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1. Brown &8, D Rt Bessel :8F8, {1+ Brown :&E S}

1.1 Brown 18 &j (Brownian motion : BM)
Lkl oz eR (FEHEERDOES), t >0

= Brown HE)DIRFH] t TONE

B(t)

Prob(B(t) € [a,1]| B(s) = ) = /

pe(2,y) =
BM O #EFo SRR
B

b
Pi—s(2,y)dy.

4]
(e —y)?
2t '

9, 1 0?
d_pt(T (l/) 2() )pt(ﬂ;y);

po(x,y) =0(x —y) Ziwm/~ 3 (

1
ex
V2t P {

}Trﬂ

7 — Bk




1. Brown &8, D Rt Bessel :8F8, {1+ Brown :&E S}

1.1 Brown 18 &j (Brownian motion : BM)
Lkl oz eR (FEHEERDOES), t >0

B(t)

= Brown HE)DIRFH] t TONE

1
(T, Y) = X
BM OHEFBHESRR

0

P d—pt(fr Y) =

Prob(B(t) € [a,1]| B(s) = ) = /

(@)

po(‘l ) ,U) - é(l’ o y)

b
Pt—s (J’ U)dy

-}
1 9?

2 Or )pt(a ’ :U)
2 it 729 A (-

a

2t

ﬂ

7 ) — )

: Gaussian Dist
/\
/ :




D %5t BM  B(t) = (Bi(x), Ba(2), ..., Bp(x))
1 <

j < D IEAEWIIRANLZL 1 kot BM




1.2 D &Rt Bessel :BFE
D WRTE BM OEERASY (A 6 0 BHkE)

X (1) ’—\/Bl 24 Bo(t)? +---+ Bp(t)?

Z D Rt Bessel 18%% & J 5.
PR, EREEZT 2 = X9(0) = [B(0)]
(Bessel W OFIHME= D Yot BM O HFE D D 5 O ).




PNEEEDRE  — FREOR

D—1 dt
X*(t)=dB :
dX*(t) =dB(t) + X0 t>0

HERM D HBIZEIN stochastic differential equation (SDE)

o 1IN LIHD B(t) 1L Bj(t),1 <j <D &i3hsz7e 1 kot BM.
[dB(t)) =0,  ((dB(t))*) =dt ¥ 0, /78t OB (v LT F =)

D -1
2

e D>1¢+7925%L > 0.

D—1 1
> X*(1)

I 2 =817 FE: JF 055 E (2 < v )

X‘(t)\, D/ = /




XX(1)

EahoOREHRFRN «— “IbOoE—H”
FRIZIFERUZ IR D 72 < 720U TR 0.
7272, KoL D DBNENENANARTNIATIT 4.
ZOP TP D /b— FOEL (FIG) T/hS<R>TLED.
(=253 Aild D orzEt] RP Tl fban T b))




D—-—1 1
SDE: dX”(t) = dB(t) 4 dt

> X(1)

et R 2 (v,y)  (0,2) ~ (Ly) (CxT5
Fokker-Planck (Kolmogorov) J7fs\
Jd (D 1 0° (D D—-110 o

AP € 20 N N ¢ ) L )/
7Pt (2, y) 5 5P (2, y) + SRR (z,y)

p$P (@, y) = d(x — ).

10



HemiermE s pP (v, ) (0,2) ~ (ty) kT2
Fokker-Planck (Kolmogorov) J7 2=\
Jd (D) 1 07 (D) D—-110 (p

amt(%y%=§5§m (z,y) + P (z,y)

p$P () = 6(a — y).

11

p§

1 yv+t 2+ 9 21
D) = 1o (-5 ) 1 ()

i 2t t

1
1/:§(D—2) — D=2w+1)

dified Bessel function 1 3 : A
modified Bessel function [,(z) = T DT T 15 0) (5) :

n=0
['(z) = / e "“u* 'du (Gamma function).
0
—> [Bessel Bf2] &L\ > AFDOHEE




D=3nLx, y:%(g—z):_

1

/| 2
L1 2(2) = — sinhz =

p (y) = 2{pi(e.y) —pf( 29}

E’—PZ)

7

x>0 MmHAX— K L7z 3 It Bessel i FE 23 AU R A iR =0
(HEFZHY)

