE9on3RZXVOXOEw1w8mZET7QSht3PKmfC3ii/p4IiaPU0LF10iHQU7PeWPzPqwfQOWmG3PUDYC6NF3UCgcHD485wm0tGQQw1IVRy/VdMe0QSCrrZlC7Bmj15nlTyOauQy98cZYrn0zqSaA/toyyy0DEqoktUQmVE0TN6RSP0brwYb8aH8RlHE8Z0Zhf9gfH9AzEZptU=</latexit>

:	F1-instanton

:	D2-instanton

� logZ ⇠ � logZpert +O(e��
p
kN )

<latexit sha1_base64="kPAE1QQmqC4yj0iSS1CLjWxiGH4="></latexit>

Two	different	kinds	of	wrapping:

e��
p
kN

<latexit sha1_base64="4LQUv6b938GHA2seIREA7pr/UkI=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR3FiSKuiy6MaVVLAPaGKZTG/aoZNJnJkIJWTjr7hxoYhbP8Odf+P0sdDWAxcO59zLvfcECWdKO863tbC4tLyyWlgrrm9sbm3bO7sNFaeSQp3GPJatgCjgTEBdM82hlUggUcChGQyuRn7zEaRisbjTwwT8iPQECxkl2kgdex/usxMvYD3KJMWeepA6G9zkeccuOWVnDDxP3CkpoSlqHfvL68Y0jUBoyolSbddJtJ8RqRnlkBe9VEFC6ID0oG2oIBEoPxs/kOMjo3RxGEtTQuOx+nsiI5FSwygwnRHRfTXrjcT/vHaqwws/YyJJNQg6WRSmHOsYj9LAXSaBaj40hFDJzK2Y9okkVJvMiiYEd/bledKolN3TcuX2rFS9nMZRQAfoEB0jF52jKrpGNVRHFOXoGb2iN+vJerHerY9J64I1ndlDf2B9/gDxlJaj</latexit>

e��
p

N
k

<latexit sha1_base64="DvBM1nzQ80ZsvGZ8iewDrK3MU1A=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAg2ht0oaBm0sZII5gHZGGYnd5Mhsw9nZoUwbGvjr9hYKGLrH9j5N06SLTTxwIXDOfdy7z1+wplUjvNtLSwuLa+sFtaK6xubW9v2zm5DxqmgUKcxj0XLJxI4i6CumOLQSgSQ0OfQ9IeXY7/5AEKyOLpVowQ6IelHLGCUKCN1bQx3+tjzWZ8yQbEn74XSXiAI1deZHmZZ1rVLTtmZAM8TNycllKPWtb+8XkzTECJFOZGy7TqJ6mgiFKMcsqKXSkgIHZI+tA2NSAiyoyefZPjQKD0cxMJUpPBE/T2hSSjlKPRNZ0jUQM56Y/E/r52q4LyjWZSkCiI6XRSkHKsYj2PBPSaAKj4yhFDBzK2YDojJQZnwiiYEd/bledKolN2TcuXmtFS9yOMooH10gI6Qi85QFV2hGqojih7RM3pFb9aT9WK9Wx/T1gUrn9lDf2B9/gCMYZrl</latexit>

RAdS ⇠ (kN)
1
6

<latexit sha1_base64="o4E3yPLpoV5hxIGy/JuJX5LtWyI=">AAACDnicbVC5TgMxEPVyhnAtUNJYREihiXYBAWWAhgqFIwEpGyKv402seA/Zs4jI2i+g4VdoKECIlpqOv8E5Ckh40khP781oZp6fCK7Acb6tqemZ2bn53EJ+cWl5ZdVeW6+pOJWUVWksYnnrE8UEj1gVOAh2m0hGQl+wG7972vdv7plUPI6uoZewRkjaEQ84JWCkpr192dQesAfQx62rLPMUD3Gxe75zp71AEqrdTB9kWdMuOCVnADxJ3BEpoBEqTfvLa8U0DVkEVBCl6q6TQEMTCZwKluW9VLGE0C5ps7qhEQmZaujBOxneNkoLB7E0FQEeqL8nNAmV6oW+6QwJdNS41xf/8+opBEcNzaMkBRbR4aIgFRhi3M8Gt7hkFETPEEIlN7di2iEmBjAJ5k0I7vjLk6S2W3L3SrsX+4XyySiOHNpEW6iIXHSIyugMVVAVUfSIntErerOerBfr3foYtk5Zo5kN9AfW5w9g8ZxP</latexit>
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J = Jpert +�e�!µ
<latexit sha1_base64="mG8bUApbJYD8NzWZQA06bYOlHeQ=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgiOEuCtoIQRtJpWBUyMWwt5kkS3bvjt05MRz3G2z8KzYWitha2flv3MQUfj0YeLw3w8y8IJbCoOt+OLmJyanpmfxsYW5+YXGpuLxyYaJEc6jzSEb6KmAGpAihjgIlXMUamAokXAb946F/eQPaiCg8x0EMTcW6oegIztBKreJW7bDWSn2EW0xj0Jhl234gulxoTuE63fEjBV3mqyRrFUtu2R2B/iXemJTIGKet4rvfjniiIEQumTENz42xmTKNgkvICn5iIGa8z7rQsDRkCkwzHb2U0Q2rtGkn0rZCpCP1+0TKlDEDFdhOxbBnfntD8T+vkWDnoJmKME4QQv61qJNIihEd5kPbQgNHObCEcS3srZT3mGYcbYoFG4L3++W/5KJS9nbLlbO9UvVoHEeerJF1skk8sk+q5ISckjrh5I48kCfy7Nw7j86L8/rVmnPGM6vkB5y3T/cqnko=</latexit>

F1-inst	exponent:

(k = 1, 2, · · · , N = 1, 2, · · · . 10)
<latexit sha1_base64="DjWFW1ultmdUQrCv1Q8SRatE800=">AAACE3icbVDLSgMxFM34rPU16tJNsAhVSpmpgm6EohtXUsE+oDOUTCZtQ5PMkGSEMvQf3Pgrblwo4taNO//GtJ1FbT2XC4dz7iW5J4gZVdpxfqyl5ZXVtfXcRn5za3tn197bb6gokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDG7GfvORSEUj8aCHMfE56gnapRhpI3Xs0+Lgyi1VSh4OI61Knqm7GcFjRClFOXSdk45dcMrOBHCRuBkpgAy1jv3thRFOOBEaM6RU23Vi7adIaooZGeW9RJEY4QHqkbahAnGi/HRy0wgeGyWE3UiaFhpO1NmNFHGlhjwwkxzpvpr3xuJ/XjvR3Us/pSJONBF4+lA3YVBHcBwQDKkkWLOhIQhLav4KcR9JhLWJMW9CcOdPXiSNStk9K1fuzwvV6yyOHDgER6AIXHABquAW1EAdYPAEXsAbeLeerVfrw/qcji5Z2c4B+APr6xdZUptY</latexit>

Z(N)

Zpert(N)
� 1 ⇠ e�!

p
N�B

C

<latexit sha1_base64="QOA0sHO/stwVxlapVlH99US8qtg="></latexit>

fiZng	exact	values	of	Z(N) ●
●

●
●
●
●
●●●●

●
● ● ●●●●●●●

●
● ● ● ● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ●

2 4 6 8 10 12 14

-25

-20

-15

-10

-5

0

●

●

●

●

[TN,'15]

, !(F1)
±,±0 =

4

k(1± im1
⇡ )(1±0 im2

⇡ )
<latexit sha1_base64="06yGHeU7I4etXqBJHRfjoGs8N+4="></latexit>

!(D2)
±,i =

2

1± imi
⇡

, 1
<latexit sha1_base64="w6n3L5OQ750WrIadC9TeEMmRymQ="></latexit>

D2-inst	exponent:

J =
1X

n=1

(�1)n�1

n
enµTr⇢̂n =

Z
dt

2⇡i
�(t)�(�t)etµTr⇢̂t

<latexit sha1_base64="63dPRipIeieE2hJw9RBA1iHXezg="></latexit>

WKB	(=small	k)	expansion	&	resummaDon	of	
>>

......

small/large	 eµ
<latexit sha1_base64="I2oArDjP8dT7imCr3qjDbARLm9w=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2k3bpbhJ2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dua3n1BpHkcPZpKgL+kw4iFn1FipjY9ZT6bTfrniVt05yCrxclKBHI1++as3iFkqMTJMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsjKlH72fzcKTmzyoCEsbIVGTJXf09kVGo9kYHtlNSM9LI3E//zuqkJr/2MR0lqMGKLRWEqiInJ7Hcy4AqZERNLKFPc3krYiCrKjE2oZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExiM4Rle4c1JnBfn3flYtBacfOYY/sD5/AGZT4+9</latexit>

expansion

Instanton	coefficients	◯	can	also	be	studied	by	WKB	+	fiZng
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F top(T ; ✏) = F ref(T ; ✏,�✏)
<latexit sha1_base64="0pJLySrD8mzkoyAZir+v/pvyJ2Y="></latexit>

FNS(T ; ✏) = lim
✏2!0

2⇡i✏2F
ref(T ; ✏, ✏2)

<latexit sha1_base64="4H3VGWY9dh6nqerXVXHsk1sW4bM="></latexit>

F ref(T ; ✏1, ✏2) =
X

jL,jR

X

d

Nd
jL,jR

X

n

�jL(e
⇡in(✏1�✏2))�jR(e

⇡in(✏1+✏2))

4n sin⇡n✏1 sin⇡n✏2
e�nd·T

<latexit sha1_base64="DMw7HNoW21snsR/TGT8egeTZaR0="></latexit>

⇢̂�1 = ex̂
0
+ e⇡i(k�2M)e�x̂0

+ ep̂
0
+ e�p̂0

<latexit sha1_base64="VivKGDaG4yhnz4YikpZSIeawsHA="></latexit>

T =
4µ

k
± 2⇡i

⇣1
2
� M

k

⌘

<latexit sha1_base64="fzOcWyCpeEGnvi8D054vrwG4zk4="></latexit>

J = Jpert + F top
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<latexit sha1_base64="SxIZt91CvAEiTiyFJG6q4UNl7bc="></latexit>

⇢̂�1 =
X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="mxbzhujL1vlYV0obPQ2Jbr6PnbI="></latexit>

encodes	a	Calabi-Yau	threefold	X

ABJM	theory:U(N)k ⇥U(N +M)�k
<latexit sha1_base64="BCTqSReQRwsb91wCnMy6VAwqe3A=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoOSIIbdKOgx6MWLEsFNAtmwzE4mybCzD2Z6xbDkD7z4K148KOLVqzf/xskD1GhBQ1HVTXeXFwuuwDQ/jczc/MLiUnY5t7K6tr6R39yqqyiRlNk0EpFsekQxwUNmAwfBmrFkJPAEa3j++chv3DKpeBTewCBm7YD0Qt7llICW3Py+A+wOUntYvCq5vgM8YAp/aweXJTc99IduvmCWzTHwX2JNSQFNUXPzH04noknAQqCCKNWyzBjaKZHAqWDDnJMoFhPqkx5raRoSvbedjv8Z4j2tdHA3krpCwGP150RKAqUGgac7AwJ9NeuNxP+8VgLd03bKwzgBFtLJom4iMER4FA7ucMkoiIEmhEqub8W0TyShoCPM6RCs2Zf/knqlbB2VK9fHherZNI4s2kG7qIgsdIKq6ALVkI0oukeP6Bm9GA/Gk/FqvE1aM8Z0Zhv9gvH+BSY7nBQ=</latexit>

:	refined	topological	string	free	energy	on	X

m

n
X	=	local	 P1 ⇥ P1

<latexit sha1_base64="2kxypeNmF2TW9sdQEfeAKQYKlqA=">AAACGHicbVC7TsMwFHXKq5RXgJEBiwqJqUoKEowVLIxFog+pDZXtOq1V24lsB6mKOvIT/AIr7GyIlY2VL8FpM5SWI1k6OudeneuDY8608bxvp7Cyura+UdwsbW3v7O65+wdNHSWK0AaJeKTaGGnKmaQNwwyn7VhRJDCnLTy6yfzWI1WaRfLejGMaCDSQLGQEGSv13OOuQGaIcVqfPPhdwwTVcF7quWWv4k0Bl4mfkzLIUe+5P91+RBJBpSEcad3xvdgEKVKGEU4npW6iaYzICA1ox1KJbGKQTj8ygadW6cMwUvZJA6fq/EaKhNZjge1kdqNe9DLxXw+LhWQTXgUpk3FiqCSz4DDh0EQwawn2maLE8LEliChmb4dkiBQixnZZsqX4ixUsk2a14p9XqncX5dp1Xk8RHIETcAZ8cAlq4BbUQQMQ8ARewCt4c56dd+fD+ZyNFpx85xD8gfP1C6m7oGs=</latexit>

Det(1 + ⇢̂) =
X

n2Z
eJ(µ+2⇡in)

<latexit sha1_base64="MoYt8RgXhXcoB0oGOTVrKOqNCso="></latexit>

(Newton	polygon	{(m,n)}	=	toric	data)

Topological	String/Spectral	Theory	(TS/ST)	correspondence:

m1 = m2 = 0
<latexit sha1_base64="sILBylsBuWaiUlADaNav+vN5kbA=">AAACAHicbVC7SgNBFL3rM8ZX1NJmMAhWYTcK2gSCNpYRzEOSZZmdzCZDZmaXmVkhLGn8BVvt7cTWP7H1S5wkW2jigQuHc+7lXE6YcKaN6345K6tr6xubha3i9s7u3n7p4LCl41QR2iQxj1UnxJpyJmnTMMNpJ1EUi5DTdji6mfrtR6o0i+W9GSfUF3ggWcQINlZ6EIFXE0G15galsltxZ0DLxMtJGXI0gtJ3rx+TVFBpCMdadz03MX6GlWGE00mxl2qaYDLCA9q1VGJBtZ/NHp6gU6v0URQrO9Kgmfr7IsNC67EI7abAZqgXvan4rxeKhWQTXfkZk0lqqCTz4CjlyMRo2gbqM0WJ4WNLMFHM/o7IECtMjO2saEvxFitYJq1qxTuvVO8uyvXrvJ4CHMMJnIEHl1CHW2hAEwgIeIYXeHWenDfn3fmYr644+c0R/IHz+QPCoJYj</latexit>

[Hatsuda,Marino,Moriyama,Okuyama,'13][Grassi,Hatsuda,Marino,'14]

⇢̂M=0 =
1

2 cosh x̂
2

1

2 cosh p̂
2

<latexit sha1_base64="apOth4MbUQLfSuptYDIlV7g4AWY=">AAACT3icfVHNS8MwHE3n1za/qh69BIfgabRT0Mtg6MWLMMF9wFpKmqVrMG1Kkoqj9D/zn/DodVe9exOztQfdxAeBl/de+CUvfsKoVJb1ZlTW1jc2t6q1+vbO7t6+eXDYlzwVmPQwZ1wMfSQJozHpKaoYGSaCoMhnZOA/3sz9wRMRkvL4QU0T4kZoEtOAYqS05Jn9zAmRgo4Iee5ld20rbzuBQDiz86zlYC7DYlvEnnOt5vk/iaRIeGbDaloLwFVil6QBSnQ9c+aMOU4jEivMkJQj20qUmyGhKGYkrzupJAnCj2hCRprGKCLSzRbvz+GpVsYw4EKvWMGF+vNEhiIpp5GvkxFSoVz25uKfnh8tTVbBlZvROEkViXExOEgZVBzOy4VjKghWbKoJwoLqu0McIt2O0l9Q16XYyxWskn6raZ83W/cXjc51WU8VHIMTcAZscAk64BZ0QQ9g8AJm4B18GK/Gp/FVKaMVoyRH4BcqtW8AJLZ9</latexit>

c.f.

