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Supersymmetric index [(q;)

I = Tr(—l)Fe_ﬁ{Q’QT} (Q :asupercharge) isindependent of (3

» I =10 = Tro_gizo(—1)"

Ho=qt =0 is still co-dimensional (and hence 15— is divergent),

but we can make it finite by a refinement

I(Qi) — TT(—l)Fe_ﬁ{Q’QT} H quq; : B-indep. if |Q,C;] =0

Tro—gi=ol FH%,

=1+0a +0O¢iez +

Boo

I(q;) isindependent of continuous parameters of the theory

» we can study strongly coupled QFTs from weak coupling analysis
A
(dualities, symmetry enhancement, ...; holography)
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A common structure of Sl in holographic theories
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Examples: N D3-branes «—AdSs x Y5

N M2-branes «<—AdS, x Y~
N M5-branes «—AdS, x Y,

A "large N limit" exists:

Inoi=1+a7"q+a5"¢* + a5 ¢* +af g + -

Inco =1+ a{¢+ a8 + @ + aPgt + - - :>I E} :CL?(loo)qn
n

In—3 =1+ agoo)q + agoo)q2 + a;(%oo)qg + af)f + o

/Gravmy Interpretation: ~

From the viewpoint of N = oo, deviation at (¢ ™) is due to
"overcounting" of gauge invariant operators

Tc.f. trace constrainton trX™ trXVt! = f(trX trX?, .. -trXN))

\-

I, = superconformal index of graviton multiplet in AdS,, X Y,
[Kinney,Maldacena,Minwalla,Raju,'05][Bhattacharya,Bhattacharyya,Minwalla,Raju,'08]

Finite N corrections = branes wrapped on Y, y
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Wrapped branes and "giant graviton expansion”

AdSs x S° — D3onR x S°
AdS,; x ST — M50nR x S°
AdS; x S* — M2onR x §?

- energy of wrapped p-brane ~ (Rgn )P™" N+
by

+ topologically trivial cycle =» 3tachyonic mode

[Arai,Imamura,'19]

( c.f. finite N corrections can be understood as volume constraint on "giant gravitons” )

» graviton with angular momentum L in S —> expands in S" by Myers effect (size ~ LO)

K - cannot be blgger than Sn " S N [McGreevy,Susskind,Toumbas,'00] )

"Giant graviton expansion" of supersymmetric index:

In = Ioo(l + Cl(CI)qN =+ CQ(CI)QQN T ')

4
N\
fluctuation modes of 2 wrapped branes)

/
[ﬂuctuation modes of wrapped branej
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Self-similarity structure

Fluctuation modes = supersymmetric index on wrapped branes

]oo M2 q
I @)
N M5 (Q) — 14+ quIm Vo (q/> change of variables (later)

This talk: check these relations explicitly

- Requires calculation of indices for higher N and to higher order in g (at least O(¢" ™))

::> difficult in general

* Key: specialization (1/4 BPS limit) of full indices

::> finite N indices in closed form expression ( co-ordering!)

By-product: new method to calculate indices of multiple M5-branes
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3d A/ = 4 ADHM theory .

O NSS /l/§ T-dual + M-uplift)
2 2
@—Nf « »NMZonC/le(C
N D3 [de Boer,Hori,0oguri,0z,'96][Benini,Closset,Cremonesi,'09]

N = 4 supersymmetry:

* spacetime: Dy, Juv
© SUSY: QF,
* R-symmetry: SO(4) = SU(2)g x SU(2)c

Supersymmetric index:

Choose one Q of {Q!} s.t.

O S
.
—_
\V)
T
Q

Q

=D [ = Tr[(—1)F e PN h= 5 H=C Jo i)

\& =0 » [ is B-indep.

T f=o0 TT{Q,QT}:O(_l)th— H+C tH=C fo . fu

Jc/m: global symmetry (topological U(1) / flavor sym.)
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Supersymmetric index of ADHM theory

( vector )

(projection to gauge singlet?

