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Lecture	
  Plan	
  
•  Lecture	
  1	
  (now!)	
  
–  (a)	
  General	
  Rela4vity	
  &	
  Gravita4onal	
  Wave	
  Refresher	
  
–  (b)	
  Overview	
  of	
  GW	
  sources	
  &	
  phenomenology.	
  
–  (c) 	
  Numerical	
  rela4vity	
  and	
  general-­‐rela4vis4c	
  

	
  (magneto-­‐)hydrodynamics.	
  

•  Lecture	
  2	
  (Thursday)	
  
–  (a)	
  Con4nua4on	
  of	
  Lecture	
  1,	
  Part	
  (c).	
  
–  (b)	
  Microphysics	
  of	
  neutron	
  star	
  mergers	
  and	
  stellar	
  collapse.	
  
–  (c)	
  Neutron	
  star	
  mergers	
  and	
  Nucleosynthesis	
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•  Lecture	
  3	
  (Friday)	
  
–  (a)	
  Massive	
  star	
  evolu4on,	
  stellar	
  collapse.	
  
–  (b)	
  Core-­‐collapse	
  supernovae	
  and	
  long	
  gamma-­‐ray	
  bursts.	
  
–  (c)	
  Neutron	
  star	
  and	
  black	
  hole	
  forma4on.	
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CSU	
  Fullerton;	
  SXS	
  Collabora4on	
  



Numerical	
  Rela,vity	
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Proceedings	
  of	
  the	
  GR1	
  Conference	
  on	
  the	
  role	
  of	
  gravita4on	
  in	
  physics	
  
University	
  of	
  North	
  Carolina,	
  Chapel	
  Hill	
  [January	
  18-­‐23,	
  1957]	
  	
  
(via	
  Pablo	
  Laguna	
  &	
  Deirdre	
  Shoemaker)	
  

Recommended	
  texts:	
  
	
  Baumgarte	
  &	
  Shapiro,	
  Numerical	
  Rela,vity	
  
	
  Alcubierre,	
  Introduc,on	
  to	
  3+1	
  Numerical	
  Rela,vity	
  



Basic	
  Idea	
  of	
  Numerical	
  Rela4vity	
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Figure:	
  C.	
  Reisswig	
  

ADM	
  
3+1	
  split	
  of	
  space,me	
  

Folia,on	
  of	
  space,me	
  

3-­‐hypersurface	
  

•  12	
  first-­‐order	
  hyperbolic	
  evolu&on	
  equa4ons.	
  
•  4	
  ellip4c	
  constraint	
  equa4ons	
  
•  4	
  coordinate	
  gauge	
  degrees	
  of	
  freedom:	
  α,	
  βi.	
  	
  



3+1	
  Split	
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3+1	
  split	
  –	
  key	
  objects:	
  

g00 = �↵2 + �i�
i gij = �ij

Extrinsic	
  curvature:	
  	
  ≈	
  4me	
  deriva4ve	
  of	
  3-­‐metric	
  

4-­‐velocity:	
  

3-­‐velocity:	
  Eulerian	
  observer	
  moving	
  along	
  4me-­‐like	
  normal	
  nμ.	
  
Note:	
  3-­‐velocity	
  
open	
  defined	
  

vi =
ui

u0

@t�ij = �2↵Kij + �j;i + �i;j

uµ ; uµuµ = �1 ; uµ = (�1, 0, 0, 0) in rest frame

(at	
  rest	
  in	
  a	
  slice)	
  

g0i = �ij�
j



ADM	
  Equa4ons	
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(Historic:	
  Arnowi?-­‐Deser-­‐Misner	
  1962;	
  York	
  79)	
  

Sij = �iµ�j⌫T
µ⌫

⇢ADM = nµn⌫T
µ⌫

S,K – traces of Sij ,Kij

R+K2 �KijK
ij � 16⇡⇢ADM = 0

Si = ��iµn⌫Tµ⌫

Constraint	
  Equa4ons:	
  

Hamiltonian	
  

Momentum	
  

@t�ij = �2↵Kij + �j;i + �i,j

@tKij =� ↵;ij + ↵


RijKKij � 2KimKm

j

� 8⇡(Sij �
1

2
�ijS)� 4⇡⇢ADM�ij

�

+ �mKij;m +Kim�m
;j +Kmj�

m
;i

Kij
;j � �ijK;j � 8⇡Si = 0

Evolu4on	
  System	
  



Cauchy	
  Evolu4on	
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Specify	
  
constraint-­‐sa4sfying	
  	
  
ini4al	
  data	
  &	
  boundary	
  values.	
  

Ini,al	
  boundary	
  
value	
  problem.	
  