@® y @
©) ¥ ©)
Q ~V

D=0=-@ = D—EB=0 D—-@>0
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1 1

2 1 z —z
I_l/z(z):\/acoshz:m(e +e %)

pi () = {pt(ﬂ%y) +pt(—wvy)}

1 7T Bessel fe = KGRET T 7 U iEE)  X*(t) = |B(1)]
R E SRS, (BIRR)
LD EIT 57X,




1 v+1 2 2
pi) (2, y) = =L— exp (—x Y )L, (%)
t v
1

v=5(D=2) <« D=2(w+1)

Z OB MERBIEUL v DFEEIEL (entire function)
—l<r<oo <<= 0<D<o

Kot DIFIEOFEEERITIRE L THEZ DL ENTE D,

1(z) = r(y1+ ) (g)y o

—1<rv<0 <= 0<D<27Tz=0I%singular point
< D < 2 TlE Bessel WFHIME UL ZGHLD (B0 = FF

).
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Lamperiti OEH

1
=—(D—-2), 2=¢"
v 2( ). X =ce

B*(t)+vt= FU 7 MI& 1%t BM, B*0)=ax>0,
X @ 0)(¢t ))—eq)( (1) + w) 5% BM (%1 BM)

t 2 \
ﬁ”)(t):/ {exp (BT () +vt)} ds 7o npwsltiz o
J0




x>0 226HFE LT D ot Bessel 239D THUGICENET 20 %2 T, L5279 ; 15

Tm:inf{t>O:th:O}.

T 1.1.
i) D>2 = T,=o00"2>0HER1THY D,

(i) D>2 = limX=o0, "2>0 K1 THY L.

t—00

(i) D=2 = fi_1>1£ XP =0, 2 >0 2R TR Lo,

DFED, >0 BB LT 2 RIT Bessel R TF AT IS D B2V, AL
(ZHERR Iz <.

iv) 1<D<2 = T,<o0, "a>0 2 HER1 TR LD

D>2 x D<?2

> time

> time 0 T
X



1.3 Bessel flow &2 2% {a] BE % 10

1<D<2(D/@1u&7%1 ZEIiZT 5.
v >0 A LT, 3O BM, B(t) 2T

. D—1 dt .
1X(t) = dB*(t , B(t)=a+ B(t
D—1 [t ds
=  X"(t)=ax+B(t)+ © i<,
2 Jo X7(s)
THAOLND D KRy B VBROES {X7(t)}eso 2B5ZH T LITT .
ZDEFRED
r<y = X'(t)<XY®t),t<T, = T,<T,
ThDH

<y 2, T,=T, ERH5ZLEFHVGLTHAS D .

> time




3 "
(i) §<D<j —  x <y XL TProb(T, =1Ty) > 0.

(i1) 1ngg s p <y ITRLT, Ty < T, BSHESE 1 CHLY Y,

17

R+
A
Yy
> time
0 T, T,
o DAV (1< D<3/2): e EDFNTHL, FHEITEWEERIRKS.

o D MHERPIHIT/NE W (3/2 < D < 2) @ FIOMDHREEICHE L,
HELMBAZ—bFLIEEDLAENHD A B.




3
§<D<20’)&é°ci, O<ax<yllALT

Prob(T, = T,) > 0

T D Z L ZRATN, ZOMERD o,y RAFPEILH ™ X DB AR %k
L

F(a,B8,7:2) =1+ Z ”; (g =T(c+k)/T(c)=clc+1)---(c+ (k—1))
P k

ZHWT, IEMEICRT Z LN TE S (“Cardy’s formula (1992)7 ).

3 .
aneE 1.3. §<D<20)&%, 0<a<ylZxLT

Prob(T, = T,) = 1— 0D —1) * N\ p(ap_s D—1,2(D—1); L=
YT T TR -1)T(2-D) \1+2 ’ ’ '




2. Stochastic Loewner Evolution (SLE) &
7793 -BRBER

19

T 2.1 [Riemann mapping theorem] D 75 C (#2235 1A1f1) 2R TIE7p Bl i
ThdETH. ZODND 1 RweD Zis. Zokx, DzHEH DIZEILE
IR C

flw)y=0 7> f'(w) >0

THAHALDONTFEL, TRIE—EBICEE S

1 C

L
/1




§3% e H={z € C: Im(z) > 0} &&EL<.