T ⇠ µ

k
<latexit sha1_base64="EQTr3RYaULK0TOCXOAau9YZH8tQ=">AAACEXicbZDLSsNAFIZPvNZ6i7oR3AwWwVVJqqDLohuXFXqDJpTJdNIOnUnCzEQoIb6Er+BW9+7ErU/g1idx2mahrT8M/PznHM6ZL0g4U9pxvqyV1bX1jc3SVnl7Z3dv3z44bKs4lYS2SMxj2Q2wopxFtKWZ5rSbSIpFwGknGN9O650HKhWLo6aeJNQXeBixkBGsTdS3j71AZM3cU0wgL5SYZJ5I82yc9+2KU3VmQsvGLUwFCjX69rc3iEkqaKQJx0r1XCfRfoalZoTTvOyliiaYjPGQ9oyNsKDKz2Y/yNGZSQYojKV5kUaz9PdEhoVSExGYToH1SC3WpuG/tUAsbNbhtZ+xKEk1jch8cZhypGM0xYMGTFKi+cQYTCQztyMywoaLNhDLBoq7iGDZtGtV96Jau7+s1G8KPCU4gVM4BxeuoA530IAWEHiEZ3iBV+vJerPerY9564pVzBzBH1mfPxbmnhI=</latexit>

F top
<latexit sha1_base64="uA2BlT2heI4z3LGY9kXFghkLT9s=">AAACBXicbVC7SgNBFJ2NrxhfUUubwSBYhd0oaBkUxDKCeUCyCbOTSTJkdmaZuSuGZWt/wVZ7O7H1O2z9EifJFpp44MLhnHs5lxNEghtw3S8nt7K6tr6R3yxsbe/s7hX3DxpGxZqyOlVC6VZADBNcsjpwEKwVaUbCQLBmML6e+s0Hpg1X8h4mEfNDMpR8wCkBK3VvukkH2CMkoKI07RVLbtmdAS8TLyMllKHWK353+orGIZNABTGm7bkR+AnRwKlgaaETGxYROiZD1rZUkpAZP5l9neITq/TxQGk7EvBM/X2RkNCYSRjYzZDAyCx6U/FfLwgXkmFw6SdcRjEwSefBg1hgUHhaCe5zzSiIiSWEam5/x3RENKFgiyvYUrzFCpZJo1L2zsqVu/NS9SqrJ4+O0DE6RR66QFV0i2qojijS6Bm9oFfnyXlz3p2P+WrOyW4O0R84nz/tiJm4</latexit> @k[k

�1FNS]
<latexit sha1_base64="GuvM7vQ/6A8V1B9iaXbvwXZgV1w=">AAACGHicbVC7SgNBFJ31GeMramnhYBBsDLtR0DIoiJVENA9INsvsZDYZdvbBzF0xLFv6E/6CrfZ2Ymtn65c4eRSaeGDgcM69nDvHjQVXYJpfxtz8wuLScm4lv7q2vrFZ2NquqyiRlNVoJCLZdIligoesBhwEa8aSkcAVrOH6F0O/cc+k4lF4B4OY2QHphdzjlICWnMJeOyYSOBGO3/I76ZGVXXbSNrAHSK9vs8x2CkWzZI6AZ4k1IUU0QdUpfLe7EU0CFgIVRKmWZcZgp8MQKliWbyeKxYT6pMdamoYkYMpORx/J8IFWutiLpH4h4JH6eyMlgVKDwNWTAYG+mvaG4r+eG0wlg3dmpzyME2AhHQd7icAQ4WFLuMsloyAGmhAqub4d0z6RhILuMq9LsaYrmCX1csk6LpVvToqV80k9ObSL9tEhstApqqArVEU1RNEjekYv6NV4Mt6Md+NjPDpnTHZ20B8Ynz9CtKDL</latexit>

:	F1-inst, :	D2-inst



Other	M2	theories

X	=	local	D			del	Pezzo

U(N)k U(N+M)-k

NS5(1,k)5

D3
NS5
D5

0	1	2	3(S	)	4	5	6	7	8	9

-	-	-			-
-	-	-
-	-	-
(1,k)5	=	NS5	+	k	D5

-	-	-
-	-	-

M2	theories	can	be	constructed	systemaDcally	by	type	IIB	brane	systems
IIB

ZS3 =
1

N !

Z
dNxhxi|⇢̂|xji

<latexit sha1_base64="+urBhmebqKbRbNN5rgEgnIH0jSg="></latexit>

1

2 cosh x̂
2

<latexit sha1_base64="qw5BjZVEnIdic5BDzpwHv0OIUak=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZCYqqQgwVjBwlgk+pCaqHJcp7XqOJF9g6ii7Cz8CgsDCLHyA2z8DW6bAVqOdKXjc+6V7z1BIrgGx/m2VlbX1jc2S1vl7Z3dvX374LCt41RR1qKxiFU3IJoJLlkLOAjWTRQjUSBYJxhfT/3OPVOax/IOJgnzIzKUPOSUgJH6dsULFaGZm2d1j8Z6NH9m3ogAfsiNmud9u+rUnBnwMnELUkUFmn37yxvENI2YBCqI1j3XScDPiAJOBcvLXqpZQuiYDFnPUEkipv1sdkuOT4wywGGsTEnAM/X3REYirSdRYDojAiO96E3F/7xeCuGln3GZpMAknX8UpgJDjKfB4AFXjIKYGEKo4mZXTEfEpAEmvrIJwV08eZm06zX3rFa/Pa82roo4SugYVdApctEFaqAb1EQtRNEjekav6M16sl6sd+tj3rpiFTNH6A+szx/oFZua</latexit>

1

2 cosh p̂
2

<latexit sha1_base64="ADfiEJNuXUTg9xGi6lnx9uGNTQs=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiRV0GXRjcsK9gFNKJPppB06mYSZG6GE7N34K25cKOLWH3Dn3zhts9DWAxfOnHMvc+8JEsE1OM63VVpb39jcKm9Xdnb39g/sw6OOjlNFWZvGIla9gGgmuGRt4CBYL1GMRIFg3WByM/O7D0xpHst7mCbMj8hI8pBTAkYa2FUvVIRmbp41PBrr8eKZeWMCOMmNmucDu+bUnTnwKnELUkMFWgP7yxvGNI2YBCqI1n3XScDPiAJOBcsrXqpZQuiEjFjfUEkipv1sfkuOT40yxGGsTEnAc/X3REYiradRYDojAmO97M3E/7x+CuGVn3GZpMAkXXwUpgJDjGfB4CFXjIKYGkKo4mZXTMfEpAEmvooJwV0+eZV0GnX3vN64u6g1r4s4yugEVdEZctElaqJb1EJtRNEjekav6M16sl6sd+tj0Vqyiplj9AfW5w/bxZuS</latexit>

⇢̂�1 =
X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="mxbzhujL1vlYV0obPQ2Jbr6PnbI="></latexit>

m

n

5

6	moduli	=	1(μ)	+	5(relaDve	ranks	&	FI)

example:

9(coefs)	-	3(x,p	ship	&	overall)
[Moriyama,Nakayama,TN,'17][Furukawa,Matsumura,Moriyama,Nakanishi,'21]

1

U(N)0,�⇣2
<latexit sha1_base64="YB7Vvx+MqEfMxvLACyP+110vJ4I=">AAACAXicbVDLSgNBEJyNrxhfUS+Cl8UgRNCwGwU9Br14kgjmAdmwzE46ccjsg5leMS7x4q948aCIV//Cm3/jJNmDJhY0FFXddHd5keAKLevbyMzNLywuZZdzK6tr6xv5za26CmPJoMZCEcqmRxUIHkANOQpoRhKo7wloeP2Lkd+4A6l4GNzgIIK2T3sB73JGUUtufsdBuMekNixeHbiJdXjkPABStzx08wWrZI1hzhI7JQWSourmv5xOyGIfAmSCKtWyrQjbCZXImYBhzokVRJT1aQ9amgbUB9VOxh8MzX2tdMxuKHUFaI7V3xMJ9ZUa+J7u9CneqmlvJP7ntWLsnrUTHkQxQsAmi7qxMDE0R3GYHS6BoRhoQpnk+laT3VJJGerQcjoEe/rlWVIvl+zjUvn6pFA5T+PIkl2yR4rEJqekQi5JldQII4/kmbySN+PJeDHejY9Ja8ZIZ7bJHxifP1o6li0=</latexit>

U(N +M2)�k,⇣2
<latexit sha1_base64="l3h4mDNtC+DWIaBgC7jnvrOpsI0=">AAACBXicbVDJSgNBEO2JW4xb1KMeBoMQUcPMKOgx6MWLEsEskIShp1NJmvQsdNeIccjFi7/ixYMiXv0Hb/6NneWgxgcFj/eqqKrnRYIrtKwvIzUzOze/kF7MLC2vrK5l1zcqKowlgzILRShrHlUgeABl5CigFkmgvieg6vXOh371FqTiYXCD/QiaPu0EvM0ZRS252e0Gwh0m5UH+av/Sdfbc5LB30LgHpK4zcLM5q2CNYE4Te0JyZIKSm/1stEIW+xAgE1Spum1F2EyoRM4EDDKNWEFEWY92oK5pQH1QzWT0xcDc1UrLbIdSV4DmSP05kVBfqb7v6U6fYlf99Ybif149xvZpM+FBFCMEbLyoHQsTQ3MYidniEhiKviaUSa5vNVmXSspQB5fRIdh/X54mFadgHxWc6+Nc8WwSR5pskR2SJzY5IUVyQUqkTBh5IE/khbwaj8az8Wa8j1tTxmRmk/yC8fEN+9GXmQ==</latexit>

U(N +M3)0,�⇣1
<latexit sha1_base64="NFLE1VmeBIAku1L3As+2rz8rtmg=">AAACBXicbVDJSgNBEO2JW4xb1KMeBoMQUcNMIugx6MWLEsEskIShp1NJmvQsdNeIccjFi7/ixYMiXv0Hb/6NneWgiQ8KHu9VUVXPDQVXaFnfRmJufmFxKbmcWlldW99Ib25VVBBJBmUWiEDWXKpAcB/KyFFALZRAPVdA1e1dDP3qHUjFA/8W+yE0PdrxeZszilpy0rsNhHuMy4Ps9eGVUzhwYuvouPEASB174KQzVs4awZwl9oRkyAQlJ/3VaAUs8sBHJqhSddsKsRlTiZwJGKQakYKQsh7tQF1Tn3qgmvHoi4G5r5WW2Q6kLh/Nkfp7IqaeUn3P1Z0exa6a9obif149wvZZM+Z+GCH4bLyoHQkTA3MYidniEhiKviaUSa5vNVmXSspQB5fSIdjTL8+SSj5nF3L5m5NM8XwSR5LskD2SJTY5JUVySUqkTBh5JM/klbwZT8aL8W58jFsTxmRmm/yB8fkDoGGXXg==</latexit>

U(N +M1)k,⇣1
<latexit sha1_base64="7Zt9spjZ5SlDjqtHsgYPc47qlfI=">AAACBHicbVDJSgNBEO2JW4xb1GMug0GIKGEmCnoMevGiRDALJGHo6VSSJj0L3TViHObgxV/x4kERr36EN//GznLQxAcFj/eqqKrnhoIrtKxvI7WwuLS8kl7NrK1vbG5lt3dqKogkgyoLRCAbLlUguA9V5CigEUqgniug7g4uRn79DqTigX+LwxDaHu35vMsZRS052VwL4R7jalK4Prxy7AMnHhy1HgCpYydONm8VrTHMeWJPSZ5MUXGyX61OwCIPfGSCKtW0rRDbMZXImYAk04oUhJQNaA+amvrUA9WOx08k5r5WOmY3kLp8NMfq74mYekoNPVd3ehT7atYbif95zQi7Z+2Y+2GE4LPJom4kTAzMUSJmh0tgKIaaUCa5vtVkfSopQ51bRodgz748T2qlon1cLN2c5Mvn0zjSJEf2SIHY5JSUySWpkCph5JE8k1fyZjwZL8a78TFpTRnTmV3yB8bnD4eel2A=</latexit>

U(N)k
<latexit sha1_base64="t2jb0ju8DOiYMNLEE72I4iRlVUA=">AAAB9HicbVBNT8JAEN36ifiFevTSSEzwQlo00SPRiyeDiQUSaMh2GWDDdlt3p0TS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBbHgGh3n21pZXVvf2Mxt5bd3dvf2CweHdR0lioHHIhGpZkA1CC7BQ44CmrECGgYCGsHwZuo3RqA0j+QDjmPwQ9qXvMcZRSP5bYQnTL1J6e6sM+wUik7ZmcFeJm5GiiRDrVP4ancjloQgkQmqdct1YvRTqpAzAZN8O9EQUzakfWgZKmkI2k9nR0/sU6N07V6kTEm0Z+rviZSGWo/DwHSGFAd60ZuK/3mtBHtXfsplnCBINl/US4SNkT1NwO5yBQzF2BDKFDe32mxAFWVocsqbENzFl5dJvVJ2z8uV+4ti9TqLI0eOyQkpEZdckiq5JTXiEUYeyTN5JW/WyHqx3q2PeeuKlc0ckT+wPn8AYluR1w==</latexit>