Evolve	
  
forward	
  
in	
  4me	
  &	
  
monitor	
  
constraints.	
  



Prac4cal	
  Numerical	
  Rela4vity	
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Have	
  not	
  yet	
  specified	
  gauge	
  condi,ons:	
  Anything	
  goes?	
  

• GR	
  dynamics	
  will	
  twist,	
  squeeze,	
  stretch	
  
coordinates.	
  
• GR	
  can	
  develop	
  coordinate	
  singulari4es	
  
and	
  physical	
  singulari4es.	
  
• For	
  numerically	
  stable	
  evolu4on,	
  must	
  
avoid	
  singulari4es	
  and	
  control	
  
coordinate	
  distor4on.	
  

NASA	
  

• ADM	
  form	
  of	
  the	
  Einstein	
  equa,ons	
  is	
  unstable	
  in	
  2D/3D!	
  	
  
-­‐>	
  well-­‐posedness	
  issues.	
  
-­‐>	
  small	
  errors	
  in	
  constraints	
  get	
  amplified	
  exponen4ally	
  over	
  4me!	
  

• Spherical	
  symmetry	
  (1D):	
  
-­‐>	
  no	
  radia4ve	
  degrees	
  of	
  freedom,	
  fully	
  constrained	
  evolu4on.	
  
-­‐>	
  ADM	
  with	
  simple	
  gauge	
  choices:	
  no	
  problem.	
  



Well-­‐Posedness	
  (1)	
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Hadamard	
  1902:	
  

A	
  problem	
  is	
  well-­‐posed	
  if	
  and	
  only	
  if:	
  	
   • a	
  solu4on	
  exists;	
  
•  the	
  solu4on	
  is	
  unique;	
  
•  the	
  solu4on	
  depends	
  	
  
con4nuously	
  on	
  the	
  ini4al	
  	
  
and	
  boundary	
  data.	
  

Example	
  (1):	
  Hadamard	
  1923	
  	
  

@2
t

u� @2
x

u = 0

u|t=0 = 0 @tu|t=0 =
sin(2⇡nx)

(2⇡n)P P � 1

u(x = 0) = u(x = 1) = 0

x 2 [0, 1]

BC:	
  

n ! 1 ID ! 0

u(x, t) =
sin(2⇡nt) sin(2⇡nx)

(2⇡n)P+1

ID:	
  

u(x, t) ! 0

Solu4on:	
  

For	
  	
   well-­‐posed	
  



Well-­‐Posedness	
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Example	
  (2):	
  

@2
t

u+ @2
x

u = 0

u(x, t) =
sinh(2⇡nt) sin(2⇡nx)

(2⇡n)P+1

u|t=0 = 0 @tu|t=0 =
sin(2⇡nx)

(2⇡n)P
P � 1

u(x = 0) = u(x = 1) = 0

x 2 [0, 1]

BC:	
  

ID:	
  

only	
  change	
  

Solu4on:	
  

sinhx =
1

2

�
e

x � e

�x

�
recall:	
  

n ! 1 ID ! 0For	
  	
  

u(x, t) ! 1BUT	
   ill	
  posed	
  

Given	
  above	
  eqn.	
  +	
  any	
  ID	
  and	
  BC,	
  
one	
  can	
  introduce	
  a	
  small	
  perturba4on	
  
that	
  leads	
  to	
  arbitrarily	
  large	
  solu4on	
  
at	
  finite	
  4me.	
  



Alterna4ve	
  Formula4ons	
  that	
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• ADM	
  is	
  ill	
  posed	
  and	
  boundary	
  condi4ons	
  unclear.	
  
(-­‐>	
  ADM	
  is	
  called	
  “weakly	
  hyperbolic”	
  in	
  PDE	
  theory).	
  
• Want	
  evolu4on	
  system	
  that	
  is	
  symmetric/strongly	
  hyperbolic	
  
(well	
  posed	
  +	
  clear	
  boundary	
  condi4ons)	
  

(Kidder+01,	
  Nagy+04)	
  

BSSN	
  Formula,on	
  

Generalized	
  Harmonic	
  Formula,on	
  

Nakamura+87,	
  Shibata	
  &	
  Nakamura	
  95,	
  Baumgarte	
  &	
  Shapiro	
  99	
  	
  	
  

Friedrich	
  1985,	
  Pretorius	
  2005,	
  Lindblom+	
  2006	
  	
  	
  

•  Conformal-­‐traceless	
  reformula4on	
  of	
  ADM.	
  
• Addi4onal	
  evolu4on	
  equa4ons,	
  condi4onally	
  strongly	
  hyperbolic.	
  
•  Sensi4ve	
  to	
  gauge	
  choice.	
  
• Most	
  widely	
  used	
  evolu4on	
  system	
  today.	
  