HBEH (AEVREHL)
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Stochastic Loewner Evolution (SLE)

Schramm-Loewner Evolution (SLE) (20005 ~)
a
a=- K> 0 (ME—DFNTA—=4)
B(t): 1 %t BM
g(z) : Hr=H\ Ky +— H ILPLEH
{g(2) 1120} HRBEROBFBE GHLEROS Y LLBEHZE)

U, = gt(}/(t))
= JKx B,

21



Oded Schramm (December 10, 1961 in Jerusalem, Israel
— September 1, 2008, Washington State, USA)
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http://research.microsoft.com/~schramm/IMGP0845.JPG�

The 2006 Fields Medals 23

Wendelin Werner

Laboratoire de
Mathématiques
Université Paris-Sud

for his contributions to the development of
stochastic Loewner evolution, the
geometry of two-dimensional Brownian
motion, and conformal field theory

http://www.emis.math.ca/EMIS/mirror/IMU/medals/2006/ KYERE
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The 2010 Fields medals

Section de
Mathématiques,
Université de Geneve

for the proof of conformal invariance of
percolation and the planar Ising model
In statistical physics.

http://www.icm2010.org.in/prize-winners-2010/fields-medal K Y5 5


http://www.icm2010.org.in/wp-content/icmfiles/medalists/stan.jpg�

SLE./BESp ¥t

D—1 dt
dX*(t) =dB(t
(1) = dB() + ~5 g

4

I D—1 dt

42°(1) = dB(1) + —5— e
A > b: Brown EENIEL 1 RTEBM DO F F
e dXT() 4 idYY() = dB(f) + 2 - : X:r()fiw(t)
D—1 X*(t)—iYY(t)
)
(o D—1 X7 (1)
dX*“(t) = dB(t) + O (Yy(t))th

— dB(1) +

oy — D1 Yu(t)

\ )+ (e

25

P =2 +iyc H=HUR



D —1 X*(t)

D —1 Y¥(t)

R e NS GO R IO

dt

BZANS

|
I

Re:z
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“# 3% Bessel flow”

D—1 dt
2 Z3(t)
D —1 dt
2 (Z%(t) — B(t)) + B(t)
g(z)=7°(t) - B(t), :ecH=HUR &8
0 a D—-1 2
Tk

= gol3) = a2 +BO T T2

477 (t) = dB(t) +

e d(Z*(t) — B(t)) =

SLE,

27
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4]

TR
A\

°l

()

(b)

(a)
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O< k £4 (D =2)

Y

>

- >
0 gy (1) =—-B(7)
(a) (b)
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4 < k <8 (1.5 <D <2)
9;

—> _-l

/ /\\'\
I /
K \v)/ ,'3

-—\ «— |, —

»—_

r® 0 gy (D) = ~B()
(a) (b)



0 Ur = g,(}’(I}): \"F?Br

(b) DIFE:y()MEE R SHEL-BREIC, RIEEERNORIET RTH
FrICH/FAIAENT(swallowed), y(H EEHIZ Ut IZEINTLES.

(c) DIFE yICIZEMIE4<, B ED & x1, x2, ... [FERITEVED
MBJIEIZUt IZESNTLK.
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SLEk

32

$20 310 (3KE)

-

N
0\
1

!
}i

A
ks

1Lfr£h

I
t'-',:‘.ll]'
b/

(a) (b) (c)

[ 2: (a) B 0 <k <4 DL EDSLE fEORT. (b) B EEPEMICHET 30 %3 T Lidnk
VHIE. EEAMHT TV &, M TR E N (RS & BETRAENOL LTV, i
GTRTHEAMEHDL THD T LI, 4< k< 8DEXD SLE MORT. (o) EFfizho <
LTV . k>8 DL EDSLE ghig k1.
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(al) (b1) (c1)

(a2) (b2) (c2)

AERSSAL—2a TRV 2RITEFLOISVZILEIR |, 8 p
(al), (a2) BCEE I+ — 7(SAW) SLlug /s
(b1), (b2) BER BIZHITH AL/ \—aL—La B ROEBEEEORE 1 =6 SLEg
(c1), (c2) Harmonic Anti-Navigator &LV ERRER OEREFEE g i

T 8

oy




6— K
2K

2K

(3k—8)(6—rk) | T

2b(5 — 8b)
1+ 2b

Virasoro 1L

[Lna Lm] — (71 - m)Ln-i-m T C

n(n® —1)

12

5n+m,07 n,m e Z.

