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Lecture	
  Plan	
  
•  Lecture	
  1	
  (Wednesday)	
  

–  (a) 	
  General	
  Rela4vity	
  &	
  Gravita4onal	
  Wave	
  Refresher	
  
–  (b) 	
  Overview	
  of	
  GW	
  sources	
  &	
  phenomenology.	
  
–  (c) 	
  Numerical	
  rela4vity	
  and	
  general-­‐rela4vis4c	
  

	
  (magneto-­‐)hydrodynamics.	
  

•  Lecture	
  2	
  (Thursday)	
  
–  (a)	
  Con4nua4on	
  of	
  Lecture	
  1,	
  Part	
  (c).	
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•  Lecture	
  3	
  (now!)	
  
–  (a) 	
  Microphysics	
  of	
  neutron	
  star	
  mergers	
  and	
  stellar	
  collapse.	
  
–  (b) 	
  Neutron	
  star	
  mergers	
  and	
  Nucleosynthesis	
  
–  (c) 	
  Massive	
  stars,	
  stellar	
  collapse,	
  core-­‐collapse	
  supernovae.	
  
–  (d)	
  Neutron	
  star	
  and	
  black	
  hole	
  forma4on.	
  



Microphysics	
  for	
  	
  
Neutron	
  Star	
  Mergers	
  and	
  	
  

Stellar	
  Collapse/Core-­‐Collapse	
  Supernovae	
  
(CCSNe)	
  

	
  
(aka:	
  messy	
  nuclear	
  astrophysics)	
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Vote:	
  

5	
  

(a)	
  Neutron	
  degeneracy.	
  
(b)	
  Mixture	
  of	
  neutron	
  and	
  proton	
  degeneracy.	
  
(c)	
  None	
  of	
  the	
  above.	
  

What	
  provides	
  the	
  pressure	
  that	
  stabilizes	
  
neutron	
  stars	
  against	
  gravity?	
  

C.	
  D.	
  O?	
  @	
  YITP	
  GW	
  School,	
  March	
  2015	
  



•  Equa4on	
  of	
  state	
  

• Neutrino	
  interac4ons	
  (and	
  transport	
  [approxima4ons])	
  

• Nuclear	
  reac4ons	
  &	
  nucleosynthesis	
  

• Other:	
  transport	
  proper4es,	
  	
  
elas4c	
  moduli	
  (crust),	
  etc.	
  

Microphysics?	
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P = P (⇢, T,Xi)



Microphysics	
  in	
  Mergers	
  

7	
  C.	
  D.	
  O?	
  @	
  YKIS	
  2013,	
  2013/06/07	
  

Nuclear	
  Equa5on	
  of	
  State	
  (EOS)	
  
Neutrinos/Neutrino	
  Interac5ons	
   Nuclear	
  Reac5ons	
  &	
  Opaci5es	
  

Crust	
  Physics	
  &	
  Superfluidity	
  (SF)	
  

EOS	
  
Crust/SF	
  

hot	
  EOS	
   hot	
  EOS	
  
Neutrinos	
   Neutrinos	
   Neutrinos	
  

hot	
  EOS	
  

Neutrinos	
  
Nuclear	
   Nuclear	
   Nuclear	
  

hot	
  EOS	
  

EM	
  aeerglow/	
  
counterpart	
  



Neutron	
  Star	
  Composi5on	
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credit:	
  F.	
  Weber	
  

Simplest	
  model:	
  
neutrons	
  +	
  	
  
few	
  protons	
  



Equa4on	
  of	
  State:	
  Some	
  Thermodynamics	
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First	
  Law	
  

d✏ = �Pd

✓
1

n

◆
+ Tds+

X

i

µid
⇣ni

n

⌘

n =
N

V

dV =
1

N
d

✓
1

n

◆In	
  specific	
  quan44es	
  per	
  par4cle	
  (baryon):	
  

✏ = ✏(n, s, {Yi})

✏ = ✏(n, s, Ye)

But	
  in	
  n+p	
  neutron	
  star	
  (or	
  in	
  nuclear	
  sta4s4cal	
  equilibrium	
  [NSE]):	
  

Prefer	
  to	
  work	
  in	
  	
  X = X(n, T, Ye)

f = f(n, T, Ye) = ✏� Ts

Helmholtz	
  free	
  energy:	
  

ni

n
= Yi

At	
  fixed	
  T,	
  n,	
  and	
  composi4on,	
  Helmholtz	
  Free	
  Energy	
  is	
  minimized	
  in	
  equilibrium.	
  
At	
  zero	
  temperature:	
  Helmholtz	
  free	
  energy	
  <-­‐>	
  internal	
  energy.	
  

dQ = TdS = dE + PdV �
X

i

µidNi

Ye 	
  electron	
  frac4on	
  



Equa4on	
  of	
  State:	
  Some	
  Thermodynamics	
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EOS	
  from	
  the	
  Free	
  Energy:	
  
f = f(n, T, Ye) = ✏� Ts

d

d( 1n )
= �n2 d

dn

P = n2 @f

@n

����
T,Ye

s = � @f

@T

����
n,Ye

µi =
@f

@ni

����
n,T

Obtain	
  thermodynamic	
  quan44es	
  via	
  deriva4ves	
  of	
  free	
  energy	
  f:	
  

Finding	
  the	
  EOS	
  =	
  min(f)	
  for	
  a	
  given	
  n,	
  T,	
  Ye.	
  This	
  also	
  fixes	
  mass	
  frac4ons	
  of	
  	
  
cons4tuent	
  par4cles.	
  
Typical	
  cons4tuents:	
  n,	
  p,	
  α,	
  representa4ve	
  nucleus	
  with	
  (A,Z)	
  or	
  NSE	
  ensemble	
  {A_i,	
  Z_i}.	
  	
  
At	
  high	
  densi4es:	
  exo4ca	
  such	
  as	
  hyperons,	
  kaons,	
  etc.	
  
Generally:	
  f = f

baryon

+ fe + f� (electrons,	
  photons	
  independent	
  of	
  baryons)	
  	
  

df = �Pd

✓
1

n

◆
+ sdT +

X

i

µid
⇣ni

n

⌘



Important	
  Equilibria	
  (1)	
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• Nuclear	
  Sta4s4cal	
  Equilibrium	
  (NSE)	
  
	
  -  At	
  T	
  >	
  0.5	
  MeV,	
  nuclear	
  forward	
  and	
  backward	
  reac4ons	
  go	
  into	
  

sta4s4cal	
  equilibrium	
  -­‐>	
  chemical	
  equilibrium:	
  

Ziµp +Niµn = µi

n =
X

i

niAi

Mass	
  conserva4on	
  

nYe = np + 2n↵ +
X

i

Zini

Charge	
  conserva4on	
  

Yi =
ni

n

Q = Zmp +Nmn �M(N,Z) A = N + Z

-  Saha-­‐like	
  equa4ons	
  for	
  abundances	
  	
  

YZi,Ai =

GZi,Ai

2

A
(mukT/(2⇡~)(3/2[A�1])

(⇢NA)
A�1Y Z

p Y N
n exp

✓
Q

kT

◆nuclear	
  part.	
  fn.	
  

nuclear	
  
species	
  i	
  

-  Abundances	
  completely	
  determined	
  by	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
  ⇢, T, Ye



Important	
  Equilibria	
  (2)	
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• Weak	
  equilibrium	
  (beta	
  equilibrium):	
  
	
  -  At	
  high	
  densi4es	
  (>1012	
  g/cm3),	
  weak	
  reac4ons	
  reach	
  equilibrium.	
  

p+ e� $ n+ ⌫e

-  In	
  hot	
  dense	
  ma?er:	
  neutrinos	
  trapped,	
  Ye	
  and	
  Yν	
  determined	
  
by	
  trapped	
  lepton	
  frac4on	
  Ylep.	
  

	
  

µp + µe = µn + µ⌫e

-  In	
  cold	
  dense	
  ma?er:	
  neutrinos	
  escape,	
  
Ye	
  completely	
  determined	
  by	
  ρ,	
  T.	
  
“neutrino-­‐less	
  beta	
  equilibrium”	
  
-­‐>	
  condi4on	
  in	
  old	
  neutron	
  stars	
  &	
  in	
  coalescing	
  NSNS	
  un4l	
  
	
  ~final	
  orbit.	
  

	
  

µ⌫e ⇡ 0



A	
  Simple	
  Neutron	
  Star	
  Equa4on	
  of	
  State	
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•  T=0,	
  pure	
  nonrela4vis4c	
  degenerate	
  neutron	
  &	
  proton	
  gas.	
  	
  
	
  

pF = (3⇡2~3)1/3n1/3

P = n2 @✏

@n
/ n5/3 � =

d lnP

d ln ⇢

����
s

=
5

3

✏(nn, np) =
3

5

p2F,n

2mn

nn

n
+

3

5

p2F,p

2mp

np

n

•  Composi4on	
  (nn,	
  np)	
  determined	
  by	
  neutrino-­‐less	
  beta	
  equilibrium.	
  
• Write	
  as	
  polytropic	
  EOS	
  for	
  fixed	
  (constant)	
  composi4on,	
  
e.g.	
  pure	
  neutrons:	
  

P = K⇢5/3

K = 5.3802⇥ 109 [cgs]



Equa4on	
  of	
  State	
  -­‐>	
  Neutron	
  Star	
  Structure	
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Newtonian:	
   dM

dr
= 4⇡r2⇢

GR:	
  

(no	
  maximum	
  mass!)	
  

gravita4onal	
  mass	
  	
  

baryonic	
  mass	
  

dMg

dr
= 4⇡r2⇢(1 + ✏/c2)

Radius	
  is	
  circumferen.al	
  radius!	
  

•  Solve	
  by	
  ODE	
  integra4on	
  from	
  r=0,	
  invert	
  P(ρ)	
  at	
  each	
  step	
  to	
  obtain	
  ρ.	
  

dP

dr
= �G(⇢(1 + ✏/c2) + P/c2)

M + 4⇡r3p/c2

r(r � 2GM/c2)

dMb

dr
=

4⇡r2q
1� 2GM

rc2

⇢

Tolman-­‐Oppenheimer-­‐Volkoff	
  



Equa4on	
  of	
  State	
  -­‐>	
  Neutron	
  Star	
  Structure	
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Maximum	
  mass:	
  0.8	
  M⊙!	
  

C.	
  D.	
  O?	
  @	
  YITP	
  GW	
  School,	
  March	
  2015	
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LaHmer	
  14,	
  
hLp://stellarcollapse.org	
  

NS+NS	
  

WD+NS	
  

NS	
  +	
  normal	
  star	
  

X-­‐ray	
  binaries	
  

PSR	
  J0348+0432	
  
2.01+-­‐0.04	
  M☉	
  
	
  
	
  

Most	
  massive:	
  
PSR	
  J1614-­‐2230	
  
1.97+-­‐0.04	
  M☉	
  
	
  



What	
  is	
  missing?	
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Nucleon-­‐Nucleon	
  Interac5on!	
  

⇢!

• Nuclear	
  force	
  is	
  NN	
  many-­‐body	
  
interac4on	
  =	
  “effec4ve”	
  strong	
  force	
  
interac4on.	
  
• Mediated	
  by	
  mesons:	
  	
  
π	
  (s=0),	
  σ	
  (s=0),	
  ω	
  (s=1),	
  ρ	
  (s=1)	
  
• Dependent	
  on	
  separa4on	
  and	
  spin	
  
orienta4on.	
  Scalar,	
  vector,	
  and	
  	
  
tensor	
  components.	
  	
  
Vector	
  component	
  is	
  repulsive.	
  

�

•  T=0,	
  interac4ng	
  pure	
  neutron	
  &	
  proton	
  gas.	
  	
  
	
  

✏(nn, np) =
3

5

p2F,n

2mn

nn

n
+

3

5

p2F,p

2mp

np

n
+
Vnp(nn, np)

n



Nucleon-­‐Nucleon	
  Interac4on	
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VNN = �g2⇡
e�2µ⇡r

r
+ g2!

e�µ!r

r

Example:	
  Bethe	
  &	
  Johnson	
  74	
  
2-­‐pion	
  exchange	
  a?rac4ve;	
  omega-­‐exchange	
  repulsive	
  

µ⇡ = m⇡/(~c)
µ! = m!/(~c)

g2⇡/(~c) = 10

g2!/(~c) = 29.6“Repulsive	
  
	
  	
  Core”	
  

short-­‐ranged	
  a?rac4ve	
  force	
  

nuclei	
  live	
  here!	
  

(Yukawa	
  
	
  poten4als!)	
  



“S4ffness”	
  of	
  the	
  Nuclear	
  EOS	
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� =
d lnP

d ln ⇢

����
s



Obtaining	
  an	
  EOS	
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• Brute	
  force:	
  Solve	
  quantum	
  many-­‐body	
  interac4ons	
  with	
  VNN	
  	
  
(e.g.	
  via	
  Hartree-­‐Fock	
  approach).	
  

• Mean	
  field	
  approxima4on	
  (write	
  down	
  Lagrangian	
  for	
  nucleons	
  
moving	
  in	
  effec4ve	
  meson	
  fields),	
  introduce	
  parameters	
  to	
  match	
  
laboratory	
  nuclei	
  or	
  observa4ons.	
  

• Phenomenological	
  approach:	
  Liquid	
  drop	
  model	
  with	
  parameters	
  
from	
  theory	
  (VNN),	
  experiments,	
  and	
  observa4ons.	
  



Neutrinos	
  

21	
  

+	
  an4-­‐par4cles:	
  

⌫̄e, ⌫̄µ, ⌫̄⌧
e+, µ+, ⌧+

Masses:	
  

Me� = 0.511MeV

M⌧� = 1777MeV

Mµ� = 105.7MeV

h?p://par4clezoo.net/	
  
	
  

not	
  shown:	
  	
  
an4-­‐neutrinos	
  	
  



Neutrinos	
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•  Stellar	
  collapse	
  &	
  core-­‐collapse	
  SNe:	
  
-­‐>	
  neutrinos	
  dominate	
  energe4cs,	
  	
  
	
  carry	
  away	
  99%	
  of	
  energy.	
  