Eadj. hyp |

\ \’ /
>l\3 il s, | (+ T2 ) g+ T Q)
IU(N) / t q%_@ ’ . . 7
N' Z 2708, Sj)g(q%+l 12 t_2§;7QOogH (q%*' 22 Jltiﬂilzzv@
l 3y
" H H H 4 t (Szya) Q)OO lZimi L3, |m¢|t—l2i |m|
1y Imy] 1
/zozlzi: 4 Qt(zya) 7Q)
2 / [Kim,'09]
(monopole flux on S 3 (fund. hyp / ( 1 ﬁ 1 :PE[x+q:I:+q2x+..-])
o 02
Examples:
JUD-1 — 1 4 [(x + x_l)t + (2 + Z’_l)t_l]cl%I
—I—[(CBQ + 1+ a?_z)t2 +az4xz 4tz a2 4 (22 + 1+ z_Q)t_Q]q% +
TV — 1 ¢ [(z + x_l)t + (z + z_l)t_l]q%

+[(22°% + 2 + 2274 t* 4 222 + 222

VO = 4 (w42 D+ (242~ D)t gs

+[(222 + 2 4+ 227 ) t* 4 222 + 2wz

+ 20~

+ 2771

Lrr2r 27 4 (222 4+ 2+ 22_2)?5_2]61%' + -

z4+ 22 e (227 2+ 2z_2)t_2]q% + -
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Coulomb limit (¢, ¢ — 0 with t = gt~ ! kept fixed)

Rewrite Sl as |1 = Tr{Q7QT}:O[(—1)F(qit)2h—C(qit—1)2h—Hchfo]

QL (QL)1} = htji ' &

H
. i”§:> 2h — C,2h — H > 0

: 2h—H
to = q%iltr—rgo = Tr{Q,QT}ZO,%—C:O[t chfo]

(g2t77=1) E}thjerHQC{Q’,(Q’)@

=) counts only 1/4 BPS states with Q) = (Q’)(Jr> =0

SCI simplifies drastically in Coulomb limit

L- (@) (m [
N Sj d factorize in pieces
§ =>

(otherw1se
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Coulomb limit as Fermi gas

It is useful to label monopole charges by v, = #{i|m; = m}

) \ anmple (N=5): m; = (1,0,-3, 2, 1)\

i Vm 1 (m=-3,0,2)
=> o )y ( H 5 '/d ) %Vm{z -
\_ 0

( vm 20 | M=—00

(2 Ym=N)

(otherwise) )

Constrained sum simplifies in grand canonical sum

o

E(u) _ Z Ig(N)‘[l] _ H é(tl|m|zlmu)
N=0

m=—oo

[I]z

1 [ do; Iliz;(1—25) e I Py 1
zu B Dy L de,t[J. ]
20 sz 1(1_t2—;) V! 2Ti0; gi — 2
= (ailp(p)|oy)

. v-particle free Fermions on S*

trp" can be calculated in momentum basis as

1 @)

trﬁ” — [ @n I::> E(U) H 1 _ tzmu H H H 1 — th—l—anﬂ:lnu

m=0n=1 =+
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Large N limit and finite N corrections

t—2m

UN)-[1] du N
IC - 7{ = 2mu H Z Res{
u|=¢€ w0

A

( )
u=1-— 75>

E ),u%w}

N
NP

t—2m—lnzi|:ln

uw=1t9 = tOF . finite N corrections

\. J

» IU(N) 1]
I[CJ«(OO) 14 Y S‘|: (l) lmt2n—|—lm)N _|_g£rlb)7 ( —lmt2n—|—lm i| + Z h<l)t2mN
C m=1 n=0 m=1

[Gaiotto,Lee,'21][Hayashi,TN,Okazaki,'22]

For, ! =1 we find

ZU-

=1 mi1N _maN —1
E Féll ,rr)LQ (21, x2)x]" " 25" (x1 =27 'L, zg = 2t)

m1,mo >0

IC’ (00)- [1]

mi1 OO meo OO mi1 M2

F’f(”lllz”}f)m x1’$2 HH —a,.b HH —a b HH —a,,—b

iebuivl S SR Weteuivl 1 p— 11_961 Lo
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Single-sum expansion

Originally we consider small t expansion with |z| =1,

Now let us consider "single-sum expansion" defined by
* Treat (z1,22) = (27 ', 2t) as independent variables

- Expand first in z2 and truncate at finite (though arbitrary high) order

(=) o5 To™ W (@1, 29) s on A=) N
(le mM2 with mg > O) X L2 = 0 :{> 8(00)—[1] = Z m,_O (xla xQ)ZET
IC (xla 2132) m=0