L,|b)y = 0,n > 1, Lo|b) = bb) & 7R DEAEE EAXT FD%f (b, b)) ZHA.
7 = A NRILH, =C[L_\,L_,,...]|b) &2 5.

o [ OIE2Loalt)  GlLaLoaZoafp)
(B|LyLiL_s|b) (b|LyLyL_L_;|b)

det (

4b+c/2 6b
6b  4b(1+2b

LnlE, LAL 2 OBERESEONS (Kac A).

b£0 &T5L, ZOFRMFERIZ

~20(5 — 8b)

ICETL W

1+ 20

34



35
i (24— v 7)) KRR & SLE, (30 & 5 12%t

2 W IAET- L O EH R o
L TWAHZ EN BTV

k=2 (D=3) <= A—T®ETFTLFLY+—2 (LERW)
8 -
h:§:26 (D=25) <=  HC[EKY+—72 (SAW)
7 . ~p - ~ = = <
k=3 (D= 3= 2.3) < WA T 7 RmdhsR
k=4 (D=2) <= Gaussian free surface % D% &R
th(Dz%zl@ = R L=y s R
3 . :
k=8 (D= 5= 1.5) <= uniform spanning tree (UST)
4 4
== — D=1+-—
"D T K

SLE, #hi¥ro> 7 7 7 % Wik e

K

Beffara (2008)

3
(U<h‘?§8, D>§)
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C A k=826 | k=248 |
1 SAW : 3-state Potts Ke?folation :
! (FK) P |
I I
I I
0 } W HK—HH€ X } > ot K
/ 1\ 1\
N I
-1+ K= K=3 | k=4 1 k=8
LERW Ising | 4-state Potts 1 UST
interface ! (FK) e=16_z75 \J
=)+ - 3 .
: Ising (FK)
I

e SLE iR ORI v & HFLER ¢ & DXL,
o Vi LT T 7 HIVHIIROHERIRARFED 1 Ofio> SLE #iff CEHINS.
e (FK) X Fortuin-Kasteleyn random cluster model & LT 5t dhfg.

e UST X uniform spanning tree.



SLE = 2Rt EtDOMELFDH —EHH

37

nn
ue

o TEEDTISVZIILVHBROKEDE (B FHE)

LERW, self-avoiding walk (SAW)
(SLE_:0<x <4)
. TELOTMEHE NEED

2EEE (percolation), BEMEAEDER! (Ising model)
(SLE_:4 <k <8)

o FUHLIGERT JHh#RE
FTEHFRE (HOHARIEERERAR)

Ef4EE! (Abelian sandpile model), FF#k N SEHERY
(SLE_:x=8)




e

3. S LTS EEEE Dyson 12 E
3.1 3 23T Bessel :8f8& Dyson &2 3!

. . D —1 3—1
e 3 Xt Bessel 1z =T = 1
AX (1) = dB;(t) + ——dt. >0
LX (1) = dB;(t) + syt >
J 1o N K 1RIZLskE

1

dX;(t)=dB;(t)+ Y _ 0 —Xﬂ(f)dt’ 1<j <N,
g\t e\

1<k<N:k#j
ZIT, B(t),1 <j <N IFEWIN A 1 %ot BM

L X(t) — (Xl(t)XQ(l() see XN(f))
T ARTORA RIS, AR EREEC S35
FR 038 < 1 IRoe R+ R

Dyson &%
(Dyson’s BM model with 7 = 2, 1962)

38



3.2 “Bessel/Dyson Xthts” @) two aspects 39

[aspect 1]
o JNZ72 1 koC BMs

Bi(t), 1<j<k<N

—

Bj(t), 1<j<k<N

N (N — ‘
al 2+1)+A( 5 1):1\73 {5

e N x N T/l — MMTFIE BM

( Bu (1 —=(Bua(t) + B (1) %(Bm( )+ iBun(t) )
1 ~ 1
—=(Ba(t) — iBy2(t)) Bas(t) — (Ban(t) + iBan(t))
M= | V2 V2
\ \/_ (Bin(t) — iBin(1)) T(BQN() iBon(t)) -+ Bxn(t) /

o Hy = {N x N Hermite ﬂ'zfﬂ} ~ RV

M(t) € Hy — N? %t BM € RV



o FHE4t >0 — AU{): Nx N =% U175

s.t. Ut)' MUt

t)
A(t) = diag (/\1(#): (), )\N(t))