-­‐>	
  poten4ally	
  crucial	
  for	
  driving	
  
	
  explosion.	
  

-­‐>	
  must	
  not	
  be	
  neglected!	
  

•  Neutron	
  star	
  mergers	
  (NSNS/BHNS):	
  
-­‐>	
  cool	
  hypermassive	
  NS,	
  	
  
	
  accre4on	
  torus,	
  can	
  drive	
  wind.	
  

-­‐>	
  affect	
  composi4on	
  of	
  ejected	
  material	
  
	
  –	
  set	
  Ye	
  -­‐>	
  r-­‐process	
  nucleosynthesis	
  	
  

-­‐>	
  must	
  not	
  be	
  neglected!	
  

O?	
  09	
  

Deaton+13	
  



Neutrino	
  Emission,	
  Sca?ering	
  &	
  Absorp4on	
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• Weak	
  interac4on:	
  charged	
  and	
  neutral	
  current	
  processes.	
  

•  Charged	
  current:	
  

p+ e�  ! n+ ⌫e

n+ e+  ! p+ ⌫̄e
W+,W�

Only	
  electron-­‐type	
  par4cipate	
  	
  
in	
  charged	
  current	
  interac4ons	
  
in	
  CCSN	
  &	
  merger	
  context.	
  

•  Neutral	
  current:	
   Z0

e�e+  ! ⌫i⌫̄i

NN  ! ⌫i⌫̄i
�̃  ! ⌫i⌫̄i

⌫i + (n, p, e+,�) �! ⌫i + (n, p, e+,�) (sca?ering)	
  

(plasmon	
  decay)	
  

(nucleon-­‐nucleon	
  bremsstrahlung)	
  

(pair	
  annihila4on/crea4on)	
  

+	
  	
  neutrino	
  
	
  oscilla4ons	
  

Emission:	
  

/ T 9

� / ✏2⌫



Neutrino	
  Transport	
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•  Con5nuum	
  assump5on	
  of	
  fluid	
  dynamics	
  	
  
fails	
  for	
  neutrinos.	
  

•  Kine4c	
  Theory	
  (Boltzmann	
  transport)	
  
6+1D	
  problem:	
  3D	
  space,	
  	
  	
  
3D	
  (є,	
  θ,	
  φ)	
  momentum	
  space.	
  

•  Limi4ng	
  cases	
  –	
  easy	
  to	
  handle:	
  
(1)	
  Diffusion	
  (isotropic	
  radia4on	
  field)	
  
(2)	
  Free	
  streaming	
  	
  

	
  (“forward-­‐peaked”	
  radia4on	
  field)	
  



Example:	
  Neutrino	
  Radia4on	
  Field	
  in	
  a	
  CCSN	
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30	
  km	
  

60	
  km	
  

120	
  km	
  

240	
  km	
  

moving	
  
out	
  on	
  
equator	
  

specific	
  neutrino	
  intensity	
  



Handling	
  Neutrino	
  Transport	
  in	
  Simula4ons	
  (1)	
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(1) 	
  Ignore	
  it.	
  
	
  Mergers:	
  okay	
  for	
  inspiral	
  &	
  merger,	
  postmerger	
  evolu4on	
  wrong.	
  
	
  CCSN:	
  not	
  an	
  op4on.	
  

Neutrino	
  transport	
  dominates	
  computa4onal	
  complexity	
  of	
  
merger	
  and	
  CCSN	
  simula4ons.	
  	
  
Need	
  efficient	
  &	
  accurate	
  approxima4on.	
  

(2)  Neutrino	
  “leakage”	
  (energy	
  averaged	
  [gray],	
  or	
  energy-­‐dependent)	
  
(e.g.,	
  Ruffert+96,Rosswog+03,O’Connor&O?’10,Sekiguchi+11,Deaton+13,Perego+14)	
  
Es4mate	
  neutrino	
  op4cal	
  depth:	
  
	
  
Es4mate	
  diffusion	
  4me:	
  
	
  
Interpolate	
  between	
  diffusion	
  and	
  free	
  emission:	
  
Leakage	
  captures	
  overall	
  energe4cs	
  &	
  
lepton	
  #	
  changes;	
  incorrect	
  in	
  detail.	
  

⌧⌫ =

Z
⌫dr

Tdi↵ ⇠ ⌧�r

c

Qleak =
Qfree

1 +Qfree/Qdi↵

Qdi↵ = E⌫/Tdi↵



Handling	
  Neutrino	
  Transport	
  in	
  Simula4ons	
  (2)	
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(3)  Flux-­‐limited	
  diffusion	
  (gray	
  or	
  energy-­‐dependent)	
  
	
  (e.g.,	
  Bruenn+85,Burrows+95,Dessart+09,	
  Burrows+07)	
  
	
  Solve	
  equa4on	
  for	
  0th	
  moment	
  (energy	
  density),	
  use	
  ad-­‐hoc	
  
	
  “limiter”	
  to	
  interpolate	
  between	
  diffusion	
  and	
  free	
  streaming.	
  

	
  
	
  

	
  Works	
  well	
  in	
  1D,	
  2D,	
  in	
  3D	
  problema4c	
  due	
  to	
  need	
  for	
  implicit	
  
	
  4me	
  integra4on	
  (inversion	
  of	
  large	
  matrix).	
  Causality	
  issues.	
  

(4)	
  Isotropic	
  diffusion	
  source	
  approxima5on	
  (energy-­‐dependent)	
  
	
  (Liebendoerfer+09,	
  1D	
  version	
  available	
  as	
  open	
  source)	
  
	
  Split	
  radia4on	
  field	
  into	
  diffusive	
  and	
  free-­‐streaming	
  part;	
  
	
  evolved	
  separately.	
  Free-­‐streaming	
  angle	
  dependent,	
  but	
  
	
  assumed	
  sta4onary	
  -­‐>	
  ellip4c	
  equa4on.	
  
	
  Good	
  results,	
  but	
  expensive	
  in	
  full	
  3D.	
  	
  
	
  “ray-­‐by-­‐ray”	
  approach	
  (e.g.,	
  Suwa+10,14,Takiwaki+13,14).	
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(5)  Two-­‐Moment	
  approxima5on	
  (gray	
  or	
  energy-­‐dependent)	
  
with	
  analy4c	
  or	
  variable	
  Eddington	
  factor.	
  	
  
(e.g.,	
  Rampp	
  &	
  Janka	
  02,	
  Mueller+09,	
  Shibata+11,	
  Kuroda+13,15,	
  Roberts	
  13,	
  Just+15,	
  
Foucart+15,	
  Sekiguchi+15	
  O’Connor	
  15:	
  GR1D	
  h?p://gr1dcode.org	
  -­‐-­‐	
  open	
  source.)	
  
Equa4ons	
  for	
  0-­‐th	
  and	
  1-­‐st	
  moment.	
  Analy4c	
  closure	
  rela4on	
  (“M1	
  
approxima4on”)	
  or	
  closure	
  by	
  solu4on	
  of	
  4me-­‐independent	
  Boltzmann	
  
equa4on	
  (MPA	
  Garching).	
  

(6) 	
  Monte-­‐Carlo	
  (e.g.,	
  Abdikamalov+12)	
  
	
  Direct	
  simula4on	
  by	
  Monte-­‐Carlo	
  experiment.	
  Promising,	
  but	
  so	
  	
  
	
  far	
  only	
  1D	
  implementa4on.	
  

(7) 	
  SN	
  discre5za5on	
  (e.g.,	
  Livne+04,O?+08,Nagakura+14,Sumiyoshi+12,15)	
  
	
  Direct	
  discre4za4on	
  in	
  angle.	
  Extremely	
  computa4onally	
  intense.	
  
	
  Yields	
  fully	
  4me-­‐dependent	
  solu4on	
  of	
  Boltzmann	
  equa4on.	
  	
  
	
  1D,	
  2D,	
  3D,	
  but	
  2D	
  and	
  3D	
  expensive.	
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•  Neutron	
  Star	
  +	
  Neutron	
  Star	
  (NSNS)	
  
•  Black	
  Hole	
  +	
  Neutron	
  Star	
  (BHNS)	
  

M1	
  ~	
  M2	
  ~	
  1.4	
  MSun	
  
-­‐>	
  galac4c	
  NSNS	
  binaries!	
  

MBH	
  ~	
  7-­‐10	
  x	
  MNS	
  (Belczynski+’10)	
  	
  
(but	
  no	
  BHNS	
  systems	
  known)	
  

credit:	
  D.	
  Tsang	
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m1,	
  m2	
  

M	
  =	
  m1+m2	
  

Prompt	
  BH	
  

HMNS	
  -­‐>	
  BH	
  

Stable	
  NS	
  Remnant	
  

Outcome	
  most	
  sensi4ve	
  to	
  total	
  mass	
  of	
  binary	
  and	
  
nuclear	
  EOS.	
  

M	
  <	
  Mmax(EOS)	
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NSNS	
  Postmerger	
  Evolu4on	
  
Sekiguchi+11a,	
  see	
  also	
  Sekiguchi+15	
   H.	
  Shen	
  EOS	
  

HMNS:	
  support	
  by	
  differen4al	
  rota4on,	
  only	
  small	
  thermal	
  contribu4on.	
  
Secular	
  evolu4on:	
  governed	
  by	
  energy	
  loss	
  to	
  GWs,	
  neutrinos,	
  and	
  angular	
  
momentum	
  redistribu4on	
  by	
  3D	
  torques	
  /	
  magnetorota4onal	
  instability.	
  

L:	
  2x1.35	
  M⦿;	
  	
  
M:	
  2x1.5	
  M⦿;	
  	
  
H:	
  2x1.6	
  M⦿	
  

Total	
  baryonic	
  masses:	
  
(2.90,	
  3.28,	
  3.54)	
  M⦿	
  	
  
	
  
TOV:	
  	
  2.56	
  M⦿;	
  	
  
uniform	
  rot.:	
  3.05	
  M⦿;	
  	
  
diff.	
  rot:	
  no	
  formal	
  limit	
  
-­‐>	
  see	
  also	
  	
  
	
  Bauswein+10,12,14,15	
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NSNS	
  Postmerger	
  Evolu4on	
  

plus and cross modes of GWs extracted from the metric in
the local wave zone. The waveforms are composed of the
so-called chirp waveform, which is emitted when the BNS
is in an inspiral motion (for tret & tmerge), and the merger

waveform (for tret * tmerge), on which we here focus. For

the HMNS formation, the merger waveforms are com-
posed of quasiperiodic waves for which h & 10!22 for
D ¼ 100 Mpc and the peak frequencies are in a narrow
range fpeak ¼ 2:1–2:5 kHz depending weakly on M. They

agree with that in the approximate general relativistic study
[12]. Note that fpeak depends on adopted EOS [12], and we

will describe the dependence of GWs on EOS elsewhere.

The accumulated effective amplitude, heff #0:4hðf!TÞ1=2,
is much larger where the factor 0.4 comes from the aver-
ages of angular direction of the source and rotational axis
of the HMNS. Figure 4(b) shows the effective amplitude
defined by 0:4hðfÞf& 4–6' 10!22 for D ¼ 100 Mpc,
where hðfÞ is the absolute value of the Fourier transforma-
tion of hþ þ ih'. This suggests that for a specially
designed version of advanced GW detectors such as broad-
band LIGO, which has a good sensitivity for a high-
frequency band, GWs from the HMNS oscillations may

be detected with S=N ¼ 5 if D & 20 Mpc or the source is
located in an optimistic direction.
Summary.—We have reported the first results of the

numerical-relativity simulation performed incorporating
both a finite-temperature (Shen’s) EOS and neutrino cool-
ing effect. We showed that for such a stiff EOS, HMNS is
the canonical outcome and BH is not promptly formed
after the onset of the merger as long as the total mass of
the system is smaller than 3:2M). The primary reason is
that thermal pressure plays an important role for sustaining
the HMNS. We further showed that the lifetime of the
formed HMNS with mass & 3M) is much longer than its
dynamical time scale,* 10 ms, and will be determined by
the time scale of neutrino cooling. Neutrino luminosity of
the HMNS was shown to be high as &3–10' 1053 erg=s.
The effective amplitude of GWs is 4–6' 10!22 at fpeak ¼
2:1–2:5 kHz for a source distance of 100 Mpc. If the BNS
merger happens at a relatively short source distance or is
located in an optimistic direction, such GWs may be
detected and HMNS formation will be confirmed.
Numerical simulations were performed on SR16000 at

YITP of Kyoto University and on SX9 and XT4 at CfCA
of NAOJ. This work was supported by Grant-in-Aid
for Scientific Research (21018008, 21105511, 21340051,
22740178), by Grant-in-Aid for Scientific Research
on Innovative Area (20105004), and HPCI Strategic
Program of Japanese MEXT.
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FIG. 4 (color online). (a) GWs observed along the axis per-
pendicular to the orbital plane for the hypothetical distance
to the source D ¼ 100 Mpc. (b) The effective amplitude of
GWs as a function of frequency for D ¼ 100 Mpc. The noise
amplitudes of Advanced Laser Interferometer Gravitational
wave Observatories (adv. LIGO), broadband configuration of
Advanced LIGO (bro. LIGO), and Large-scale Cryogenic
Gravitational wave Telescope (LCGT) are shown together.
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Sekiguchi+	
  ‘11	
  

Mass	
  [MSun]	
  

1.35	
  +	
  1.35	
  

1.50	
  +	
  1.50	
  	
  

1.60	
  +	
  1.60	
  	
  

Sekiguchi+11a,	
  see	
  also	
  Sekiguchi+15	
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BHNS	
  Merger	
  Scenarios	
  

•  Tidal	
  disrup4on	
  or	
  complete	
  
“swallow”.	
  

