2d-4d Connection through 0d Matrices

basically a review of a series of works done

with Takeshi Oota during 2009 ~ 2010.
|05 arXiv:1003.2929 = Nucl. Phys. B

(also with Maruyoshi, T.0O. and Yonezawa)
IMO 0911.4244 = PTP, 10Y 1008.1861 = Phys. Rev. D

cf
recent work
with Yonezawa, arXiv:1104.2738 = [JMP on half-genus expansion with (&/1,

£l2)
with Oota, arXiv:1106.1539 = N. P. on affine quiver matrix model

- punch lines:  2d — 4d connection,
O0d matrices acting as a bridge

The Jack polynomial and the finite N loop eq.
facilitate the computation with /7, gis finite
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II) Whatis Z 5.2 ?

FEM(a;) s LEEAof N = 2 SU(N) SUSY gauge theory

a; = (¢;) ; undetermined VEV called Coulomb moduli
8me

— 7meare

Thare — _ +

qbare
v

gbare
“bare” omitted

4 F(5W)

fF SW
fée ) ( ) inst

1 loop

Finstanton ' instanton contributions

* Result of Nekrasov;
]:,(nst ) is microscopically calculable in the presence of Q background
~ deformation parameter €1, €2
as

1
ZNek(€17€2aai; Q) — exp (

€1€2

cf. EIhigher orders in 93 — TE€1€2

j:inst(€17€27az')> fmst(o 0 az) —

F(SW)
mst
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where

X0
. _ k
ZNeK(aJ?:v €1,€2,, q) — Z q /~ 161,62,0,2'
k=0 Mk

Il ? >
Zy=2 susy 1
2,
computable (in mathematics)
by the localization technique
H. Nakajima
where €1, €2 acting as Gaussian cutoffs
lts form
Zy, = . Zy1) ... y(V)

1) _ .
YDy 0=k Y () partition



* The SU(2), Nf — 2N = 4 case, mass m;, t1=1~4

Some explicit form for Ny = 4
7. =27 +Z z _ 1 Hf:l(a‘Fmr)
1 — <(1),(0) (0),(1) (1.0 ™ "Teles 2a(2a+e€)
1 H?:]_(CL — mr)
e1€2 2a(2a —€)

Z(0),(1) = —

?

Z2 = Z(2),0) T Z(11),00) T Z(1),(1) T Z(0),(11) T 2(0),(2)

s _ 1 [14_1(a + my)(a+ mr + €2)
(2),(0) 2!616%(61 —e) 2a(Ra+e)(2a+e+e)
7 _ 1 [I'—1(a — m)(a—mr — €3)
0).(2) ™ 2161 2(e1 — €3) 2a(2a — 2)(2a — €)(2a — € — €3)’
, _ 1 [T}—(a+ mr)(a+mp +e1)
(11),(0) — 2le2ex(€; — €0)2a(2a +€1)(2a+ €)(2a + € + €1)’
1 I'—1(a—my)(a—mp + 1)

Z = —
(0),(11) 2!6%62(61 —e)2a(2a —€1)(2a — e)(2a — € —€1)’

P _ 1 Hle(a + my)(a — my)
(1),(1) e%e% (4a2 — e%)(4a2 — e%)

* AGT conjecture

- €1,€2
fconf — ZNek

Feonf - 9eneric Virasoro conformal block



» Generic Virasoro conformal block

« 4-point conformal block F
Four-point function for primary operators ®a_(z;,2;) in 2d CFT
with the central charge c:

2
— A A
<CDA1(OO, OO)CDA2(1, 1)¢A3(Q7 Q)¢A4(07 O)> — Z CA{AQKA]CA;:AZL f(Q|C, Aq, Ay, A3a Ay, AI)
I -
A (!
C/:\lﬁz VA(Z )
ZI)A]_-I—AQ—A

BPZ

In more detail, the OPE: VA (2)VA,(z) =3 G
~ (-

the scalar product; (Vz (0)Va/(c0)) = Ka Sn.ndy) )y Qaly, Y"),

6’%152 = CﬁlAz ('YQ_l)ﬁlAQ - the factorization of structure constant
“Wigner-Eckert”