U(N)0
<latexit sha1_base64="fWg7xhGYxvJn7Ww8iuFkEJ2gFpw=">AAAB9HicbVBNT8JAEN36ifiFevTSSEzwQlo00SPRiyeDiQUSaMh2GWDDdlt3p0TS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBbHgGh3n21pZXVvf2Mxt5bd3dvf2CweHdR0lioHHIhGpZkA1CC7BQ44CmrECGgYCGsHwZuo3RqA0j+QDjmPwQ9qXvMcZRSP5bYQnTL1J6e6s43QKRafszGAvEzcjRZKh1il8tbsRS0KQyATVuuU6MfopVciZgEm+nWiIKRvSPrQMlTQE7aezoyf2qVG6di9SpiTaM/X3REpDrcdhYDpDigO96E3F/7xWgr0rP+UyThAkmy/qJcLGyJ4mYHe5AoZibAhliptbbTagijI0OeVNCO7iy8ukXim75+XK/UWxep3FkSPH5ISUiEsuSZXckhrxCCOP5Jm8kjdrZL1Y79bHvHXFymaOyB9Ynz8I75Gc</latexit>

U(N)�k
<latexit sha1_base64="ilD5RUjTxYbRwpBRj8r1WcVZPS0=">AAAB+XicbVBNS8NAEN34WetX1KOXxSLUgyWpgh6LXjxJBdMW2hA22027dPPB7qRYQv6JFw+KePWfePPfuG1z0NYHA4/3ZpiZ5yeCK7Csb2NldW19Y7O0Vd7e2d3bNw8OWypOJWUOjUUsOz5RTPCIOcBBsE4iGQl9wdr+6Hbqt8dMKh5HjzBJmBuSQcQDTgloyTPNHrAnyJy8en/mZeej3DMrVs2aAS8TuyAVVKDpmV+9fkzTkEVABVGqa1sJuBmRwKlgebmXKpYQOiID1tU0IiFTbja7PMenWunjIJa6IsAz9fdERkKlJqGvO0MCQ7XoTcX/vG4KwbWb8ShJgUV0vihIBYYYT2PAfS4ZBTHRhFDJ9a2YDokkFHRYZR2CvfjyMmnVa/ZFrf5wWWncFHGU0DE6QVVkoyvUQHeoiRxE0Rg9o1f0ZmTGi/FufMxbV4xi5gj9gfH5AxTkk0s=</latexit>

U(N)0
<latexit sha1_base64="fWg7xhGYxvJn7Ww8iuFkEJ2gFpw=">AAAB9HicbVBNT8JAEN36ifiFevTSSEzwQlo00SPRiyeDiQUSaMh2GWDDdlt3p0TS8Du8eNAYr/4Yb/4bF+hBwZdM8vLeTGbmBbHgGh3n21pZXVvf2Mxt5bd3dvf2CweHdR0lioHHIhGpZkA1CC7BQ44CmrECGgYCGsHwZuo3RqA0j+QDjmPwQ9qXvMcZRSP5bYQnTL1J6e6s43QKRafszGAvEzcjRZKh1il8tbsRS0KQyATVuuU6MfopVciZgEm+nWiIKRvSPrQMlTQE7aezoyf2qVG6di9SpiTaM/X3REpDrcdhYDpDigO96E3F/7xWgr0rP+UyThAkmy/qJcLGyJ4mYHe5AoZibAhliptbbTagijI0OeVNCO7iy8ukXim75+XK/UWxep3FkSPH5ISUiEsuSZXckhrxCCOP5Jm8kjdrZL1Y79bHvHXFymaOyB9Ynz8I75Gc</latexit>

12/25

In	general,

Moduli	of	curve	ρ				=	relaDve	ranks	&	FI	parameters-1 fits	with	TS/ST

Given	a	Newton	polygon,	can	guess	ρ	for	general	moduli	from	3d



Plan	of	talk

X
<latexit sha1_base64="S6fKC3fzNdJJNrDYhYZ51mL9fRU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bJZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC20F0O/PbT6g0T+SDGafox3QoecgZNVZ67LERsiimKuqXK27VnYOsEi8nFcjR6Je/eoOEZTFKwwTVuuu5qf EnVBnOBE5LvUxjSllEh9i1VNIYtT+ZXzwlZ1YZkDBRtqQhc/X3xITGWo/jwHbG1Iz0sjcT//O6mQmv/QmXaWZQssWiMBPEJGT2PhlwhcyIsSWUKW5vJWxEFWXGhlSyIXjLL6+SVq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fp5CQ5w==</latexit>

1.		All	order	1/N	expansion

2.		q-difference	system	and	recursion	relaDon

3.		ApplicaDon:	large	N	expansion	beyond	phase	transiDon



ABJM	and	q-discrete	Painleve 14/25

ABJM	parDDon	funcDons	saDsfy	q-Painlevé	III			equaDon

⌅M+1()⌅M�1() + e�
2⇡iM

k ⌅M (�)2 � ⌅M ()2 = 0
<latexit sha1_base64="HrMYPmWg2/lEGjk+7Y2hijb9Ml8="></latexit>

U(N)k ⇥U(N +M)�k
<latexit sha1_base64="BCTqSReQRwsb91wCnMy6VAwqe3A=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoOSIIbdKOgx6MWLEsFNAtmwzE4mybCzD2Z6xbDkD7z4K148KOLVqzf/xskD1GhBQ1HVTXeXFwuuwDQ/jczc/MLiUnY5t7K6tr6R39yqqyiRlNk0EpFsekQxwUNmAwfBmrFkJPAEa3j++chv3DKpeBTewCBm7YD0Qt7llICW3Py+A+wOUntYvCq5vgM8YAp/aweXJTc99IduvmCWzTHwX2JNSQFNUXPzH04noknAQqCCKNWyzBjaKZHAqWDDnJMoFhPqkx5raRoSvbedjv8Z4j2tdHA3krpCwGP150RKAqUGgac7AwJ9NeuNxP+8VgLd03bKwzgBFtLJom4iMER4FA7ucMkoiIEmhEqub8W0TyShoCPM6RCs2Zf/knqlbB2VK9fHherZNI4s2kG7qIgsdIKq6ALVkI0oukeP6Bm9GA/Gk/FqvE1aM8Z0Zhv9gvH+BSY7nBQ=</latexit> 3

⌅M () =
1X

N=0

NZk,M (N)
<latexit sha1_base64="ysifjSCYO1OW7qqWWFuiSWiLyy4="></latexit>

Z2,0(0) = 1
<latexit sha1_base64="aI7XcgpjZi9Wm/MdpAEJho9ysRk=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcJuFPQiBL14jGAemCxhdjKbDJmdXeYhhCW/4cWDIl79GW/+jZNkD5pY0FBUddPdFSScKe26305uZXVtfSO/Wdja3tndK+4fNFVsJKENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRrdTv/VEpWKxeNDjhPoRHggWMoK1lbqPvbR65k7K7um11yuW3Io7A1omXkZKkKHeK351+zExERWacKxUx3MT7adYakY4nRS6RtEEkxEe0I6lAkdU+ens5gk6sUofhbG0JTSaqb8nUhwpNY4C2xlhPVSL3lT8z+sYHV75KROJ0VSQ+aLQcKRjNA0A9ZmkRPOxJZhIZm9FZIglJtrGVLAheIsvL5NmteKdV6r3F6XaTRZHHo7gGMrgwSXU4A7q0AACCTzDK7w5xnlx3p2PeWvOyWYO4Q+czx+t7pAk</latexit>

Z2,0(1) =
1

8
<latexit sha1_base64="qn3tLMzm7EUiifp3IKUsLEQk87s=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARKkhJqmA3QtGNywr2gW0Ik+mkHTqZhJmJUGIW/oobF4q49Tfc+TdOHwttPXDhcM693HuPHzMqlW1/G7ml5ZXVtfx6YWNza3vH3N1ryigRmDRwxCLR9pEkjHLSUFQx0o4FQaHPSMsfXo/91gMRkkb8To1i4oaoz2lAMVJa8syDey+tnNpZyTm57AYC4dTJ0mrmmUW7bE9gLRJnRoowQ90zv7q9CCch4QozJGXHsWPlpkgoihnJCt1EkhjhIeqTjqYchUS66eT+zDrWSs8KIqGLK2ui/p5IUSjlKPR1Z4jUQM57Y/E/r5OooOqmlMeJIhxPFwUJs1RkjcOwelQQrNhIE4QF1bdaeIB0CkpHVtAhOPMvL5JmpeyclSu358Xa1SyOPBzCEZTAgQuowQ3UoQEYHuEZXuHNeDJejHfjY9qaM2Yz+/AHxucPDpuU2g==</latexit>

Z2,0(2) =
1

32⇡2
<latexit sha1_base64="fy63engxkU1blsjmLoyi3cKVJBQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpQkFXQjFN24rGAf2MQymU7aoZNJmJkIJWTjxl9x40IRt/6DO//GaZuFVg9cOJxzL/fe48eMSmVZX0ZhYXFpeaW4Wlpb39jcMrd3WjJKBCZNHLFIdHwkCaOcNBVVjHRiQVDoM9L2R5cTv31PhKQRv1HjmHghGnAaUIyUlnrm/m0vdY6trOIcnbuBQDi1s7TmuDG9c7KeWbaq1hTwL7FzUgY5Gj3z0+1HOAkJV5ghKbu2FSsvRUJRzEhWchNJYoRHaEC6mnIUEuml0y8yeKiVPgwioYsrOFV/TqQolHIc+rozRGoo572J+J/XTVRw5qWUx4kiHM8WBQmDKoKTSGCfCoIVG2uCsKD6VoiHSGehdHAlHYI9//Jf0nKqdq3qXJ+U6xd5HEWwBw5ABdjgFNTBFWiAJsDgATyBF/BqPBrPxpvxPmstGPnMLvgF4+MbEgyXCQ==</latexit>

Z2,1(2) = e
3⇡i
4

⇣ 1

128
p
2
� 1

16
p
2⇡2

⌘

<latexit sha1_base64="v5ghxmDoZnyuGdNbDdAF+pgVGAQ="></latexit>

Z2,1(1) =
e

⇡i
4

4
p
2⇡

<latexit sha1_base64="zBtWM1Xvri3Q4zFQf2fr2Atgrz0=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2ARKkiZmRZ0IxTduKxgL9ipJZNm2tDMxSQjlDAP4sZXceNCETcuBN/GtJ2Fth5I+Pj/c0jO78WMCmlZ30ZuaXlldS2/XtjY3NreMXf3miJKOCYNHLGItz0kCKMhaUgqGWnHnKDAY6TljS4nfuuBcEGj8EaOY9IN0CCkPsVIaqlnVm57yjmx05J9fO76HGFF7tQM3JhCmqpqmurLFfdcKifVYtozi1bZmhZcBDuDIsiq3jM/3X6Ek4CEEjMkRMe2YtlViEuKGUkLbiJIjPAIDUhHY4gCIrpqulwKj7TSh37E9QklnKq/JxQKhBgHnu4MkByKeW8i/ud1EumfdRUN40SSEM8e8hMGZQQnScE+5QRLNtaAMKf6rxAPkU5G6jwLOgR7fuVFaDplu1J2rqvF2kUWRx4cgENQAjY4BTVwBeqgATB4BM/gFbwZT8aL8W58zFpzRjazD/6U8fUDzQ2h4g==</latexit>

Z2,1(0) =
e�

⇡i
4

p
2

<latexit sha1_base64="jsn57dLdRF+dbav7qeGE/eglaog=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAIFbTMjAXdCEU3LivYC3ZqyaSZNjRzMckIJeQ13Pgqblwo4lJXvo3pZaGtPwQ+/nMOJ+f3E0aFtO1vK7OwuLS8kl3Nra1vbG7lt3fqIk45JjUcs5g3fSQIoxGpSSoZaSacoNBnpOEPLkf1xgPhgsbRjRwmpB2iXkQDipE0Vidv33aUe+Toon147gUcYUXu1PGEvIRCqlVZa608cc+lcrXu5At2yR4LzoMzhQKYqtrJf3rdGKchiSRmSIiWYyeyrRCXFDOic14qSILwAPVIy2CEQiLaanyZhgfG6cIg5uZFEo7d3xMKhUIMQ990hkj2xWxtZP5Xa6UyOGsrGiWpJBGeLApSBmUMRzHBLuUESzY0gDCn5q8Q95FJRZowcyYEZ/bkeai7Jeek5F6XC5WLaRxZsAf2QRE44BRUwBWoghrA4BE8g1fwZj1ZL9a79TFpzVjTmV3wR9bXD0DhoIc=</latexit>

Z2,2(0) = �i
<latexit sha1_base64="jGoHNzsa88TcuNiMRVqjJm0WO7M=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahgpYkCnoRil48VrAf2Iay2W7apZtN3N0USujv8OJBEa/+GG/+G7dtDlp9MPB4b4aZeX7MmdK2/WXllpZXVtfy64WNza3tneLuXkNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vBm6jdHVCoWiXs9jqkX4r5gASNYG8l76KbuiTsp28dXp6xbLNkVewb0lzgZKUGGWrf42elFJAmp0IRjpdqOHWsvxVIzwumk0EkUjTEZ4j5tGypwSJWXzo6eoCOj9FAQSVNCo5n6cyLFoVLj0DedIdYDtehNxf+8dqKDSy9lIk40FWS+KEg40hGaJoB6TFKi+dgQTCQztyIywBITbXIqmBCcxZf/koZbcc4q7t15qXqdxZGHAziEMjhwAVW4hRrUgcAjPMELvFoj69l6s97nrTkrm9mHX7A+vgFyS5CV</latexit>

Z2,2(1) =
i

8
<latexit sha1_base64="vydvmjzy8VHe0Bdd8F+v2VpTV70=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARKkhJomA3QtGNywr2gW0Ik+mkHTqZhJmJUGIW/oobF4q49Tfc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/dD3x2w9ESBrxOzWOiRuiAacBxUhpyTMP7r3UOXWyin1y2QsEwinN0lrmmWWrak0BF4mdkzLI0fDMr14/wklIuMIMSdm1rVi5KRKKYkayUi+RJEZ4hAakqylHIZFuOr0/g8da6cMgErq4glP190SKQinHoa87Q6SGct6biP953UQFNTelPE4U4Xi2KEgYVBGchAH7VBCs2FgThAXVt0I8RDoFpSMr6RDs+ZcXScup2mdV5/a8XL/K4yiCQ3AEKsAGF6AObkADNAEGj+AZvII348l4Md6Nj1lrwchn9sEfGJ8/Z4OVFA==</latexit>

Z2,2(2) = � i

32⇡2
<latexit sha1_base64="7+z724a+OCd9azgkPdPUhr188C0=">AAACBnicbVDLSsNAFJ3UV62vqEsRgkWooCVJBd0IRTcuK9gHNjFMppN26GQSZiZCCVm58VfcuFDErd/gzr9x2mahrQcuHM65l3vv8WNKhDTNb62wsLi0vFJcLa2tb2xu6ds7LRElHOEmimjEOz4UmBKGm5JIijsxxzD0KW77w6ux337AXJCI3cpRjN0Q9hkJCIJSSZ6+f+el9rGdVeyjixMn4BClJEtrthOTezvz9LJZNScw5omVkzLI0fD0L6cXoSTETCIKhehaZizdFHJJEMVZyUkEjiEawj7uKspgiIWbTt7IjEOl9Iwg4qqYNCbq74kUhkKMQl91hlAOxKw3Fv/zuokMzt2UsDiRmKHpoiChhoyMcSZGj3CMJB0pAhEn6lYDDaDKQqrkSioEa/bledKyq1atat+cluuXeRxFsAcOQAVY4AzUwTVogCZA4BE8g1fwpj1pL9q79jFtLWj5zC74A+3zB9u7l3o=</latexit>...