•  The	
  greater	
  BH	
  spin	
  a*,	
  the	
  
stronger	
  disrup4on.	
  

•  The	
  larger	
  MBH,	
  the	
  more	
  spin	
  
required	
  for	
  disrup4on.	
  

•  Typical	
  BH/NS	
  mass-­‐ra4o	
  
uncertain.	
  	
  
Best	
  guess:	
  7:1	
  –	
  10:1.	
  

•  Spins	
  likely	
  misaligned	
  -­‐>	
  
precession.	
  

a⇤ =
J

M2
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BHNS	
  Merger	
  Scenarios	
  
Kyohei	
  Kawaguchi	
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BHNS	
  Merger	
  Scenarios:	
  Remnant	
  

F.	
  Foucart,	
  SXS	
  

a⇤
=

J M
2
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•  NSNS	
  &	
  NSBH	
  mergers	
  eject	
  neutron	
  rich	
  material.	
  

•  NSNS:	
  (e.g.,	
  Sekiguchi+15)	
  
- Dynamical	
  at	
  merger:	
  4dal	
  tails,	
  shock	
  hea4ng.	
  
Ou�low	
  mass:	
  10-­‐3	
  –	
  10-­‐2	
  M⊙	
  

- Postmerger	
  (neutrino-­‐driven)	
  ou�lows.	
  
- Typical	
  Ye	
  ~0.2	
  –	
  0.3.	
  

•  BHNS:	
  (e.g.,	
  Foucart+15)	
  
- Dynamical	
  at	
  4dal	
  disrup4on,	
  0.05	
  –	
  0.1	
  M⊙,	
  Ye	
  <	
  0.1.	
  
- Disk	
  wind.	
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  Nucleosynthesis:	
  Rapid	
  Neutron	
  Capture	
  

C.	
  D.	
  O?	
  @	
  YITP	
  GW	
  School,	
  March	
  2015	
   39	
  

Sneden	
  &	
  Coward	
  03	
  

Peaks	
  at	
  A=80,130,195	
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Ye	
  =	
  0.01	
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Ye	
  =	
  0.25	
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•  CCSN	
  Mass:	
  ∼7	
  MSUN	
  ≤	
  M	
  ≤	
  ∼100	
  MSUN.	
  

M	
  <	
  ∼7	
  MSUN	
   ∼7	
  MSUN	
  <	
  M	
  <	
  ∼10	
  MSUN	
  

•  Nuclear	
  Burning:	
  	
  
H	
  -­‐>	
  He	
  -­‐>	
  C/O	
  -­‐>	
  O/Ne/Mg	
  -­‐>	
  Si	
  -­‐>	
  Fe	
  

M	
  >	
  ∼10	
  MSUN	
  

C-­‐O	
  White	
  Dwarf	
  

O-­‐Ne	
  White	
  Dwarf	
  

(Red	
  
	
  	
  Super-­‐	
  
	
  	
  giant	
  )	
  

•  Key	
  parameters	
  
controlling	
  stellar	
  evolu4on:	
  
§  Mass	
  
§  Metallicity	
  (mass	
  frac4on	
  of	
  
elements	
  heavier	
  than	
  H,	
  He)	
  

§  Binary	
  Interac4ons	
  
§  Rota5on	
  
	
  

Envelope	
  
ejec5on	
  



Massive	
  Star	
  Evolu4on	
  

C.	
  D.	
  O?	
  @	
  Caltech,	
  Ay111,	
  2014/02/24	
   44	
  

exoergic	
   endoergic	
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Betelgeuse,	
  M	
  ~	
  20	
  M☉,	
  R	
  ~	
  8	
  x	
  1013	
  cm	
  ~	
  1000	
  R☉	
  
(HST)	
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ρc	
  ≈	
  1010	
  g/cm3	
  
T	
  ≈	
  1	
  MeV	
  
Ye	
  ≈	
  0.5	
  

(in	
  reality:	
  	
  T	
  lower	
  	
  
and	
  Ye	
  slightly	
  lower)	
  

What	
  produces	
  the	
  pressure?	
  

ions	
  (iron-­‐group	
  nuclei)	
  

electrons	
  

photons	
  

What	
  dominates?	
  

Hydrosta4cs	
  of	
  the	
  Iron	
  Core	
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ρc	
  ≈	
  1010	
  g/cm3	
  
T	
  ≈	
  1	
  MeV	
  
Ye	
  ≈	
  0.5	
  

(in	
  reality:	
  	
  T	
  lower	
  	
  
and	
  Ye	
  slightly	
  lower)	
  

Pe = 1028
✓
Ye

0.5

◆4/3 ✓ ⇢

1010 g cm�3

◆4/3

dyn cm�2

P� =
1

3
aT 4 = 4.6⇥ 1025

✓
T

1MeV

◆4

dyn cm�2

P
ion

= 1.7⇥ 1026
✓

⇢

1010 g cm�3

◆✓
T

1MeV

◆
dyn cm�2

Equa4on	
  of	
  state	
  in	
  the	
  Iron	
  Core	
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ρc	
  ≈	
  1010	
  g/cm3	
  
T	
  ≈	
  1	
  MeV	
  
Ye	
  ≈	
  0.5	
  

(in	
  reality:	
  	
  T	
  lower	
  	
  
and	
  Ye	
  slightly	
  lower)	
  

•  Chandrasekhar:	
  	
  
	
  MCh,e↵ ⇡ 1.44

✓
Ye

0.5

◆2

M�

No	
  equilibrium	
  solu4ons	
  exists	
  for	
  
rela4vis4c	
  &	
  degenerate	
  electron	
  gas	
  for	
  

M > MCh,e↵

+	
  correc4ons:	
  
	
  	
  	
  	
  GR,	
  thermal,	
  
	
  	
  	
  	
  surface	
  P	
  etc.	
  

-­‐>	
  radial	
  instability	
  -­‐>	
  core	
  collapse!	
  
Two	
  ways	
  to	
  get	
  there:	
  

(1)  Silicon	
  shell	
  burning	
  adding	
  mass	
  to	
  
	
  the	
  core.	
  

(2)  Reduc4on	
  of	
  Ye.	
  
-­‐>	
  electron	
  capture	
  

Onset	
  of	
  Collapse	
  

p+ e� ! n+ ⌫e
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In	
  collapse,	
  pressure	
  support	
  is	
  reduced	
  by	
  

•  Photodissocia5on	
  of	
  heavy	
  nuclei:	
  ∼125	
  MeV/reac4on	
  

•  Electron	
  Capture	
  

• Neutrinos	
  stream	
  off	
  almost	
  freely	
  at	
  densi4es	
  below	
  ∼1012	
  g/cm3.	
  
-­‐>	
  core	
  “deleptonizes”	
  during	
  collapse.	
  	
  
• Net	
  entropy	
  change	
  is	
  small,	
  	
  
-­‐>	
  collapse	
  proceeds	
  prac5cally	
  adiaba5cally.	
  



Deleptoniza4on	
  

C.	
  D.	
  O?	
  @	
  YITP	
  GW	
  School,	
  March	
  2015	
   50	
  

Liebendörfer	
  2005	
  



Neutrino	
  Trapping	
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Neutrino	
  
mean-­‐free	
  path:	
  

• For	
  ρ	
  ≥	
  3	
  x	
  1012	
  g/cm3,	
  diffusion	
  4me	
  τdiff	
  >>	
  collapse	
  4me	
  	
  
-­‐>	
  neutrinos	
  become	
  dynamically	
  trapped	
  in	
  the	
  collapsing	
  core.	
  

Beta	
  Equilibrium	
  

Deleptoniza5on	
  
stopped	
  

Detailed	
  simula4ons:	
  
• Consequences:	
  

• Collapse	
  phase:	
  Neutrino	
  opacity	
  dominated	
  by	
  coherent	
  
neutrino-­‐nucleus	
  sca?ering:	
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s4ll	
  collapsing...	
  



Self-­‐Similarity	
  in	
  Core	
  Collapse	
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• Separa4on	
  into	
  homologously	
  (v∝r)	
  collapsing	
  inner	
  core	
  
and	
  supersonically	
  collapsing	
  outer	
  core.	
  	
  

Schema4c	
  View	
  of	
  Spherical	
  Collapse	
  

Analy4c	
  similarity	
  solu4ons:	
  
Goldreich	
  &	
  Weber	
  1980	
  
Yahil	
  &	
  La�mer	
  1982	
  
Yahil	
  1983	
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Nuclear	
  Sta4s4cal	
  Equilibrium	
  (ρ	
  >	
  107	
  g/cm3,	
  T	
  >	
  0.5	
  MeV)	
  
-­‐>	
  P	
  =	
  P(ρ,T,Ye)	
  
Composi4on	
  determined	
  
by	
  Saha-­‐type	
  equa4on.	
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Nuclear	
  Sta4s4cal	
  Equilibrium	
  (ρ	
  >	
  107	
  g/cm3,	
  T	
  >	
  0.5	
  MeV)	
  
-­‐>	
  P	
  =	
  P(ρ,T,Ye)	
  
Composi4on	
  determined	
  
by	
  Saha-­‐type	
  equa4on.	
  

P ⇡ K⇢�

� =
d lnP

d ln ⇢

����
s

⇡ 4
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Nuclear	
  Sta4s4cal	
  Equilibrium	
  (ρ	
  >	
  107	
  g/cm3,	
  T	
  >	
  0.5	
  MeV)	
  
-­‐>	
  P	
  =	
  P(ρ,T,Ye)	
  
Composi4on	
  determined	
  
by	
  Saha-­‐type	
  equa4on.	
  

P ⇡ K⇢�

� =
d lnP

d ln ⇢

����
s

⇡ 4

3

Something	
  happens	
  
near	
  1014	
  g/cm3	
  !	
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� =
d lnP

d ln ⇢

����
s

Nuclear	
  Physics:	
  

Nuclear	
  Density:	
  

⇢nuc ⇠ 2.7⇥ 1014 g cm�3

“S4ffening”	
  
of	
  the	
  EOS	
  

nnuc ⇠ 0.16 fm�3
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d ln ⇢

����
s

Nuclear	
  Physics:	
  

Nuclear	
  Density:	
  

⇢nuc ⇠ 2.7⇥ 1014 g cm�3

nnuc ⇠ 0.16 fm�3

nucleons,	
  alphas,	
  nuclei	
  

pure	
  	
  
nucleons	
  

Phase	
  transi5on	
  from	
  
inhomogeneous	
  to	
  
homogeneous	
  (bulk)	
  
nuclear	
  maLer	
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•  Inner	
  Core	
  reaches	
  ρnuc,	
  rebounds	
  (“bounces”)	
  into	
  s5ll	
  
infalling	
  outer	
  core.	
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Shock	
  Forma4on	
  

• S4ffening	
  of	
  EOS	
  leads	
  to	
  sound	
  wave	
  that	
  propagates	
  through	
  
the	
  inner	
  core	
  and	
  steepens	
  to	
  a	
  shock	
  at	
  the	
  sonic	
  point.	
  

Credit:	
  	
  
E.	
  Müller	
  
Saas-­‐Fee	
  Lectures	
  1998	
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Radius	
  (km)	
  

Movie	
  by	
  
Evan	
  O’Connor	
  

The	
  Supernova	
  Problem	
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Janka	
  et	
  al.	
  2007	
  

• Shock	
  loses	
  energy	
  to:	
  
– Dissocia4on	
  of	
  infalling	
  
heavy	
  nuclei:	
  	
  
∼8.8	
  MeV/baryon	
  
-­‐>	
  17	
  x	
  1051	
  erg	
  /	
  M⊙	
  

– Neutrinos	
  that	
  stream	
  
away	
  from	
  behind	
  the	
  
shock.	
  

Inner	
  core	
  	
  -­‐>	
  Core	
  of	
  the	
  proto-­‐ 	
  
	
  neutron	
  star	
  (PNS)	
  



Neutrino	
  Burst	
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• Op4cal	
  depth	
  

• Neutrinosphere:	
  
	
  
	
  
Depends	
  on	
  (єν)2	
   Trapping	
  

Thompson	
  et	
  al.	
  2003	
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Neutrinos	
  from	
  	
  
SN	
  1987A	
  

Georg Raffelt, Max-Planck-Institut für Physik, München, Germany Twenty Years After SN 1987A, 23-25 February 2007, Hilton Waikola, Hawaii

Neutrino Burst of Supernova 1987ANeutrino Burst of Supernova 1987A

Within clock uncertainties,Within clock uncertainties,

signals are contemporaneoussignals are contemporaneous

KamiokandeKamiokande--II (Japan)II (Japan)

Water Cherenkov detectorWater Cherenkov detector

2140 tons2140 tons

Clock uncertainty  Clock uncertainty  rr1 min1 min

IrvineIrvine--MichiganMichigan--Brookhaven (US)Brookhaven (US)

Water Cherenkov detectorWater Cherenkov detector

6800 tons6800 tons

Clock uncertainty  Clock uncertainty  rr50 ms50 ms

Baksan Scintillator TelescopeBaksan Scintillator Telescope

(Soviet Union), 200 tons(Soviet Union), 200 tons

Random event cluster ~ 0.7/dayRandom event cluster ~ 0.7/day

Clock uncertainty  Clock uncertainty  +2/+2/--54 s54 s

G.	
  Raffelt	
  

Observed	
  about	
  20	
  neutrinos	
  from	
  
SN	
  1987A	
  in	
  the	
  LMC	
  in	
  
Kamiokande	
  II	
  (Japan)	
  and	
  IMB	
  (US)	
  
experiments.	
  

Confirma4on	
  of	
  the	
  basics	
  of	
  core-­‐
collapse	
  supernova	
  theory.	
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What	
  is	
  the	
  Mechanism	
  of	
  shock	
  revival?	
  

The	
  Supernova	
  Problem	
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Explosion	
  mechanism	
  must	
  tap	
  the	
  gravita5onal	
  
energy	
  reservoir	
  and	
  convert	
  the	
  necessary	
  

frac5on	
  into	
  energy	
  of	
  the	
  explosion.	
  