F(qlcv Aq,Ap, Az, Ay, AI) — Z q|Y|7AI,A1,A2(Y)Q£:5.(Y7 Y’)WA[,A3,A4(Y,)
Y|=[Y"|

The Shapovalov form QA (Y,Y') = (A|Ly L_y/|A)
Ly=Lk1Lk2---Lk£, for Y=(k’1,k‘2,...,kig),

C
[Lin, L] = (m = 1) Ly + 5m(m?® = 18400

‘
The three point function va,a;,4,(Y) = |] (A + kA — Do+ ’“j)

=1 i<t

Note that F is model independent (representation theoretic) quantity.



* Integral representation for -5, which exploits free fields

(6()6(w)) =2l09(= —w), T = :(09): +“LoP

1
c=1-6Q%, Qp =bp~ ;-

1 1
V.O. : 290 Rhas Aazza(a—QQE)

4 1
Begin with < [T : e2ortan) 1>
I=1
» should get rid of momentum conservation which follows from the free field OPE.

 The presence of integrated dim 1 V.O. is harmless for building . sCreening op.

=> insertthese btn [¢1,¢2] and btn [43, q4]
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Ill) -B-deformed one-matrix model (B-ensemble):

7 — /dNA/T\(A(A))"'QbQ exp (bE S W(AI)) A= ] Gr=xip

generic for a while

N
o 1 .
- Vir. constraints; insert E DAz — A into /) David
Iz = AL H.l. & Y. Matsuo

i.e. T(z)‘ ) =0

identify as

- Introduce J(z) = i0¢(z) = \/_

W(z) + \/_bE TI’
T(:) =~ 09()7 : + L

1QF 42 1

and write as  (g2T(2))) = %W'(ZF _ QQE gsW"(2) — £(2)

N / !
- f(Z)E<<bEgsZW(z) W(/\I>>>

=1 Z = Al

- Separately define the curve (z,z2) = (y(z),z) by

Igs igs 3 _ 2 2 ) —
<<( faqb(z)) (sc ﬁa¢<~>)>> = ? 2(T(2)) =
[z, 2] = QEgs




* A, quiver matrix model: —m 1 ITEP 1991

IMO 0911.4244

constructed s.t. obeying W, constraints at finite Vg —PTP
T Ng " b2 b r  Ng .
z=[ 11 { IT dA )} (B4, ;) Fexp (23 3 wa(M)
a=1 \I=1 95 a=11=1
a (@ _ (@ A NORING
AAn_l()\) = H H ()\Ia _)\Ja )2 H H H ()\Ia —A{ )(aa,ab)
a=11<I<J<N, 1<a<b<r I=1J=1
) spin 1 currents  s.t. > Ji(z) =0
=, 1
J; = i0yp; = —1; +b dig—0; Tr
() = 106i(2) = i +bw X G = Sias ) Tr o
ti(z) = Y Wo(2) == > aWg(z)
a=1 N a=1
<_
o: det(x —igsdp(2)) :=: || (¢ —gsJi(2)) : contains W, generators
1<i<n

« W, constraints <<det(w — igsa¢(z))’+>> =0

* the curve Z <<det(x — igsa¢(z))>> =0

Isomorphism with the Witten-Gaiotto curve established in the planar limit this way.



. The planar limit: the singlet factorization and the curve factorizes as

0= T (& - 1i(2)) (2,2) = (yi(2), 2)
=1
2
lim gsdJ;
3
-_3;Eennﬂ[: choose Wal(z) = Z (tp, a) l0g(gp — 2)
p=1

— OO, = O, p— ]_, —
q0 q1 q>2 q3 q IMO
The curve is found to agree with the (n, Ny = 2n) curve in Witten-Gaiotto form.