<latexit sha1_base64="hx9vrypjtBJpcEsh1w05CZs9G34=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtGpV/6Jau7+s1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB8y9j0Y=</latexit>

...
<latexit sha1_base64="hx9vrypjtBJpcEsh1w05CZs9G34=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtGpV/6Jau7+s1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB8y9j0Y=</latexit>

...
<latexit sha1_base64="hx9vrypjtBJpcEsh1w05CZs9G34=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtGpV/6Jau7+s1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB8y9j0Y=</latexit>

example:

provedwith																				kept:				reduces	to	PIII			differenDal	eq3 [Tracy,Widom,'95]

k=2,4:				can	prove	against	closed	forms	of ⌅TS
M ()

<latexit sha1_base64="5dDFdXdak/Egw3GmHhOEj51AeLQ=">AAACAnicbVDLSsNAFJ34rPUVdSVugkWom5JUQZdFN26Ein1BE8NkOmmHTh7M3IglBDf+ihsXirj1K9z5N07bLLT1wIXDOfdy7z1ezJkE0/zWFhaXlldWC2vF9Y3NrW19Z7clo0QQ2iQRj0THw5JyFtImMOC0EwuKA4/Ttje8HPvteyoki8IGjGLqBLgfMp8RDEpy9X27w9zru9QG+gBp4zbLyvYQxzE+dvWSWTEnMOaJlZMSylF39S+7F5EkoCEQjqXsWmYMTooFMMJpVrQTSWNMhrhPu4qGOKDSSScvZMaRUnqGHwlVIRgT9fdEigMpR4GnOgMMAznrjcX/vG4C/rmTsjBOgIZkushPuAGRMc7D6DFBCfCRIpgIpm41yAALTEClVlQhWLMvz5NWtWKdVKo3p6XaRR5HAR2gQ1RGFjpDNXSF6qiJCHpEz+gVvWlP2ov2rn1MWxe0fGYP/YH2+QMkKpdC</latexit>

[Okuyama,'16]

k ! 1
<latexit sha1_base64="ndnhmwp6l3ySBG8j88L4mxjU/nY=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTpQQ6l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgkRwDY7zbZXW1jc2t8rblZ3dvf0D+/Coo+NUUdamsYhVLyCaCS5ZGzgI1ksUI1EgWDeY3Mz87gNTmsfyHrKE+REZSR5ySsBIA7s68RQfjYEoFT96XIaQ4YFdc+rOHHiVuAWpoQKtgf3lDWOaRkwCFUTrvusk4OdEAaeCTSteqllC6ISMWN9QSSKm/Xx+/BSfGmWIw1iZkoDn6u+JnERaZ1FgOiMCY73szcT/vH4K4ZWfc5mkwCRdLApTgSHGsyTwkCtGQWSGEKq4uRXTMVGEgsmrYkJwl19eJZ1G3T2vN+4uas3rIo4yOkYn6Ay56BI10S1qoTaiKEPP6BW9WU/Wi/VufSxaS1YxU0V/YH3+ADrolSM=</latexit>

Special	cases:

M 0 = ke
⇡iM

k
<latexit sha1_base64="nO+ATuyrIakVqkAOVmWJ9mf9jZY=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyiq5JUQTdC0Y2bQgX7gCaWyfSmHTJ5MDMRSogbf8WNC0Xc+hfu/Bunj4W2HrhwOOde7r3HSziTyrK+jYXFpeWV1cJacX1jc2vb3NltyjgVFBo05rFoe0QCZxE0FFMc2okAEnocWl5wPfJbDyAki6M7NUzADUk/Yj6jRGmpa+7Xji8DuM8cXxCaOQnDrJZnQZ53zZJVtsbA88SekhKaot41v5xeTNMQIkU5kbJjW4lyMyIUoxzyopNKSAgNSB86mkYkBOlm4w9yfKSVHvZjoStSeKz+nshIKOUw9HRnSNRAznoj8T+vkyr/ws1YlKQKIjpZ5KccqxiP4sA9JoAqPtSEUMH0rZgOiM5C6dCKOgR79uV50qyU7dNy5fasVL2axlFAB+gQnSAbnaMqukF11EAUPaJn9IrejCfjxXg3PiatC8Z0Zg/9gfH5A1ViltQ=</latexit>

	[Grassi,Hatsuda,Marino,'14][Bonelli,Grassi,Tanzini,'17]

Found	experimentally	against	exact	values	of Zk,M (N)
<latexit sha1_base64="sjVVNBEYACzVxIUkDR6S9tRQRQM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpSkCnosevGiVLAftA1ls920SzebsLsRSsi/8OJBEa/+G2/+G7dtDtr6YODx3gwz87yIM6Vt+9vKrayurW/kNwtb2zu7e8X9g6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vPHN1G89UalYKB71JKJugIeC+YxgbaROp5+Mz+7S8v1pv1iyK/YMaJk4GSlBhnq/+NUbhCQOqNCEY6W6jh1pN8FSM8JpWujFikaYjPGQdg0VOKDKTWYXp+jEKAPkh9KU0Gim/p5IcKDUJPBMZ4D1SC16U/E/rxtr/8pNmIhiTQWZL/JjjnSIpu+jAZOUaD4xBBPJzK2IjLDERJuQCiYEZ/HlZdKsVpzzSvXholS7zuLIwxEcQxkcuIQa3EIdGkBAwDO8wpulrBfr3fqYt+asbOYQ/sD6/AFpQ5AW</latexit>

(q = e
⇡i
k )

<latexit sha1_base64="3kLaCBe6XBBap+V8LyMYrWL84CY=">AAACB3icbVDJSsRAEO24juMW9ShI4yDoZUhU0IsgevE4grPAJA6dnoo201nsrohDyM2Lv+LFgyJe/QVv/o09y8HtQcHjvSqq6gWpFBod59OamJyanpktzZXnFxaXlu2V1YZOMsWhzhOZqFbANEgRQx0FSmilClgUSGgGvdOB37wFpUUSX2A/BT9iV7EIBWdopI69se0h3GF+UxzBZe6FivHcSwUVRd4rip2OXXGqzhD0L3HHpELGqHXsD6+b8CyCGLlkWrddJ0U/ZwoFl1CUvUxDyniPXUHb0JhFoP18+EdBt4zSpWGiTMVIh+r3iZxFWvejwHRGDK/1b28g/ue1MwwP/VzEaYYQ89GiMJMUEzoIhXaFAo6ybwjjSphbKb9mJgs00ZVNCO7vl/+Sxm7V3avunu9Xjk/GcZTIOtkk28QlB+SYnJEaqRNO7skjeSYv1oP1ZL1ab6PWCWs8s0Z+wHr/Ao7dmb8=</latexit>



Mo.va.on	of	the	correspondence 15/25

...

Fermi	gas	with topological	string	on	local	CY			X

5d													SYM	on	(p,q)5-brane	webN = 1
<latexit sha1_base64="/HDxFOCHOURd5LGhTTU/d3OtEPQ=">AAACAXicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioI0QtLGSCOYDkyPsbTbJkt29Y3dPCMdV/gVb7e3E1l9i6y9xk1xhEh8MPN6bYWZeEHGmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0GGsCK2TkIeqFWBNOZO0bpjhtBUpikXAaTMY3Uz85hNVmoXywYwj6gs8kKzPCDZWekw6BHN0l1553WLJLbtToGXiZaQEGWrd4k+nF5JYUGkIx1q3PTcyfoKVYYTTtNCJNY0wGeEBbVsqsaDaT6YXp+jEKj3UD5UtadBU/TuRYKH1WAS2U2Az1IveRPzPa8emf+knTEaxoZLMFvVjjkyIJu+jHlOUGD62BBPF7K2IDLHCxNiQ5rYEIi3YULzFCJZJo1L2zsqV+/NS9TqLJw9HcAyn4MEFVOEWalAHAhJe4BXenGfn3flwPmetOSebOYQ5OF+/CiOW6A==</latexit>

⇢̂�1 =
X

m,n

cmne
mx̂+np̂

<latexit sha1_base64="A5B8v9SiJFFPvfQQ+7BMoiCJaWA="></latexit>

m

n

3
TS/ST

...

dual	diagram

should	saDsfy	q-ship	relaDon	in =	moduli	of	curve	=	relaDve	ranks/FI

M-theory	on	X

[Bonelli,Globlek,Kubo,TN,Tanzini,'22][Moriyama,TN,'23]

(							=	5d	SW	curve)⇢�1
<latexit sha1_base64="4yEE1q2uul+BgQHyHpX9+hnjJYM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBT0GvXiMYB6SrGF2MkmGzGOZmRXCkq/w4kERr36ON//GSbIHTSxoKKq66e6KYs6M9f1vL7eyura+kd8sbG3v7O4V9w8aRiWa0DpRXOlWhA3lTNK6ZZbTVqwpFhGnzWh0M/WbT1QbpuS9Hcc0FHggWZ8RbJ300NFD9ZieBZNuseSX/RnQMgkyUoIMtW7xq9NTJBFUWsKxMe3Aj22YYm0Z4XRS6CSGxpiM8IC2HZVYUBOms4Mn6MQpPdRX2pW0aKb+nkixMGYsItcpsB2aRW8q/ue1E9u/ClMm48RSSeaL+glHVqHp96jHNCWWjx3BRDN3KyJDrDGxLqOCCyFYfHmZNCrl4LxcubsoVa+zOPJwBMdwCgFcQhVuoQZ1ICDgGV7hzdPei/fufcxbc142cwh/4H3+AHpKkDE=</latexit>

[Jimbo,Nagoya,Sakai,'17]

[Nakajima,Yoshioka,'03]
In	5d,			self-consistency	relaDon	among	q-shiped	parameters

E

(t, · · · )
<latexit sha1_base64="/HDL8uxFM4yEl9uIbrlNmNjiOww=">AAACAXicbVA9SwNBEN3zM8avqKXNYhAiSLiLgpZBG8sI5gOTI+zt7SVLdveO3TkhhFT+BVvt7cTWX2LrL3GTXGESHww83pthZl6QCG7Adb+dldW19Y3N3FZ+e2d3b79wcNgwcaopq9NYxLoVEMMEV6wOHARrJZoRGQjWDAa3E7/5xLThsXqAYcJ8SXqKR5wSsNJjCc47NIzBnHULRbfsToGXiZeRIspQ6xZ+OmFMU8kUUEGMaXtuAv6IaOBUsHG+kxqWEDogPda2VBHJjD+aXjzGp1YJcRRrWwrwVP07MSLSmKEMbKck0DeL3kT8z2unEF37I66SFJiis0VRKjDEePI+DrlmFMTQEkI1t7di2ieaULAhzW0J5DhvQ/EWI1gmjUrZuyhX7i+L1Zssnhw6RieohDx0haroDtVQHVGk0At6RW/Os/PufDifs9YVJ5s5QnNwvn4BF4uW8g==</latexit>

Z5d ⇠ Z
05d ⇥ Z

005d
<latexit sha1_base64="xO1HvuG+iqpM/9sQpOdMoAO4ZZw=">AAACL3icbZDJTsMwEIYd1lK2AkcuFhWCU5WU9VjBhWOR6CKaUDmu21q1k8ieIKoob8JL8Apc4Y64IMSNt8BdDl0YydKvb2b0j38/ElyDbX9aC4tLyyurmbXs+sbm1nZuZ7eqw1hRVqGhCFXdJ5oJHrAKcBCsHilGpC9Yze9dD/q1R6Y0D4M76EfMk6QT8DanBAxq5s7vHxIX2BMkZ600dTWX2JCjCQRcMj2EE7SZy9sFe1h4XjhjkUfjKjdzP24rpLFkAVBBtG44dgReQhRwKliadWPNIkJ7pMMaRgbEmHrJ8H8pPjSkhduhMi8APKSTGwmRWvelbyYlga6e7Q3gf71GDO1LL+FBFAML6MioHQsMIR6EhVtcMQqibwShiptbMe0SRSiYSKdcfJlmTSjObATzolosOCeF4u1pvnQ1jieD9tEBOkYOukAldIPKqIIoekav6A29Wy/Wh/VlfY9GF6zxzh6aKuv3D9yLqm8=</latexit>