•  Collapse	
  to	
  neutron	
  star:	
  	
  
∼3	
  x	
  1053	
  erg	
  =	
  300	
  Bethe	
  [B]	
  gravita4onal	
  energy.	
  

•  ∼1051	
  erg	
  =	
  1	
  B	
  kine4c	
  and	
  internal	
  energy	
  of	
  the	
  ejecta.	
  
(Extreme	
  cases:	
  1052	
  erg;	
  “hypernova”)	
  

•  99%	
  of	
  the	
  energy	
  is	
  radiated	
  as	
  neutrinos	
  over	
  hundreds	
  
of	
  seconds	
  as	
  the	
  protoneutron	
  star	
  (PNS)	
  cools.	
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Magneto-­‐Hydrodynamics	
  /	
  Plasma	
  Physics	
  

Nuclear	
  and	
  Neutrino	
  Physics	
  

General	
  Rela4vity	
  

Transport	
  Theory	
  

Dynamics	
  of	
  the	
  stellar	
  fluid.	
  

Nuclear	
  EOS,	
  nuclear	
  	
  
reac4ons	
  &	
  ν	
  interac4ons.	
  

Gravity	
  

Neutrino	
  transport.	
  Fu
lly
	
  c
ou

pl
ed

!	
  

•  Addi4onal	
  Complica4on:	
  Supernovae	
  are	
  3D	
  	
  
–  Rota4on,	
  fluid	
  instabili5es	
  (convec4on,	
  turbulence,	
  advec4ve-­‐acous4c,	
  
rota4onal),	
  MHD,	
  precollapse	
  mul4-­‐D	
  perturba4ons.	
  
-­‐>	
  Need	
  mul5-­‐D	
  (ideally	
  3D)	
  treatment.	
  

•  Route	
  of	
  A?ack:	
  Computa5onal	
  Simula5on	
  
–  First	
  1D	
  computa4ons	
  in	
  the	
  late	
  1960’s:	
  Colgate	
  &	
  White,	
  ArneL,	
  Wilson	
  
–  Best	
  current	
  simula4ons	
  s4ll	
  1D.	
  
–  Good	
  2D	
  Models	
  (with	
  various	
  approxima5ons	
  [Gravity/Transport]).	
  
–  First	
  3D	
  Models.	
  

Core-­‐Collapse	
  Supernova	
  Simula5ons	
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Gain	
  Radius	
  

•  Neutrino-­‐driven	
  mechanism:	
  
Based	
  on	
  subtle	
  imbalance	
  
between	
  neutrino	
  hea4ng	
  
and	
  cooling	
  in	
  postshock	
  
region.	
  	
  

, T 9
Bethe	
  &	
  Wilson	
  1985	
  

Neutrino	
  cooling:	
  
Neutrino	
  hea4ng:	
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GR1D	
  simula4on	
  
h?p://stellarcollapse.org/	
  

Pd + ⇢dv
2
d = Pu + ⇢uv

2
u

Rankine-­‐Hugoniot:	
  Momentum	
  balance	
  

Pd + ⇢dv
2
d

⇢uv
2
u (� Pu)

downstream	
   upstream	
  

stalled	
  
shock	
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GR1D	
  simula4on	
  
h?p://stellarcollapse.org/	
  

Pd + ⇢dv
2
d = Pu + ⇢uv

2
u

Rankine-­‐Hugoniot:	
  Momentum	
  balance	
  

Pd + ⇢dv
2
d

⇢uv
2
u (� Pu)

downstream	
   upstream	
  

stalled	
  
shock	
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•  Yes!	
  
BUT:	
  	
  
Only	
  for	
  lowest-­‐mass	
  
massive	
  stars.	
  
	
  
	
  

•  FAILS	
  in	
  spherical	
  
symmetry	
  (1D)	
  for	
  more	
  
massive	
  stars	
  in	
  
simula4ons	
  with	
  best	
  
neutrino	
  physics	
  and	
  
neutrino	
  transport	
  

Kitaura+06	
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Failure	
  of	
  the	
  Neutrino	
  Mechanism	
  in	
  1D	
  

Marek	
  &	
  Janka	
  2009	
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[O
L
	
  e
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  2
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Neutrino-­‐Driven	
  
Convec5on	
  

Standing	
  Accre5on	
  
Shock	
  Instabilty	
  
(SASI)	
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(1)	
  	
  Lateral/azimuthal	
  flow:	
  
	
  “Dwell	
  4me”	
  in	
  gain	
  
	
  region	
  increases.	
  

(2)	
  	
  Turbulent	
  ram	
  pressure	
   	
  	
  
	
  (Couch&O?	
  15,	
  Murphy+13,	
  
	
  	
  Müller&Janka	
  14)	
  

Reynolds	
  stress	
  tensor:	
  

Effec4ve	
  ram	
  pressure:	
  
Pturb = ⇢Rrr

Rij = �vi�vj
�vi = vi � vi
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O?+13,	
  
ApJ	
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Bruenn+13,14	
  

•  2D	
  (axisymmetric)	
  simula4ons	
  explode.	
  
•  3D:	
  explosions	
  appear	
  harder	
  (-­‐>because	
  turbulent	
  pressure	
  lower?).	
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lution studies obtain a monotonic increase of the iron-core
mass (or bounce compactness; see Fig. 9 of O’Connor & Ott
2011) versus main-sequence mass (Limongi & Chieffi 2006;
see also Hirschi et al. 2004, 2005), while some show an anti-
correlation beyond ⇠40 M� (Woosley & Heger 2007). The
primary reason for this are differing prescriptions for rate and
time of mass loss, one of the major uncertainties in massive
star evolution (see also the discussions in Hirschi et al. 2005
and O’Connor & Ott 2011).

3. METHODS & INITIAL MODEL SET

In this work, we use the open-source, spherically symmet-
ric, general relativistic, Eulerian hydrodynamics code GR1D
(O’Connor & Ott 2010). Rotation is included through a
centrifugal-acceleration term in the momentum equation —
this is the most important dynamical feature of rotation rel-
evant to core collapse. However, GR1D cannot account for
the associated deviations from spherical symmetry nor any
angular-momentum redistribution. We select the equation of
state (EOS) from Lattimer & Swesty (1991) characterized by
a nuclear incompressibility of 220MeV (hereafter referred to
as the LS220 EOS). This EOS provides the best match to both
mass and mass-radius constraints from observations and nu-
clear theory (Demorest et al. 2010; Özel et al. 2010; Steiner
et al. 2010; Hebeler et al. 2010). GR1D uses an efficient neu-
trino leakage/heating scheme that qualitatively reproduces the
salient features of neutrino transport. We refer the reader to
O’Connor & Ott (2010, 2011) for additional details on GR1D
and our methodology.

As described above, the only stellar-evolutionary models
for LGRB progenitors that are evolved until the onset of col-
lapse are those proposed by Woosley & Heger (2006). We
thus focus on their model dataset for our investigation on the
dynamics of the core-collapse SN engine and the potential
formation of a black hole in the collapsar context. Using
KEPLER, Woosley & Heger (2006) investigated a rather nar-
row range of progenitor masses, but varied the initial rotation
rate (solid-body rotation is assumed initially) and environ-
mental metallicity from solar to 1% solar (with an additional
tunable factor as low as 0.1 for the metallicity-dependent mass
loss rate, equivalent to a reduction in metallicity by a factor of
100 in their mass-loss prescription). Arguing that the inferred
mass of LGRB/SN ejecta known in 2006 is on the order of
10 M�, and since higher-mass stars may lose too much angu-
lar momentum through stellar winds (even at low metallicity),
they focused primarily on lower-mass progenitors, with main-
sequence masses of 12 and 16 M�,5 with the exception of one
35 M� model set.

We adopt the same nomenclature as for their 12-, 16- and
35-M� models. It comprises the model’s main-sequence
mass, followed by a letter denoting the environmental metal-
licity (‘S’ for solar, ‘O’ for 10% solar, and ‘T’ for 1% solar).
An additional letter is appended to individualize the models
done with different WR mass-loss rate prescriptions, allow-
ing or not for magnetic effects, and the total angular momen-
tum of the star. 16-M� helium models are denoted by ‘HE16’
followed by an individualizing capital letter.

In this work, we simulate the collapse and post-bounce evo-
lution with GR1D for all these progenitor models, with a pri-

5 They also perform simulations for 16-M� helium cores and find compa-
rable outcomes.
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Figure 1. Angular velocity ⌦(r) versus radius r at both the pre-SN stage
(dashed lines) and at core bounce (solid lines) for selected models of Woosley
& Heger (2006). The inner homologously collapsing core maintains its initial
uniform rotation throughout collapse.

mary focus on determining their ability to produce the key
features of the collapsar model: A black hole together with a
Keplerian disk. As we discuss in the following section, black-
hole formation is not obviously guaranteed in any of these
dying stars.

4. NOTES ON ROTATING CORE COLLAPSE

Since LGRBs seem fundamentally related to rapid rotation,
it is useful to summarize a few facts and concepts related to
the gravitational collapse of rotating iron cores in massive
stars. First, it is reasonable to assume (which is borne out by
simulations, e.g., Heger et al. 2005) that the iron core, in its
pre-collapse state, will be approximately uniformly rotating.
Such a solid-body rotation corresponds to the lowest energy
state at fixed total angular momentum and will be assumed on
a secular timescale by any rotating fluid that has some means
to redistribute angular momentum.

Rotating core collapse, even for the high pre-collapse rota-
tion rates of some of the potential LGRB progenitors that we
consider in this study, proceeds qualitatively in a very simi-
lar fashion to non-rotating collapse as long as the ratio of the
centrifugal acceleration acent to the gravitational acceleration
agrav, is small,

acent

agrav
=

⌦2(r)r
GM(r)r-2 =

⌦2(r)r3

GM(r)
⌧ 1 . (1)

Due to angular-momentum conservation, the angular velocity
behaves as ⌦(r) / r

-2. M(r) stays constant for a collapsing
mass shell, and, thus, the above ratio increases during collapse
as r

-1 and may potentially become large for small radii.
In the case of acent/agrav ⌧ 1, the collapsing rotating iron

core will behave like a non-rotating core and separate into a
subsonically collapsing inner core (|v

r

(r)| < c

s

(r)) and a su-
personically collapsing outer core (|v

r

(r)| > c

s

(r)). The in-
ner core exhibits a self-similar (homologous) velocity profile,
v(r) / r, until core bounce and shock formation (Goldreich
& Weber 1980). After core bounce, the inner core material
forms the core of the proto-neutron star and outer core ma-
terial accumulates at its edge. The mass of the inner core at

•  Core:	
  x	
  1000	
  spin-­‐up	
  
•  Differen4al	
  rota4on	
  -­‐>	
  reservoir	
  of	
  free	
  energy.	
  
•  Spin	
  energy	
  tapped	
  by	
  magnetorota4onal	
  instability	
  (MRI)?	
  

Dessart,	
  O’Connor,	
  OL	
  ‘12	
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[LeBlanc	
  &	
  Wilson	
  70,	
  Bisnovatyi-­‐Kogan	
  70,	
  	
  
	
  Burrows+	
  07,	
  Cerda-­‐Duran+07,	
  Takiwaki	
  &	
  Kotake	
  11,	
  Winteler+	
  12]	
  	
  

Rapid	
  Rota5on	
  +	
  
B-­‐field	
  amplifica5on	
  
(need	
  magnetorot.	
  
Instability	
  [MRI])	
  

Energe4c	
  bipolar	
  
explosions.	
  

Results	
  in	
  ms-­‐period	
  	
  
proto-­‐magnetar.	
  
GRB	
  connec4on?	
  

Burrows+07	
  

Burrows+07	
  

Caveat:	
  Need	
  high	
  	
  
core	
  spin;	
  only	
  in	
  	
  
very	
  few	
  progenitor	
  stars?	
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Burrows+’07	
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� =
Pgas

Pmag

Mösta+	
  2014	
  
ApJL	
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•  We	
  do	
  not	
  know	
  yet!	
  

Explosion criterion of massive stars 7

Fig. 4.— Compactness ⇠2.5 versus ZAMS mass for the s2002 (left) and s2013 progenitor series (plus MZAMS < 15 M� models) with exploding (red bars) and
non-exploding (gray bars) cases for all calibrations. The s2002 results for the s19.8 calibration agree well with Ugliano et al. (2012). Blue vertical and horizontal
lines indicate the values of the progenitors used for the calibrations.

(2012) are the following:

• The possibility of an explosion is coupled closely to
the progenitor-dependent strength and evolution of the
post-bounce accretion. This is achieved not only by tak-
ing into account the accretion luminosity through the
approximate neutrino transport scheme but also through
the response of the PNS-core to the presence of a hot
accretion mantle. The evolution of the latter is explic-
itly followed in our hydrodynamic simulations, which
track the accumulation of the collapsing stellar matter
around the inner PNS core. The existence of the man-
tle layer enters the analytic core model in terms of the

parameter macc for the mass of this layer and the corre-
sponding accretion rate ṁacc.

• The inner 1.1 M� core of the PNS is cut out and re-
placed by a contracting inner grid boundary and a corre-
sponding boundary condition in our model. This inner
core is considered to be the supranuclear high-density
region of the nascent NS, whose detailed physics is still
subject to considerable uncertainties. This region is re-
placed by an analytic description, whose parameters �,
Rc(t), and n (see Ugliano et al. 2012) are set to the
same values for all stars. This makes sense because the
supranuclear phase is highly incompressible, for which
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ideal Fermi-gas approximation (Liebendörfer et al. 2005;
O’Connor & Ott 2010). Leaving out this pressure contribution
leads to ⇠ 5% smaller maximum gravitational PNS masses.
We also include terms due to neutrino pressure and radiation-
field energy in the calculation of the gravitational mass (Equa-
tion 3) and of the metric potential (Equation 4). Since our
leakage scheme does not treat neutrino energy separately from
the internal energy of the fluid, including the energy of the
neutrino gas in the former equations is not fully consistent
with our present approach. This error was discovered and cor-
rected after all simulations were performed. However, a set of
test calculations showed that the error leads to an underesti-
mate of the maximum gravitational PNS mass of only ⇠ 2%
which is well within the error of the overall leakage scheme
(see also §4.2).