A0 = (0. 1) ()
i“: = {33 e RN L < Xy < -

< ant Ay_; ® Weyl chamber

o FEDNARX, (THHeRIEFENR— 3 V)

4

AN(t) = dU@)TMU) + U@ dMU(t) + U(t) M (t)dU (t)
-+%qu YAM (U (t) + %dLK VA () dU (¢ )+-;U()dﬂ[()dU()

[Bru (1991), K-Tanemura (2004)]

d\;(t) =dB;(t)+ )

1<k<N:k#j

SF Y, IEFME 727 A = Dyson &7 V)

40



[aspect 1]

3 2X7T Bessel L
N Ri¥- Dyson %Y

—

«— N x N ITI)IVZ—FMT4{E BM D

3 Xt BM O8I

EESN 1%y

> X,

41



[aspect 2]

e 3 KT Bessel 1

3
p? (2, y)

ﬂE

MO EREL (D=3 +— v=1/2)

7 oefid. ref.}

pt(x,y): \/2_7Tt
o) = :

%{pt(ﬂ%y) - pt(_%y)}
_ o)
",

sgn(o)pi(o(z),y)

1
e~ @V /2t BN OHEBTER

d2
Loy =0. 6(0)=0
A ANBE%C (harmonic function)

y

o

T2 A
SR

ﬂE

.

42



o FE&EZE BM = Weyl chamber W3, HHOWRIEE BM + HIZE% (h-transform)

Wy ={@ = (v1,22,....ax) ERY 12y <1y <+ <any} An-i B Weyl chamber

> 5

X

ER!

non—coll.

Dt (z.y) =

hy(x)

> W5 ={(z1,20) €R? 1 2 < 19}
X i .
' ot owlEE 2 ot BM 0

= (r1,22,...,2n), Y=Y ..,yn) €W
N
h..;\x(’y)
sgn(o De(To(iys Ui
hn(x) U; gn( )Elr( G)+ Yi)
h..‘,f\;(’y)

h-'N ((L‘) ]S(Jl%tia\ |:p’ ('1"_}': yfi:)]

Karlin-McGregor 174150 (1959)
e — 1) = k!
H (2 — ;) 15(,}?5 N {rj ]
1<j<k<N

Vandermonde 174120 x (—1)NNV=1)/2
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Ahy(x) = —hy(x) =0 N Z% harmonic function

=1 1<k<N:k#j "7
Fokker-Planck-Kolmogorov 72z

N
1 1 0
non—coll. non—coll. non—coll.
v — A Y Y
6tpt (ZL‘,y) 2 pt (.’B,y) + T T, 6£ijt (mvy)

dt
1<j<N

dX;(t) = dB(t)+ ) Yo -—xn SIsN

1<k< N:k#j
SDE

[aspect 2]

3 7T Bessel j#EfL ISRV EE NG B BM 4 h-Z5
IEEICHHIIE £ N7z BM
W HHOUZUEE BM + h-Z- 4

JEEZEEE N N Ri+ BM

N KT Dyson fE7!

(N




[aspect 1]

3 T Bessel i#fE < 3 2k BM O@EEEED
N Fi ¥ Dyson f%!  «— N x N T)UX— MTFE BM O

(5] 45 {EL Y 70
laspect 2]
3 Xt Bessel JEf [ RIS TINEEN S D BM + h-Z2§64

N Fi¥ Dyson f5i%!

110

IEEICHIE S iz BM
WA FHOWIEE BM + h-Z5 4
JEEZEEt RO N ki BM

45

T8, —  HIRfTXx 7t Rr — EHHEAEH

e sUADZ N o 3 o ‘-—-jj”(@a% ﬁfﬁ@%u BE)

— T8 (RHRRME)




Dyson model = noncolliding Brownian motion
= Vicious Walker Models

As a model of Wetting or Melting Transitions
(Fisher (J. Statistical Physics 1984))

*As a model of Commensurate-lncommensurate Transitions
(Huse and Fisher (Physical Review B 1984))

)

@)

\%\. \k
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*As a model of Directed Polymer Networks
(de Gennes (J. Chemical Phys. 1968),
Essam and Guttmann (Phys. Review E 1995))

(a) polymer with star topology (b) polymer with watermelon topology

Y
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ViciousWalks/Random Matrix 3t it 48

e There are 10 CLASSES of Gaussian Random Matrix Theories.

