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Simple Lie algebra

◦: long root, •: short root, (j; aj; a
∨

j ): (label;mark;comark), green line: −θ, θ; highest
root, W :Weyl group, P : weight lattice, Q : root lattice, Q∨ : coroot lattice [λ1, . . . , λr]:
Dynkin label.

Definitions and relations

α∨

j :=
2

|αj|2
αj, Aij := (αi|α∨

j ),

θ =
r
∑

j=1

ajαj =
r
∑

j=1

a∨

j α∨

j , a∨

j =
|αj|2

2
aj,

h :=
∑

j

aj + 1 =
|∆|
r

, h∨ :=
∑

j

a∨

j + 1,

(ωi|α∨

j ) = δij, αi =
r
∑

j=1

Aijωj,

ωi =
r
∑

j=1

(A−1)ijαj, ρ :=
r
∑

j=1

ωj =
1

2

∑

α∈∆+

α,

dim λ =
∏

α∈∆+

(λ + ρ|α)

(ρ|α)
, |ρ|2 =

h∨

12
dim G,
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Ar, r ≥ 1, (SU(r + 1))

(0; 1)

(1; 1)

(2; 1)

(3; 1)

(r; 1)

dim = r2 + 2r,
h = h∨ = r + 1,
|W | = (r + 1)!,
θ = [1, 0, . . . , 0, 1],
P/Q = Zr+1,
exponents = {1, 2, . . . , r}

Cartan matrix:

A =























2 −1 0 · · · 0 0
−1 2 −1 · · · 0 0
0 −1 2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 2 −1
0 0 0 · · · −1 2























A−1 =
1

r + 1























r r − 1 r − 2 · · · 2 1
r − 1 2(r − 1) 2(r − 2) · · · 4 2
r − 2 2(r − 2) 3(r − 2) · · · 6 3

...
...

...
. . .

...
...

2 4 6 · · · 2(r − 1) r − 1
1 2 3 · · · r − 1 r























Quadratic form matrix: A−1

Realization with orthonormal basis ej, j = 1, . . . , r + 1

αj = ej − ej+1, j = 1, 2, . . . , r

∆+ = {ei − ej | i, j = 1, . . . , r + 1, i < j}
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Br, r ≥ 2, (SO(2r + 1))

(0; 1; 1)

(1; 1; 1)

(2; 2; 2)

(r − 1; 2; 2)

(r; 2; 1)

dim = 2r2 + r,
h = 2r,
h∨ = 2r − 1,
|W | = 2rr!,
θ = [0, 1, 0, . . . , 0, 0],
P/Q = Z2,
exponents = {1, 3, . . . , 2r − 1}

Cartan matrix:

A =























2 −1 0 · · · 0 0
−1 2 −1 · · · 0 0
0 −1 2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 2 −2
0 0 0 · · · −1 2























, A−1 =
1

2























2 2 2 · · · 2 2
2 4 4 · · · 4 4
2 4 6 · · · 6 6
...

...
...

. . .
...

...
2 4 6 · · · 2(r − 1) 2(r − 1)
1 2 3 · · · r − 1 r/2























Quadratic form matrix:

1

2























2 2 2 · · · 2 1
2 4 4 · · · 4 2
2 4 6 · · · 6 3
...

...
...

. . .
...

...
2 4 6 · · · 2(r − 1) r − 1
1 2 3 · · · r − 1 r























Realization with orthonormal basis ej, j = 1, . . . , r

αj = ej − ej+1, j = 1, 2, . . . , r − 1,

αr = er

∆+ ={ei ± ej | i, j = 1, . . . , r + 1, i < j}

∩ {ei | i = 1, . . . , r}
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Cr, r ≥ 2, (Sp(r))

(0; 1; 1)
(1; 2; 1)

(2; 2; 1)

(r − 1; 2; 1)

(r; 1; 1)

dim = 2r2 + r,
h = 2r,
h∨ = r + 1,
|W | = 2rr!,
θ = [2, 0, . . . , 0],
P/Q = Z2,
exponents = {1, 3, . . . , 2r − 1}

Cartan matrix:

A =























2 −1 0 · · · 0 0
−1 2 −1 · · · 0 0
0 −1 2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 2 −1
0 0 0 · · · −2 2























, A−1 =
1

2























2 2 2 · · · 2 1
2 4 4 · · · 4 2
2 4 6 · · · 6 3
...

...
...

. . .
...

