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4 1. Brown 運動，D 次元 Bessel 過程，条件付 Brown 運動 
1.1 Brown 運動 (Brownian motion : BM) 
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1.1 Brown 運動 (Brownian motion : BM) 
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7 1.2 D 次元 Bessel 過程 
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①=②=③ ⇒ ①－③=0                ①－③＞0 
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D > 2 D < 2 



16 1.3 Bessel flow と超幾何関数 
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19  2. Stochastic Loewner Evolution (SLE) と 
フラクタル・臨界現象 
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共形変換 

共形変換 

共形変換（メビウス変換） 



21 Stochastic Loewner Evolution (SLE)  
Schramm-Loewner Evolution (SLE)     (2000年～) 
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Oded Schramm (December 10, 1961 in Jerusalem, Israel  
           – September 1, 2008, Washington State, USA)  

http://research.microsoft.com/~schramm/IMGP0845.JPG�
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http://www.emis.math.ca/EMIS/mirror/IMU/medals/2006/ より転写 
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http://www.icm2010.org.in/prize-winners-2010/fields-medalより転写 

The 2010 Fields medals  

Stanislav Smirnov  

for the proof of conformal invariance of 
percolation and the planar Ising model  
in statistical physics.  

Section de 
Mathématiques, 
Université de Genève  

http://www.icm2010.org.in/wp-content/icmfiles/medalists/stan.jpg�


25 
SLEκ/BESD 対応 
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“複素 Bessel flow” 



28 

D 
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  (b) の場合：γ(t)が実軸 R と接した瞬間に，斜線領域内の点はすべて同
時に呑み込まれて(swallowed)，γ（ｔ）とともに Ut に写されてしまう． 

    (c) の場合：γには隙間はなく，実軸上の点 x1, x2, … は原点に近いもの
から順にUt に写されていく． 

 

(c) 
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SLEκ曲線の 3相（3態) 
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計算機シミュレーションで描いた２次元格子上のフラクタル曲線 
  (a1), (a2) 自己回避ウォーク(SAW)  
  (b1), (b2) 臨界点におけるサイト・パーコレーション模型の浸透領域の界面 
  (c1), (c2) Harmonic Anti-Navigator という界面成長模型の時間発展 
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SLE = ２次元上の「揺らぎの統一理論」 

• 平面上のフラクタル曲線の統計物理 (高分子物理）  
   LERW, self-avoiding walk （SAW） 
   
• 平面上の平衡統計力学模型 
   浸透模型 (percolation), 磁性体の模型 (Ising model) 
 
•  ランダムなペアノ曲線と 
  非平衡統計模型（自己組織化臨界現象） 
   雪崩模型(Abelian sandpile model)，森林火災模型 

)40:SLE( ≤< κκ

)84:SLE( << κκ

)8:SLE( =κκ



38 3. ランダム行列理論と Dyson 模型 
3.1  3 次元 Bessel 過程と Dyson 模型 



39 3.2  “Bessel/Dyson 対応”の two aspects 
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•As a model of  Wetting or Melting Transitions 
(Fisher (J. Statistical Physics 1984)) 

•As a model of  Commensurate-Incommensurate Transitions 
(Huse and Fisher (Physical Review B 1984)) 

Dyson model = noncolliding Brownian motion 
 ⇒ Vicious Walker Models 
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•As a model of  Directed Polymer Networks 
(de Gennes (J. Chemical Phys. 1968),  
 Essam and Guttmann (Phys. Review E 1995)) 
 
(a) polymer with star topology         (b) polymer with watermelon topology 



48 ViciousWalks/Random Matrix 対応 
• There are 10 CLASSES of Gaussian Random Matrix Theories. 

Standard (Wigner-Dyson)  
                 GUE                               Star configurations 
                 GOE 
                 GSE                                Banana configurations 
Nonstandard (chiral random matrices)       Particle Physics of QCD 
                 chGUE 
                 chGOE                   Realized by Noncolliding Systems of 
                 chGSE                          2D Bessel processes and Generalized Meanders 
Nonstandard (Altland-Zirnbauer)   Mesoscopic Physics with Superconductivity 
                 class C 
                 class CI                           Star config. with Absorbing Wall 
                 class D 
                 class DIII                        Banana config. With Reflection Wall 

All of the 10 eigenvalue-distributions can be realized by the  
Noncolliding Diffusion Particle Systems (Vicious Walks). 