⌅()
<latexit sha1_base64="Cud+ZWUgpuc4CZaK7vkSli3cqyM=">AAACAnicbVC7SgNBFJ31GeMramkzGITYhN0oaBm0sYxgHpBdwuxkNhkyL2ZmhbCk8xdstbcTW3/E1i9xkmxhEg9cOJxzL/feEytGjfX9b29tfWNza7uwU9zd2z84LB0dt4xMNSZNLJnUnRgZwqggTUstIx2lCeIxI+14dDf1209EGyrFox0rEnE0EDShGFkndcMOrYQjpBS66JXKftWfAa6SICdlkKPRK/2EfYlTToTFDBnTDXxlowxpSzEjk2KYGqIQHqEB6ToqECcmymYnT+C5U/owkdqVsHCm/p3IEDdmzGPXyZEdmmVvKv7ndVOb3EQZFSq1ROD5oiRl0Eo4/R/2qSbYsrEjCGvqboV4iDTC1qW0sCXmk6ILJViOYJW0atXgslp7uCrXb/N4CuAUnIEKCMA1qIN70ABNgIEEL+AVvHnP3rv34X3OW9e8fOYELMD7+gXtbpdp</latexit>

5d	SU(2)	pure

5d	SU(2)	+	N		=4f

examples: ABJM q-Painlevé	III

4-node	quiver 	q-Painlevé	VI
3

⇠<latexit sha1_base64="YmFkX3Xr57GcCOOf2uS/Na7Gyy0=">AAAB63icbVBNSwMxEJ34WetX1aOXYBE8ld0q6LHoxWMF+wHtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic2lvuFyUKl6NW8OvEr8glShQHNQ+eoPY5pKpiwVxJie7yU2yIi2nAo2K/dTwxJCJ2TEeo4qIpkJsvmtM3zulCGOYu1KWTxXf09kRBozlaHrlMSOzbKXi/95vdRGN0HGVZJapuhiUZQKbGOcP46HXDNqxdQRQjV3t2I6JppQ6+IpuxD85ZdXSbte8y9r9YerauO2iKMEp3AGF+DDNTTgHprQAgpjeIZXeEMSvaB39LFoXUPFzAn8Afr8ASD9jks=</latexit>

⌅k;M,⇣,···() ⇠ Ztop(T1, T2, · · · ) ⇠ Z5d(t = e
1

g2YM ,mi, · · · ;�)
<latexit sha1_base64="bPcyOhpKdqsAfgZveDb4EMd9pAU="></latexit>

[Bershtein,Shchechkin,'18]



can	guess	q-diff	eq	from	exact	expressions	of																														and

[TN,'24]

5d:	SU(3)

is	not	a	Laurent	polynomial	in	a	pair	of								coordinates

ExcepDons:

mass	deformed	ABJM

C⇥
<latexit sha1_base64="3pntUElWIUSem0bSHju5HmfF/Ic=">AAACCnicbVDLSsNAFJ34rPWV6tLNYBFclaQKuix247KCfUATy8x00g6dScLMRCkhf+AvuNW9O3HrT7j1S5y0WdjWCxcO59zLORwcc6a043xba+sbm1vbpZ3y7t7+waFdOeqoKJGEtknEI9nDSFHOQtrWTHPaiyVFAnPaxZNmrncfqVQsCu/1NKa+QKOQBYwgbaiBXfEE0mOM02b24GkmqBrYVafmzAauArcAVVBMa2D/eMOIJIKGmnCkVN91Yu2nSGpGOM3KXqJojMgEjWjfwBAZEz+dRc/gmWGGMIik2VDDGfv3I0VCqanA5jIPqpa1nPxP6yc6uPZTFsaJpiGZGwUJhzqCeQ9wyCQlmk8NQEQykxWSMZKIaNPWggsWWdmU4i5XsAo69Zp7UavfXVYbN0U9JXACTsE5cMEVaIBb0AJtQMATeAGv4M16tt6tD+tzfrpmFT/HYGGsr180y5rg</latexit>

m1,m2 2 ⇡iQ
<latexit sha1_base64="HTocpek4Jcqk9G+xTS6lQNEsoWo=">AAACE3icbVDLSsNAFJ34rPUVdaebwSK4kJJUQZdFNy5bsA9oQphMp+3QmUmYmQglBPwJf8Gt7t2JWz/ArV/ipM3Cth64cDjnXu69J4wZVdpxvq2V1bX1jc3SVnl7Z3dv3z44bKsokZi0cMQi2Q2RIowK0tJUM9KNJUE8ZKQTju9yv/NIpKKReNCTmPgcDQUdUIy0kQL7mAfuBQ9qHhXQiymkHkd6FIZpMwvsilN1poDLxC1IBRRoBPaP149wwonQmCGleq4Taz9FUlPMSFb2EkVihMdoSHqGCsSJ8tPpDxk8M0ofDiJpSmg4Vf9OpIgrNeGh6cwvVIteLv7n9RI9uPFTKuJEE4FniwYJgzqCeSCwTyXBmk0MQVhScyvEIyQR1ia2uS0hz8omFHcxgmXSrlXdy2qteVWp3xbxlMAJOAXnwAXXoA7uQQO0AAZP4AW8gjfr2Xq3PqzPWeuKVcwcgTlYX7+KMJ2k</latexit>

m

n

m1 = �m2 = �⇡i

3
<latexit sha1_base64="LWVOr866GKhj6RuWRr+T21FRwwU=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRvLQkraCXQtGLxwq2FZoQNttNu3R3E3Y3QgnFi3/FiwdFvPorvPlv3LY5aOuDgcd7M8zMCxNGlXacb6uwsrq2vlHcLG1t7+zu2fsHHRWnEpM2jlks70OkCKOCtDXVjNwnkiAeMtINR9dTv/tApKKxuNPjhPgcDQSNKEbaSIF9xAO3UeFBrVHxIolw5iUU0klWnwR22ak6M8Bl4uakDHK0AvvL68c45URozJBSPddJtJ8hqSlmZFLyUkUShEdoQHqGCsSJ8rPZCxN4apQ+jGJpSmg4U39PZIgrNeah6eRID9WiNxX/83qpji79jIok1UTg+aIoZVDHcJoH7FNJsGZjQxCW1NwK8RCZJLRJrWRCcBdfXiadWtWtV2u35+XmVR5HERyDE3AGXHABmuAGtEAbYPAInsEreLOerBfr3fqYtxasfOYQ/IH1+QOi85ZR</latexit>

⇢�1 =
X

m,n

cmne
mx0+np0

<latexit sha1_base64="RbM1sLqJp9bbzseFe5KFqUtQ5P4=">AAACDnicbVDLSsNAFJ3UV62vqEs3wVIqqCWpgm6EohuXFewDmjRMplM7dGYSZiZiCfkCN/6KGxeKuHXtzr9x2mahrQcu93DOvczcE0SUSGXb30ZuYXFpeSW/Wlhb39jcMrd3mjKMBcINFNJQtAMoMSUcNxRRFLcjgSELKG4Fw6ux37rHQpKQ36pRhD0G7zjpEwSVlnyz5IpB2E2OnfTClTHzE3bEU6QbT3E3YQ/lQx6VU98s2hV7AmueOBkpggx13/xyeyGKGeYKUShlx7Ej5SVQKIIoTgtuLHEE0RDe4Y6mHDIsvWRyTmqVtNKz+qHQxZU1UX9vJJBJOWKBnmRQDeSsNxb/8zqx6p97CeFRrDBH04f6MbVUaI2zsXpEYKToSBOIBNF/tdAACoiUTrCgQ3BmT54nzWrFOalUb06LtcssjjzYA/vgADjgDNTANaiDBkDgETyDV/BmPBkvxrvxMR3NGdnOLvgD4/MHZbicUg==</latexit>

⇣
x0 = x� p

3
, p0 =

2p

3

⌘

<latexit sha1_base64="gvfuHFo5huhByTUgVo5hEone2T4=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSKtUEvSCroplLpxWcE+oAllMp20QycPZibSEvIXbvwVNy4Ucas7/8ZJmoW2Hhg4nHMud+6xA0q40PVvJbe2vrG5ld8u7Ozu7R+oh0dd7ocM4Q7yqc/6NuSYEg93BBEU9wOGoWtT3LOnN4nfe8CME9+7F/MAWy4ce8QhCAopDdWq2SJjWp6VGrML02EQRUEc1eOKWQlKjYVQS5Ukx86HalGv6im0VWJkpAgytIfqlznyUehiTyAKOR8YeiCsCDJBEMVxwQw5DiCawjEeSOpBF3MrSu+KtTOpjDTHZ/J5QkvV3xMRdDmfu7ZMulBM+LKXiP95g1A411ZEvCAU2EOLRU5INeFrSUnaiDCMBJ1LAhEj8q8amkBZhpBVFmQJxvLJq6Rbqxr1au3usthsZXXkwQk4BWVggCvQBLegDToAgUfwDF7Bm/KkvCjvyscimlOymWPwB8rnD2pkntc=</latexit>

example:

should	saDsfy	some	q-difference	eq	for	a	dense	set	of	 (m1,m2)
<latexit sha1_base64="mTPY4mx5k+FivDUCvYti+NSgnl4=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJUkLJbBT0WvXisYD+kXZZsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNq777aysrq1vbBa2its7u3v7pYPDlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh6Hbqt5+o0iyWD2acUF/ggWQRI9hY6bEiAu9cBLWzoFR2q+4MaJl4OSlDjkZQ+ur1Y5IKKg3hWOuu5ybGz7AyjHA6KfZSTRNMRnhAu5ZKLKj2s9nBE3RqlT6KYmVLGjRTf09kWGg9FqHtFNgM9aI3Ff/zuqmJrv2MySQ1VJL5oijlyMRo+j3qM0WJ4WNLMFHM3orIECtMjM2oaEPwFl9eJq1a1buo1u4vy/WbPI4CHMMJVMCDK6jDHTSgCQQEPMMrvDnKeXHenY9564qTzxzBHzifPyF7j1A=</latexit>

⌅M ()
<latexit sha1_base64="2uSF2niUhhi1uuz81zjsP5pEpn4=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRahXspuFfRY9OJFqGA/oLuUbJptQ7PZmGQLpfR3ePGgiFd/jDf/jWm7B219MPB4b4aZeaHkTBvX/XZya+sbm1v57cLO7t7+QfHwqKmTVBHaIAlPVDvEmnImaMMww2lbKorjkNNWOLyd+a0RVZol4tGMJQ1i3BcsYgQbKwV+m3Xvy/4QS4nPu8WSW3HnQKvEy0gJMtS7xS+/l5A0psIQjrXueK40wQQrwwin04KfaioxGeI+7VgqcEx1MJkfPUVnVumhKFG2hEFz9ffEBMdaj+PQdsbYDPSyNxP/8zqpia6DCRMyNVSQxaIo5cgkaJYA6jFFieFjSzBRzN6KyAArTIzNqWBD8JZfXiXNasW7qFQfLku1myyOPJzAKZTBgyuowR3UoQEEnuAZXuHNGTkvzrvzsWjNOdnMMfyB8/kD3zyRgw==</latexit>

⌅M+1(�e�
m1+m2

2 )⌅M�1(�e
m1+m2

2 ) + e�
2⇡iM

k ⌅M (e
m1�m2

2 )⌅M (e�
m1�m2

2 )
<latexit sha1_base64="q80oWERg8VXg3gLDnd0eGgmE7BM="></latexit>

�⌅M (�e�
m1+m2

2 )⌅M (�e
m1+m2

2 ) = 0
<latexit sha1_base64="xcn4Mg9qQfpgTNOK38cJvpzf7Cg="></latexit>

⇢�1 = e(1+
i(m1+m2)

2⇡ )x+
i(m1�m2)

2⇡ p + e⇡i(k�2M)e(�1+
i(m1+m2)

2⇡ )x+
i(m1�m2)

2⇡ p
<latexit sha1_base64="pm9IrM9TASICbLb6MZHGCaKv7KY="></latexit>

+e
i(m1+m2)

2⇡ x+(�1+
i(m1�m2)

2⇡ )p + e
i(m1+m2)

2⇡ x+(1+
i(m1�m2)

2⇡ )p
<latexit sha1_base64="h14BkbvfegVQZcd2KZTpUIRdGbA="></latexit>

Zk,M (1;m1,m2)
<latexit sha1_base64="62rAOLBwJ/IA3WZySitxy4j3KfA=">AAACC3icbVDLSsNAFJ3UV62vWJduBotQoZSkCgpuim7cCBXsA9sQJtNJO3QmCTMTsYR8gr/gVvfuxK0f4dYvcdpmYVsPXDiccy/ncryIUaks69vIrayurW/kNwtb2zu7e+Z+sSXDWGDSxCELRcdDkjAakKaiipFOJAjiHiNtb3Q98duPREgaBvdqHBGHo0FAfYqR0pJrFh/cZFS5Tcv2JXftCndrJ65ZsqrWFHCZ2BkpgQwN1/zp9UMccxIozJCUXduKlJMgoShmJC30YkkihEdoQLqaBogT6STT31N4rJU+9EOhJ1Bwqv69SBCXcsw9vcmRGspFbyL+53Vj5V84CQ2iWJEAz4L8mEEVwkkRsE8FwYqNNUFYUP0rxEMkEFa6rrkUj6cFXYq9WMEyadWq9mm1dndWql9l9eTBITgCZWCDc1AHN6ABmgCDJ/ACXsGb8Wy8Gx/G52w1Z2Q3B2AOxtcvHcOZgg==</latexit>

Zk,M (2;m1,m2)
<latexit sha1_base64="ozufkEbS4F8gVUt8cGq8zlXnZSU=">AAACC3icbVDLSsNAFJ3UV62vWJduBotQoZQkCgpuim7cCBXsA9sQJtNpO3QmCTMTsYR8gr/gVvfuxK0f4dYvcdpmYVsPXDiccy/ncvyIUaks69vIrayurW/kNwtb2zu7e+Z+sSnDWGDSwCELRdtHkjAakIaiipF2JAjiPiMtf3Q98VuPREgaBvdqHBGXo0FA+xQjpSXPLD54yahym5adS+7ZFe45J55ZsqrWFHCZ2BkpgQx1z/zp9kIccxIozJCUHduKlJsgoShmJC10Y0kihEdoQDqaBogT6SbT31N4rJUe7IdCT6DgVP17kSAu5Zj7epMjNZSL3kT8z+vEqn/hJjSIYkUCPAvqxwyqEE6KgD0qCFZsrAnCgupfIR4igbDSdc2l+Dwt6FLsxQqWSdOp2qdV5+6sVLvK6smDQ3AEysAG56AGbkAdNAAGT+AFvII349l4Nz6Mz9lqzshuDsAcjK9fH2CZgw==</latexit>