— identification of #p with m; in n =3 case given
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- Original reasoning leading to the computability

n = 3, Nf — 2n = 6, n — 1 = 2 Kkinds of e.v. distributions

R iiind

| //7”' 7

3 Penner /mw /
q— 0O U,

2 Penner / 1

 This has provided us an important insight
» Need only to take derivatives at ¢ = O

5

U, q— 0O

g
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1)

The Detsenko-Fateev multiple integral is an integral representation of the arbitrary
C, Ala AQ? A3a A47 AI)

4-point conformal block. F (g

1 1
c=1-6Q%, A;= Zai(ai_QQE)a A= Zal(aI—QE)

We regard this as a version of 3-deformed one-matrix model with special attention
to the integration domain. Actually, it is a “perturbed double-Selberg matrix model”:

Zpert-(selberg)2(q|bEi NI, a1, a0 N, as, az) = ¢7(1 — q){1/2)*203

nia L bpai bpao bpas 2b2
<\ I1 [ dar | T =771 = enPeo2(1 - qup) I o —ag?
=170 =1 1<I<J<Nf

b b b 2b2
’ ( 11 /o dyJ) II v/ =y —qyp®#*2 [ lyr—w|7F
J=1 J=1 1<I<J<NR
Np, Ng

x 1] IJ (1 — qzyy) e

I=1J=1

under a1+ as+az+as+2(N 4+ Nr)bp =2Qg

« originally (\ V\. 13

0 o



- Z to continue

Aj—Nq—

=gq 22 By(bg; Np, a1, a0; Ng, as,a3) Blq|bg; Ni,,a1,a2; Ng, ag, o3)

BO(bEr NL7a17a2; NR7a47a3)
= Sy, (1 + bga1, 1+ bgas, b%) Sy, (1 + bpag, 1 + bpas, by)

B(q|bg; Ni,a1,a; Ng, 044, as)

Ny, Ng
= (1—q><1/2>02a3<< I (1 — qzp)bees H (1 —qup)bee2 T T[] (1 — qwry)?® >>
NLaNR

I=1 I=1J=1

Here Sy,, Sy, are the celebrated Selberg integral (an extension of Beta fn!!)

N 1 N B
Sn(B1, B2,7) = (H A dib‘z) [T "Q-ep®t JI ler—=s™
I=1 I=1

1<I<J<N

_ D TQ NGB G- DNT B2+ G = 1))
= TA+r@Gi+b+W+i-2))

and averaging is w.r.t. these. o



- Two kinds of aenerating functions :

Blg)=1+ Y ¢'B
/=1

> qk NL k ]- NL k 1
:<<exp —2 ), o \be 2 2+ 5a2] be ) vit+ a3 >>
k=1 I=1 J=1 N7,Ng

2
= (1 — ¢)(1/2)203 4 (o)

105

0. @)

Al =14+ Y ¢ 4
/=1
0 qk NL I NR ]
:<<e><p —Z? ax+bg Y xj| (br Y vj

o0 qk; NL " NR "
_Z? bp > xi| [az+br > v >>
takes the form k=1 =1 Np,Ng
0
= > 7" >, Avv,

k=0 |y1|+[Y2|=k

a pair of partitions (Y7, Y>) naturally appears. 5



- The rest of the plan :

1) some exact cal from special fn
i) some by solving finite N loop eq.

16



i
) Jack polynomial P)El/”)(;c) x=(x1, - ,TN)
A= (A1,X2,--+) isapartion A1 >Ap>--->0

<< P, )>> (1+bpar+b(N =) (0B(NL+1-10)),
N,

B 1;1 (2+bplar +a2) + 052N, -1 1)),
1
X (ig@ i — 8300 — i+ 1)) conj by Mcdonald ‘87

)

proven by Kadell ‘97
where )\’ ; the conjugate partition of )\

(a)n =ala+1)---(a+mn—1) :Pochhammer symbol

 From an explicit form of Jack poly. |A| < 2

we obtain
N bpN7(bpN; — Qr + a)
b _ beNL(bpNL — Qp+
<< " 121 x1>>NL (ar —2QE) 105
5 <<b2 3 xjxj>> _ beNL(bpNy, — bg)(a1 +bpN — Qp)(a1 +bpN — Qp — bg)
El§[<J§NL Ny (af —2Qg)(a; —2QE — bg)

<<b % e (1 —a )>> _ bgNp(a1 +bpNy — Qp)(a2 +bpNy — Qp)(ar +az +bpNy — 2QE)

= ! Ny (a; —2QE)(a; —3QEg +bg)(a;r —2QE — bg) .



