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1. Introduction

JLQCD (+ TWQCD) collaboration
is simulating lattice QCD
with exact chiral symmetry
using overlap fermion action.
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1. Introduction

Q. Is QCD a matrix model ?

A. Yes, but only in a finite volume
at very low energy.

(Lattice QCD simulation is performed in a finite V.)
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2. Low energy QCD in finite V o°

Spontaneous chiral symmetry breaking
[Nambu, 1961 ] (2008 Nobel Prize)
e Chiral symmetry breaking and constituent mass

(qq) # 0

— “effective” quark action L — §(D+m)q+Caggq—+---
acquires constituent mass — gD +m+2C{qg))g+- -

~ AQCD ~ 300MeV
— hadron masses are ~ O(1) GeV.

 Pion effective theory

(pseudo) Nambu-Goldstone boson = pion

described by Chiral perturbation theory (ChPT)
[Weinberg 1979]




2. Low energy QCD in finite V

Origin of mass = chiral symmetry breaking.
e Hadrons consist of quarks.

e But
proton mass >> quark mass x3
(1GeV) (3-6MeV)

e Chiral symmetry breaking generate

~90% of mass.



2. Low energy QCD in finite V

Finite volume = Pion physics.

Lattice size = 2-5fm.
Correlation length (1/M) of QCD particles

Pions(140MeV) ~1.4fm ¢~ M=L — (.03-0.25
Kaons(500MeV)~ 0.4fm

Rho (800MeV)~0.26fm e Mol —~(.0005
Proton (1GeV) ~0.2fm

Finite V correction = chiral perturbation theory (ChPT)
weakly coupled = analytically calculable.



2. Low energy QCD in finite V

Our strategy
Numerical calculation Analytic calculation

Finite volume
correction by pion
theory

Lattice QCD simulation
in a finite volume

A matrix Model !

(+ corrections from field theory)

QCD at V=«

10



2. Low energy QCD in finite V

Pion correlator at V=0
(in Euclidean space-time,)

/ @z (P*(x)P*(0)) :A5ab/ o 2+ M2

x exp(—M;,t)



2. Low energy QCD in finite V

Pion correlator at finite V ( in the p-expansion )
(periodic boundary for t-direction)

a ab 1
/d?)w(P() B6% — Z 7+ 2
pa = 27Tnt/T (n¢ : integer)
— B /de(H? 2wn/T);ij_p;42 <Z(5p 2k /T) = ZTEZZRT>
cosh(M (t —T/2))
sinh(M,T/2) -

X



2. Low energy QCD in finite V
BUT... Inthelimit M. — 0 |,
V=oco: exp(—M;t)—1
cosh(Mn(t —T/2)) 2
sinh(M,T/2) M,T

V # o0

> OO

Infra-red divergence due to finite V ?77?
despite we have IR cut-off 1/V1/4?

Something wrong ! Exp->Cosh is not enough !

13



2. Low energy QCD in finite V

Many vacua contribute at finite V
This fake IR divergence is due to a fixed vacuum:

U(z) = 1Lexp (@ ﬂ;@)) c SU(Ny)

but at finite V, the vacuum is not uniquely
determined: vacuum= moduli = dynamical variable

U(x) = Upexp (z ﬂ;(x)) :

U, should be non-perturbatively treated.
— g-expansion (is needed for M/ V14 <« 1.) =



2. Low energy QCD in finite V

Pion theory = Chiral perturbation theory
qr, — Viqr, qr — Vrar, Vi,Vr € SU(N)

but pion’s transformation is non-linear. vV = 7 of flavors

\/§ Al (o
U(z) = exp <Z TFW )} ¢ SU(N) F : pion decay constant

U(z) = VRU(@)V]  detU(z) =1, U(2)'U(x) = 1.
Note: (U) # 0.