•  Choice	
  of	
  coordinates	
  that	
  reduces	
  Einstein	
  equa4ons	
  to	
  
a	
  set	
  of	
  inhomogeneous	
  wave	
  equa4ons.	
  Symmetric	
  hyperbolic.	
  
• Used	
  primarily	
  by	
  Caltech/Cornell	
  SXS	
  code	
  SpEC.	
  



Baumgarte-­‐Shapiro-­‐Shibata-­‐Nakamura	
  (BSSN)	
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Nakamura+87,	
  Shibata	
  &	
  Nakamura	
  95,	
  Baumgarte	
  &	
  Shapiro	
  99	
  	
  	
  



Baumgarte-­‐Shapiro-­‐Shibata-­‐Nakamura	
  (BSSN)	
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Nakamura+87,	
  Shibata	
  &	
  Nakamura	
  95,	
  Baumgarte	
  &	
  Shapiro	
  99	
  	
  	
  

Conformal-­‐tracefree	
  decomposi4on:	
  

with	
  requirement	
  

�! � =
1

12
ln �

(1)	
   det �̃ij = �̃ = 1�̃ij = e�4��ij

(2)	
   Kij = e4�
✓
Ãij +

1

3
�̃ijK

◆
Define	
   Ãi

i = Ã = 0

�ij ,KijNow	
  evolve	
  	
   instead	
  of	
  	
  �̃ij , Ãij ,�,K

-­‐>	
  addi4onal	
  evolu4on	
  equa4ons	
  

Heuris4c	
  approach:	
  rewrite	
  ADM	
  equa4ons	
  to	
  find	
  more	
  stable	
  	
  
evolu4ons,	
  e.g.,	
  keep	
  some	
  terms	
  that	
  drop	
  out	
  in	
  regular	
  ADM.	
  	
  	
  



Baumgarte-­‐Shapiro-­‐Shibata-­‐Nakamura	
  (BSSN)	
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Nakamura+87,	
  Shibata	
  &	
  Nakamura	
  95,	
  Baumgarte	
  &	
  Shapiro	
  99	
  	
  	
  

@t� = �1

6
↵K +

1

6
�i

,i + �i�,i

@tK = ��̃ijr̃ir̃j↵+ ↵


ÃijÃ

ij +
1

3
K2 + 4⇡(⇢ADM + S)

�
+ �iK,i

covariant	
  deriv.	
  wrt.	
  conformal	
  3-­‐metric	
  

@t�̃ij = �2↵Ãij + �k�̃ij,k + �̃ik�
k
,j + �̃kj�

k
,i �

2

3
�̃ij�

k
,k

@tÃij = e�4�
h
�(r̃ir̃j↵) + ↵(Rij � 8⇡Sij)

iTF

+ ↵(KÃij � 2ÃilÃ
l
j)

+ �kÃij,k + Ãik�
k
,j + Ãkj�

k
,i �

2

3
Ãij�

k
,k

tracefree	
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Baumgarte-­‐Shapiro-­‐Shibata-­‐Nakamura	
  (BSSN)	
  
Nakamura+87,	
  Shibata	
  &	
  Nakamura	
  95,	
  Baumgarte	
  &	
  Shapiro	
  99	
  	
  	
  

Not	
  done	
  yet:	
   Rij = R�
ij + R̃ij

R�
ij = �2r̃ir̃j�� 2�̃ijr̃lr̃l�+ 4r̃i�r̃j�� 4�̃ijr̃l�r̃l�

�̃i := �̃jk�̃i
jk = ��̃ij

,jDefine:	
   “conformal	
  connec4on	
  func4ons”	
  

(requires	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )	
  	
  �̃ = 1 U(ij)k =
1

2
(Uijk + Ujik)

Now:	
  advantageous	
  for	
  stability	
  to	
  promote	
  	
  	
  	
  	
  	
  	
  	
  to	
  evolved	
  variables.	
  	
  

R̃ij = �1

2
�̃lm�̃ij,lm + �̃k(i�̃

k
,j) + �̃k�̃(ij)k + �̃lm(2�̃k

l(i�̃j)km + �̃k
im�̃klj)

�̃i

Only	
  term	
  containing	
  explicit	
  second	
  deriva4ves	
  of	
  the	
  
metric.	
  Essen4ally	
  Laplacian;	
  principal	
  part	
  in	
  	
  @tÃij



C.	
  D.	
  O?	
  @	
  YITP	
  GW	
  School,	
  March	
  2015	
   17	
  

Baumgarte-­‐Shapiro-­‐Shibata-­‐Nakamura	
  (BSSN)	
  
Nakamura+87,	
  Shibata	
  &	
  Nakamura	
  95,	
  Baumgarte	
  &	
  Shapiro	
  99	
  	