Standard (Wigner-Dyson)
GUE Star configurations
GOE ><
GSE Banana configurations

Nonstandard (chiral random matrices)  Particle Physics of QCD

chGUE —
chGOE ——— Realized by Noncolliding Systems of
chGSE — 2D Bessel processes and Generalized Meanders

Nonstandard (Altland-Zirnbauer) Mesoscopic Physics with Superconductivity

class C
class Cl \ Star config. with Absorbing Wall

class D
class DIII \- Banana config. With Reflection Wall

All of the 10 eigenvalue-distributions can be realized by the
Noncolliding Diffusion Particle Systems (Vicious Walks).

Katori and Tanemura, J.Math.Phys.(2004)
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JE@mES A LR (directed polymers) D RAS—
S SUE LTI OFHEDEERE (two-matrix models)

"~ GSE

{ GUE




JEFES S LR (directed polymers) D rRAS—
& S LTHOXNHEDER (two-matrix models)
BEfrE (MR EE , I 5 EE)

- == Bogoliubov-de Gennes class (Altland-Zirnbauer)

[
) p
— 'l D" class D 11T
class T A
A
class D
> class D
> 0 >




Time

(b)

Figure 1. Samples of paths for (a) X%°(¢) and (b) X%*(¢),¢t € [0,T], generated by

simulating the corresponding eigenvalue processes of random-matrix models.

Y O,R+ / »

0 Time

(b)

T

Figure 2. Samples of paths for (a) Y2°(¢) and (b) YO®+(¢),¢ € [0, T).

Kobayashi-lzumi-K. : Phys. Rev. E 78 (2008) 051102
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Eigenvalue process for 100 x 100 C(7)

P e T i S . =
oW e, ' ,“ ~ vg‘.wf” i e
SR R N D g e
R R e N v
B e e et ool S

- -
e A e e, e et R e A e Ao T
R ..1-;_.,;""..{.—’5"'- == - ;.?ﬁ.%w* — -
L — et R ey e g Ve S
s e e T D ke
S e e e, w;hwﬁ’m-"" e
e R e bk L s =

= >
= = : o o
e e S Al R R
B e e e TR R A eI el e
e Ay A O e e Syt
e o At ) o N P A ML e A
— .WFWW'- e Tt
e v e e
$ o e X el P e e s s T =
N e o O e i e
e e e e
e ﬁ"% .d-*a___p,.,, e e
= T e T S T B e
S wmww%’w ey R
e o e 2

) TS M.H,.,_* T ..‘“ R A e “l"‘""‘-"ab &
S ---__M
P i S o,

T I T T 1 [ime
0.0 0.2 04 0.6 0.8 1.0

We use 50 X (2 X 50+ 1)=5050 independent Brownian
bridges.

INATR RS (P XET)




e The particle distribution p; with the Airy kernel is highly asymmetric: As a matter of fact,
the particle density pa;j(x) = Ka;(x|r) decays rapidly to zero as @ — oo, but it diverges

1
pai(2) ~ =(—2)/? - 00 as x — —o0.
T

e Let R be the position of the rightmost particle on R in ps;. Then its distribution is given
by the celebrated Tracy-Widom distribution (Tracy-Widom (1994))

(R < @) = exp [— [ (v — o) al)dy] .

where ¢(x) is the unique solution of the Painlevé II equation ¢” = xq + 2¢* satisfying the
boundary condition ¢(x) ~ Ai(z) in x — oc.

probability density function of

the Tracy-Widom distribution
0.5

rightmost path

0.4
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Case t=T
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Vicious Walker Models 55
-~
Physics

Focus: How Animals Avoid Each Other

Published November 12, 2010 | Phys. Rev. Focus 26, 20 (2010) | DOI: 10.1103/PhysRevFocus.26.20

Foraging animals or other randomly moving entities can more easily avoid each other by taking more long-distance jumps,
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Vicious walkers and random matrices
May 16t — 27th, Catherine Donati-Martin, Sandrine Peche,