2.3. Equations of State and Maximum Neutron Star Masses

We include multiple finite-temperature nuclear EOS in this
study to explore the dependence of postbounce evolution and
BH formation on EOS properties. The Lattimer-Swesty (LS)
EOS (Lattimer & Swesty 1991) is based on the compress-
ible liquid-droplet model, assumes a nuclear symmetry en-
ergy Sv of 29.3MeV, and comes in three variants with differ-
ent values of the nuclear incompressibility of Ks = 180MeV
(LS180), 220MeV (LS220), and 375MeV (LS375). The EOS
of Shen et al. (1998a,b) (HShen EOS), on the other hand, is
based on a relativistic mean-field model, has Sv = 36.9MeV
and Ks = 281MeV. More details on these EOS and their im-
plementation in GR1D is given in O’Connor & Ott (2010).
The EOS tables and driver routines employed in this study are
available for download at http : //stellarcollapse.org.

By solving the Tolman-Oppenheimer-Volkoff (TOV) equa-
tions (Oppenheimer & Volkoff 1939) with T = 0.1MeV and
assuming neutrinoless �-equilibrium we determine the neu-
tron star baryonic and gravitational mass–radius relationships
that each of these four EOS produce and that are depicted by
Figure 1. The maximum gravitational (baryonic) neutron star
masses are ⇠ 1.83M� (⇠ 2.13M�), ⇠ 2.04M� (⇠ 2.41M�),
⇠ 2.72M� (⇠ 3.35M�), and ⇠ 2.24M� (⇠ 2.61M�) for
LS180, LS220, LS375, and HShen, respectively. The co-
ordinate radii of these maximum-mass stars are ⇠ 10.1km,
⇠ 10.6km, ⇠ 12.3km and ⇠ 12.6km, respectively.

The above maximum neutron star masses hold only for non-
rotating cold NSs. As we will discuss in detail in §4.3, the
PNSs at the heart of the failing CCSNe considered in this
work, are much hotter. They have central temperatures of
⇠ 10-20MeV and tens of MeV in their outer core and mantle.
Thermal effects have a significant effect on their maximum
masses.

In this study, we do not consider hyperonic EOS, e.g., the
hyperonic extension of the HShen EOS by Ishizuka et al.
(2008), or EOS involving other phases of nuclear matter, e.g.,
quarks and pions Nakazato et al. (2010). Such EOS are po-
tentially interesting in failing CCSNe, since their exotic com-
ponents lead to a softening of the EOS at high density, poten-
tially accelerating BH formation (Sumiyoshi et al. 2009). We
also do not consider EOS that include QCD phase transitions
that too may lead to early PNS collapse and potentially to a
second bounce and neutrino burst (Sagert et al. 2009).

3. MODEL SETUP

Figure 1. Baryonic (left) and gravitational (right) neutron mass–radius re-
lations for various hot nuclear EOS. The temperature is taken to be constant
throughout the star at T = 0.1MeV and the electron fraction is determined
through neutrinoless �-equilibrium with an imposed minimum of 0.05 due to
table constraints.

3.1. Presupernova Data

We make use of single-star nonrotating presupernova mod-
els from several stellar evolution studies: Woosley & Weaver
(1995) (WW95), Woosley et al. (2002) (WHW02), Limongi
& Chieffi (2006) (LC06A/B) and Woosley & Heger (2007)
(WH07). Each of these studies evolved stars with a range of
ZAMS masses at solar metallicity (Z�, hereafter denoted with
prefix s in model names) up until the onset of core collapse.
In addition to solar metallicity, WHW02 evolved stars with
ultra low metallicitiy, 10-4 Z� (denoted by prefix u) and zero
metallicity (denoted by prefix z). Rotation is of relevance in
stellar evolution and stellar evolutionary processes affect the
rotational configuration at the presupernova stage. In order to
study BH formation, BH birth properties and their impact on
a potential subsequent evolution to a GRB in such spinning
progenitors, we draw representative models from Heger et al.
(2000) (HLW00) and from Woosley & Heger (2006) (WH06)
who included rotation in essentially the same way as we do in
GR1D.

In Table 1, we list key parameters for all models in our set.
These include presupernova mass, iron core mass (which we
define as the baryonic mass interior to Ye = 0.495), and the
bounce compactness ⇠2.5. The latter is defined as

⇠M =
M/M�

R(Mbary = M)/1000km

���
t=tbounce

, (10)

where we set M = 2.5M�. R(Mbary = 2.5M�) is the radial co-
ordinate that encloses 2.5-M� at the time of core bounce. ⇠2.5
gives a measure of a progenitor’s compactness at bounce. We
choose M = 2.5M� as this is the relevant mass scale for BH
formation. ⇠2.5 is, as we shall discuss in §4.4, a dimension-
less variable that allows robust predictions on the postbounce
dynamics and the evolution of the model towards BH forma-
tion. The evaluation of ⇠2.5 at core bounce is crucial, since this
is the only physical and unambiguous point in core collapse
at which one can define a zero of time and can describe the
true initial conditions for postbounce evolution. Computing
the same quantity at the precollapse stage leads to ambiguous
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FIG. 3: Snapshots of the meridional density distribution with
superposed velocity vectors in model u75rot1 taken at various
times. The top left panel (note its special spatial range) shows
a snapshot from 10ms after bounce. The top right and bot-
tom left panels show the point of PNS instability and the time
at which the AH first appears, respectively. The bottom right
panel, generated with a separate color range, shows the hy-
peraccreting BH at ⇠ 15ms after its formation. All colormaps
have density isocontours superposed at densities (from outer
to inner) of ⇢ = (0.1, 0.25, 0.5, 0.75, 1.0, 2.5, 5.0)⇥1010 g cm�3.

roughly with ⌦2

0

.
Once dynamical PNS collapse sets in, an apparent

horizon (AH) appears within ⇠1 ms and quickly engulfs
the entire PNS. With the PNS and pressure support re-
moved, postshock material and the shock itself immedi-
ately subside into the nascent BH. The bottom panel of
Fig. 2 shows the evolution of BH mass and dimensionless
spin a? in all models. The former jumps up as the AH
swallows the PNS and postshock region, then increases
at the rate of accretion set by progenitor structure and
is largely una↵ected by rotation at early times. The di-
mensionless spin reaches a local maximum when the BH
has swallowed the PNS core, then rapidly decreases as
surrounding lower-j material plunges into the BH. This
is a consequence of the drop of j at a mass coordinate
close to the initial BH mass (cf. Fig. 1). Table I summa-
rizes for all models the values of a? at its peak and at the
time we stop the LR run.

In Fig. 3, we plot colormaps of the density in the merid-
ional plane of the spinning model u75rot1 taken at var-
ious postbounce times. The rotational flattening of the
PNS is significant and so is the centrifugal double-lobed
structure of the post-BH-formation hyperaccretion flow.
The latter is unshocked and far sub-Keplerian with in-
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FIG. 4: Top: GW signals h+,e emitted by the rotating mod-
els as seen by an equatorial observer and rescaled by distance
D. The inset plot shows the strong burst associated with BH
formation and ringdown. The full waveforms are available
from http://www.stellarcollapse.org/gwcatalog. Bot-
tom: Spectrogram of the GW signal emitted by the most
rapidly spinning model u75rot2.

flow speeds of up to 0.5c near the horizon. The flow will
be shocked again only when material with su�ciently
high specific angular momentum to be partly or fully cen-
trifugally supported reaches small radii (cf. [14]). Based
on progenitor structure, our choice of rotation law, and
the assumption of near free fall, we estimate that this
will occur after ⇠1.4 s, ⇠2.4 s, ⇠3.9 s in model u75rot2,
u75rot1.5, u75rot1, respectively. At these times, the
BHs, in the same order, will have a mass (a?) of ⇠8 M�
(0.75), ⇠14 M� (0.73), and ⇠23 M� (0.62).

GW Signature.—The top panel of Fig. 4 depicts the
GW signals emitted by our rotating models. Due to the
assumed octant symmetry, GW emission occurs in the
l = 2, m = 0 mode. The nonrotating model leads to
a very weak GW signal and is excluded. At bounce, a
strong burst of GWs is emitted with the typical signal
morphology of rotating core collapse (e.g., [23]) and the
peak amplitude is roughly proportional to model spin.
Once the bounce burst has ebbed, the signal is domi-
nated by emission from turbulence behind the shock. It
is driven first by the negative entropy gradient left by the
stalling shock and then by neutrino cooling, whose e↵ect
may be overestimated by our simple treatment. Interest-
ingly, the signal strength increases with spin. This is not
expected in a rapidly spinning ordinary 2D CCSN, since
a positive j gradient in the extended postshock region
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At this point, it is useful to define for future reference the
dimensionless characteristic GW strain (Flanagan & Hughes
1998), in terms of the GW spectral energy density,

hchar =

√
2
π2

G

c3

1
D2

dEGW

df
. (17)

For signals with relatively stable frequencies and amplitudes,
Fourier transforms and their energy spectra are adequate fre-
quency analysis tools. However, for signals with time-varying
amplitudes and frequencies, a short-time Fourier transform
(STFT) is more appropriate. The STFT of A(t) is

S̃(f, τ ) =
∫ ∞

−∞
A(t) H (t − τ ) e−2π if t dt, (18)

where τ is the time offset of the window function, H (t − τ ). We
use the Hann window function:

H (t − τ ) =

⎧
⎪⎨

⎪⎩

1
2

(
1 + cos

(
π(t−τ )

δt

))
for |t − τ | ! δt

2
0 for |t − τ | >

δt

2

,

(19)
where δt is the width of the window function. The analog of the
energy spectrum of the Fourier transform is the spectrogram,
|S̃(f, τ )|2. Using the spectrogram, we define an analog to the
energy emission per frequency interval (Equation (15)):

dE∗
GW

df
(f, τ ) = 3

5
G

c5
(2πf )2|S̃(f, τ )|2 . (20)

We emphasize that the GW strains reported in this paper
are based upon matter motions alone and do not include the
low-frequency signal that results from asymmetric neutrino
emission (Burrows & Hayes 1996; Müller & Janka 1997).
Accurate calculations of asymmetric neutrino emission require
multi-dimensional, multi-angle neutrino transport to capture
the true asymmetry of the neutrino radiation field (see, e.g.,
Ott et al. 2008). Our choice to parameterize the effects of
neutrino transport by local heating and cooling algorithms is
based upon assumptions of transparency, which ignore diffusive
effects and would exaggerate the asymmetries and resulting
GWs. For example, Kotake et al. (2007) estimated the neutrino
GW signal using a similar heating and cooling parameterization
and obtained GW strain amplitudes that are ∼100 times the
matter GW signal. However, with an improved ray-tracing-
based method, the same authors find much smaller amplitudes
that are larger than those due to matter motions by only a
factor of a few (Kotake et al. 2009). This is in agreement with
the GW estimates of Marek et al. (2009) who used 1D ray-
by-ray neutrino transport and coupled neighboring rays in 2D
hydrodynamic simulations.

Studying the matter GW signal alone is worthwhile. Although
the neutrino GW strain amplitudes can be as large or even larger
than the contribution by matter (Burrows & Hayes 1996; Müller
& Janka 1997; Müller et al. 2004; Marek et al. 2009), the typical
frequencies, f, of the neutrino GW signal (∼10 Hz or less) are
typically much lower than the frequencies of the matter signal
("100 Hz). Consequently, the GW power emitted, which is
proportional to f 2, can be much higher for the matter GW signal.
Furthermore, although future GW detectors (e.g., Advanced
LIGO) will have improved sensitivity at low frequencies, current
detectors have response curves that are not sensitive to the lower
frequencies of the neutrino GW signal.

Figure 2. Sample of GW strain (h+) times the distance, D, vs. time after
bounce. This signal was extracted from a simulation using a 15 M⊙ progenitor
model (Woosley & Heger 2007) and an electron-type neutrino luminosity of
Lνe = 3.7 × 1052 erg s−1. Prompt convection, which results from a negative
entropy gradient left by the stalling shock, is the first distinctive feature in the
GW signal from 0 to ∼50 ms after bounce. From ∼50 ms to ∼550 ms past
bounce, the signal is dominated by PNS and postshock convection. Afterward
and until the onset of explosion (∼800 ms), strong nonlinear SASI motions
dominate the signal. The most distinctive features are spikes that correlate with
dense and narrow down-flowing plumes striking the “PNS” surface (∼50 km).
Around ∼800 ms, the model starts to explode. In this simulation, the GW
signal during explosion is marked by a significant decrease in nonlinear SASI
characteristics. The aspherical (predominantly prolate) explosion manifests in a
monotonic rise in h+D that is similar to the “memory” signature of asymmetric
neutrino emission.

3.2. Signatures in the GW Strain

In Figure 1, we plot the GW strain (Equation (13)) times the
distance to a 10 kpc source, h+D, versus time after bounce for
all simulations. Though there is some diversity in amplitude and
timescale among these GW strains, there are several recurring
features that exhibit systematic trends with mass and neutrino
luminosity. We illustrate these features in Figure 2 with the
GW strain of the simulation using the 15 M⊙ progenitor and
Lνe

= 3.7 × 1052 erg s−1. Before bounce, spherical collapse
results in zero GW strain. Just after bounce the prompt shock
loses energy and stalls, leaving a negative entropy gradient that
is unstable to convection. Because the speeds of this prompt
convection are larger than those of steady-state postshock or
PNS convection afterward, the GW strain amplitude rises to
h+D ∼ 5 cm during prompt convection and settles down to
∼1 cm roughly 50 ms later, which is consistent with the results
of Ott (2009b) and Marek et al. (2009). Later in this section, we
show that during both phases, convective motions in postshock
convection above the neutrinosphere and PNS convection below
it contribute to the GW strain. Since nonlinear SASI oscillation
amplitudes increase around 550 ms past bounce, the GW signal
strengthens from h+D ∼ 1 to 10 cm and is punctuated by
spikes that are coincident in time with narrow plumes striking
the PNS “surface” (at ∼50 km). Marek et al. (2009) also noted
this correlation.