  	
  

Why	
  is	
  this	
  a	
  good	
  idea?	
  Consider	
  wave	
  equa4on:	
  
U
,tt

= U
,xx

= �U

@tU = ⇧

@t⇧ = ��

@t�̃ij / Ãij

@tÃij / ��̃ij

OR:	
  

�̃iWith	
  	
  	
  	
  	
  	
  as	
  independent	
  variables,	
  the	
  BSSN	
  equa4ons	
  become	
  

-­‐>	
  more	
  similar	
  to	
  symmetric	
  hyperbolic	
  wave	
  equa4on!	
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Baumgarte-­‐Shapiro-­‐Shibata-­‐Nakamura	
  (BSSN)	
  
Nakamura+87,	
  Shibata	
  &	
  Nakamura	
  95,	
  Baumgarte	
  &	
  Shapiro	
  99	
  	
  	
  

So	
  3	
  more	
  evolu4on	
  equa4ons:	
  

@t�̃
i =� 2Ãij↵,j + 2↵

✓
�̃i
jkÃ

kj � 2

3
�̃ijK,j � 8⇡�̃ijSj + 6Ãij�,j

◆

+ �j�̃i
,j � �̃j�i

,j +
2

3
�̃i�j

,j +
1

3
�̃li�j

,jl + �̃lj�i
,lj

(note	
  that	
  here	
  a	
  term	
  involving	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  was	
  eliminated	
  with	
  the	
  help	
  of	
  
	
  	
  the	
  momentum	
  constraint.)	
  	
  	
  

@jÃ
ij

One	
  can	
  show	
  that	
  BSSN	
  is	
  strongly	
  hyperbolic	
  for	
  fixed	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  
(Sarbach+02,	
  Nagy+04)	
  

↵,�i

For	
  non-­‐sta4c	
  gauge,	
  BSSN	
  is	
  strongly	
  hyperbolic	
  as	
  long	
  as	
  
ship	
  stays	
  “small”	
  (not	
  close	
  to	
  1).	
  (Gundlach	
  &	
  Mar4n-­‐Garcia	
  06).	
  

Price	
  paid	
  for	
  stability:	
  5	
  addi4onal	
  evolu4on	
  equa4ons!	
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What	
  about	
  lapse	
  func4on	
  and	
  ship	
  vector?	
  

Turns	
  out:	
  for	
  BSSN,	
  choice	
  of	
  gauge	
  influences	
  hyperbolicity	
  of	
  the	
  evolu4on	
  
system	
  -­‐>	
  aper	
  BSSN,	
  took	
  another	
  5-­‐10	
  years	
  to	
  find	
  good	
  gauge.	
  

Geodesic	
  Slicing:	
   ↵ = 1,�i = 0 (SN95:	
  bad	
  idea!	
  Coord.	
  singulari4es!)	
  

Can	
  do	
  be?er!	
  Consider	
  what	
  learned	
  in	
  	
  
1970s-­‐90s	
  about	
  gauges	
  for	
  ADM.	
  

• manifestly	
  hyperbolic	
  (in	
  PDE	
  nature);	
  
• singularity	
  avoiding	
  (	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  near	
  singularity);	
  
• minimizing	
  distor4on/stretching	
  of	
  spa4al	
  	
  
coordinates.	
  	
  

A	
  “good”	
  gauge	
  condi4on	
  for	
  BSSN	
  should	
  be:	
  

↵ ! 0

(see,	
  e.g.,	
  Alcubierre+03,	
  Baumgarte	
  &	
  Shapiro	
  book)	
  



BSSN	
  Gauge	
  Choices	
  (2)	
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(see,	
  e.g.,	
  Alcubierre+03,	
  Baumgarte	
  &	
  Shapiro	
  book)	
  

Maximal	
  slicing:	
   K = 0

�ijrirj↵ = ↵
�
KijK

ij + 4⇡(⇢ADM + S)
�

Condi4on	
  on	
  lapse,	
  ship	
  s4ll	
  free.	
  
Leads	
  to	
  collapse	
  of	
  lapse	
  inside	
  BH	
  horizon,	
  but	
  ellip4c	
  &	
  late-­‐4me	
  
blow-­‐up	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (grid	
  stretching).	
  �rr

“1+log”	
  slicing:	
   @t↵ = �↵2 2

↵
K + �k↵,k

(hyperbolic	
  “driver”	
  slicing	
  condi4on;	
  drives	
  lapse	
  towards	
  0	
  near	
  singularity,	
  
	
  not	
  must	
  give	
  ini4al	
  data	
  for	
  lapse	
  -­‐>	
  e.g.,	
  via	
  maximal	
  slicing.)	
  