16/25



17/25Rela.on	among	different	N's

By	expanding	in	κ,	we	obtain	relaDon	between Z(N)
<latexit sha1_base64="kvZg1eB7v0xBT0btAxnQOp/rUsU=">AAAB63icbVBNSwMxEJ31s9avqkcvwSLUS9mtgh6LXjxJBfuB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb2dldW19Y7OwVdze2d3bLx0ctnSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336iSrNIPphJTH2Bh5KFjGCTSY+Vu7N+qexW3RnQMvFyUoYcjX7pqzeISCKoNIRjrbueGxs/xcowwum02Es0jTEZ4yHtWiqxoNpPZ7dO0alVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi14m/ud1ExNe+SmTcWKoJPNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjadoQ/AWX14mrVrVO6/W7i/K9es8jgIcwwlUwINLqMMtNKAJBEbwDK/w5gjnxXl3PuatK04+cwR/4Hz+ABuHjZ8=</latexit>

{Z(N 0)}N 0<N
<latexit sha1_base64="J7/wlnESMATqNH8cFJhfauANfws=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VaNyWpgi5cFN24KhXsA5sQJtNJO3QyCTOTQgn5EzcuFHHrn7jzb5y2WWjrgQuHc+7l3nv8mFGpLOvbKKytb2xuFbdLO7t7+wfm4VFHRonApI0jFomejyRhlJO2ooqRXiwICn1Guv74buZ3J0RIGvFHNY2JG6IhpwHFSGnJM00nfao2K+dO5qXNyk0z88yyVbPmgKvEzkkZ5Gh55pcziHASEq4wQ1L2bStWboqEopiRrOQkksQIj9GQ9DXlKCTSTeeXZ/BMKwMYREIXV3Cu/p5IUSjlNPR1Z4jUSC57M/E/r5+o4NpNKY8TRTheLAoSBlUEZzHAARUEKzbVBGFB9a0Qj5BAWOmwSjoEe/nlVdKp1+yLWv3hsty4zeMoghNwCqrABlegAe5BC7QBBhPwDF7Bm5EaL8a78bFoLRj5zDH4A+PzB8gXknU=</latexit>

and

Problem:		we	cannot	solve	them	in	N	because		#(eqs)	<	#(new	variables)

difference	eq	at M = M1,M1 + 1, · · · ,M2
<latexit sha1_base64="2Z+RRgT6MyKayINbghkitjo3Cd4=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBEuZqYJuhKIbN4UK9gHtMGQymTY0kwxJRihjF/6KGxeKuPU33Pk3po+Fth64cHLOvdybEySMKu0431ZuaXlldS2/XtjY3NresXf3mkqkEpMGFkzIdoAUYZSThqaakXYiCYoDRlrB4Gbstx6IVFTwez1MiBejHqcRxUgbybcPalc13y2ZOnVLXRwKrcyj4ttFp+xMABeJOyNFMEPdt7+6ocBpTLjGDCnVcZ1EexmSmmJGRoVuqkiC8AD1SMdQjmKivGxy/wgeGyWEkZCmuIYT9fdEhmKlhnFgOmOk+2reG4v/eZ1UR5deRnmSasLxdFGUMqgFHIcBQyoJ1mxoCMKSmlsh7iOJsDaRFUwI7vyXF0mzUnbPypW782L1ehZHHhyCI3ACXHABquAW1EEDYPAInsEreLOerBfr3fqYtuas2cw++APr8wfGd5QG</latexit>

�ZM�1(N) +�ZM (N) +�ZM+1(N) = (· · · )
<latexit sha1_base64="QFQUcBhLGY4Lja4XQdrKgsgMg9I=">AAACKXicbVBLSwMxGMz6rPW16tFLsAgtxbJbBb0IRS9eKhXsA7vLks2mbWj2QZIVytK/48W/4kVBUa/+EdPtHmrrQGAyMx/JN27EqJCG8aUtLa+srq3nNvKbW9s7u/refkuEMcekiUMW8o6LBGE0IE1JJSOdiBPku4y03eH1xG8/Ei5oGNzLUURsH/UD2qMYSSU5es1yaR9TjuGDk9RPzHHxtlSe0epz96ReTjOXRQt7oRQlRy8YFSMFXCRmRgogQ8PR3ywvxLFPAokZEqJrGpG0E8QlxYyM81YsSITwEPVJV9EA+UTYSbrpGB4rxYO9kKsTSJiqsxMJ8oUY+a5K+kgOxLw3Ef/zurHsXdgJDaJYkgBPH+rFDMoQTmqDHuUESzZSBGFO1V8hHiCOsFTl5lUJ5vzKi6RVrZinlerdWaF2ldWRA4fgCBSBCc5BDdyABmgCDJ7AC3gHH9qz9qp9at/T6JKWzRyAP9B+fgEa6qQS</latexit>

SoluDon:		addiDonal	constraints	from	3d	duality

⌅M+1(�e�
m1+m2

2 )⌅M�1(�e
m1+m2

2 ) + e�
2⇡iM

k ⌅M (e
m1�m2

2 )⌅M (e�
m1�m2

2 )
<latexit sha1_base64="q80oWERg8VXg3gLDnd0eGgmE7BM="></latexit>

�⌅M (�e�
m1+m2

2 )⌅M (�e
m1+m2

2 ) = 0
<latexit sha1_base64="xcn4Mg9qQfpgTNOK38cJvpzf7Cg="></latexit>

ZM1�1(N), · · · , ZM2+1(N)
<latexit sha1_base64="cdygadqmm9a6sBfiHEvvnpENEQA=">AAACK3icbVDLSsNAFJ34tr6iLt0Ei6CoJamCLqVu3CgVrIptCZPJbTt08mDmRiwh/+PGX3GhCx+49T+cpl1o64GBwznnzp05Xiy4Qtv+MCYmp6ZnZufmCwuLS8sr5uratYoSyaDGIhHJW48qEDyEGnIUcBtLoIEn4Mbrnvb9m3uQikfhFfZiaAa0HfIWZxS15JqVOzc9d50GwgPmt6US/Czdd7Js+2Jnr8H8CNVeHiqPhnYHIdcs2iU7hzVOnCEpkiGqrvnS8COWBBAiE1SpumPH2EypRM4EZIVGoiCmrEvbUNc0pAGoZpovzqwtrfhWK5L6hGjl6u+JlAZK9QJPJwOKHTXq9cX/vHqCreNmysM4QQjZYFErERZGVr84y+cSGIqeJpRJrt9qsQ6VlKGut6BLcEa/PE6uyyXnoFS+PCyeVIZ1zJENskm2iUOOyAk5I1VSI4w8kmfyRt6NJ+PV+DS+BtEJYzizTv7A+P4By7qn/w==</latexit>
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U(N)k ⇥U(N +M)�k
<latexit sha1_base64="BCTqSReQRwsb91wCnMy6VAwqe3A=">AAACD3icbVDLSgNBEJyNrxhfUY9eBoOSIIbdKOgx6MWLEsFNAtmwzE4mybCzD2Z6xbDkD7z4K148KOLVqzf/xskD1GhBQ1HVTXeXFwuuwDQ/jczc/MLiUnY5t7K6tr6R39yqqyiRlNk0EpFsekQxwUNmAwfBmrFkJPAEa3j++chv3DKpeBTewCBm7YD0Qt7llICW3Py+A+wOUntYvCq5vgM8YAp/aweXJTc99IduvmCWzTHwX2JNSQFNUXPzH04noknAQqCCKNWyzBjaKZHAqWDDnJMoFhPqkx5raRoSvbedjv8Z4j2tdHA3krpCwGP150RKAqUGgac7AwJ9NeuNxP+8VgLd03bKwzgBFtLJom4iMER4FA7ucMkoiIEmhEqub8W0TyShoCPM6RCs2Zf/knqlbB2VK9fHherZNI4s2kG7qIgsdIKq6ALVkI0oukeP6Bm9GA/Gk/FqvE1aM8Z0Zhv9gvH+BSY7nBQ=</latexit>

ABJM

Hanany-Wiben	effect: D3=
NS5 D5

=

⌅M=�1() = ⌅M=k�1()
<latexit sha1_base64="wxSYyB8qxKJjrU4rSvrdC/l/Qyc=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0WooCWpgm4KRTduhAr2AU0Ik+mkHTKZhJmJUEJ/wo2/4saFIm4Fd/6N0zaLWj1wuYdz7mXmHj9hVCrL+jYKS8srq2vF9dLG5tb2jrm715ZxKjBp4ZjFousjSRjlpKWoYqSbCIIin5GOH15P/M4DEZLG/F6NEuJGaMBpQDFSWvLME6dLvey2fmqPK06IkgQd12c9N8I5xzPLVtWaAv4ldk7KIEfTM7+cfozTiHCFGZKyZ1uJcjMkFMWMjEtOKkmCcIgGpKcpRxGRbja9agyPtNKHQSx0cQWn6vxGhiIpR5GvJyOkhnLRm4j/eb1UBZduRnmSKsLx7KEgZVDFcBIR7FNBsGIjTRAWVP8V4iESCCsdZEmHYC+e/Je0a1X7rFq7Oy83rvI4iuAAHIIKsMEFaIAb0AQtgMEjeAav4M14Ml6Md+NjNlow8p198AvG5w9H+52k</latexit>

Zk,k(N) = Zk,0(N)
<latexit sha1_base64="Sn4hfCuLlOQebxPdGXRmYrAAQ94=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoYKUpAq6EYpuXEkFe8E2hMl00g6ZTMLMRCih4Ku4caGIW5/DnW/jJM1Cqz8MfPznHM6Z34sZlcqyvozSwuLS8kp5tbK2vrG5ZW7vdGSUCEzaOGKR6HlIEkY5aSuqGOnFgqDQY6TrBVdZvftAhKQRv1OTmDghGnHqU4yUtlxz795Ng+NgWrs5usjRytA1q1bdygX/gl1AFRRquebnYBjhJCRcYYak7NtWrJwUCUUxI9PKIJEkRjhAI9LXyFFIpJPm50/hoXaG0I+EflzB3P05kaJQykno6c4QqbGcr2Xmf7V+ovxzJ6U8ThTheLbITxhUEcyygEMqCFZsogFhQfWtEI+RQFjpxCo6BHv+y3+h06jbJ/XG7Wm1eVnEUQb74ADUgA3OQBNcgxZoAwxS8ARewKvxaDwbb8b7rLVkFDO74JeMj2/o9ZQn</latexit>

⌅M=k() = ⌅M=0(),
<latexit sha1_base64="EyMJ1oRBLNtfcfHP4B0mHLwIV7o=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVKkhJqqCbQtGNG6GCvUATwmQ6aYdMJmFmIpTQF3Djq7hxoYhb9+58G6dtEK3+MPDznXM4c34/YVQqy/o0CguLS8srxdXS2vrG5pa5vdOWcSowaeGYxaLrI0kY5aSlqGKkmwiCIp+Rjh9eTuqdOyIkjfmtGiXEjdCA04BipDTyzAOnS73suh6OK06IkgQd1XNifZNjzyxbVWsq+NfYuSmDXE3P/HD6MU4jwhVmSMqebSXKzZBQFDMyLjmpJAnCIRqQnrYcRUS62fSaMTzUpA+DWOjHFZzSnxMZiqQcRb7ujJAayvnaBP5X66UqOHczypNUEY5ni4KUQRXDSTSwTwXBio20QVhQ/VeIh0ggrHSAJR2CPX/yX9OuVe2Tau3mtNy4yOMogj2wDyrABmegAa5AE7QABvfgETyDF+PBeDJejbdZa8HIZ3bBLxnvX33Cmos=</latexit>

=

N	D3
NS5(1,k)5

N+M	D3 N
NS5 (1,k)5

N+k-M
=

NS5(1,k)5

=

U(N + k �M)k ⇥U(N)�k
<latexit sha1_base64="/c0qBobC6bDo4awdNCXldtlo2uk=">AAACEXicbVDJSgNBEO1xjXGLevTSGIQESZiJgh6DXrwoEcwCmWHo6XSSZnoWumvEMOQXvPgrXjwo4tWbN//GzgJq4oOCx3tVVNXzYsEVmOaXsbC4tLyymlnLrm9sbm3ndnYbKkokZXUaiUi2PKKY4CGrAwfBWrFkJPAEa3r+xchv3jGpeBTewiBmTkB6Ie9ySkBLbq5gA7uHtD4sXB/5paui69vAA6bwj15005I/dHN5s2yOgeeJNSV5NEXNzX3anYgmAQuBCqJU2zJjcFIigVPBhlk7USwm1Cc91tY0JHqrk44/GuJDrXRwN5K6QsBj9fdESgKlBoGnOwMCfTXrjcT/vHYC3TMn5WGcAAvpZFE3ERgiPIoHd7hkFMRAE0Il17di2ieSUNAhZnUI1uzL86RRKVvH5crNSb56Po0jg/bRASogC52iKrpENVRHFD2gJ/SCXo1H49l4M94nrQvGdGYP/YHx8Q1qTZzA</latexit>

Zk,�1(N) =

(
0 (N = 0)

Zk,k�1(N � 1) (N � 1)
<latexit sha1_base64="jmMzg1RbA8mUr8/4T1PlZkU3s3A="></latexit>

N-1+(k-1)
N-1NN-1N-1N

(1,k)5	=	NS5	+	kD5

[Assel,'14][Honda,Kubo,'20]
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⌅1()
<latexit sha1_base64="lQeY4A4OkYGUGYacmGj4G5nvFhs=">AAAB/HicbZDNSsNAFIUn9a/Wv2iXbgaLUDclqYIui25cVrC10IRwM522QyeTMDMRQqiv4saFIm59EHe+jdM2C209MPBx7r3cOydMOFPacb6t0tr6xuZWebuys7u3f2AfHnVVnEpCOyTmseyFoChngnY005z2EkkhCjl9CCc3s/rDI5WKxeJeZwn1IxgJNmQEtLECu+pNIEnA67HArS/4LLBrTsOZC6+CW0ANFWoH9pc3iEkaUaEJB6X6rpNoPwepGeF0WvFSRRMgExjRvkEBEVV+Pj9+ik+NM8DDWJonNJ67vydyiJTKotB0RqDHark2M/+r9VM9vPJzJpJUU0EWi4YpxzrGsyTwgElKNM8MAJHM3IrJGCQQbfKqmBDc5S+vQrfZcM8bzbuLWuu6iKOMjtEJqiMXXaIWukVt1EEEZegZvaI368l6sd6tj0VrySpmquiPrM8f1tKUPQ==</latexit>

