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Young diagram

@ Representation theory
one-to-one correspondence to irreducible representations
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@ Plancherel measure & hook length representation

pn(A) = (dlm )\ n! H

(4,7)EX

Hook length

J)

i h2,2) =4
I . h(i,§) = Xi—j+Aj—i+1

Taro Kimura (U Tokyo/RIKEN) Feb 2012 4 /25



Partition function

[Logan-Shepp] [Vershik-Kerov] [Baik-Deift-Johansson] [Okounkov]...

@ Higher Casimir model

7 = Z H ; )2He 2k 9kCr(N)
7-7

A, J)€>\

@ cf. representation as “norm”

v, ) =ew (Fas )10
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What to do?
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What to do?

Asymptotic behavior, Large N analysis, Fluctuation...

through Matrix Model description
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Matrix integral representation

Lyatrix = /DX e—éTrV(X)

Al 1
= /H da; A(z)? e s 2 V(=)
i=1

Vandermonde determinant
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Combinatorics to Matrix Model
A\ 2P 1
Zcomb - Z (_) H PRV
A h (7,,_7)6)\ h(7’7.])

4

matrlx — /Hdw A 2 ——ZV(m‘z)

@ “norm” representation

N N
1/}(3317 e a:L‘N) = H(mz - $]) He_%v(%)
1<j i=1

N
— matrix — /dez¢(x1, 7:17N)1/}(x17"' 7.’EN)
i=1
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@ Weight function

Taro Kimura (U Tokyo/RIKEN)

N N

L 1
g()\i_)\j_Z+j)2}_IIF(Ai+N—i+1)2
N N
[ QHF
1<j 7

s £00)

2logT'(z) ~ 2 (zlogz — x)
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@ Weight function

1 N N 1
. N2
I+ = [ N-i+)?[[ s
(z,j)e,\h(lvﬂ) i<j s LA+ N —i+1)
N N
— )2
o H HF
1<j =1
N
V(z) = 2logl(z)~2(xzlogx — x)

@ Matrix integral from summation over the partition

D S i L

)\1>)\2> >)‘N r1>x2> >IN
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1-dim particle description

@ Fermionization: z;, = \; + N —i+1

)\12)\22'”2)\]\[ — X1 >x9 >+ >IN

Young diag < 1-dim particle'
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-<——

Fermi sea
<>

Fluctuation around Fermi surface'

@ Chiral decomposition at large N
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Summary

Combinatorics to Matrix Model

2|\
Zcomb = Z (%)

A

1
11 h(i, )

(i,7)EX

4

N
Zmatrix = /H d:cl A(J;)z 6_% > V(i)
=1

e CP! matrix model [Eguchi-Yang]
V(z) =2(zlogz — x)
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Example 1

(3-deformation

@ Inhomogeneous hook-length

hg(i,§) = Ni—j+B(N—i)+1,  hP(i,§) = Ni—j+B(\;—i)+8

o cf. Q-background
€1

=———1 when € =—-e=~nh
€2
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@ Weight function

1
hg(i, j)RP(i, j)
_ IZ—V[F()\i—)\j—kﬁ(j—z')—i—ﬂ)l“()\i—)\j +B8(G —i)+1)
LG = 2+ B0 — T\ = X+ 8G — ) + 1 - B)

H BN —i))I'(Ai + BN —i) +1 - f)
FA+BN i)+ BT (N + B(N — i) + 1)

1<

Matrix measure

(-ensemble matrix model'
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Example 2

g-deformation

1-g)(—-q")
(1 — gh—d+1phi—i)(1 — g Nitig—As+i=1)

paeN) = [nlg! ]

(4,5)EX

@ g-integer

—n (¢g—1)

o Reduction: t =¢°%, ¢— 1 = [-deformation

o cf. 5d partition function on R* x S!
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Matrix measure
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Example 3

Nekrasov partition function

al—am—l—)\gl)—)\gm)-l-j—z

ap— am + 5 —1

7 — ZA2n|X| H
X

(L)) #(m,5)

[Klemm-Sutkowski] [Sutkowski]

@ ‘external fields": a; («— Coulomb moduli)

@ Matrix measure
N

A*(z) =] (i — z))?

1<j

@ Matrix potential

=25 i s (5%) o]

=1
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Example 4

Orbifold partition function

A I- mvC)\

[-invariant sector:  h(i,j) =0 (mod 7)

@ Matrix measure

HH (u) 2(;3 1)/r+2HH (w) _ (v) —1)/r

u=11i<j u<v ,j

Multi-matrix model .

@ Large N analysis  [Kimura]
o cf. gauge theory on C?/Z,
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Summary

Schur: (z; — z)? — Schur w/ ext.
B-def ! !

Jack: (z; — x;)% — Jack w/ ext.
g-def ! !

Macdonald: sinh(z; — a?j)2

%  —- Macdonald w/ ext.

e Orbifolding C2/Z,

@ Other possibilities

e Hall-Littlewood: ¢ — 0
e Type BC root system
o Elliptic function: 6d, R* x T2
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@ What to study in this model?
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@ What to study in this model?

Asymptotic behavior in large NI

Universality
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@ 't Hooft limit and eigenvalue distribution

g — 0, N — o0, gN : fixed

e Eigenvalue distribution

plx) = % <Z 5z — $1)> _ _w(a: + Z;)g]:[;;(x — i)

Resolvent
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Equation of motion

V'(2) = w(z + i€) + w(z — i€)

o Auxiliary analytic function cf. [Halmagyi-Yasnov]

ey(z+ie)/2 + efy(z+ie)/2 _ ey(zfie)/Q + 67y(zfie)/2
o y(2) =V'(2) — 2w(2)

e Asymptotics (z — 00)
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@ Analytic function (monic polynomial: P,(z) = 2" +--+)

Po(z) = A" (eym n e—y/Z)
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@ Analytic function (monic polynomial: P,(z) = 2" +---)
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@ Analytic function (monic polynomial: P, (z) = 2" + - --

P,(z) = A" <ey/2 + e_y/Z) =A" <w + i})

Seiberg-Witten curve I

o Seiberg-Witten differential

1 d 1
dS = — 22 =~ y(2)dz

2w, w 4y

SW curve <= Spectral curve.
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@ Profile function  [Logan-Shepp]| [Vershik-Kerov]  cf. [Okounkov]

2 (zarcsin £ +v4 —a?) for |z| <2
|| for |z|>2

AV VN v

@ Density function p(x)

T

000 0000000000000 000 00000000000

Q(z) = {

Taro Kimura (U Tokyo/RIKEN) Feb 2012 24 /25



Contents

e Summary

Taro Kimura (U Tokyo/RIKEN) Feb 2012



Summary

Combinatorics to Matrix model
— boson-fermion correspondence, norm representation

@ Some extensions
— Jack, Macdonald, Nekrasov, Orbifolding

Large N analysis
— Seiberg-Witten curve, Limit shape

Correlation functions, fluctuations
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