...
2 4 6 · · · 2(r − 1) r − 1
2 4 6 · · · 2(r − 1) r























Quadratic form matrix:

1

2























1 1 1 · · · 1 1
1 2 2 · · · 2 2
1 2 3 · · · 3 3
...

...
...

. . .
...

...
1 2 3 · · · r − 1 r − 1
1 2 3 · · · r − 1 r























Realization with orthonormal basis ej, j = 1, . . . , r

αj = (ej − ej+1)/
√

2, j = 1, 2, . . . , r − 1,

αr =
√

2er

∆+ ={(ei ± ej)/
√

2 | i, j = 1, . . . , r + 1, i < j}

∩ {
√

2ei | i = 1, . . . , r}
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Dr, r ≥ 4, (SO(2r))

(0; 1)

(1; 1)

(2; 2)

(r − 2; 2)

(r; 1)
(r − 1; 1)

dim = 2r2 − r,
h = h∨ = 2r − 2,
|W | = 2r−1r!,
θ = [0, 1, 0, . . . , 0],
P/Q = Z4 (r : odd),

= Z2 × Z2 (r : even),
exponents = {1, 3, . . . , 2r − 3, r − 1}

Cartan matrix:

A =



























2 −1 0 · · · 0 0 0
−1 2 −1 · · · 0 0 0
0 −1 2 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · 2 −1 −1
0 0 0 · · · −1 2 0
0 0 0 · · · −1 0 2



























A−1 =
1

2



























2 2 2 · · · 2 1 1
2 4 4 · · · 4 2 2
2 4 6 · · · 6 3 3
...

...
...

. . .
...

...
...

2 4 6 · · · 2(r − 2) r − 2 r − 2
1 2 3 · · · r − 2 r/2 (r − 2)/2
1 2 3 · · · r − 2 (r − 2)/2 r/2



























Quadratic form matrix: A−1

Realization with orthonormal basis ej, j = 1, . . . , r

αj = ej − ej+1, j = 1, 2, . . . , r − 1,

αr = er−1 + er

∆+ ={ei ± ej | i, j = 1, . . . , r + 1, i < j}
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E6

(1; 1)

(2; 2)

(3; 3)

(4; 2)

(5; 1)

(6; 2)(0; 1)

dim = 78,
h = h∨ = 12,
|W | = 51840,
θ = [0, 0, 0, 0, 0, 1],
P/Q = Z3

exponents = {1, 4, 5, 7, 8, 11}

Cartan matrix:

A =





















2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2





















A−1 =
1

3





















4 5 6 4 2 3
5 10 12 8 4 6
6 12 18 12 6 9
4 8 12 10 5 6
2 4 6 5 4 3
3 6 9 6 3 6





















Quadratic form matrix: A−1
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F4

(0; 1; 1)

(1; 2; 2)

(2; 3; 3)

(3; 4; 2)

(4; 2; 1)

dim = 52,
h = 12,
h∨ = 9,
|W | = 1152,
θ = [1, 0, 0, 0],
P/Q = {0},
exponents = {1, 5, 7, 11}

Cartan matrix:

A =











2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2











, A−1 =











2 3 4 2
3 6 8 4
2 4 6 3
1 2 3 2











Quadratic form matrix:










2 3 2 1
3 6 4 2
2 4 3 3

2

1 2 3

2
1











Realization with orthonormal basis ej, j = 1, 2, 3, 4

α1 = e2 − e3, α2 = e3 − e4, α3 = e4, α4 =
1

2
(e1 − e2 − e3 − e4).

∆+ ={(ei ± ej) | i, j = 1, 2, 3, 4, i < j}

∩ {ei | i = 1, 2, 3, 4}

∩ {(e1 ± e2 ± e3 ± e4)/2}
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G2

(0; 1; 1)

(1; 2; 2)

(2; 3; 1)

dim = 14,
h = 6,
h∨ = 4,
|W | = 12,
θ = [1, 0],
P/Q = {0},
exponents = {1, 5}

Cartan matrix:

A =

(

2 −3
−1 2

)

, A−1 =

(

2 3
1 2

)

Quadratic form matrix:
1

3

(

6 3
3 2

)

Realization with orthonormal basis ej, j = 1, 2, 3

α1 = e2 − e3, α2 =
1

3
(e1 − e2 + 2e3)

∆+ =
{

e2 − e3,
1

3
(e1 − e2 + 2e3),

1

3
(e1 + 2e2 − e3),

1

3
(2e1 + e2 + e3), e1 + e3, e1 + e2

}