Aside:	
  “1+log”	
  because:	
   �i = 0 @t↵ = �2↵K

! ↵ = 1 + ln � (via ADM)



BSSN	
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(see,	
  e.g.,	
  Alcubierre+03,	
  Baumgarte	
  &	
  Shapiro	
  book)	
  

Ship	
  condi4ons:	
  
Look	
  for	
  hyperbolic	
  variants	
  of	
  the	
  ellip4c	
  “minimal	
  distor4on”	
  ship.	
  
(Smarr	
  &	
  York	
  78)	
  

ri⌃
ij = 0

(“distor4on	
  tensor”)	
  

⌃ij :=
1

2
�1/3@t�̃ij

BSSN:	
  minimal	
  distor4on	
  -­‐>	
  “Gamma-­‐freezing”:	
   @t�̃
i = 0

(but	
  s4ll	
  ellip4c)	
  

Family	
  of	
  hyperbolic	
  “Gamma-­‐driver”	
  ship	
  condi4ons:	
  

@t�
i = ⇠Bi

@tBi =�@t�̃
i � ⌘Bi � ⇣�j�̃j

,j

⇠, ⌘,�, ⇣ parameters,	
  e.g.,	
  	
   ⇠ =
3

4
,� = 1, ⌘ =

1

2M
, ⇣ = 0

Simple,	
  first-­‐order	
  parameter-­‐free	
  variant	
  
(Shibata	
  2003):	
  

@t�
i = �̃i +�t · @t�̃i
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•  Ini4al	
  data:	
  finding	
  solu4ons	
  to	
  the	
  constraint	
  equa4ons.	
  

•  Boundary	
  condi4ons.	
  

•  Gravita4onal	
  wave	
  extrac4on.	
  

•  (Apparent	
  &	
  Event)	
  Horizon	
  finding,	
  space4me	
  diagnos4cs	
  
(measuring	
  angular	
  &	
  linear	
  momentum,	
  mass-­‐energy	
  etc.).	
  

•  Singularity	
  excision.	
  

•  Numerical	
  methods	
  for	
  solving	
  the	
  Einstein	
  equa4ons:	
  
finite	
  differences,	
  pseudo-­‐spectral,	
  discon4nuous	
  Galerkin	
  

Recommended	
  texts:	
  
	
  Baumgarte	
  &	
  Shapiro,	
  Numerical	
  Rela,vity	
  
	
  Alcubierre,	
  Introduc,on	
  to	
  3+1	
  Numerical	
  Rela,vity	
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  all	
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•  Ini4al	
  data	
  

•  Evolu4on	
  system,	
  gauge	
  /	
  gauge	
  evolu4on,	
  boundary	
  condi4ons	
  

•  Discre4za4on	
  scheme	
  for	
  space	
  and	
  4me	
  –	
  	
  
typically	
  fourth	
  order,	
  central	
  

•  Common	
  approach:	
  Method	
  of	
  Lines	
  
Treat	
  problem	
  semi-­‐discrete;	
  discre4ze	
  in	
  space,	
  then	
  treat	
  as	
  ODE,	
  
integrate	
  in	
  4me	
  via	
  Runge-­‐Ku?a	
  (or	
  similar)	
  
	
  
	
  
	
  

•  Analysis	
  code	
  (constraints,	
  horizon	
  finding	
  etc.)	
  

d

dt
L(q) = RHS



Schema4c	
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Ini4al	
  Data	
  
(sa4sfy	
  constraints)	
  

Evolve	
  one	
  
Timestep	
  

Evaluate	
  RHS	
  

Apply	
  Update	
  

High-­‐Order	
  
Runge-­‐Ku?a	
  
Integrator	
  

Analysis/Output	
  

space4me	
  
curvature	
  

gauge	
  
hydrodynamics	
  /	
  

radia4on	
  

Complica4on:	
  Adap4ve	
  Mesh	
  Refinement	
  

Xn+1 = Xn + L(Xn)�t
(first	
  order)	
  

�t < �x/c
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  Fluid	
  Dynamics	
  (and	
  MHD)	
  

C.	
  D.	
  O?	
  @	
  YITP	
  GW	
  School,	
  March	
  2015	
   25	
  



Can	
  define	
  macroscopic	
  fluid	
  element	
  with	
  size	
  
with	
  averaged	
  state	
  variables	
  
Mean	
  free	
  path	
  of	
  fluid	
  par4cles	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  ,	
  from	
  which	
  follows	
  	
  	
  

Reminder:	
  Newtonian	
  Fluid	
  Dynamics	
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•  Con4nuum	
  assump4on.	
  
	
   l ⌧ L

� ⌧ l ⌧equil ⌧ ⌧dyn

L

⇢, v, ✏, T, P, ...