X

n1,n2�0
(n1+n2=N�1)

Z1(n1)Z1(n2) + Z0(N)Z0(0) +
X

n1,n2�1
(n1+n2=N)

Z0(n1)Z0(n2) = 0

<latexit sha1_base64="yoe866PKi5FYFUeVH6CF7MgyXrg="></latexit>

⌅0()
<latexit sha1_base64="Rg/c01fwfs6hhfPpcj3TD3p7m6s=">AAAB9HicbVBNTwIxEO3iF+IX6tFLIzHBC9lFEz0SvXjERJCE3ZDZ0oWGbre2XRKy4Xd48aAxXv0x3vw3FtiDgi+Z5OW9mczMCyVn2rjut1NYW9/Y3Cpul3Z29/YPyodHbZ2kitAWSXiiOiFoypmgLcMMpx2pKMQhp4/h6HbmP46p0iwRD2YiaRDDQLCIETBWCvwO67lVfwRSwnmvXHFr7hx4lXg5qaAczV75y+8nJI2pMISD1l3PlSbIQBlGOJ2W/FRTCWQEA9q1VEBMdZDNj57iM6v0cZQoW8Lgufp7IoNY60kc2s4YzFAvezPxP6+bmug6yJiQqaGCLBZFKccmwbMEcJ8pSgyfWAJEMXsrJkNQQIzNqWRD8JZfXiXtes27qNXvLyuNmzyOIjpBp6iKPHSFGugONVELEfSEntErenPGzovz7nwsWgtOPnOM/sD5/AGyYJFm</latexit>

X

n1,n2�0
(n1+n2=N)

Z0(n1)Z0(n2) + Z1(N)Z1(0) +
X

n1,n2�1
(n1+n2=N)

Z0(n1)Z0(n2) = 0

<latexit sha1_base64="2tIK4lXChCNO+WaCWT70vf/caXc="></latexit>

⌅1()⌅�1() + ⌅0()⌅0() = 0
<latexit sha1_base64="5Uwuj56ItzNKaEbSsYm0HOXbUrU=">AAACN3icbVDLSsNAFJ34tr6qLt0Ei6CIJamCbgTRjSupYGuhCWEyvdWhkwczN2IJ+Ss3/oY73bhQxK1/4DQNvuqFgTPnnHvnzvFjwRVa1qMxNj4xOTU9M1uam19YXCovrzRVlEgGDRaJSLZ8qkDwEBrIUUArlkADX8Cl3zsZ6Jc3IBWPwgvsx+AG9CrkXc4oasornzkt7qV2tun0aBzTLQfhFvOxqS8SyNJc3/k2ZNsDxvry/7wcWl65YlWtvMxRYBegQoqqe+UHpxOxJIAQmaBKtW0rRjelEjkTkJWcREFMWY9eQVvDkAag3DRfMDM3NNMxu5HUJ0QzZ392pDRQqh/42hlQvFZ/tQH5n9ZOsHvgpjyME4SQDR/qJsLEyByEaHa4BIairwFlkutdTXZNJWWooy7pEOy/Xx4FzVrV3q3WzvcqR8dFHDNkjayTTWKTfXJETkmdNAgjd+SJvJBX4954Nt6M96F1zCh6VsmvMj4+AfcCq+I=</latexit>

⌅2()⌅0() + ⌅1()⌅1() = 0
<latexit sha1_base64="7bIA+T6+vz5eKt5ZydQfrRwVWuk=">AAACNnicbVBLSwMxEM76rPVV9ehlsQiKUHaroBeh6MWLUME+oFtKNp3W0OyDZFYsy/4qL/4Ob714UMSrP8F0u4q1DgS+x0wy+dxQcIWWNTLm5hcWl5ZzK/nVtfWNzcLWdl0FkWRQY4EIZNOlCgT3oYYcBTRDCdRzBTTcweXYb9yDVDzwb3EYQtujfZ/3OKOopU7h2kF4wPSe2BURJLHT5J24nBw4AxqG9DBJufXDj8bc/mZT5NzqFIpWyUrLnAV2Bookq2qn8Ox0AxZ54CMTVKmWbYXYjqlEzgQkeSdSEFI2oH1oaehTD1Q7TtdNzH2tdM1eIPXx0UzV3xMx9ZQaeq7u9Cjeqb/eWPzPa0XYO2vH3A8jBJ9NHupFwsTAHGdodrkEhmKoAWWS611NdkclZaiTzusQ7L9fngX1csk+LpVvToqViyyOHNkle+SA2OSUVMgVqZIaYeSRjMgreTOejBfj3fiYtM4Z2cwOmSrj8wuPraut</latexit>

M	=	0:	

M	=	1:	

M

Z0(0) = 1
<latexit sha1_base64="5Xiu2eB532ys8WcrCHPUOIIiij8=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXkq2CnoRil48VrAf2C4lm2bb0Gx2TbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMPD8WXBuMv53cyura+kZ+s7C1vbO7V9w/aOooUZQ1aCQi1faJZoJL1jDcCNaOFSOhL1jLH91M/dYTU5pH8t6MY+aFZCB5wCkxVmo/9HAZn165vWIJV/AMaJm4GSlBhnqv+NXtRzQJmTRUEK07Lo6NlxJlOBVsUugmmsWEjsiAdSyVJGTaS2f3TtCJVfooiJQtadBM/T2RklDrcejbzpCYoV70puJ/XicxwaWXchknhkk6XxQkApkITZ9Hfa4YNWJsCaGK21sRHRJFqLERFWwI7uLLy6RZrbhnlerdeal2ncWRhyM4hjK4cAE1uIU6NICCgGd4hTfn0Xlx3p2PeWvOyWYO4Q+czx8HCI6m</latexit>

[TN,'24]

Z1(0) =
1p
2

<latexit sha1_base64="qdSNizXRPxGMHvi+qPxnxVXTpBc=">AAACAnicbVDLSsNAFL2pr1pfUVfiJliEuilJFXQjFN24rGAf2IQwmU7aoZNJnJkIJQQ3/oobF4q49Svc+TdOHwutHrhwOOde7r0nSBiVyra/jMLC4tLySnG1tLa+sbllbu+0ZJwKTJo4ZrHoBEgSRjlpKqoY6SSCoChgpB0ML8d++54ISWN+o0YJ8SLU5zSkGCkt+ebere9U7KNzNxQIZ06eufJOqKyW575Ztqv2BNZf4sxIGWZo+Oan24txGhGuMENSdh07UV6GhKKYkbzkppIkCA9Rn3Q15Sgi0ssmL+TWoVZ6VhgLXVxZE/XnRIYiKUdRoDsjpAZy3huL/3ndVIVnXkZ5kirC8XRRmDJLxdY4D6tHBcGKjTRBWFB9q4UHSIehdGolHYIz//Jf0qpVneNq7fqkXL+YxVGEfTiACjhwCnW4ggY0AcMDPMELvBqPxrPxZrxPWwvGbGYXfsH4+AZCEpa6</latexit>

Can	solve	recursively	in	N	(unless	coefficient	of	Z(N)	vanishes)



Plan	of	talk

X
<latexit sha1_base64="S6fKC3fzNdJJNrDYhYZ51mL9fRU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bJZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC20F0O/PbT6g0T+SDGafox3QoecgZNVZ67LERsiimKuqXK27VnYOsEi8nFcjR6Je/eoOEZTFKwwTVuuu5qf EnVBnOBE5LvUxjSllEh9i1VNIYtT+ZXzwlZ1YZkDBRtqQhc/X3xITGWo/jwHbG1Iz0sjcT//O6mQmv/QmXaWZQssWiMBPEJGT2PhlwhcyIsSWUKW5vJWxEFWXGhlSyIXjLL6+SVq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fp5CQ5w==</latexit>

X
<latexit sha1_base64="S6fKC3fzNdJJNrDYhYZ51mL9fRU=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae2oWy2k3bJZhN2N0Ip/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC20F0O/PbT6g0T+SDGafox3QoecgZNVZ67LERsiimKuqXK27VnYOsEi8nFcjR6Je/eoOEZTFKwwTVuuu5qf EnVBnOBE5LvUxjSllEh9i1VNIYtT+ZXzwlZ1YZkDBRtqQhc/X3xITGWo/jwHbG1Iz0sjcT//O6mQmv/QmXaWZQssWiMBPEJGT2PhlwhcyIsSWUKW5vJWxEFWXGhlSyIXjLL6+SVq3qXVRr95eV+k0eRxFO4BTOwYMrqMMdNKAJDCQ8wyu8Odp5cd6dj0VrwclnjuEPnM8fp5CQ5w==</latexit>

1.		All	order	1/N	expansion

2.		q-difference	system	and	recursion	relaDon

3.		ApplicaDon:	large	N	expansion	beyond	phase	transiDon
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F1-instanton	is	"non-perturbaDvely	large"	!

p
m1m2 > ⇡

<latexit sha1_base64="7rsYRwCbb3ahVrSLpNxih/XINtA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5JUQU9S9OKxgv2ANoTNdtMu3U3i7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsrq2vlHcLG1t7+zu2eX9lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0fXUbz9QqVgc3elxQj2BBxELGcHaSL5d7ql7qTPhu8KvTS57CfPtilN1ZkDLxM1JBXI0fPur149JKmikCcdKdV0n0V6GpWaE00mplyqaYDLCA9o1NMKCKi+bnT5Bx0bpozCWpiKNZurviQwLpcYiMJ0C66Fa9Kbif1431eGFl7EoSTWNyHxRmHKkYzTNAfWZpETzsSGYSGZuRWSIJSbapFUyIbiLLy+TVq3qnlZrt2eV+lUeRxEO4QhOwIVzqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymQP4A+vzBxwRk+U=</latexit>

NegaDve	when																								

Zpert(N)
<latexit sha1_base64="c0tdk4Qc0StdzV6aWAAbQqrhPNg=">AAAB+3icbVDLSgNBEJyNrxhfazx6WQxCvITdKOgx6MWTRDAPTJYwO+kkQ2YfzPRKwrK/4sWDIl79EW/+jZNkD5pY0FBUddPd5UWCK7TtbyO3tr6xuZXfLuzs7u0fmIfFpgpjyaDBQhHKtkcVCB5AAzkKaEcSqO8JaHnjm5nfegKpeBg84DQC16fDgA84o6ilnll87CVdhAkmEUhM0/LdWc8s2RV7DmuVOBkpkQz1nvnV7Ycs9iFAJqhSHceO0E2oRM4EpIVurCCibEyH0NE0oD4oN5nfnlqnWulbg1DqCtCaq78nEuorNfU93elTHKllbyb+53ViHFy5CQ+iGCFgi0WDWFgYWrMgrD6XwFBMNaFMcn2rxUZUUoY6roIOwVl+eZU0qxXnvFK9vyjVrrM48uSYnJAyccglqZFbUicNwsiEPJNX8makxovxbnwsWnNGNnNE/sD4/AExVZSH</latexit>

Zpert(N) = eAC� 1
3Ai[C� 1

3 (N �B)]
<latexit sha1_base64="0GC686oHKrdcynJjAKCCUoTSRvg="></latexit>

Z(N) = Zpert(N)
h
1 +O(e�!(D2)

p
N�B

c , e�!(F1)
p

N�B
c )

i

<latexit sha1_base64="0Ek48s9y5ZYb3YLSvd9V97E5wsg="></latexit>

!(D2) =
2

1± imi
⇡

, 1
<latexit sha1_base64="aPX5XwCtqMcdnJ5UL8ZpbRsc/rk=">AAACHnicbVDLSgNBEJz1bXxFPXpZDIKChN2o6EUQ9eAxgolCNobZSW8cMrO7zPSKYdgv8eKvePGgiOBJ/8bJ4+CroKGmqpvprjAVXKPnfTpj4xOTU9Mzs4W5+YXFpeLySl0nmWJQY4lI1FVINQgeQw05CrhKFVAZCrgMuyd9//IWlOZJfIG9FJqSdmIecUbRSq3iXpBI6NBrEyDcodk8rWzl+WEQKcpMJTd+kMrhg8sWz02Q8jzf9lvFklf2BnD/En9ESmSEaqv4HrQTlkmIkQmqdcP3UmwaqpAzAXkhyDSklHVpBxqWxlSCbprBebm7YZW2GyXKVozuQP0+YajUuidD2ykp3ujfXl/8z2tkGB00DY/TDCFmw4+iTLiYuP2s3DZXwFD0LKFMcbury26oTQNtogUbgv/75L+kXin7O+XK+W7p6HgUxwxZI+tkk/hknxyRM1IlNcLIPXkkz+TFeXCenFfnbdg65oxmVskPOB9fSvujNQ==</latexit>

!(F1) =
4

k(1± im1
⇡ )(1±0 im2

⇡ )
<latexit sha1_base64="6gjDIu48RU0BN0FN62gE7Ilfr6U="></latexit>

is	wrong	expansion	point	when
p
m1m2 > ⇡

<latexit sha1_base64="7rsYRwCbb3ahVrSLpNxih/XINtA=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5JUQU9S9OKxgv2ANoTNdtMu3U3i7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsrq2vlHcLG1t7+zu2eX9lopTSWiTxDyWnQAryllEm5ppTjuJpFgEnLaD0fXUbz9QqVgc3elxQj2BBxELGcHaSL5d7ql7qTPhu8KvTS57CfPtilN1ZkDLxM1JBXI0fPur149JKmikCcdKdV0n0V6GpWaE00mplyqaYDLCA9o1NMKCKi+bnT5Bx0bpozCWpiKNZurviQwLpcYiMJ0C66Fa9Kbif1431eGFl7EoSTWNyHxRmHKkYzTNAfWZpETzsSGYSGZuRWSIJSbapFUyIbiLLy+TVq3qnlZrt2eV+lUeRxEO4QhOwIVzqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymQP4A+vzBxwRk+U=</latexit>

WKB	expansion	→	cannot	capture	F1-instanton.