 More on Jack polynomial

« Jack polynomials are the eigenstates of

N

2.

I=1

(

0

L1
8%1

2
)+7

2.

1<I<J<N

(

x14—xj

Ly — &g

)

0 0
rf— — T Jj—
I@wf J@xj

with homogeneous degree |[A| = A1 + Ao + - -

* normalization

P (@) = my() 4+ Y ayumu(e)

p<A

Here mA(az) is the monomial symmetric polynomial.

i < 1!

Is dominance ordering.

)

18



Explicit forms of the Jack polynomials for |A| < 2

N
P (@) = mpy(x) = g z,

(1/%) Y
Pioy (@) = my(a) + ——— _|_ mq2y(x) = Igl
((112/)7) () = m(12)(37) - Z LIx j-

1<I<J<N

1-|-

2

T1<I<J<N

Lrxj,

19



i)
Back to the model (perturbed double-Selberg ~ 3 Penner).
Recall, at ¢ = O, a pair of decoupled Selbergs ~ 2 Penner’s .

Build the original model (¢ = 0) through resolvent.

Zselperg(bg; N, a1,a2) = ( 11 / dib‘]) [T |z —xs*"Eexp (bE > W(CU]))
=170 1<I<J<Ny =1

W(x) = ajlogx + aslog(l — z)

* The loop eq. at finite N

<<<’@NL(2¢))2>>N + (W’(z) + QE%) <<QDNL(Z)>>NL — fn, (z) =0

Ny, Nt N'z _le
i) = Y o T () = (b 3,
IZIZ—CCI I=1 Z— X7 NL

Wy, (2) = <<@NL(Z)>>NL B <<bE Igl ? _1x]>>N

L 20



_ 1
* By looking at O (;) , O (Z—2> , O (z—3> , |05

we obtain exact results

oL bpNL(bpNL, — Qp + a1)
<<bEp(1)(M>>>NL = <<bE 1; a”>> ~ (a1 + an + 26mN; — 2Q5)

Ny,
bpNi(ag +ap+bpNp — QF)

fNL(z):_ Z(Z—l) ’
N; _
iy, (0) = <<bE Izl xil>> _ bpNp(ag + azll- bENL QE)’
N B
iy, (1) = <<bE 3 1 _133 >> _ bpNp(ay +as+bpNp, — QF)
I=1 I Ni a

The first one agrees with that from i).

21



 0d — 4d relation 105

* matrix side parameters: ‘N =2, SU(2), Ny = 4,six parameters

seven parameters with one constraint
: N N €1 a m1q mo m3 ma
(@8 8 (8 (8 ’ y ’ 9 9
E> L» 1, 2 R 4, 3 Js Js s Js Js s

+ By looking at By = A1 — Sazaz, and explicit form of ANeK = ANSk , + ANSK. .

ANek (a +m1)(a+ mop)(a+ m3)(a+ mya)

Al 2a(2a + €)g2
aNek _ (a—m1)(a—mp)(a —m3)(a—m4)
[0],[1] 2a(2a — €)g?
we get
bpN = —2, bENRZ_a_I_mSa
. gs ) gs
a =g—(m2—m1+€), o =g—(m2+m1),
1 1
az = g—(m3+m4), Qg = g—(ms—m4+e)-

« Splitting of our A4 into “4[1],[0] + A[O],[l] done rather nontrivially, A>
computed and checked to agree



- More on ‘Ao (and higher) 105

Rearrangements
Ax= > Ayvy, = Aw@)0) T Aa2)0) T A T Aw0),a2) T Aw0),0)
Y1 |4[Y2]|=2

Avyy, = << My v, () >>NL<< My (0) >>NR

Unfortunately, contrary to our original expectation,
finding M and M  are not straightforward.

_ 1/b2)
M2y (0 (W) = b3Pi) ()
_ 2b%. p(1/0%)
M(12)7(0)(y) — 1+b2 (12) (y)

The rest is more complicated.
23
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