[Gasser & Leutwyler 1987,1988] 15



2. Low energy QCD in finite V

Pion theory = Chiral perturbation theory

Is constructed by collecting all possible terms invariant
under SU(N)r x SUgr(N) transformations : U(z) — VxU(z)V]

Tr[Ut(2)U(z)] = N.  Tr[0,U"(x)0,U(z)], (Tr[f?MUT(:I:)(?MU(:U)])2,-~

Note : all (non-trivial) terms have “derivatives”.
Explicit breaking term = quark mass term My

gMq = M qr + GgrMaqr M= hd
is invariant if M — VMV

— 2

MU (z) + U () M], (Te[MTU(z) + U (z)M])",- -

ms

The theory is “perturbative” when [ ~ p ~ m ~ 0. 16
[Gasser & Leutwyler 1987,1988]



2. Low energy QCD in finite V

€ expansion
Near the massless limit: M, < 1/L,
we have to change the parametrization

U(x) = exp <z\/§F§(x)> — Up exp <Z\/§F(x)>

and non-perturbatively treat U, (With / dz €(x) = 0.)
The € counting rule :

Oy ~E(x) ~ MY~ 1/L~1)T ~ e Up ~ O(1)

The mass term is an NLO perturbation in the € expansion.

[Gasser & Leutwyler 1987,1988] i



2. Low energy QCD in finite V

Pion Lagrangian in the € expansion

SchpT = /d4$ [FZTT[%UT(:U)@MU(HB)] - %Tr[./\/lTU(x) + UM (@) M] + - ]

— —%TI[MTUO +UIM] + /d4x B(@,ﬂr"“(:c))2 + %(WG($>)2 + - ]
LO=SU(N) matrix model ! NLO correction = field theory

cf. in the p expansion (at large V),
(= -5 mM )+ [ e[ J@m @) + @)+ )

constant (we can ignore) + field theory

18

[Gasser & Leutwyler 1987,1988]



2. Low energy QCD in finite V

Fixing topology = SU(N) -> U(N)

2Uo = / ;l_gew@zw)

T

= / ﬁer/ dUp exp (gTr [MTew/Non + Ug/\/le_w/Nf])
2m SU(N) 2

>
— / dUo(det Up)? exp (—VTr {MTUO -+ U(J)r/\/l])
U(N) 2

Using Toda-lattice equations, Zgo Is analytically integrable:

200 (1)) = det[p! ™" Torjo1 ()i j=1,ntm
e [Ty e = i) TGS (0 — 122)

(1) *Kgi;—1(p;) for bosons

pi =miXV,  Jo+j-1(ui) = { Tovi—1(p:) for fermions

19

[Splittorff et al. 2003,2004, Fyodorov et al. 2003]



2. Low energy QCD in finite V

. [Shuryak & Verbaarschot, 1993,
Another matrix model ? Akemann et al. 1997, and many...]

Let us consider a different approach from QCD itself:

ZSCD(”ITL) = /dA'u det(D + m)Nf exp(—SG(AM))

- / AL ] [(Ni(40)? +m?)]Y exp(=Sa(Ay))

High modes ()\; > AQCD) -> weak coupling
A; ~ Tp + 0(92)
Low modes (\; < Aqcp) -> strong coupling

A; ~ random and non-degenerate .



2. Low energy QCD in finite V

. [Shuryak & Verbaarschot, 1993,
Another matrix model ? Akemann et al. 1997, and many...]

Let us consider a different approach from QCD itself:

ZSCD(”ITL) = /dA'u det(D + m)Nf exp(—SG(AM))

- / AL ] [(Ni(40)? +m?)]Y exp(=Sa(Ay))

For low energy part, can we replace ?7?

— /H dA; [m|Q| 1_[()\,L2 + m2)]Nf exp(—Sumatrix(N;)) 7772

21



2. Low energy QCD in finite V

Chiral random matrix theory (ChRMT)

ZChRMT /dq) Hdet ( 7,7(]7;[ Zfb ) eXp(—SmatriX((I)))

m

d:(n+ Q) xn matrix 1M =m X const.