Gregory Schehr Orateurs

Cours introductif: J.B. Zuber (Paris)

Partie mathémathique: K. Johansson (Stockholm) et C. Krattenthaler
(Vienne)

Partie physique: S.N. Majumdar (Orsay) et M. Katori (Tokyo)
Objectifs

Cette école s'articule autour des développements récents en théorie
des matrices aléatoires et leur connexion avec les marches aléatoires
répulsives. Depuis les travaux pionniers de P.G. de Gennes et M.E.
Fisher, les marches aléatoires répulsives ont été abondamment
étudiées en physique statistique, dans différents contextes comme la
physique des polymeéres, la transition de mouillage ou les problémes
de temps de premier passage. Par ailleurs, il est maintenant bien
connu, depuis le "mouvement Brownien de Dyson" que ces modeles
de marches aléatoires répulsives sont intimement reliés aux valeurs
propres de matrices aléatoires. Durant ces derni¢res années, ces
modéles de marches aléatoires répulsives, en connexion avec les .
matrices aléatoires ont également été beaucoup étudics par les B

mathématiciens dans divers contextes comme les statistiques JRIER : ; :

d'extrema ou les problémes de pavages aléatoires. Il apprarait donc  Geswre P ROG R AMME 20] 1

clairement qu'il s'agit d'un domaine ot les interactions entre 3

physiciens théoriciens et mathématiciens peuvent étre bénéfiques. Le ‘hitp://houches.ujt-greneble.fr

but de cette école est donc d'apporter aux étudiants la connaissance ' : ;

d'outils théoriques pour aborder ces the’matiques en rapide évolution ics Schoolis affiliated-with Université Joseph Fourier - Grenoble (UJF) and Grenoble<INP, and is supported by the Université
et favoriser les échanges entre ces deux communauteés. nle. e aife National de I «‘:hﬂconﬁﬁquo(NﬂS) and fhoDircﬁon des Scionf:a: de la Matiére du

e
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4. EF P H#EF & O’Connell 1878

L U friendly 72 vicious walkers” model

A time
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(F50) 3 &kt Bessel ufe (= 1EEZ/H4T Brown JHE))

¥

£ >0 O (520 24115

P(t) = survival probability at time ¢
dP(t
T~ vBumP@). 120
1
i decay rate Vi) = 2—526_%/5, reR

BIRT Vv Il)
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o [KEfH] [0, 1] T® Brown #£#§203 52 HiL7- & & @ survival probability

P(t‘{B(s):O gsgt}) - exp{—/otV(B(s))ds}

1 " B
_ _ —2B(s)/¢
= exp { 2 /0 e ds} .

o “AE, T XTD Brown fRiIZH>W TR LEDLES.
(72721, I & &R E)
AR 7 = Brown BN 64 2 HHEHE
[Feynman-Kac 1]

Qo) = B [exp { = [ V(Blo)as | 180) = . B0 = )]

T

o ZHUE, ROILHUITFEAD Green PIEL (HEBHERE L)

B, 1 0
St = (32— V) QUi

ISR Q0 y|x) = o(x — y).
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Schrodinger J7 2=

ih%w(t, T) = {—h—ﬁ— + V(:c)} U(t, )

2m Ox?

WL RE S (backward Kolmogorov equation)

0 1 02
SQltale) = { 530 — Vi) Qi)

T vy )b <= Killing term
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e Mutually killing Brownian motion with N particles

Pn(t) = survival probability of all NV particles at time ¢
dPy(t)
dt

= —Vn(B(1))Pn(t)., t=>0,
B(t) = (By(t). Bo(t). ... Bu(t))

N—-1
1
V(a;) — ? Z 6—(ifj+1—il?j)/£? r c RN
- j:l

(FEREFDORT > vIl)



o N HITHEEFRR (killing T f+ )

|
—QN tyle) = {§Z_VN }QN(E’!JCU)

N Ki-f- Schrodinger J7 &3

B, 2 L 92
J _)_ N2 o
! Ot n(t @) { 2m = (933? " VN(w)} vt @)

N-1
1
Vx) = e Z o~ (Tjr1=75)/€
j=1

[EFF BB

47 %= Whittaker B% 0" ()
(class-one GL(N, R)-Whittaker function)
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Givental’s integral representation >

Let T denote a triangular array with size N, T = (T} ;,1 < j < k < N). For
a given & € RY, let I'y(z) be the space of all real triangular arrays T with size
N conditioned
TN:j:l‘j, 1§j§N

We write the integral of a function f of T over I'y () as

[ emer=TIL|

k=1j=1""

oo

N
di,j f(T) H (5(TN,g — CL‘g).