The final feature after ∼800 ms is associated with explosion.
The signatures of explosion are twofold. First, during explosion,
postshock convection and the SASI subside in strength and the
higher frequency (∼300–400 Hz) oscillations in h+D diminish.
Second, global asymmetries in mass ejection result in long-term
and large deviations of the GW strain. In Figure 2, a monotonic
rise of h+D to nonzero, specifically positive, values corresponds

•  Prompt	
  convec4on	
  soon	
  aeer	
  bounce	
  (Marek+	
  ‘09,	
  O?	
  ‘09).	
  
•  Neutrino-­‐driven	
  convec4on	
  &	
  SASI	
  (recent:	
  Murphy+’09,	
  Yakunin+10,	
  Müller+12).	
  
•  Protoneutron	
  star	
  convec4on	
  (e.g.,	
  Keil+	
  ’96,	
  Müller+’04)	
  

Murphy+	
  ’09,	
  
using	
  simplified	
  
hea4ng/cooling	
  
scheme.	
  

Expect	
  also:	
  
Correla4ons	
  with	
  
neutrino	
  signal.	
  
Lund+	
  ’10,’12,	
  	
  
Marek+’09,	
  Brandt+’11	
  

C.	
  D.	
  O?	
  @	
  TAUP	
  Summer	
  School	
  
2013	
  



Time-­‐Frequency	
  Analysis	
  of	
  GWs	
  

C.	
  D.	
  O?	
  @	
  TAUP	
  Summer	
  School	
  2013	
   89	
  

Murphy,	
  O?,	
  Burrows	
  ’09,	
  see	
  also	
  B.	
  Müller+‘13	
  

fp ⇠ !BV

2⇡

Peak	
  emission	
  
traces	
  buoyancy	
  	
  
frequency	
  at	
  	
  
proto-­‐NS	
  edge.	
  



90	
  

O?+13,	
  	
  
ApJ	
  768:115	
  

20

0 20 40 60 80 100 120 140 160 180-20
-15
-10
-5
0
5

10

h+D
h⇥D

-20
-15
-10
-5
0
5

10

t � tbounce [ms]

h +
D

,h
⇥

D
[c

m
]

h +
D

,h
⇥

D
[c

m
]

s27 fheat1.05

Polar Observer

Equatorial Observer

0 20 40 60 80 100 120 140 160 180-20
-15
-10
-5
0
5

10

h+D
h⇥D

-20
-15
-10
-5
0
5

10

t � tbounce [ms]

h +
D

,h
⇥

D
[c

m
]

h +
D

,h
⇥

D
[c

m
]

s27 fheat1.15

Polar Observer

Equatorial Observer

Figure 14. Left panel: Gravitational wave polarizations h+D and h⇥D (rescaled by distance D) of model s27 fheat1.05 as a function of postbounce time seen
by and observer on the pole (✓ = 0,' = 0; top panel) and on the equator (✓ = ⇡/2,' = 0; bottom panel). Right panel: The same for model s27 fheat1.15. Both
models show a burst of gravitational waves associated with large-scale prompt convection developing shortly after bounce. Subsequently, gravitational wave
emission comes from aspherical flow in the gain layer, in the outer protoneutron star, and from descending plumes of material that are decelerated at the edge of
the protoneutron star. The gravitational wave signals are trending towards higher frequencies with time.
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Figure 15. Characteristic spectral strain spectra hchar( f ) f -1/2 of all four
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Advanced LIGO in the broadband zero-detuning high-power mode (aLIGO
ZD-HP), KAGRA, and Advanced Virgo in wideband mode (AdV WB).

all amplitudes agree well, but peak in different viewing direc-
tions. The subsequent evolution of the GW signals is similar
in both models, both polarizations, and both observer posi-
tions. After an intermittent quiescent phase, GW emission
picks up again at times &80ms after bounce when aspherical
dynamics becomes strong throughout the entire postshock re-
gion (cf. Fig. 9). In this phase, the GW emission transitions
to higher frequencies, indicating that emission from deceler-
ation of downflows at the steep density gradient at the edge
of the protoneutron star (as first pointed out by Murphy et al.
2009) and convection in the protoneutron star play an increas-
ing role. While both models have expanding shocks at the end
of their simulations, the shock acceleration has not become
sufficiently strong to lead to an offset in the GW signal (GW
memory) seen in other work that followed exploding models
to later times (e.g., Murphy et al. 2009; Yakunin et al. 2010;
E. Müller et al. 2012; Kotake et al. 2009, 2011).

The peak GW strain amplitudes reached in our models are
from prompt convection and go up to |h|D ⇠20cm (⇠6.5 ⇥
1022 at 10kpc). Scheidegger et al. (2010) found |h|D ⇠10cm
and Fryer et al. (2004) found |h|D ⇠12cm, but we note that
the GW signal will depend on the strength of prompt convec-
tion, which is different from model to model. The approaches
of E. Müller et al. (2012) and Kotake et al. (2009, 2011) do
not allow them to study prompt convection. The typical am-
plitudes reached in the preexplosion phase are ⇠3cm (⇠10-22

at 10kpc). This is comparable to, but somewhat larger than
what E. Müller et al. (2012) found in the preexplosion phase
of their models. This may be due the different progenitor
models used and/or to the rather large inner boundary radius
of their models in the preexplosion phase. Our typical |h| are
also quantitatively consistent with the findings of the simpler
3D simulations of Scheidegger et al. (2010) and Kotake et al.
(2009, 2011), but are a factor of a few smaller than predictions
from 2D simulations (e.g., Marek et al. 2009; Yakunin et al.
2010; Murphy et al. 2009).

Figure 15 contrasts the angle-averaged characteristic GW
strain spectra hchar( f ) (Flanagan & Hughes 1998) of our
models with the broadband design noise levels of advanced-
generation GW interferometers, assuming a source distance
of 10kpc. The spectra are scaled with a factor of f -1/2 to
allow one-to-one comparison with the detector one-sided am-
plitude spectral noise density

p
S( f ), which has units of Hz1/2.

Most of the detectable emission is within ⇠60 - 1000Hz and
at essentially the same level of ⇠2-6⇥10-23 Hz-1/2. A galac-
tic event (at 10kpc) appears to be well detectable by the
upcoming generation of detectors. All four models, while
having distinct individual h+ and h⇥ time series that vary
greatly in the time domain, exhibit essentially the same ro-
bust spectral features, independent of fheat and the exact post-
bounce time the individual models are evolved to. The low-
frequency to intermediate-frequency emission is most likely
due to prompt convection in the early postbounce phase, while
the high-frequency peaks at ⇠400Hz and ⇠900Hz are most
likely due to the deceleration of downflows at the protoneu-
tron star surface and protoneutron star convection. A more

Can	
  we	
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  GWs	
  from	
  Core-­‐Collapse	
  Supernovae?	
  

detector	
  
noise	
  curves	
  

~! ¼ ffiffiffiffi
"

p
W! ¼ D̂, because (i) this is the conserved density

variable in our code, and (ii)
ffiffiffiffi
"

p
d3x is the natural volume

element.
The reduced mass-quadrupole tensor can be computed

directly from the computed distribution D̂ðt;xÞ. Numerical
noise, introduced by the second time derivative of Eq. (3),
may limit the accuracy of the result. We can circumvent
this by making use of the continuity equation to obtain the
first time derivative of Eq. (3) without numerical differen-
tiation [98,99],

d

dt
Ijk ¼

Z
D̂ðt;xÞ

"
~vjxk þ ~vkxj % 2

3
ðxl~vlÞ#jk

#
d3x; (4)

where we follow [100] and employ physical velocity
components ~vi& f~vx; ~vy; ~vzg' f ffiffiffiffiffiffiffi

"11
p

v1;
ffiffiffiffiffiffiffi
"22

p
v2;

ffiffiffiffiffiffiffi
"33

p
v3g

that are individually bound to v < c. This assumes that
the 3-metric is nearly diagonal (which is the case in our
gauge; see [77]). Also note that we have switched to
contravariant variables in the integrand as these are the
ones present in the code. This is possible since in the weak-
field slow-motion approximation the placement of indices
is arbitrary.

The two dimensionless independent GW strain polar-
izations hþ and h( incident on a detector located at
distance D and at angular coordinate ð$;%Þ in source
coordinates are given by

hþ % ih( ¼ 1

D

X1

‘¼2

X‘

m¼%‘

H‘mðtÞð%2ÞY‘mð$;%Þ; (5)

where ð%2ÞY‘m are the spin-weighted spherical harmonics
of weight%2 [101] and theH‘m are expansion coefficients,
which, in the quadrupole case, are related to the second
time derivative of the mass-quadrupole tensor by

Hquad
20 ¼

ffiffiffiffiffiffiffiffiffi
32&

15

s
G

c4

$
€Izz %

1

2
ð €Ixx þ €IyyÞ

%
; (6)

Hquad
2)1 ¼

ffiffiffiffiffiffiffiffiffi
16&

5

s
G

c4
ð* €Ixz þ i €IyzÞ; (7)

Hquad
2)2 ¼

ffiffiffiffiffiffiffi
4&

5

s
G

c4
ð €Ixx % €Iyy * 2i €IxyÞ: (8)

The rotating core-collapse models considered in this
study stay almost perfectly axisymmetric in the collapse
and early postbounce phases. In axisymmetry about the z
axis, Ixx ¼ Iyy ¼ % 1

2 Izz and Ixy ¼ Ixz ¼ Iyz ¼ 0. h( van-
ishes and hþ becomes

hþ ¼ G

c4
1

D

3

2
€Izzsin

2$: (9)

We will generally plot hþD in units of centimeters when
displaying gravitational waveforms.

The energy emitted in gravitational waves is given by

EGW ¼ 1

5

G

c5

Z 1

%1
dtI
:::
ijI
:::
ijdt

¼ 1

5

G

c5

Z 1

%1
dt½I:::2xx þ I

:::2
yy þ I

:::2
zz þ 2ðI:::2xy þ I

:::2
xz þ I

:::2
yzÞ,:

(10)

In the special case of axisymmetry and in terms of
hþ;e ¼ hþ=sin

2$, this becomes

Eaxi
GW ¼ 2

15

c3

G5
D2

Z 1

0
dt
$
d

dt
hþ;e

%
2
: (11)

The spectral GW energy density is given by

dEGW

df
¼ 2

5

G

c5
ð2&fÞ2j~€Iijj2; (12)

so that

EGW ¼
Z 1

0
df

dEGW

df
: (13)

In the above, we have introduced the Fourier transform of

the mass-quadrupole tensor, ~€IijðfÞ, and denoted it with a
tilde accent.
In axisymmetry, the spectral GW energy density is

related to hþ;e by

dEaxi
GW

df
¼ 4

15

c3

G
D2ð2&fÞ2j~hþ;ej2: (14)

When showing the spectral energy density, we will plot the
dimensionless characteristic strain [102],

hcharðfÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

&2

G

c3
1

D2

dEGWðfÞ
df

s
; (15)

which can be compared to the GW detector root-mean-
squared noise,

hrmsðfÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
fSðfÞ

q
; (16)

where
ffiffiffiffiffiffiffiffiffi
SðfÞ

p
is the one-sided detector noise amplitude

spectral density in units of ðHzÞ%1=2. For making rough
statements about detectability, we use the single-detector
optimal-orientation signal-to-noise ratio, which is given by

ðSNRÞ2 ¼
Z 1

0
d lnf

h2char
h2rms

: (17)

Note that we cut the calculation of integrals in the
Fourier domain at 3000 Hz to filter out numerical high-

frequency noise. Wherever we need
ffiffiffiffiffiffiffiffiffi
SðfÞ

p
, we employ the

projected broadband Advanced LIGO noise curve [the so-
called zero-detuning, high-power configuration (ZD-HP)],
available as file ZERO_DET_high_P.txt from [103].
For quantifying the difference between two gravitational

waveforms h1ðtÞ and h2ðtÞ, we introduce the mismatch
[104,105],

CORRELATED GRAVITATIONAL WAVE AND NEUTRINO . . . PHYSICAL REVIEW D 86, 024026 (2012)
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When linearly extrapolating the postbounce T/|W |
growth in the j5 models under the simplifying assumption
that the angular momentum of the accreting material is
approximately constant in time, we find that a T/|W | of
27%, the approximate threshold for the guaranteed dy-
namical bar-mode instability, is reached at ⇠300 ms after
bounce. Even if accretion stops, cooling and contraction
of the PNS to final NS form will likely lead to T/|W |
in excess of the dynamical instability threshold in the
j5, j4, and even in the j3 models (see, e.g., the mapping
of initial core spin to final NS spin in [15]), unless an-
gular momentum is being redistributed or radiated by
some other mechanism, e.g., the low-T/|W | instability,
the secular instability, or MHD processes.

E. Notes on Detectability

1. Gravitational Waves

In the rightmost five columns of Tab II, we summarize
key quantities describing the GW emission characteris-
tics of the simulated models: the peak of the GW signal
amplitude time series (|h+|maxD) as seen by an equato-
rial observer rescaled by distance D, the emitted energy
in GWs (EGW), the peak value of the dimensionless char-
acteristic strain (hchar,max(f); Eq. 17) in frequency space
and at an equatorial observer location of 10 kpc, the fre-
quency fchar,max at which hchar,max is located, and the
single-detector Advanced LIGO optimal signal-to-noise
ratio (SNR) as calculated using Eq. 19 for a core col-
lapse event at 10 kpc, the fiducial galactic distance scale.
In the following, we focus exclusively on the physically
more realistic models that include neutrino leakage. Fur-
thermore, as discussed in Section V C, the 12-M� and
the 40-M� progenitors lead to very similar GW emission
in the phases that we simulate and we do not discuss
them separately.