Universality : the spectrum in the limit n — o0
is the same for different Smatrix(P)
(up to an overall fact()r)_ [Nishigaki 1996, Akemann et al. 1997]

Simple choice : S awix(®) = an QTr(CIﬂL(I))

22




2. Low energy QCD in finite V

ChRMT = ChPT Smauss(®) = STH(BIB), (N =20+ Q)

ZShRMT _ / d@Hdet ( igT zﬂ;l) ) exp(—Smatrix (P))
J
:/dcl>/d¢*d¢exp [Z‘I’fj@j Z%;( fepdt ) ( _“;LT z_:: ) ( z{}; )]

- / i exp lmD Lod+ k) = X <k %’;%’;)]
f f:9

2 1 1
second term = == 3 (Bj, = Cf)) By, =3 S witvh — vidivh). Cro = 5 S itoh +idvh)
f.9 ‘ '

We can use Hubbard-Stratonovich (HS) transformation :

1 .
eXp<_AngJ2‘g)/deg exp [_—Af (Ufg>2 ‘i‘QZUngfg] 23
g



2. Low energy QCD in finite V

ChRMT = ChPT

ZgMih = /dae_%Tr[“T] det(o + m)™ det(at +m)" 1<,

o: Ny x Ny complex matrix

In the limit 7 — o0 | integration around the suddle point,
which satisfies U(JJr + m) = 1, leaves unirary part :

ZGMRMT _, AUy exp(niTr(Uy + UY)) det (UF)?
U(Ny)

_ ZShPT '

if we identify nm = m>V.

24



2. Low energy QCD in finite V

Banks-Casher relation [1980]

/QCD\

ChPT ChRMT

l l 5\ — M)
i) = mp(0) (7 emE L)

A : Dirac eigenvalue




2. Low energy QCD in finite V :
B-C relation for non-zero \, m, V, and @)
PN = [ aNsa=X)p(Y)
= lii%% OoodX :i()\—i\’)—l—e_z’()\—i\’)—e_ p(X)

o1 1 1
- ll—%ﬁ<ﬁD—l—iA+6_TrD—l—i)\—e>
1

T e—0

1
= —Re(qq)m,=ix,
T



2. Low energy QCD in finite V
Why Chiral Symmetry broken ?

P=p+gA
E\ low denSiTy Free fermon When g — O, )\ — :I:p
& 1 Area(S®) = 2n°R°
3 4
_ A II p(A) = 277‘2/)\ x(%) ><3x4><%

_ 3 3
- 4%2)\

Strong coupling

Tp(A)/V
K
]
|
~
K|
)
~~—"

A 27



2. Low energy QCD in finite V

Finite V effects in BC relation

Finite V never allows SSB — ;0(0) = 0.
but SSB occurs at infinite V
— only A < 1/V modes know finite V.

infinite V finite V

=

ntp(A)
ntp(A)




pOEV

2. Low energy QCD in finite V
Result of ChPT (= ChRMT ) at LO

[Akemann & Damgaard (1998), Damgaard & Nishigaki (2001)]
Drop around zero = non-perturbative zero-mode fluctuation

0.6

05 |
o4 | 12V
0.3 4

0.2

0.1 f

0 v L !-":-. J ..-.: :'::.o... J “.- ---- A 1 1 1
0O 2 4 6 3 10 12 14 16 18 20

Note: m,Q,V effects are included.




2. Low energy QCD in finite V o
(Review)

Summary of Sec.2
Low energy QCD in finite V = Martix model(s)

Chiral symmetry Random Dirac
breaking eigenvalues

Nf) matrix model _ | n=e random matrix model
(pion’s moduli) (Gaussian unitary ensemble)

Banks-Casher relation



3. Corrections from field theory

¢ expansion of Chiral Lagrangian

by
L = —§Tr [./\/lTUo + U(;r./\/l} LO = matrix model
1
+ §TI‘(8M§)2 NLO = massless pions (10-20%)

>
+ 5 TrMIUGE? + EUIM + -+,

NNLO = (perturbative) interactions
(10-20%)

The mass term contribution is underestimated.

31



3. Corrections from field theory

£ expansion is really useful ?
€ expansion

ML < 1.

P expansion

ML > 1.

ETMC 2
MILC 2+1
RBC/UKQCD 2+1
JLQCD 2+1
PACS-CS 2+1

BMW 2+1
ALV 2+1
HPQCD 2+1

Twisted mass
Staggered
Domain wall
Overlap
Wilson
Wilson
DW on MILC
HISQ

0.05-0.100
0.045-0.12
0.085-0.11
0.11
0.09
0.065-0.125
0.06-0.12
0.045-0.15

~3fm
3~6 fm
3~4fm
1.8fm

~3fm

3~5fm
3~4fm
3~4fm

280
250
290
310
140
190
250
360

No requirement in original theory ( if
— Better way of expansion ?

both expansions are bad.