Same simplification works for > 2

ZUN)-[I m o

o0 [—1
x17£€2 S.S. ~ (1 m
g(oo)-[]( ): - Z m?O(Il’xQ)xll Y (l) (71, 22) H HH —lb-l—a lc—l—a
IC (%1,332) m=0 a=0b=1 c= O1
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Inverse single-sum expansion

The finite N corrections ') behaves like an index after change of variables

[—1 m oo
1
Fg) (x1,22) = F(l) L zixs) H H H RN (= gy = 1 + (positive powers of x1, x2)
a=0b=1 c=0 L1 Lo

Moreover, finite m corrections to FY turn out to be given by the original index!

Fh os ImN - U(N)-[1]
F(l) Z GN 331, L2 331 GN (5131, 5132) - IC (5131 ’x1x2) [Hayashi,TN,Okazaki, '24]
Expected interpretation (I =1) :
(- )

FU=D (g1, z5) =) Contribution of m wrapped M5 in AdS, x S7 to index of N M2
FU=Y (21, z5) =) Index on m M5

Gy (z1,20) = Ig(N)'[ ](:1:1 ' 2129) =) Contribution of N wrapped M2 in AdS; x S*
_ to index of m M5 y
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Comparison with M5 indices 17/28

A

Gravity picture suggests  F,,(x1,x2) = I6dM5 under some change of variables

m

Rough idea: 4/ ) /I\/IZ/MS]

* spacetime rotation = rotation along M2/M5-branes

* R-symmetry = rotation around M2/M5-branes

M2/M5

Since worldvolume of M5-branesin AdS, x S7 are wrapped on R X S°  we identify
M

S7

, spacetime rotation in M5
R-symmetry in M2 ~
R-symmetry in M5
spacetime rotation in M2 ~ R-symmetry in M5

dilatation in M2 ~ dilatation in M5




Convention for M2/MS5 indices
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KMZ index ~
spacetime: Py, juu, h, ku .
7 h | Ji2 | T12 | T34 | T56 | 778
SusY: Q- >Chooseonest. | Q| 5| 5| 3 | 5 | 5 | 3
R-symmetry: SO(S)T ({Q, O = h— jyp — T2 + 134 —2F 56 + 7“78)
. + . r19+7r34+7r58+T
IZ{> o Tr[(—l)Fe B{Q9,0 }q]12‘|‘ 127 347 5671 78 u7£12u534u§56u£78]
K (ug = 277, ug = M, ug = 2t ug = at) J
M5 index
s ti P, J,  .H, K A
spacetime:
/ o ZRE = H | Jia | J3a | Js6 | R12 | R34
SUSY: @, > Chooseonest. | Q | 3 | =5 | -5 | —3| 5 | 3
R-symmetry: SO(5)R {Q, Q" = H — (Jio + Jaq + Js6) — 2(R12 + R3y))
_ t1 3(Rig+Rs34) _
IZ{> IMS _ Tr[(—l)Fe B{Q,Q }p 12534 ‘|‘J12‘|‘J34‘|'J56UR12 R34yi]12yé]34yé]56]
(y1y2y3 = 1) J

\_

To do: match 6 Cartans by comparing M2/M5 subalgebras preserved by wrapped
M5/M2 brane

[Arai,Fujiwara,Imamura,Mori,Yokoyama,'20]
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Parameter identification - step 1

JUN)-[1] o
oo m 1T Fl(l_l)(q4tAlzl)N +

4
[ground state contribution of M5 wrapped on Sglzo c S’ (87 Yzl = 1)]
a=1

[Mikhailov,'00]

. I
This M5 preserves Q. (h—r12=0) =) subalgebra D 50(3)j,; X 50(6)ry, X u(1)p_1,, X w(1)p—ry, @
a,b=3 -8

Taking into account inverse expansion, consider also the contribution in I

2
from wrapped M2 on 5%1:0 c sS4 (54 Y N Za)? + X2 = 1)
a=1

I
: preserves (), (H—R12:O)::> subalgebra DO 50(6)7,, X 50(3) Ry, X W(1)H—2R1, X U(1)H—Rys ®)
a,b=3,4,5