System	
  of	
  size	
  

•  Conserva4on	
  laws	
  for	
  mass,	
  momentum,	
  and	
  energy	
  

V	
  

Mass	
  conserva4on	
  

N =

Z

V
ndV

d

dt
N =

d

dt

Z

V
ndV

d⌃ = ndA

d

dt

Z

V
ndV +

Z

@V
jd⌃ = 0

j = nv

	
  
#	
  of	
  	
  
par4cles	
  
in	
  V	
  

#	
  density	
  
flux	
  of	
  par4cles	
  

change	
  of	
  N	
   #	
  of	
  par4cles	
  passing	
  	
  
through	
  surface	
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V	
  

d⌃ = ndA Z

V
(r ·A)dV =

Z

@V
Ad⌃

Z

V

@

@t
n dV +

Z

V
r · j dV = 0

@

@t
n+r · j = 0

d

dt

Z

V
ndV +

Z

@V
jd⌃ = 0

Divergence	
  Theorem	
  

⇢ = mn
@⇢

@t
+r(⇢v) = 0

con4nuity	
  equa4on	
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@⇢

@t
+r(⇢v) = 0

@(⇢v)

@t
+r(⇢vv + P ) = ⇢g

@

@t
E +r((E + P )v) = ⇢vg

E = ⇢✏+
1

2
⇢v2

Con4nuity	
  Equa4on	
  
(mass	
  conserva4on)	
  

Euler	
  Equa4on	
  
(momentum	
  cons.)	
  

Energy	
  Equa4on	
  
(energy	
  cons.)	
  

introduce	
  
a	
  3-­‐stress	
  tensor	
  
T = ⇢v ⌦ v + P1 �! @(⇢v)

@t
+r ·T = 0

P = P (⇢, ✏, Xi)

Equa4on	
  of	
  State	
  (EOS)	
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(neglec4ng	
  magne4c	
  fields	
  for	
  now)	
  

Recall	
  Einstein	
  equa4on:	
  

Rµ⌫ � 1

2
Rgµ⌫ = 8⇡Tµ⌫

curvature	
   source	
  of	
  curvature	
  

rµTµ⌫ = 0 equa4ons	
  of	
  mo4on	
  

Gµ⌫ = Rµ⌫ � 1

2
Rgµ⌫

(due	
  to	
  Bianchi	
  iden4ty)	
  

rµGµ⌫ = Gµ⌫
;µ = 0
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Mass	
  conserva4on	
  

Energy-­‐momentum	
  	
  
conserva4on	
  

rela4vis4c	
  specific	
  enthalpy	
  

jµ = ⇢uµ

Stress	
  Energy	
  Tensor	
  of	
  an	
  ideal	
  fluid	
  
(inviscid,	
  no	
  magne4c	
  field)	
  

mass	
  flux	
  

Conserva4on	
  of	
  mass,	
  momentum,	
  and	
  energy:	
  

GR	
  Hydrodynamics	
  
(neglec4ng	
  magne4c	
  fields	
  for	
  now)	
  

Tµ⌫ = ⇢huµu⌫ + Pgµ⌫

Tµ⌫
;µ = (⇢huµu⌫ + Pgµ⌫);µ = 0



conserved	
  mass	
  

conserved	
  momenta	
  

conserved	
  energy	
  

GR	
  Hydrodynamics	
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Flux-­‐conserva4ve	
  Formula4on:	
  

fluxes	
  

curvature	
  source	
  
“gravita4onal	
  
	
  	
  	
  accelera4on”	
  
+	
  any	
  interac4on	
  
	
  	
  	
  	
  terms	
  etc.	
  +	
  Equa4on	
  of	
  state	
  (EOS):	
  	
  P = P (⇢, ✏, Xi)

e.g.,	
  Banyuls+97,	
  Font	
  08	
  

ṽi = vi � �i/↵
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Primi4ve	
  and	
  Conserved	
  Variables	
  

primi4ve	
  

conserved	
  

Why	
  worry	
  about	
  primi4ve	
  vars	
  at	
  all?	
  
-­‐>	
  EOS	
  is	
  a	
  func4on	
  of	
  the	
  prim.	
  vars!	
  

Consequence:	
  	
  
Must	
  compute	
  primi4ve	
  variables	
  from	
  evolved	
  	
  
conserved	
  variables	
  aper	
  each	
  step!	
  
	
  
There	
  is	
  no	
  closed	
  expression	
  	
  
-­‐>	
  must	
  use	
  Newton	
  itera4on	
  to	
  solve	
  for	
  primi4ve	
  variables.	
  