New:	finite	but	(very)	large	N	by	recursion	relaDon. 0 1 2 3 4

1

5

10

50



Example:	k=1,	M=0,

General	structure:

22/25

oscillates	around	Z(N)=0

raDonal	in

OscillaDon	is	(almost)	absent	when

m1 = m2 = m
<latexit sha1_base64="C7rsu5/4/7vdoKyydpaG12FDW6k=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6EUoevFYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rBztOWCDJQPGIU2Kd9Ch7/rXsVV2Vyl7FmwEvEz8nZchR75W+uv2YppIpSwUxpuN7iQ0yoi2ngk2K3dSwhNARGbCOo4pIZoJsdvAEnzqlj6NYu1IWz9TfExmRxoxl6DolsUOz6E3F/7xOaqOrIOMqSS1TdL4oSgW2MZ5+j/tcM2rF2BFCNXe3YjokmlDrMiq6EPzFl5dJs1rxzyvV+4ty7SaPowDHcAJn4MMl1OAO6tAAChKe4RXekEYv6B19zFtXUD5zBH+APn8Aw5yPug==</latexit>

em
<latexit sha1_base64="pw7feL0CmMhs9zkRVU2+W/nUDfU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0sWy2k3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUxMcsmvbLFbfqzkFWiZeTCuRo9MtfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mx07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeG1n3GZpAYlWywKU0FMTGafkwFXyIyYWEKZ4vZWwkZUUWZsPiUbgrf88ipp1areRbV2f1mp3+RxFOEETuEcPLiCOtxBA5rAgMMzvMKbI50X5935WLQWnHzmGP7A+fwBDjCO2A==</latexit>

N=8
N=9

N=11

N=12

N=13
N=14
N=15
N=16
N=17
N=18
N=19
N=20

N=22

Z(N) =

PN�1
n=0 R2n�N+1Z(n)Z(N � 1� n)�

PN�1
n=1 (1� (�1)Nem(2n�N))Z(n)Z(N � n)

2(1� (�1)N coshNm)
<latexit sha1_base64="vD7X4GB9JiRHp6myi3tzEbX6OlY="></latexit>

⌅(�ie�
im2

2⇡ )⌅(ie
im2

2⇡ )� ⌅()2 + ⌅(�em)⌅(�e�m) = 0
<latexit sha1_base64="dzj0tyuuAxnd63BN/NNakhqZPec="></latexit>

R = ie
im2

2⇡
<latexit sha1_base64="5S3DCx32UmcLjKScxWRZa3aJPzQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJWkCroRim5cVrEPaNIymU7aoTOTMDMRSogbf8WNC0Xc+hfu/BunbRbaeuDC4Zx7ufeeIGZUacf5tgpLyyura8X10sbm1vaOvbvXVFEiMWngiEWyHSBFGBWkoalmpB1LgnjASCsYXU/81gORikbiXo9j4nM0EDSkGGkj9eyDu0tKuqkXSoRTyrvVLK16Mc2ynl12Ks4UcJG4OSmDHPWe/eX1I5xwIjRmSKmO68TaT5HUFDOSlbxEkRjhERqQjqECcaL8dPpBBo+N0odhJE0JDafq74kUcaXGPDCdHOmhmvcm4n9eJ9HhhZ9SESeaCDxbFCYM6ghO4oB9KgnWbGwIwpKaWyEeIhOGNqGVTAju/MuLpFmtuKeV6u1ZuXaVx1EEh+AInAAXnIMauAF10AAYPIJn8ArerCfrxXq3PmatBSuf2Qd/YH3+AKiQlwc=</latexit>

Z(N) =
LNX

a=�LN

Raf (N)
a (m)

<latexit sha1_base64="FPc00/Nxq9mosJCHqcQXZ69IUYk=">AAACEHicbVC7SgNBFJ31GeMrammzGMSkMOxGQZtA0MZCQhTzwDyWu5PZZMjM7jIzK4Qln2Djr9hYKGJraeffOHkUmnjgXg7n3MvMPW7IqFSW9W0sLC4tr6wm1pLrG5tb26md3aoMIoFJBQcsEHUXJGHUJxVFFSP1UBDgLiM1t3858msPREga+HdqEJIWh65PPYpBaclJHd1nStlCU0bciaFwfO2Uhu141G/b4DnQjrU9zPCsk0pbOWsMc57YU5JGU5Sd1FezE+CIE19hBlI2bCtUrRiEopiRYbIZSRIC7kOXNDT1gRPZiscHDc1DrXRMLxC6fGWO1d8bMXApB9zVkxxUT856I/E/rxEp77wVUz+MFPHx5CEvYqYKzFE6ZocKghUbaAJYUP1XE/dAAFY6w6QOwZ49eZ5U8zn7JJe/OU0XL6ZxJNA+OkAZZKMzVERXqIwqCKNH9Ixe0ZvxZLwY78bHZHTBmO7soT8wPn8ANn2bcA==</latexit>

N = Nn =
n(n+ 1)

2<latexit sha1_base64="KdI5L98qTJ8Qw8EIazTdu3x1CbM=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm2ARKkJJqqCbQtGNq1LBPqANYTKdtEMnkzAzEUrMwl9x40IRt/6GO//G6WOh1QMXDufcy733+DGjUtn2l5FbWl5ZXcuvFzY2t7Z3zN29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90fXEb98TIWnE79Q4Jm6IBpwGFCOlJc88qFfrHq/2AoFwykv81DnJ0krmmUW7bE9h/SXOnBRhjoZnfvb6EU5CwhVmSMquY8fKTZFQFDOSFXqJJDHCIzQgXU05Col00+n9mXWslb4VREIXV9ZU/TmRolDKcejrzhCpoVz0JuJ/XjdRwaWbUh4ninA8WxQkzFKRNQnD6lNBsGJjTRAWVN9q4SHSUSgdWUGH4Cy+/Je0KmXnrFy5PS/WruZx5OEQjqAEDlxADW6gAU3A8ABP8AKvxqPxbLwZ77PWnDGf2YdfMD6+AWj9lRE=</latexit>

N=7

N=5
N=4

N=2
N=3
N=1●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●

●●●

●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●

●●●●

●●●●

●●●
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Large	m	asympto.cs 23/25

Keeping	only	largest f (N)
a (m)

<latexit sha1_base64="pG9XF6GfMIzSulYZg9kb2KluIg8=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahvZTdKuix6MWTVLAf0K4lm2bb0CS7JFmhLP0bXjwo4tU/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/M/PYTVZpF8sFMYuoLPJQsZAQbK/XCPn5My3eVaVlU+sWSW3XnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP53fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZgGgAVOUGD6xBBPF7K2IjLDCxNiYCjYEb/nlVdKqVb3zau3+olS/zuLIwwmcQhk8uIQ63EIDmkAghmd4hTcncV6cd+dj0Zpzsplj+APn8we0SpDP</latexit>

at																		(i.e.	slowest	decay),	we	findm ! 1
<latexit sha1_base64="/rrfAO9UWk5djPg4UQKDQ5C1JI8=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JUQY9FLx4r2A9oQtlsN+3SzSbsTtQQ+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APqx2dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waTm5nffWBK81jeQ5YwPyIjyUNOCRhpYFcjT/HRGIhS8aPHZQjZwK45dWcOvErcgtRQgdbA/vKGMU0jJoEKonXfdRLwc6KAU8GmFS/VLCF0Qkasb6gkEdN+Pr99ik+NMsRhrExJwHP190ROIq2zKDCdEYGxXvZm4n9eP4Xwys+5TFJgki4WhanAEONZEHjIFaMgMkMIVdzciumYKELBxFUxIbjLL6+STqPuntcbdxe15nURRxkdoxN0hlx0iZroFrVQG1H0hJ7RK3qzptaL9W59LFpLVjFzhP7A+vwB4MiU+w==</latexit>

...

Z1,0(1) ! e�m, Z1,0(2) ! e�3m · 2 sin m2

2⇡
, Z1,0(3) ! e�5m, Z1,0(4) ! e�8m

⇣
1� 2 cos

m2

⇡

⌘
,

Z1,0(5) ! e�11m
⇣
1� 2 cos

m2

⇡

⌘
, Z1,0(6) ! e�14m, Z1,0(7) ! e�18m

⇣
2 sin

m2

2⇡
� 2 sin

3m2

2⇡

⌘
,

Z1,0(8) ! e�22m
⇣
2� 2 cos

m2

⇡
+ 2 cos

2m2

⇡

⌘
, Z1,0(9) ! e�26m

⇣
2 sin

m2

2⇡
� 2 sin

3m2

2⇡

⌘
, Z1,0(10) ! e�30m,

<latexit sha1_base64="N0Jlq3+I9z+MhUEStCjYiXUA/WI="></latexit>

Z1,0(Nn = n(n+1)
2 ) ⇠ Zasym

1,0 (Nn) = e�
n(n+1)(2n+1)m

6
<latexit sha1_base64="alYqz1BQl7THgMRUo9rdaQL1gx8="></latexit>

� logZasym
k,0 (N (k)

n ) =

p
2k

3
(m1 +m2)(N

(k)
n )

3
2 + · · ·

<latexit sha1_base64="XEutcksVUib5ct/zBDsUQgjWHKo="></latexit>

(might	be	related	to	fuzzy	M5	vacua)



Finite	m	correcDon:

Finite	m	correc.on	at	large	N

Conjectured	large	N	free	energy:

� logZk,0(N
(k)
n )� (� logZasym

k,0 (N (k)
n )) ⇠ �n+�e±i�n

<latexit sha1_base64="lwCPatjvp5LAcgWXC84jedrYX8s="></latexit>

� logZk,0(N
(k)
n ) ⇡

8
<

:

⇡
p

2k(1+⇡�2m2
1)(1+⇡�2m2

2)

3 (N (k)
n )

3
2 (

p
m1m2 < ⇡)

p
2k(m1+m2)

3 (N (k)
n )

3
2 (

p
m1m2 > ⇡)

<latexit sha1_base64="IIj1UffvOpK0bLX8sXM5/bVDqJs="></latexit>

O(n3),O(n2)
<latexit sha1_base64="dw+AFvMHLJ9zE8AIlvE64hQjmgM=">AAACBHicbVDLSgMxFL1TX7W+qi67CRahBSkzraDLoht3VrAPaMeSSTNtaCYzJBmhDF248VfcuFDErR/hzr8xfSxq64ELJ+fcS+49XsSZ0rb9Y6XW1jc2t9LbmZ3dvf2D7OFRQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8HriNx+pVCwU93oUUTfAfcF8RrA2UjebSzoEc3Q7LoiHSvFs4VUudrN5u2RPgVaJMyd5mKPWzX53eiGJAyo04ViptmNH2k2w1IxwOs50YkUjTIa4T9uGChxQ5SbTI8bo1Cg95IfSlNBoqi5OJDhQahR4pjPAeqCWvYn4n9eOtX/pJkxEsaaCzD7yY450iCaJoB6TlGg+MgQTycyuiAywxESb3DImBGf55FXSKJecSql8d56vXs3jSEMOTqAADlxAFW6gBnUg8AQv8Abv1rP1an1Yn7PWlDWfOYY/sL5+ARB/lm4=</latexit>

are	exact	in Zasym
<latexit sha1_base64="CINJ4vlLuYqI38Mpnem8O9Sx+tQ=">AAAB+HicbVC7TsMwFHXKq5RHA4wsFhUSU5UUJBgrWBiLRB+iDZXjOq1Vx4nsG0SJ8iUsDCDEyqew8Te4bQZoOZKlo3Pu1T0+fiy4Bsf5tgorq2vrG8XN0tb2zm7Z3ttv6ShRlDVpJCLV8YlmgkvWBA6CdWLFSOgL1vbHV1O//cCU5pG8hUnMvJAMJQ84JWCkvl2+u097wB4hJXoSZlnfrjhVZwa8TNycVFCORt/+6g0imoRMAhVE667rxOClRAGngmWlXqJZTOiYDFnXUElCpr10FjzDx0YZ4CBS5knAM/X3RkpCbWL5ZjIkMNKL3lT8z+smEFx4KZdxAkzS+aEgERgiPG0BD7hiFMTEEEIVN1kxHRFFKJiuSqYEd/HLy6RVq7qn1drNWaV+mddRRIfoCJ0gF52jOrpGDdREFCXoGb2iN+vJerHerY/5aMHKdw7QH1ifP7mKk8g=</latexit>
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Summary	&	Future	work 25/25

M2-matrix	models	without	Fermi	gas?

Direct	derivaDon	of	q-difference	eq	from	matrix	model	(not	through	TS/ST)?

applicaDon:	large	N	expansion	beyond	M2-instanton	condensaDon

Future	works:

q-diff	eq	+	3d	duality										recursion	rela.on	in	N :	powerfull	tool	for	finite	but	large	N

Other	observables	such	as	Wilson	loops?

(c.f.	NY	blowup	eq	→																recursively	[Keller,Song,'12][Kim,Kim,Lee,Lee,Song,'19])

Fermi	gas

Airy topological	string q-difference	eq

M2-matrix	model	=	

Z5d
inst(⌫)

<latexit sha1_base64="mY70BTsgQI+67KS3ZXmovjaNQRI=">AAACCXicbVC7TsMwFHV4lvIqMLJYVEhlqZICgrGChbFI9CHaUjmO01p1nMi+QVRRVhZ+hYUBhFj5Azb+BrfNAC1HsnR8zr2yz3EjwTXY9re1sLi0vLKaW8uvb2xubRd2dhs6jBVldRqKULVcopngktWBg2CtSDESuII13eHl2G/eM6V5KG9gFLFuQPqS+5wSMFKvgG97SQfYAyRcakjTu+x26qVpqSPjo16haJftCfA8cTJSRBlqvcJXxwtpHDAJVBCt244dQTchCjgVLM13Ys0iQoekz9qGShIw3U0mSVJ8aBQP+6EyRwKeqL83EhJoPQpcMxkQGOhZbyz+57Vj8M+7JmMUA5N0+pAfCwwhHteCPa4YBTEyhFDFzV8xHRBFKJjy8qYEZzbyPGlUys5xuXJ9UqxeZHXk0D46QCXkoDNURVeohuqIokf0jF7Rm/VkvVjv1sd0dMHKdvbQH1ifP98Nmw8=</latexit>

DerivaDon/interpretaDon	from	3d	QFT?

-	q-Painlevé affine	Weyl	group	(=Weyl+translaDon)
(Moriyama's	talk)

3d	duality	cascade?