Match @ with @

'::> hZE_SRm
2 2

, J12 = R34, 7120 = —Ry2, T34 = J12, T56 = J34, T78 = J56
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Parameter identification - step 2

Writing 1o in terms of Cartans (H, J;;, Rap) of M5 SCFT, we find

Z% ) 3(R122+R34) +J12+J34+J56 (q—%t% Z% )R12—R34 (t%Z—%x—l)Jm (t_

Wl

N
W=

vz = Te[(—=1)F (¢7t

Hence we conclude

JUN)-[1

] o'
1
Z,—1_—1\mN
=1 it Tz I 1 1 1 5 1 1 2 1 4 2 2 1
70U (c0)-[1] + 5 (C] ) mM5‘p:th§z§,uzq_gtﬁz_ﬁ,y1:t§z_§x—1,y2:t_§z§,y3:t§z_§gg+
m=1

[Arai,Fujiwara,Imamura,Mori,Yokoyama,'20]

In Coulomb limit

Ig(N)‘[l] o N 1 = z_lt
U(oo)-[1] L+ Z Fon (21, 22)27"" + -+ To = 2t
IC’ m=1
Fm(:cl,:cg) = ql%r_r:o ImM5|
(qTt='=t)
3 —1 3 1
= Iyms(p2u = 27 ", py2 = x2;p2u” = py1 = py3 = 0)




Check for m = 1, X0 21/28
Recall
EU=D (g4, 20) bl_[lcl_lol_x o

_ T
Ins = Tr[(—1)F e #1290

3(R12+R34)_|_J12_|_J34_|_J56 R12_R34 Ji2, J34, Js6

Parameter identification with 3d Coulomb limit:

—1 —1
p7y2 ,’LL

. | L _
— 0 with p2u =z, py2 = x2, p2u

Y1

3

Yo

Y3

b= py; = pyz = 0)

@ Single M5 » free tensor multiplet —

pz(u+u?

IsingleM5 — PE[

(©) zi !

—>PE[

) — p*(y1y2 + y2ys + y3y1) + p3}
(1 —py1)(1 — py2)(1 — pys)

}: Y (4, 20)

\_

odes with {Q,Q"} = H — (Jiz + J34 + Js6) — 2(R12 + R34) = 0)

m
H | Jio+ J3a+ Js6 | Ria | Raa
o(1.0) 2 0 1 0
o0.1) 2 0 0 1
L G u 2 3 | 32
07,05 ,07 1 1 0 0
(09)11, =0 3 3 I,

1) = p?(y1y2 + ya2ys + ysyr) + p*(y1 + y2 + y:;)}
(1 = py1)(1 = py2)(1 — pys)

2u)(1—piu-

_ ol

oo

1)(:617 332)

[Bhattacharya,Bhattacharyya,Minwalla,Raju,'08]
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Check for 2 < m <

Can be calculated by using the proposal m M5 on S* = N 5d Um) N =2 SYM

» ]M5 = Z 5 1 Z5dN 1*SYM (KK modes «<—> instanton parﬁdES)
SO xS
[Douglas,'10][Lambert,Papageorgakis,Schmidt-Sommerfeld,'10]

...but it is still difficult to obtain I,,15 in closed form («— sum over all instantons)

. . 1] . . N | ] f l
Exception: "unrefined limit" | 1'<f(p) = Lovs(u =p 2, y1 = yo = y3 = 1) H H _pb+c
b=1c=0
[Kim,Kim,Kim,'12][Kim,Kim,Kim,Lee,'13]

Remark: unrefined limit is equivalent to 3d Coulomb limit with t=1

— F(—Ri2+4Rs4+J12+ 34+ 56 .6 —J12 , R12+J34 44 R34 +2J12+2J
]M5‘M2parameters—Tr(_1) A 34TJ12TJ34TJ56 /56 —J12 5 f112TJ34 4=1134 12 56