But on the lattice,

M,.L =2~ 3.

E,p<<m, )

32



3. Corrections from field theory

New expansion

p-expansion
2
U(x) =1lexp (@ \/77(33)) ., M, ~LO

F
g-expansion

U(x) = Uyexp (z \/577(:13)) , M. ~ NLO

F

33



3. Corrections from field theory

New expansion

p-expansion
2
U(x) =1lexp (@ f;($)> ., M, ~LO
g-expansion
2
U(x) = Uyexp (z \/_;(:13)) , M, ~ NLO

New / (interpolating)- expansion

U(x) = Uy exp (z ﬂ;(x)) , M, ~ LO

[Damgaard & HF, 2008]*



3. Corrections from field theory

The pion (chiral) Lagrangian at finite V
L= —%TI‘ {MTUO + U(%LM} LO = matrix model

1 1 a
+ §T1r((‘9uf)2 + 5 Z Mf (& )2 NLO = massive pions

| %TI[MT(UO —1)E +&X(Uo — DIM]

R NNLO = (perturbative) interactions

. D d & HF, 2008
= a hybrid system of [Damgaar |

matrix model and massive bosonic fields N



3. Corrections from field theory

Calculation at NLO
<<f<Uo,f>eS§”<Umf>> 68§2><Uo>>
3

<<6—s§1><Uo,s>> 6—8§2><Uo>>
3

Sy)’s : (NLO) interaction terms

Uo

7

(f(Uo,§)) =

Uo

(---)u, : non-perturbative group integrals

(- )¢ : perturbative integrals

36



3. Corrections from field theory
Pion correlator at 1-loop [Aoki & HF, 2011]

Because of the mixing of zero and non-zero modes,
the calculation is very tedious :

2 12 71214 Oa 52 Yeff 12 7122 0b
(P@PO) = == (ZZF)'C™ + = ( 5 = (23 2F)° ) €

2 32

+ 5 AZR - AZBC 4 o | (2R A M)

» B
+ Cz <ﬁaM2) A(SIZ, M2)
M2=M?,

‘|‘sz (A(@" M121> A(UU M122)) +C21 (A( M222) A(l’ M122))
+ > 00 (A, M3)) — A, M) + ) C (A, MY) — Az, M7,))
J#1 i#2
+COG(x, Mty M3,)
+Cly (Glz, MYy, M3,) — Gz, My, M7)))
+C3, (G(ZC, My, M3,) — G($7M2227M222))} ; 37




3. Corrections from field theory
[Aoki & HF, 2011]

(U0l = (031 (s = [U]12) + 5 (Uolsa = [0+ 5 (0ikr = (0112

where

COa

Il

[UQ—FU(;[]H

[U0+Ug]22> | € SU(N) in 6 = 0 vacuum,

c +
2 2
€ U(N) in a fixed () sector
" = ~(([Uol12 — [Ud]21)? = ([Uo]21 — [U¢]12)*) s ( ) Q
C' = ( ([Wolur + [Udla2) ([Uolaz + [Ug111) + > _[Uol1;[UdT51 + D _[Uolas Uiz
i#1 i#2

c2 = <2([R]11 + Rl — 37 RI1iRit 5 [RlRle > ,

7z T a2 o,

. iy g 2 )2

ij = %<<[U0]ji>2 + ([Ug]ij)2>Uo + <[R}w [UO];,{“—I__[(T];:]],JZ[R]]Z>UO + <([R];7()mj_([:§j;%2) >Uo7

([R);i[Uolij + [R)i;[Ud14) v, n ([R][R]ji) s

mj —m; (mj — mi)Q ’

(Uolar + [Uo*]u>2>

i = (Ul (U530 u, +

N =

C=- <([Uo]12 + [U3]21)([Uo)a1 + [Ud]12) + é([Uo]lz +[U§]21)? + .