The peak GW signal amplitudes of our models lie in
the range 20 cm . |h+|maxD . 400 cm, which corre-
sponds to 7 ⇥ 10�22 . |h+|max . 1.3 ⇥ 10�20 at 10 kpc
and is fully consistent with the results of [44], who also
focused on the linearly polarized GW signal from core
bounce and early postbounce evolution, but did not in-
clude postbounce neutrino leakage. The lowest peak am-
plitudes are reached in nonrotating (j0) or slowly rotat-
ing (j1) models, in which the emission is primarily due
to prompt convection. The highest amplitudes are emit-
ted by the most rapidly spinning models (j4 and j5). A
further increase of precollapse rotation would not result
in significantly higher peak amplitudes, since j5 models
are already strongly a↵ected by centrifugal e↵ects, which
reduce the acceleration the inner core is experiencing at
bounce, thus lead to lower GW amplitudes when rotation
begins to dominate the dynamics.

The total energy emitted in GWs is in the range
2.7 ⇥ 10�11M�c

2 . EGW . 4.7 ⇥ 10�8M�c
2. Again the

nonrotating and slowly rotating models mark the lower
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FIG. 13: Comparison of projected Advanced LIGO broad-
band (aLIGO ZD-HP – zero-detuning, high-power) [103], KA-
GRA/LCGT [127], and potential Advanced Virgo wide-band
(AdV WB) [128] sensitivity with the characteristic GW am-
plitudes h

char

(f)f�1/2 of the s12WH07j{0-5} model set at a
source location of 10 kpc.

end of this range. The upper end is set by the j4 mod-
els, since the j5 models, due to the strong influence of
rotation, have more slowly varying waveforms and lower
EGW (EGW / R

(dh/dt)2dt; Eq. 11).
Comparing our model predictions with GW detector

sensitivity is done best in the frequency domain. In
Fig. 13 we contrast hchar(f) spectra of our s12WH07j{0-
5} model set with the projected noise levels in Advanced
LIGO (in the zero-detuning, high-power configuration
[103]; aLIGO ZD-HP), KAGRA/LCGT [127], and Ad-
vanced Virgo (AdV) in a potential wide-band configura-
tion [128]. Shown are the one-sided detector noise am-
plitude spectral densities

p
S(f) in units of Hz�1/2 and

hcharf
�1/2 of our models (the f�1/2 rescaling is intro-

duced to to conform to the units of
p

S(f)), assuming
a source distance of 10 kpc. hchar peaks in a narrow fre-
quency range of about 700� 800 Hz for all rotating mod-
els. Slowly spinning models typically have their hchar

peak at the high end of this range and the frequencies of
their spectral peaks are influenced primarily by the prop-
erties of the nuclear EOS (not studied in detail here; see
[44]). Very rapidly spinning models tend towards the
lower end and develop strong low-frequency components,
which almost reach the level of the peak around 750 Hz
in model s12WH07j5.

The hchar spectra of all models shown in Fig. 13 have
large portions that lie above the detector noise levels.
By integrating the ratio h2

char(f)/(fS(f)) over frequency
(Eq. 19) and using S(f) of Advanced LIGO in ZD-HP
mode [103], we arrive at single-detector optimal (i.e.,
most optimistic) SNRs at an assumed distance of 10 kpc
that range from ⇠6 for the nonrotating model j0 to ⇠73
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FIG. 10: The values of the first three peaks of the GW strain
h
1,pos, h1,neg, h2,pos (cf. Fig. 2) as a function of �

ic,b plotted
for all five model sequences. These three prominent GW sig-
nal peaks are insensitive to the angular momentum distribu-
tion for slowly rotating models that reach �

ic,b . 0.04� 0.08.
More rapidly rotating models show clear trends with di↵er-
ential rotation.

methods that can be used to “measure” total rotation
and A from an observed signal.

V. RESULTS: EXTRACTING THE ANGULAR
MOMENTUM DISTRIBUTION FROM AN

OBSERVED SIGNAL

A. Numerical Template Bank Analysis

As our analysis in the previous Section suggests, many
characteristics of both the dynamics and GW emission
associated with rotating core-collapse supernovae are de-
pendent on both total rotation (expressed in �

ic,b) and
the degree of di↵erential rotation given by parameter A.
In the following, we carry out a matched filter analysis to
assess the dependence of all signal features on �

ic,b and
A and to study how well we can hope to extract total
and di↵erential rotation from an observed signal. In the
case of a known signal in Gaussian noise, it has been
shown that matched filtering is the optimal detection
technique [86]. This approach cross-correlates the GW

data observed with a series of filter waveforms, known as
templates, produced from GW emission models for the
targeted source.

Generally, GWs from core-collapse supernovae are not
amenable to matched-filtering analysis, since turbulence
in the protoneutron star and behind the stalled shock
provides a stochastic component to the signal [87, 88].
However, in the case of rapid rotation, convection is sup-
pressed by a stabilizing positive specific angular momen-
tum gradient in the post-shock region (e.g., [89]) and
does not contribute significantly to the GW emission, in
particular, not at bounce and in the first few milliseconds
after bounce. Hence, the signal from rotating collapse,
bounce, and postbounce ring-down can be modeled de-
terministically and with high precision for a given EOS
and neutrino treatment and matched filtering can be ap-
plied.

We construct a numerical template bank, utilizing the
GW signals from all models described in Table I (see
Table II for a summary of quantitative results) as tem-
plates to filter observed GW data. Using the known GW
waveform expected from each model and the detector’s
noise statistics, we find the best-fitting template for each
signal. We consider signal waveforms not used as tem-
plates in order to imitate the ‘real-life’ situation where
the observed GW signal is not exactly known. For all
values of A, we use injections spanning the template pa-
rameter space, with values of ⌦

c

di↵ering from those of
the templates by at least 0.25 rad s�1. As �

ic,b and A
for all templates are known, finding the best-fitting tem-
plate for an injected signal will infer its associated closest
�
ic,b and A. Hereafter, we will refer to this procedure as

“measuring” of �
ic,b and A.

We perform our analysis in Fourier space, due to fre-
quency dependence and Gaussian statistics of the GW
detector noise, ñ, which is colored by known one-sided
power spectral density (PSD) Sh(f). We model the GW
detector data, d̃, assumed to be comprised of both some
core-collapse supernova GW signal, h̃(f ;~�), and ñ as

d̃i = h̃(fi;~�) + ñi , (2)

where i denotes the frequency bin index.
The parameter dependence of the GW signals consid-

ered here is encoded in ~�,

~� = {D, t
0

, ◆, ⇠, ✓,�, }, (3)

where D is the source distance, t
0

is the time at which
the GW signal arrives at the detector, and (◆, ⇠, ✓,�, )
are source angles. Here, (◆, ⇠) relate the preferred inter-
nal axes of the source to the location of the detector,
(✓,�) relate the preferred internal axes of the detector
to the location of the source and  defines the relation-
ship between the source and the detector, via the plane
characterizing the polarization of emitted GWs [90].

� =
T

|W |
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[38]) shown that for a given angular momentum distribu-
tion as a function of enclosed mass, EOS, and electron-
capture treatment, the universal nature of core collapse
[100, 101] washes out variations due to di↵erences in pre-
collapse progenitor structure.

Our results show that the overall dynamics of rotat-
ing core collapse is rather insensitive to the precise dis-
tribution of angular momentum within the inner core.
We find that there is a simple linear mapping between
the two total rotation measures J

ic,b and �
ic,b and the

centrifugally-enhanced mass of the inner core at bounce
(M

ic,b) throughout most of the explored parameter space.
Variations in the angular momentum distribution be-
come relevant to the detailed dynamics of collapse and
bounce only in very rapidly rotating cases with �

ic,b &
0.13 � 0.15, which corresponds to an inner core angular
momentum at bounce of J

ic,b & 5 � 6 ⇥ 1048 erg · s and
early postbounce density-weighted average core spin pe-
riods of . 8 � 10 ms. While unimportant for the overall
dynamics, di↵erential rotation does a↵ect the structure
and postbounce evolution of the protoneutron star even
in more slowly spinning cores. At fixed total rotation
at bounce, more di↵erentially rotating inner cores have
more centrifugally-deformed (oblate) innermost regions
while their overall shape is less oblate than that of their
more uniformly spinning counterparts that have more
centrifugal support at greater radii (and enclosed-mass
coordinates).

In slowly rotating models (�
ic,b . 0.05), the degree

of precollapse di↵erential rotation has little influence on
the GW signal and there are simple linear relationships
that allow one to map back from the amplitude of the
pronounced and easily identifiable bounce peak h

1,neg to
J
ic,b and �

ic,b: J
ic,b ⇡ 1048(h

1,negD/100 cm) erg · s and
�
ic,b ⇡ 2.3⇥10�2(h

1,negD/100 cm). For this purpuse, the
distance D must be known with good accuracy, which is
likely for the next galactic core-collapse supernova.

The structural changes due to di↵erential rotation
have important ramifications for the GW signal in more
rapidly spinning models with �

ic,b & 0.05 � 0.08 (J
ic,b &

2 � 3 ⇥ 1048 erg · s), corresponding to early-postbounce
protoneutron star spin periods of . 12�16 ms. More dif-
ferentially rotating models yield higher global peak GW
strain amplitudes at bounce and emit more energy in
GWs. Total rotation and the degree of di↵erential rota-
tion influence the values of the first three local extrema
of the GW signal, h

1,pos, h1,neg, h2,pos, in a highly sys-
tematic way.

We have exploited this systematic dependence. Our re-
sults show that it is possible to extract both total rotation
(both �

ic,b and J
ic,b, since the two are simply related) and

the degree of di↵erential rotation from a previously un-

known observed galactic rotating core collapse GW sig-
nal from a source at a known distance of D = 10 kpc via
simple cross-correlation with waveforms from a numerical
template GW signal bank created from our model GW
signals. Since more rapidly spinning cores have a smaller
contribution to their GW signals from stochastic con-
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FIG. 16: Results of our matched filtering analysis (Sec-
tion VA) for the angular momentum of the inner core at
bounce (J

ic,b). Top panel: Extracted J
ic,b as a function of

J
ic,b corresponding to the injected waveform. Bottom panel:

relative measurement error. This analysis assumes optimal
source-detector orientation and a source distance of 10 kpc.
The di↵erent symbols correspond to models with di↵erent de-
gree of di↵erential rotation as given by the legend. The A1s
models are A1 models, but evolved with the Shen EOS [58, 59]
and the A1m (A1p) models used a Ye(⇢) parameterization
during collapse that was reduced (increased) by 5% near nu-
clear density compared to the fiducial one. Our results show
that – in the optimal case considered here – one can measure
the angular momentum of the inner core at bounce with ⇠20-
30% accuracy for a rapidly spinning galactic core-collapse su-
pernova.

vective motions, this works best for rapid rotation and
our matched filtering analysis can measure total rota-
tion to within ⇠ 20% for a rapidly rotating (�

ic,b & 0.08,
J
ic,b & 3⇥1048 erg·s) core at D = 10 kpc that is optimally

oriented with respect to a single GW detector. Measur-
ing total rotation is also possible for more slowly spinning
cores, though the errors may be & 25 � 35%. Figure 16
shows the J

ic,b inferred by our matched-filtering analysis
as a function of the true J

ic,b associated with each in-
jected waveform. The injected waveforms are not part of
the template bank used. Thus, this represents the real-
istic case that the exact waveform is not known.

For rapidly rotating cores (�
ic,b & 0.08) the di↵erential

rotation parameter A of the employed rotation law can
be extracted with good precision (maximum o↵set of Ai
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Ion	
  EOS	
  in	
  the	
  Iron	
  Core	
  
•  Ideal	
  Boltzmann	
  gas	
  of	
  non-­‐interac4ng	
  par4cles.	
  

	
  
n =

⇢

µmu
µ =

 
X

i

Xi

Ai

!�1

P
ion

= n
ion

kT

For	
  pure,	
  say,	
  56Ni:	
  	
   µ = 56

P
ion

=
⇢NA

56
kT = 1.7⇥ 1026

✓
⇢

1010 g cm�3

◆✓
T

1MeV

◆
dyn cm�2
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Photon	
  EOS	
  in	
  the	
  Iron	
  Core	
  
•  Ideal	
  Bose	
  gas:	
  

	
  

P� =
1

3
aT 4 = 4.6⇥ 1025

✓
T

1MeV

◆4

dyn cm�2
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•  Ideal	
  Fermi	
  gas,	
  but	
  electrons	
  are	
  rela.vis.c	
  and	
  
degenerate:	
  
	
  ⌘ =

µe

kT
� 1 � =

kT

mec2
� 1

degeneracy	
  parameter	
   rela4vity	
  parameter	
  

In	
  this	
  case:	
  
Pe = K⇢� = 1.2435⇥ 1015Y 4/3

e ⇢4/3

Pe = 1028
✓
Ye

0.5

◆4/3 ✓ ⇢

1010 g cm�3

◆4/3

dyn cm�2

Electron	
  EOS	
  in	
  the	
  Iron	
  Core	
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Bethe	
  &	
  von	
  Weizsäcker	
  1935/37	
  

M(N,Z) = Zmp +Nmn �BE

Nuclear	
  masses:	
  

BE = aV A� a�A
2/3 � aC

Z(Z � 1)

A1/3
� asym

(N � Z)2

A
+ �(N,Z)

aV ' 16MeV a� ' 18MeV aC ' 0.7MeV asym ' 23MeV

Volume	
  
term	
  

Surface	
  
term	
  

Coloumb	
  
term	
  

Symmetry	
  
Term	
  

Pairing	
  
Term	
  

�(N,Z) =

8
<

:

��0 Z,N even

0 Z +N odd

�0 Z,N odd

�0 =
aP
A1/2

aP ' 12MeV
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• Near	
  nuclear	
  satura4on	
  density	
  ns	
  ~	
  0.16	
  fm-­‐3,	
  expand	
  energy	
  per	
  baryon:	
  

(e.g.	
  La�mer	
  &	
  Swesty	
  1991,	
  La�mer	
  &	
  Prakash	
  2007,	
  La�mer	
  &	
  Lim	
  2013)	
  

f = ✏At	
  T=0:	
  	
  
x = Yp = Ye

K ' 240MeV

ESym(ns) = Sv ⇡ 29.0� 32.7MeV

K 0 ⇡ 1780� 2380MeV

incompressibility	
  

symmetry	
  energy	
  

skewness	
  

• Write	
  out	
  energy	
  of	
  bulk	
  nuclear	
  ma?er	
  according	
  to	
  nuclear	
  force	
  model	
  
(e.g.,	
  Skyrme	
  1959)	
  and	
  use	
  T=0,	
  n=ns,	
  and	
  above	
  expansion	
  to	
  set	
  
parameters	
  of	
  nuclear	
  force.	
  