H | Ji2 | J3a | Js6 | Ri2 | Raa | —Ri2 + 4R34 + Ji2 + J34 + Js6 | J56 — J12| Ri2 + J34 | 4R34 + 2J12 + 256
AR S = . 0 0 0
Q/ i 12 _i 12 i _21 0 0 0
2 2 2 | 3 2 2
4R34 + 2J190 + 2J5¢ = {Q/, (Q/)T} — {Q, QT} » IM5|1;:1 iS t-indep! [Beem,Rastelli,van Rees,'14]
f 1 v i —1
Iy =Inus(t=1Lt=22,2=1)=Ihwms(t=1t=0,c=1)=F,(r1 =2 ",x5 = 2)

m
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Higgs limit (¢,t~' — 0 with t = ¢4t kept fixed)
IEIUV)_[Z] —  lim IU(N)—[Z]
q,t_11—>0
(t=g41t)
1 1 — t2 %H ds; z<j(1 o (i_j)il)(]‘ t2(s; )il)
N'H (1 — xE1HN 27’(‘”&8@ - HKJ 1—tx(3—) D(1 — tx— 1(:’;)i1)
T
Integrations can be calculated by JK residue sum - . A
choice of poles Young diagrams
U(N)-[1] 1 . (1 = «—> \Y =[;
T = — HUYasi)™
H {2IN Z HNA(O‘) )\(B) ) 1 ——
>\(1) )\(Z) a, T «—>|i ]y
(> a |>\(a>| N) 1 %
: > | 2
(e.g. [Hwang,Kim,Kim,Park,'14]) 1 — tw_lj_;. j
\§ J

army () —leg, (L)—1 —arm,, (0)—1 leg, (0’
Nau(y) = H (1 =y, a8 >331 : ) H (1 =y, - L1 2l ))
LleA Len

(£1 = 271, 2o = xt)
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Observations (1/2)

@ Inverse giant graviton expansion works!

= = PV FED (a7 21203 ya)

Fm(xlyx%ya) S.S. - N ~(1) -1 (1) U(N)-[1]
— 1 » Yo ) s You =71
Foo(Z1,22; Ya) szjoxl I (= maniva) = Oy (1,92150) "

@ ]—“,,S,lb) , are related to vacuum characters of affine Kac-Moody algebra with level 1

1+ 3x122 + 4(x172)? + T(w172)> + 13(2172)* + 19(2122)° + 29(2122)° + 43(T122)7 + - - -

FY =
" (xl;xle)oo
F3) 1+ 8x129 + 17(x129)? + 46(1122)° + 98(2122)? + 198(2122)° + 371L(2122)° + 692(2129)" + - - -
m (5E1;331$2)oo
7 - 1+ 152129 + 51(w129)? + 172(2122)3 + 453(2122)? + 1128(2122)° + 2539(2122)° + 5505(w129)" + - - -
" (901;961962)00

1
:{> ‘Fl(l)(xhx%yoz) — Xsh(l)l(yodxllé)

(215 1%2) [Hayashi TN,Okazaki,'24,'25]




Observations (2/2) 26/28

@ FWU contains vacuum characters of affine Kac-Moody algebra with level m

2
1
fé,b): 1;[ (27 1) [1 + (31 + 35131)562 + (9x1 + 7561 + xl) + (15x§’ + 19x‘1l + 4x?):z:‘;’

+ (302 + 4023 + 14285 + (5da® + 832Y + 3227 + 32%) a5 + (9428 + 15227 + 7225 + 7275
+ (15827 + 27525 + 14429 + 2221%)27 4. ]
3

1
F?S,?)Zg — H T [1 + (3z1 + 3% + 327)xo + (927 + 1225 + 1327 + 42° 4 29)x3

n=1

+ (2225 + 3227 + 392 + 2028 + 7o) as + (4227 + 7722 + 10328 + 6527 + 3025 + 42)) x5
+ (812° + 16720 + 24127 + 18028 + 9727 + 2321° + 31125

+ (15128 + 33727 + 5175 + 43727 + 26421° + 8421 + 1727%) x5

+

26427 + 64325 + 10422 + 96721 + 64621" + 251217 + 6201* + dz}t)al + - |

lim F = xa)., Ya; q)

T1,Tq 1 50
(r122=09)

[Hayashi,TN,Okazaki,'24,'25]




27/28

Summary

- M2-M5 giant graviton expansion works in 3d Coulomb/Higgs limit!