(([R]ij + [R;1)([Uolji + [U3)ij)) vy 38

mi—mj

C = %(([Uo]jz’ +[U3)i5)%) v, +




Sy

The zero-mode integrals

< [UO + U(J)r]vv

2

o000
o000
o0
°
3. Corrections from field theory
“simplest” example (in 2+1 flavor theory)
> o 1
oW uv)( 1)
K, (o) I (i) L(p)  p'Loa(p)  L(ws)
0y ( Kyt1(pw)) o Lovi(pw)  pluga(p) I, () ps Lyt1(ps)
det (9( Kyto(pw)) uv Lopo(po) p2Tgo(p)  plygi(p)  p2lio(ps)
—0y ( Kyis(p)) polvrs(po) pLgs(p)  pPlga(p)  pilis(ps)
Oy UKy a (1)) pilgalin) ' Topa()  pPLis(p)  pileaps)
L) p ' Loa(p)  L(ps)
det( ply 1 (p) I, (p) psly1(ps) )
w2l o(p)  plopi(p)  p2li2(us)

where I,,’s and K’
Ly = M2V, b = MgV, s = mg2V.

s are modified Bessel functions,

39



3. Corrections from field theory |:

Pion correlator at 1-loop [Aoki & HF, 2011]

Dpp cancels IR divergence: Dpp ~ _2M7]TVLOT +E+-..
disappears in the p-regime: lim Dpp ~exp(—mX3V) — 0.

M —large

( Cpp,Dpp, MYM*? : functionsof ¥ and F,, )

_>V—>OO eXp(—th) 40



3. Corrections from field theory S

Dirac eigenvalue density at one-loop

pPQ(A) = Xegr ﬁzg()‘zeffva {MmseaXV'}) + pP(N),

,522 : same function as at LO of € expansion
(in terms of modified Bessel functions)

but X.g includes ""'sea dependence at NLO.
pp : NLO logarithmic curve (chiral-logs)

from the non-zero mode in the bulk.

( IR finite. Q-independent.)

[P.H.Damgaard & HF JHEP(0901:052,2009]

41



3. Corrections from field theory S

Dirac eigenvalue density at one-loop

N=2+1,m=0.080, 0=0 Myg = 20MeV
0.005 ' ' "€ ' |
pfo(N) —— ms = 100MeV,
otal
0004 | : Y = [250MeV]°,
F = 90MeV,
~ 0003 |
3 Leg = 0.
B 0002 | 1 a ! =1.8GeV

0.001’ IR finite & chiral log
O L —

0 0.01 002 003 004 005 006
A

42




4. Application to lattice QCD analysis

QCD simulation with exact chiral symmetry
[JLQCD & TWQCD collaborations, 2006-2011]

2+1-flavor overlap Dirac fermions [Neuberger 98]
lwasaki gauge action, =2.3, 1/a~ 1.759 GeV.
Lattice size : L=16 [1.8 fm], T=48.
Topology fixed: Q=0 (or 1)
Quark masses : m.=0.08, 0.100,

m .= 0.002, 0.015,0.025,0.035,0.050,0.080,0.100

(~3 MeV) (30MeV <)
e-regime, p-regime 43



TP(A)/V

4. Application to lattice QCD analysis

lattice QCD results JLQCD [ 2007 - 2010 ]

B=2.35, Nj=2, 0=0, (m =0.002)

'free théorg
ZZ(24OMGV) .................

_ Consistent with

Banks- Casher’s scenario !

| Low-mode’s accumulation.
1 Plateau suggests Z~(240MeV)3.
1 Gap from 0 : finite V effects

0O 005 01 015 02 0.25

44



4. Application to lattice QCD analysis | ¢

[ JLQCD, PRL 104,122002 (2010) ]

Comparison with NLO ChPT

consistent with our NLO ChPT analysis !

A
No) =V [ dXpg(¥)

Tattice * N=2+1, my,a=0.015, ma=0.080, 0=0
ChPT LO oo

0.004 r ChPT NLO i 1.5

T /’,E
gl
0003 F s . o o e /‘/"»’M

0.005

Tch(K)

0002 H 0 0005 001
4 - -
0001 = | | 2 F lattice ———— 1
BEEEEEEE N ; ' : ChPTLO (N=3) - - - - -
ChPT NLO (N=3) ——
0 0 ‘ ' '

0 001 002 003 0.04 0.05 006 O 0.01 0.02 0.03 0.04 0.05 0.06
Aa
A



4. Application to lattice QCD analysis

mp M)

m, 4 dependence

0.005

0.004

0.003

0.002 ||

0.001

[ JLQCD, PRL 104,122002 (2010) ]