	
  
(This	
  makes	
  GR	
  Hydro	
  (and	
  SR	
  hydro)	
  more	
  expensive	
  than	
  
	
  Newtonian	
  hydro)	
  
	
  

⇢, T, ✏, Ye, v
i

D̂, ⌧̂ , D̂Ye, Ŝi
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More	
  details	
  on	
  formula4ons	
  and	
  numerics:	
  	
  
Font	
  2008,	
  Liv.	
  Rev.	
  Rel.	
  2008-­‐7	
  
Rezzolla	
  &	
  Zanoz,	
  Rela&vis&c	
  Hydrodynamics	
  

•  Represent	
  data	
  as	
  cell	
  averages	
  at	
  cell	
  centers.	
  
•  Reconstruct	
  data	
  to	
  cell	
  interfaces.	
  
•  Compute	
  physical	
  fluxes	
  by	
  solu4on	
  of	
  local	
  Riemann	
  	
  
shock	
  problems.	
  
•  Update	
  cell	
  center	
  values	
  by	
  difference	
  of	
  lep	
  and	
  right	
  fluxes.	
  

“Godunov	
  method”	
  



GR	
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Reconstruct	
  Primi4ves	
  

Riemann	
  

Source	
  Terms	
  

Prim2Con	
  

Add	
  to	
  RHS	
  

Update	
  

Boundaries	
  

Con2Prim	
  

Update	
  Tμν	
  

x	
  3	
  Repeated	
  
for	
  each	
  
integra4on	
  
substep.	
  

Curvature	
  

Curvature	
  

(Hydro	
  +	
  Curvature)	
  

(once	
  for	
  
each	
  of	
  x,y,z)	
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Kiuchi+14	
  
• Magne4c	
  (B)	
  fields	
  are	
  everywhere	
  in	
  
astrophysics.	
  

•  Non-­‐uniform	
  fluid	
  mo4on	
  will	
  
always	
  amplify	
  field.	
  	
  

•  B-­‐field	
  likely	
  dynamically	
  relevant	
  in	
  
NSNS	
  &	
  BHNS,	
  and	
  core-­‐collapse	
  
supernovae.	
  

Newtonian	
  MHD:	
  

@B

@t
+r⇥ (B⇥ v) = �r⇥ (⌘r⇥B) r ·B = 0

(no	
  net	
  charge,	
  E	
  ~	
  v/c	
  B	
  in	
  lab	
  frame,	
  E	
  =	
  0	
  in	
  rest	
  frame,	
  
no	
  displacement	
  currents,	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  )	
  

Induc4on	
  Equa4on	
   Constraint	
  

fL =
1

4⇡
(r⇥B)⇥B =

1

4⇡
(B ·r)B� 1

8⇡
r

�
B2

�
Lorentz	
  Force	
   resis4vity;	
  0	
  in	
  ideal	
  MHD	
  

v/c ⌧ 1
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Font	
  08,	
  Shibata	
  &	
  Font	
  05,	
  Kiuchi+12,	
  E4enne+12,	
  Palenzuela+12,	
  Moesta+14,	
  ...	
  

Tµ⌫ = Tµ⌫
fluid + Tµ⌫

EM

Tµ⌫
fluid = ⇢huµu⌫ + Pgµ⌫ h = 1 + ✏+ P/⇢

Fµ⌫ = uµE⌫ � u⌫Eµ � ✏µ⌫��u�B�

Faraday	
  Tensor	
  

MHD	
  approx:	
  E-­‐field	
  in	
  fluid	
  rest	
  frame	
  vanishes:	
  -­‐>	
   Fµ⌫u⌫ = 0

⇤Fµ⌫ =
1

2
✏µ⌫��F��

Tµ⌫
EM = Fµ�F ⌫

� � 1

4
gµ⌫F��F�� = b2uµu⌫ +

1

2
gµ⌫b2 � bµb⌫

bµ = u⌫
⇤Fµ⌫ magne4c	
  field	
  in	
  fluid	
  rest	
  frame	
  

Eulerian	
  observer	
  B-­‐field:	
   Bi = nµ
⇤F iµ = �↵⇤F i0 nµ unit	
  normal	
  	
  

on	
  slice	
  

rµj
µ = 0 rµT

µ⌫ = 0 r⌫
⇤Fµ⌫ = 0Equa4ons	
  of	
  mo4on:	
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Font	
  08,	
  Shibata	
  &	
  Font	
  05,	
  Kiuchi+12,	
  E4enne+12,	
  Palenzuela+12,	
  Moesta+14,	
  ...	
  