Katori and Tanemura,  J.Math.Phys.(2004) 
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非衝突ランダム曲線 (directed polymers) のトポロジー 
   ⇔ ランダム行列の対称性の転移 (two-matrix models) 
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非衝突ランダム曲線 (directed polymers) のトポロジー 
⇔ ランダム行列の対称性の転移 (two-matrix models) 
壁付き（吸収壁、反射壁） 
    ・・・ Bogoliubov-de Gennes class (Altland-Zirnbauer) 
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Kobayashi-Izumi-K. : Phys. Rev. E 78 (2008) 051102 
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小林奈央樹（中大理工） 
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rightmost path probability density function of 
the Tracy-Widom distribution 



54 Case   t = T 

Case    ∞→T



Vicious Walker Models 55 



56 56 



4. 量子戸田格子と O’Connell 過程 57 



4. 量子戸田格子と O’Connell 過程 58 
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Givental’s integral representation 65 
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Gelfand-Tsetlin polytope 
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vicious BMs                  eigenvalue process 
cond. to survive           of matrix-v. BM 
 

     noncollid BM 
          (Dyson model) 
 
interlacing          Determinantal Process 
construction 

mutually killing BM     Gelfand-Tsetlin cone 
cond. to survive            
 

       O’Connell Process 
 
Q. Toda lattice            Macdonald Process 
Whittaker functions   KPZ universality 

multi-variate extensions   

multi-variate extensions   

５．まとめ 
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vicious BMs                  eigenvalue process 
cond. to survive           of matrix-v. BM 
 

     noncollid BM 
          (Dyson model) 
 
interlacing          Determinantal Process 
construction 

mutually killing BM     Gelfand-Tsetlin cone 
cond. to survive            
 

       O’Connell Process 
 
Q. Toda lattice            Macdonald Process 
Whittaker functions   KPZ universality 

multi-variate extensions   

multi-variate extensions   

５．まとめ : 今回の講演（条件付きＢＭ） 
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vicious BMs                  eigenvalue process 
cond. to survive           of matrix-v. BM 
 

     noncollid BM 
          (Dyson model) 
 
interlacing          Determinantal Process 
construction 

mutually killing BM     Gelfand-Tsetlin cone 
cond. to survive            
 

       O’Connell Process 
 
Q. Toda lattice            Macdonald Process 
Whittaker functions   KPZ universality 

multi-variate extensions   

multi-variate extensions   

５．まとめ :代数的・幾何学的  
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vicious BMs                  eigenvalue process 
cond. to survive           of matrix-v. BM 
 

     noncollid BM 
          (Dyson model) 
 
interlacing          Determinantal Process 
construction 

mutually killing BM     Gelfand-Tsetlin cone 
cond. to survive            
 

       O’Connell Process 
 
Q. Toda lattice            Macdonald Process 
Whittaker functions   KPZ universality 

multi-variate extensions   

multi-variate extensions   

５．まとめ :可積分性 (明日の笹本氏、木村太郎氏の講演）  
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vicious BMs                  eigenvalue process 
cond. to survive           of matrix-v. BM 
 

     noncollid BM 
          (Dyson model) 
 
interlacing          Determinantal Process 
construction 

multi-variate extensions   

５．まとめ : 共形不変性（共形マルチンゲール性）  

 
Schramm-Loewner Evolution (SLE) 
 

複素化         
共形不変性 

複素ＢＭ＝共形不変な確率過程 
複素関数・整関数 
Whittaker 関数 

O’Connell process 
Macdonald process 
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vicious BMs                  eigenvalue process 
cond. to survive           of matrix-v. BM 
 

     noncollid BM 
          (Dyson model) 
 
interlacing          Determinantal Process 
construction 

multi-variate extensions   

５．現時点ではうまくまとめられない・・・  

 
Schramm-Loewner Evolution (SLE) 
 

複素化         
共形不変性 

複素ＢＭ＝共形不変な確率過程 
複素関数・整関数 
Whittaker 関数 

O’Connell process 
Macdonald process 
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