N=2+1,m@a=0.080, 0=0 N=2+1, m@a=0.080, Q=0
m,;=0.035 —— 10
m,=0.025 —— .
m,=0.015 —— 8
m,¢=0.002 ——
6 L
S 55
4 B o
P < m4=0.035 ——
2 | L m,=0.025 ——
0 7 . ' | qu=0002 —

Aa

0 0.01 0.02 0.03 0.04 0.05

0.06



mp M)

4. Application to lattice QCD analysis | ¢

[ JLQCD, PRL 104,122002 (2010) ]

volume dependence

0.005

0.004

0.003

0.002

0.001

Nf=2+1, m; a=0.080, 0=0

m,;a=0.025 (L=24) —
m,; a=0.025 (L=16) ——
WANWMM‘viv‘vA' ~ ~~—n-—'—:—:
\ fkyﬁ(/asfiz“=’>‘“°’\’ N
N/ 1
001 002 003 004 005 006

c(\)

25

20

15

10

N=2+1, ma=0.080, 0=0

m,a=0.025 (1=24) ——
m,q a=0.025 (L=16) ——

0.01

0.02 0.03 0.04 0.05 0.06
Aa

47



mp M)

4. Application to lattice QCD analysis | ®+°

[ JLQCD, PRL 104,122002 (2010) ]
topology dependence

Ng=2+1,m  a=0.080, =0 N=2+1,ma=0.080
0.005 m,;a=0015 0=0 —— 10
m,;a=0015 0=1 ——
0.004 + . 8
0003 | | o 6| 7~
_ — = ] <
o i
0.002 t y 4t
0.001 2t .
m,;a=0015 0=1 ——
o 0 m,;a=0015 Q=0 ——

0.01 0.02 0.03 0.04 0.05 0.06
Aa Aa

o
)
(e
[
o
o
\S)
O
o
W
o
o
=
o
()
W
o
S
(o)}
e

48



4. Application to lattice QCD analysis

[ JLQCD, PRL 104,122002 (2010) ]
Extraction of low-energy constants

Using the NLO formula, we determine 3 free parameters:

2 = [234(04)(17) MeV ]3, (MS-bar scheme at 2GeV)
F = 71(3)(8) MeV
L = 0.00003(07)(17) (at 770 MeV)

49



4. Application to lattice QCD analysis

[ JLQCD, PRL 104,122002 (2010) ]
From finite V to infinite V

N=2+1, m,;~0.025, m=0.080, 0=0

0.005 . .
L=2fm ——
L=3fm ——

0.004 L=4fm — -

0 0005 001 0015 002 0.025 003

50
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000
4. Application to lattice QCD o
analysis
Pion 2pt function
016 = "il"—exparllsion fit ——s Flttmg with
expansion fit (cosh) <
Z > t o cosh(MNLO(t — T/2)) D
PP sinh(MNLOT /2) e
0.12 | .
XXXXXXXXXX [Yeg = 0.002041(70) input]
; | after 1-loop (of non-zero
008 L | modes) volume
iy correction, we obtain
By,
HIITE V= = 97 6(4.2) MeV,
0.04 r 1 V:OO
F = 128.6(5.6) MeV.
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4. Application to lattice QCD 3
analysis
Chiral “interpolation” for F’_
0.18
_ +5
Fr = 125(4)(5) MeV 61
bigger than our oia |
previous analysis using Lo
p-regime data only : 0.12
F, =119(4) MeV ~ SU(3) NLO ChPT fit
™ linear fit
0.1 I attice (i exp. analysis) ——— |
Lattice (p exp. analysis) > r
Linear fit looks better 008 " experiment
than NLO ChPT fit, though... 0 01 02 03 04

mn2 [ GeVz] 52



5. Summary

Low energy QCD in finite V
= Martix model(s)

+ ~10-20% correction from field theory,
which is useful for lattice QCD analysis.

QCD
Chiral symmetry Random Dirac
breaking eigenvalues
U(Nf) matrix model _ | n=« random matrix model
(pion’s moduli) - (Gaussian unitary ensemble)

Banks-Casher relation



5. Summary