IU(N)‘[l] (551 5132) 00 I(tw1st) 00

C/H ! twist m (371,372 S.S. U(N B
U{oo)—[l] — L] N]T(nMES )( L1 7331332) (tvl\flzt) — Xq NIC;H) (35‘1 1, 581332)
Ioin ($1>$2) m=0 Ioonms (@1, %2) o

* Propose 2-parameter refinement of multiple-M5 indices (with Z;-orbifold)

F_—5{Q,Qt}y, 212 t834) 4yt Joyt 56, Rizo—Raa, Ji2, Jaa, J
Ings = Tl“[(—l) e~ B1Q,Q }p +J12+J34+ 56, R12 34y112y234y356]

twist :
= > I&VQ”S )(xl,xg) — lim Inis (ps w, Y1, Y2, Y3)
P,y1,y3—0,
u y2—>oo - "Twisted limit"

T1=p 2 ﬁxed
1 [Hayashi,TN,Okazaki,'24]
To=p 2u . fixed

- In Higgs limit, M5 indices are related to affine KM characters (c+ [nishioka Tachikawa, 11])
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Future directions

* Derivation of finite N corrections from gravity side?
[Eleftherious,Murthy,Rossello,'23][Deddo,Liu,Pando-Zayas,Saskowski,'24]

* Derivation from direct M5 index calculation

» understand simplification in "twisted limit"
- Mb5-interpretation of multi-sum expansion coefficients in Coulomb limit?

- |dentify /derive full structure of M5 indices in Higgs limit?

» we have to first understand Z;-action on M5 worldvolume/target space

* Multi-sum expansion in Higgs limit?
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Parameter identification - step 1 (detail)

In [1:\3& , wrapped M5 on SZ:O c ST preserves (57 ; Z |2a|? = 1)

a=1

1
Qa (h—7r12=0) » subalgebra » 80(3) TTERS 50(6)7’ab X u(l)h—lrm @
b - 1

J
A r\ “

2
In I&% , wrapped|[M2 on 5%1:0 C S% preserves (54 Y N Za)? + X2 = 1)
a=1

1 v .
Qa (H—ngzo)» subalgebra D 50(6)‘;7;. X s0(3 X u(l\jlg_ng )
5}

Match @ with @

h — %7‘12 = )\(H — 2R12) h = (2)\ — ,O)H + (—4)\ —+ p)ng
h — 19 = p(H — Rlz) 12 — (2)\ — 2p)H + (—4>\ + 2,0)R12

Impose {Q, Q') = (positive){Q,QT} and rim = £Ry5 = A =p=

H 3R{» .
=> h = 5 T g J12 = R34, 112 = —Ry2, 134 = J12, 56 = J34, T78 = JI56




Example: | = 2, O(z3)
) 2

N 7U(N)-2]
ZU (o0)-[2]
é —x1—4xx%2—3:1:3+ h
2 — 5
3 x5 — dag — 4o — 15+5x1+8x?+8$7
R Sy Sy 327 + 2f + x| A
4 —xéll 45’7})_456?—43;6 317+5a:1+9x§+12;9 e i
s s Py g Y + 12270 Tr
5 5 SnEs : e . 19+ 11yt
Ea T g )+ 97V x1t + Txy?
1 nE : . 5 1 +1 11 L ..
6 —:1:615—451;% 4$£_4x§—4x3’ ix%0+x%0+5x%l+§x112+16x%2+16;13++.
7 —;137_4 613 4551_4339—4 %O Ty —3$%1—|—LL‘12 d! +13$%3—|—17 114
8 1 5131—4339_ % Xq _43311_ il 1 +5£C13‘|—9 14 . .
_$8—4 9 1 43310_4 - 1 43312_3 13 1 xl _|_].3 15
9 1 5L‘1—4m10 X7 —43;12_ T X1 —I—CIJM—I— 19 o o
29 _ 410 10— 4oyt — 4xy? . e
10 1 T — 41 7 — 4qi3 L7 — 3x7° i e
S Er e R Py E PO 15 4+ 216 4+ Bl”
1 il — 4712 L rid — 421% L r1’ — 4a° e
e 2 TE — 4z — x1° — 3x1’
1 _43314 ! 49}16_ 1 +x18
1 — ApI5 4,16 1 dpy" — da;® T
1 T 1 r1° — 3x7”
T — 48 — Ly
| 43319_ 20
1 4x1 _|_