=1

Then

N k k—1
vy (x) = / exp | > v (Y Tej—Y Ticry
I'n () j=1

k=1 j=1
N—1 .
_ E {6_(Tk,j—Tk+1,j)_|_€_(Tk+1.j+1—Tk.j)} AT
k=1 j=1

Givental. A.: Stationary phase integrals, quantum Toda lattices, flag manifolds
and the mirror conjecture. In: Topics in Singular Theory, AMS Trans. Ser. 2,
vol. 180, pp.103-115, AMS, Rhode Island (1997)
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e mutually-killing BM (235 WT TN K F42B4(7] O L X0 Green PEL (HE
BTt =R FE)

Qn(tyle) = [ e R0 @0 (/e svek)dk
RN : :
272 LZ 2T,
1 -~
sn(k) = —— [] TGk —k;))|™> Sklyanin 8B
(2m)N N! LN
for k € CV.

o Euler Oz AXT(2)T(1 —2)=x/sin(rz) £V, ke RY IZx LT

H ’P(Z(kf o kj))’_g _ H {(kf B kj)Sillh W(ﬁﬁ — k. } |

1<j<l<N 1<j<t<N
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mutually-killing Brownian motion conditioned to survive forever

HBHERE

v (y/¢) \
Pyn(t,ylx) = ) On(t,yle), x,ye R t>0.

Uy (x/8)

SDE

dlog iy
dX;(t) = dB;(t) + —20 (@/¢) dt, 1<j<N,t>0

0z, x=X (t)

1] O’Connell, N.: Directed polymers and the quantum Toda lattice.
Ann. Probab.(in press); arXiv:imath.PR/0910.0069

2] Katori, M.: O’Connell’s process as a vicious Brownian motion.
Phys. Rev. E 84, 061144/1-11 (2011)
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multi-variate extensions —

1 dim. BM cond. radial part
to stay positive of 3 dim. BM
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interlacing Determinantal Process
construction
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Whittaker functions KPZ universality
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multi-variate extensions —

. . vicious BMs eigenvalue process
1 dim. BM cond. radial part cond. to survive of matrix-v. BM
to stay positive of 3 dim. BM \ 4
N v noncollid BM
BES(3)

(Dyson model)

/ \

interlacing Determinantal Process
construction

/1

Pitman’s thm
2 max B(s) — B(t)

O=s=<t

mutually killing BM | Gelfand-Tsetlin cone
cond. to survive /

O’Connell Process

1 dim. killing BM cond. hyperbolic
to survive forever ~space

N v

Matsumoto-Yor Process

0 < 2 anSojeue |eJjdos) IEEEEE————)

7 7 N
generallzled tPltman sthm Q. Toda lattice Macdonald Process
¢ log {5 fo 623(5)/5615} — B(t) Whittaker functions KPZ universality

multi-variate extensions — 71



5. F&OH AIESE BEOERR, ARABEOHER)
multi-variate extensions —

1 dim. BM cond. radial part
to stay positive of 3 dim. BM

4
BES(3)

/1

Pitman’s thm
2 max B(s) — B(t)

O=s=<t

1 dim. killing BM cond. hyperbolic
to survive forever space

N\

Matsumoto-Yor Process

/Y

generalized Pitman’s thm
1 ot
¢ log {5 fo eZB(s)/idS} — B(t)

multi-variate extensions

0 < 2 anSojeue |eJjdos) IEEEEE————)

vicious BMs eigenvalue process
cond. to survive of matrix-v. BM

\\ e
noncollid BM

(Dyson model)

/ N

interlacing Determinantal Process
construction

mutually killing BM  Gelfand-Tsetlin cone
cond. to survive /

O’Connell Process
7 N\
Q. Toda lattice Macdonald Process
Whittaker functions | KPZ universality

> 72




5. F&W  AMAEME (KB TILFUT—ILE)
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