Conserved	
  variables:	
  

D̂ =
p
�⇢W

Ŝj =
p
�(⇢h⇤W 2vj � ↵b0bj)

⌧̂ =
p
�(⇢h⇤W 2 � P ⇤ � (↵b0)2)� D̂

B̂k =
p
�Bk

h⇤ = 1 + ✏+ (P + b2)/⇢
P ⇤ = P + Pm = P + b2/2

Evolu4on	
  equa4ons:	
   U = [D̂, Ŝj , ⌧̂ , B̂
k]

Fi = ↵

2

664

D̂ṽi

Sj ṽi +
p
�P ⇤�ij � bjB̂i/W

⌧ ṽi +
p
�P ⇤vi � ↵b0B̂i/W
B̂kṽi � B̂iṽk

3

775 S = as for GRHD
(no	
  source	
  for	
  B)	
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Font	
  08,	
  Shibata	
  &	
  Font	
  05,	
  Kiuchi+12,	
  E4enne+12,	
  Palenzuela+12,	
  Moesta+14,	
  ...	
  

Constraint:	
  
r ·B =

1
p
�
(
p
�Bi),i = 0 ! B̂,i = 0

•  Enforcing	
  constraint	
  numerically	
  -­‐>	
  highly	
  non-­‐trivial.	
  

•  Various	
  numerical	
  approaches:	
  	
  

•  Constrained	
  transport	
  (CT;	
  Toth	
  00),	
  	
  
•  flux-­‐CT	
  (Kuroda&Umeda	
  10;	
  Kiuchi+12),	
  	
  

•  divergence	
  cleaning	
  (Liebling+10),	
  	
  
•  vector-­‐poten4al	
  evolu4on	
  (e.g.,	
  E4enne+12,15).	
  
B = r⇥A �! r ·B = 0
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Mösta+14	
  
Löffler+12	
  

h?p://einsteintoolkit.org	
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Mösta+14	
  
Löffler+12	
  

• Collec4on	
  of	
  open-­‐source	
  sopware	
  components	
  for	
  the	
  
simula4on	
  and	
  analysis	
  of	
  general-­‐rela4vis4c	
  
astrophysical	
  systems.	
  

h?p://einsteintoolkit.org	
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Mösta+14	
  
Löffler+12	
  

• Collec4on	
  of	
  open-­‐source	
  sopware	
  components	
  for	
  the	
  
simula4on	
  and	
  analysis	
  of	
  general-­‐rela4vis4c	
  
astrophysical	
  systems.	
  
• Supported	
  by	
  NSF	
  via	
  collabora4ve	
  grant	
  to	
  
Georgia	
  Tech,	
  LSU,	
  RIT,	
  and	
  Caltech.	
  
• ~110	
  users,	
  53	
  groups;	
  ~10	
  ac4ve	
  maintainers.	
  
• Goals:	
  

h?p://einsteintoolkit.org	
  

- Reproducibility.	
  
- Build	
  a	
  community	
  codebase	
  for	
  numerical	
  rela4vity	
  and	
  
computa4onal	
  rela4vis4c	
  astrophysics.	
  

- Enable	
  new	
  science	
  by	
  lowering	
  technological	
  hurdles	
  for	
  
researchers	
  with	
  new	
  ideas.	
  Enable	
  code	
  verifica4on/valida4on,	
  
physics	
  benchmarking,	
  regression	
  tes4ng.	
  

- Make	
  it	
  easy	
  for	
  users	
  to	
  take	
  advantage	
  of	
  new	
  technologies.	
  
- Provide	
  cyberinfrastructure	
  tools	
  for	
  code	
  and	
  data	
  management.	
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Mösta+14	
  
Löffler+12	
  

• Cactus	
  (framework),	
  Carpet	
  (adap4ve	
  mesh	
  refinement)	
  
• GRHydro	
  –	
  GRMHD	
  solver	
  
• McLachlan	
  –	
  BSSN/Z4c	
  space4me	
  solver	
  
(code	
  auto-­‐generated	
  based	
  on	
  Mathema4ca	
  script,	
  GPU-­‐enabled)	
  
•  Ini4al	
  data	
  solvers	
  /	
  importers	
  
• Analysis	
  tools	
  (wave	
  extrac4on,	
  horizon	
  finders,	
  etc.)	
  
• Visualiza4on	
  via	
  VisIt	
  (h?p://visit.llnl.gov)	
  
	
  

Available	
  Components:	
  

• Regular	
  releases	
  of	
  stable	
  code	
  versions.	
  	
  
Most	
  recent:	
  “Herschel”	
  release,	
  November	
  2014	
  
• Support	
  via	
  mailing	
  list	
  and	
  weekly	
  open	
  conference	
  calls.	
  
• Working	
  examples	
  for	
  BH	
  mergers,	
  NS	
  mergers,	
  isolated	
  
NSs,	
  rota4ng,	
  magne4zed	
  core	
  collapse.	
  