\ 4

i
>
||

8
V)

_1—|—3£U1
1—(131

—1 -4z — — — — — — — 4z +
| — 4zt — 423
1 — 4
v — 4ot — 42 — 428 — 4]
1 vl — 425 — dx] — 427°
1 e o o



Example: | = 2, O(z3)

TU(N)-[2]

W N( 14+3x1 )

xl 1— 1

xl+5a:1+9:131+12:1:1+12x1+11x1+7$1+3az — x1! 5:1: —8m —8:1:14—|----

r? + 528 + 927 + 1325 + 1627 + 1621° + 1521 + 11212 + 627° — xl 6:1: —1327% + - -

! + 528 + 927 + 1321 + 1721t + 20212 + 20273 + 1921* + 1527° + 1021 + 2277 — 621° +

2] 4+ 5x1” + 91 + 1321 + 17277 + 212" + 24w° + 24w1° + 23;[;%7 + 19;[;%8 + 147" 4 627" + - - -

r1' + 521 + 921° + 132" + 1721° + 2121° + 2521 " 4 2821° + 28x1” + 277" + 2327 + 18x7° +

x1° + 521" + 921° + 1321° + 172" + 2121° + 25217 4 29270 + 3227 + 3227° + 31ay” + 277" +

r1° + 5x1% + 921" + 13275 + 1721” + 212%Y + 2527" + 29242 + 332> + 3623* + 3627° + 3529° + - - -

r1’ + 5275 + 9x1” + 13220 + 1723t + 21242 + 2529° + 2923 + 332> + 3723° + 4027 + 4029° + - - -

©| 00| | | G| x| W Do | 2

21?4+ 523% + 92l + 13222 + 1729 + 2127 + 2527 + 2929° + 33297 + 3723° + 412%° + 4427 + - -

—
-

w3l + 5222 + 9243 + 1323 + 172%° + 2127° + 25277 + 2929 + 3323 + 3723 + 4127t + 45292 + - -

F®

\ 4

= 21 + 527 + 92° + 1327 + 172° + 2128 + 2527 + 2925 + 3329 + 37210 + 4127! + 45272 4 -

X2

- xy + 32
(1 — 581)2




Example: | = 2, O(z3)

- 2
N | Foerm |~ el (-5 + oV (25}
1 —a:(f — 5:);1 102§ — 1827 — 26210 — 34x7t — 42212 — 49213 — 53x1* — 57x1° — 6021 — 601" + - - -
2 —:Cl — 5z — 10x7" — 18x7% — 27z — 38x1" — 4Tx1° — 5821° — 66z — 73x;° — 772" — 802" + - -
3 —:r;l — bx — 1021* — 1827° — 27x1° — 3921 — 5lw1® — 6327° — THhai¥ — 8624 — 94x7% — 1012%° +
4 —51;1 — 521% — 102" — 1827% — 27x7” — 3929" — 52x3! — 672%% — 802%° — 9524 — 107x%° — 118x7° +
D —CEl — b1’ — 10270 — 18x7 — 27x%% — 3924 — 52x9* — 68x7° — 84x%° — 10025" — 116275 — 131x%° + -
6 —:131 — 52%% — 1029° — 18271 — 272%° — 3922°% — 52297 — 68275 — 8522 — 10423 — 12123t — 140272 + --
7 —a:l — 52%° — 1029% — 18277 — 272%® — 392%° — 52230 — 6823t — 85272 — 10527 — 125234 — 145x7° + - -
8 —a:l — 5248 — 10x%” — 1827V — 2723t — 39232 — 52x7° — 6827* — 8527 — 10527° — 12627" — 14927° + - -
9 —:r;l — 5t — 10232 — 1833 — 27x3% — 393> — 5227° — 68z7" — 8527° — 10527° — 12627" — 15027 + - -
10 | —x3® — 5a* — 1027° — 1827°% — 273" — 3927° — 527Y — 6821 — 857" — 10527 — 12627 — 15027 +
7 = —3 — 5y — 1027 — 1828 — 2727 — 3925 — 522Y — 68z1° — 8521 — 105272 — 12621° — 150x1*
—17527° + - - -
3 + 3]

(1 —x1)*(1 — =7)