•  Introduce	
  model	
  for	
  nuclei	
  &	
  alpha	
  par4cles,	
  then	
  minimize	
  f.	
  

experimental	
  &	
  
astrophysical	
  
constraints	
  

✏(n, x) = �16MeV +
1

18
K

✓
1� n

ns

◆2

+
K

0

27

✓
1� n

ns

◆3

+ Esym(n)(1� 2x)2 + ...
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Figure 3
Typical M−R curves for hadronic equations of state (EOSs) (black curves) and strange quark matter (SQM)
EOSs ( green curves). The EOS names are given in Reference 13, and their P−n relations are displayed in
Figure 2. Regions of the M−R plane excluded by general relativity (GR), finite pressure, and causality are
indicated. The orange curves show contours of R∞ = R(1 − 2 GM /Rc 2)−1/2. The region marked rotation is
bounded by the realistic mass-shedding limit for the highest-known pulsar frequency, 716 Hz, for PSR
J1748-2446J (14). Figure adapted from Reference 15.

energies. The pressure is

p(u, x) = u2ns

(
∂e
∂u

)

x
≃ u2ns

[
Ko

9
(u − 1) + K ′

o

54
(u − 1)2 + d S2

du
(1 − 2x)2

]
+ pℓ + · · · , 5.

where pℓ is the lepton pressure. In the vicinity of u ≃ 1, with x ≪ 1, pℓ is small and the pressure is
almost completely determined by dS2/du. Laboratory constraints on the nuclear symmetry energy
are discussed in Section 6.

2.2. The Maximally Compact Equation of State
Koranda et al. (16) suggested that absolute limits to neutron star structure could be found by
considering a soft low-density EOS coupled with a stiff high-density EOS, which would maximize
the compactness M/R. The limiting case of a soft EOS is p = 0. The limiting case of a stiff EOS is
d p/dε = (c s /c )2 = 1, where cs is the adiabatic speed of sound that should not exceed the speed of
light; otherwise, causality would be violated. The maximally compact EOS is therefore defined by

p = 0 for ε < ε0; p = ε − ε0 for ε > ε0. 6.
This EOS has a single parameter, ε0, and therefore the structure equations (Equation 2) can be
expressed in a scale-free way:

dw

d x
= − (y + 4πx3w)(2w − 1)

x(x − 2y)
;

d y
d x

= 4πx2w. 7.

Here, w = ε/ε0, x = r
√

Gε0/c 2, and y = m
√

G3ε0/c 4. Varying the value of w at the origin
(w0) gives rise to a family of solutions described by dimensionless radius X and total mass Y. The
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Knowing	
  masses	
  and	
  radii	
  would	
  really	
  help!!!	
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represents the minimum radius possible for a given mass, given the contour’s value of Mmax. For
example, if M max ! 2 M ⊙, a 1.4-M ⊙ neutron or quark star necessarily has R ! 8.25 km. It also
follows that any M−R curve passing through a given (M, R) point has a smaller value of Mmax than
that of the maximally compact EOS passing through the same (M, R) point. This hypothesis can
be easily demonstrated by overlaying M−R trajectories for an alternate EOS, such as the MIT
bag-like model, p = (ε − ε0)/3 (Figure 3). For the indicated point (1.4 M ⊙, 10 km), this alternate
EOS has a maximum mass of only 1.79 M ⊙, whereas the maximum mass of the maximally compact
EOS is 2.69 M ⊙.

3. NEUTRON STAR MASSES

3.1. Mass Measurements

The most accurate measurements concerning neutron stars are mass determinations from pul-
sar timing. To date, approximately 33 relatively precise masses have become available. In these
systems, five Keplerian parameters can be precisely measured (23); these parameters include the
binary period P, the projection of the pulsar’s semimajor axis on the line of sight a p sin i (where i
is the orbit’s inclination angle), the eccentricity e, and the time T0 and longitude ω of periastron.
Two of these observables yield a mass function,

f p =
(

2π

P

)2 (
a p sin i

)3

G
= (M c sin i )3

M 2 , 12.

where M = M p + M c is the total mass, Mp is the pulsar mass, and Mc is the companion mass.
The minimum possible companion mass Mc is equal to fp.

The inclination angle i is often the most difficult parameter to infer, but even if it were known
a priori, the above equation would specify a relation between only Mp and Mc, unless the mass
function fc of the companion were also measurable. The mass function of the companion is mea-
surable in the rare case when the companion itself is a detectable pulsar or a star with an observable
spectrum, as in an X-ray binary. Fortunately, binary pulsars are compact systems, and general rel-
ativistic effects can often be observed. These effects include the advance of the periastron of the
orbit,

ω̇ = 3
(

2π

P

)5/3 (
GM

c 3

)2/3

(1 − e2)−1; 13.

the combined effect of variations in the transverse Doppler shift and gravitational redshift (time
dilation) around an elliptical orbit,

γ = e
(

P
2π

)1/3 M c (M + M c )
M 4/3

(
G
c 3

)2/3

; 14.

the orbital period decay due to the emission of gravitational radiation,

Ṗ = −192π

5

(
2πG

c 3

)5/3 (
1 + 73

24
e2 + 37

96
e4

)
(1 − e2)−7/2 M p M c

M 1/3 ; 15.

and the Shapiro time delay (24), caused by the propagation of the pulsar signal through the
gravitational field of its companion. The relativistic Shapiro delay produces a delay in pulse arrival
time (25),

δS(φ) = 2
GM c

c 3 ln
[

1 + e cos φ

1 − sin(ω + φ) sin i

]
, 16.
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Pulsar	
  with	
  binary	
  companion:	
  
Mass	
  func4on	
  for	
  pulsar	
   Companion	
  mass	
  

Total	
  system	
  mass	
  

Orbital	
  inclina4on	
  

•  Must	
  know/infer	
  companion	
  mass	
  and	
  inclina5on	
  to	
  get	
  MP.	
  

•  Different	
  kinds	
  of	
  binaries:	
  	
  
X-­‐ray	
  binaries	
  (accre4ng	
  NSs),	
  double	
  NS	
  binaries,	
  
NS–normal-­‐star	
  binaries,	
  NS–WD	
  binaries.	
  

•  Companion	
  mass:	
  via	
  stellar	
  models	
  or	
  rela4vis4c	
  effects.	
  

•  Inclina4on:	
  most	
  difficult.	
  In	
  rela4vis4c	
  binaries:	
  	
  
Shapiro	
  5me	
  delay	
  (delay	
  of	
  pulsar	
  pulses	
  by	
  gravity	
  of	
  
companion)	
  

NASA	
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NASA	
  LaHmer	
  14,	
  
hLp://stellarcollapse.org	
  

NS+NS	
  

WD+NS	
  

NS	
  +	
  normal	
  star	
  

X-­‐ray	
  binaries	
  

PSR	
  J0348+0432	
  
2.01+-­‐0.04	
  M☉	
  
	
  
	
  

Most	
  massive:	
  
PSR	
  J1614-­‐2230	
  
1.97+-­‐0.04	
  M☉	
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Figure 3
Typical M−R curves for hadronic equations of state (EOSs) (black curves) and strange quark matter (SQM)
EOSs ( green curves). The EOS names are given in Reference 13, and their P−n relations are displayed in
Figure 2. Regions of the M−R plane excluded by general relativity (GR), finite pressure, and causality are
indicated. The orange curves show contours of R∞ = R(1 − 2 GM /Rc 2)−1/2. The region marked rotation is
bounded by the realistic mass-shedding limit for the highest-known pulsar frequency, 716 Hz, for PSR
J1748-2446J (14). Figure adapted from Reference 15.

energies. The pressure is

p(u, x) = u2ns

(
∂e
∂u

)

x
≃ u2ns

[
Ko

9
(u − 1) + K ′

o

54
(u − 1)2 + d S2

du
(1 − 2x)2

]
+ pℓ + · · · , 5.

where pℓ is the lepton pressure. In the vicinity of u ≃ 1, with x ≪ 1, pℓ is small and the pressure is
almost completely determined by dS2/du. Laboratory constraints on the nuclear symmetry energy
are discussed in Section 6.

2.2. The Maximally Compact Equation of State
Koranda et al. (16) suggested that absolute limits to neutron star structure could be found by
considering a soft low-density EOS coupled with a stiff high-density EOS, which would maximize
the compactness M/R. The limiting case of a soft EOS is p = 0. The limiting case of a stiff EOS is
d p/dε = (c s /c )2 = 1, where cs is the adiabatic speed of sound that should not exceed the speed of
light; otherwise, causality would be violated. The maximally compact EOS is therefore defined by

p = 0 for ε < ε0; p = ε − ε0 for ε > ε0. 6.
This EOS has a single parameter, ε0, and therefore the structure equations (Equation 2) can be
expressed in a scale-free way:

dw

d x
= − (y + 4πx3w)(2w − 1)

x(x − 2y)
;

d y
d x

= 4πx2w. 7.

Here, w = ε/ε0, x = r
√

Gε0/c 2, and y = m
√

G3ε0/c 4. Varying the value of w at the origin
(w0) gives rise to a family of solutions described by dimensionless radius X and total mass Y. The
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•  So	
  far	
  no	
  robust	
  NS	
  radius	
  (or	
  mass&radius)	
  measurements.	
  

•  Main	
  approaches:	
  (see	
  La�mer	
  2012)	
  

-  X-­‐ray	
  observa4on	
  of	
  quiescent	
  and	
  burs4ng	
  NSs	
  	
  
in	
  galac4c	
  X-­‐ray	
  binaries.	
  

-  GW	
  signal	
  from	
  5dal	
  deforma5on	
  and	
  disrup5on	
  of	
  NS	
  in	
  
BHNS	
  merger.	
  

-  GW	
  signal	
  from	
  5dal	
  deforma5on	
  and	
  postmerger	
  
oscilla5ons	
  in	
  NSNS	
  merger.	
  

-  Neutrino	
  signal	
  from	
  the	
  proto-­‐NS	
  in	
  the	
  next	
  galac4c	
  CCSN.	
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Figure 11
(a) Probability distributions for pressure as a function of energy density using the M−R probability distributions from Figure 10.
(b) Probability distributions for the M−R curve. The diagonal dashed line is the causality limit, and the dotted curve is the 716-Hz
rotation constraint. 1-σ and 2-σ contours are shown as dashed and solid lines, respectively. Also shown is the estimated mass and radius
error region, including only distance errors, for RX J1856-3754 (92). Figure adapted from Reference 100.

expansion bursts are modeled. On the one hand, if one assumes Rph = R, the predicted radii from
burst sources would become ∼2 km smaller (99); however, in this case, the Mmax constraint from
PSR J1614-2230 can barely be satisfied (100). On the other hand, if the burst data are excluded, the
inferred M−R relation is essentially unaltered from the baseline results achieved by incorporating
the burst sources with the possibility that Rph ≥ R (A.W. Steiner, private communication). In this
case, the observed M−R results are largely a consequence of the wide range of observed R∞ values
of the quiescent globular cluster sources (Figure 10), which forces the M−R trajectory to enter
its vertical trajectory at relatively small radii (∼12 km). Otherwise, the existence of both small and
large observed values of R∞ would not be compatible with realistic masses.

M−R information has also been inferred from pulse-shape modeling of X-ray bursts. Although
predictions from observations of individual sources have large errors, Leahy et al. (105) conclude
that only an M−R curve with a constant radius of 12 km for 1 M ⊙ < M < 2.3M ⊙ would be
consistent with observations of all sources studied, namely XTE J1807-294, SAX J1808-3658, and
XTE J1814-334. Such a result is remarkably similar to the conclusions drawn in Reference 100
(Figure 11).

Nevertheless, Suleimanov et al.’s (101) study of longer X-ray bursts implies considerably
larger radii: R ! 14 km. Those results are further supported by spin-phase-resolved spectroscopy
of isolated neutron stars (106) that yield small neutron star redshifts: z ≃ 0.16. This value for z,
coupled with M > 1.2 M ⊙, implies that R > 14 km. Because these results are also incompatible
with available experimental information discussed in the next section, it is important to resolve
these differences. More sophisticated modeling of photospheric radius expansion bursts and
neutron star atmospheres, together with refinements of distances, will be required for additional
progress.
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Sta4s4cal	
  Analysis	
  of	
  observa4onal	
  data:	
  Steiner+10,+12,	
  La�mer	
  12	
  
Warning:	
  Does	
  not	
  fix	
  model	
  dependence	
  of	
  M,	
  R	
  es4mates!	
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Figure 11
(a) Probability distributions for pressure as a function of energy density using the M−R probability distributions from Figure 10.
(b) Probability distributions for the M−R curve. The diagonal dashed line is the causality limit, and the dotted curve is the 716-Hz
rotation constraint. 1-σ and 2-σ contours are shown as dashed and solid lines, respectively. Also shown is the estimated mass and radius
error region, including only distance errors, for RX J1856-3754 (92). Figure adapted from Reference 100.

expansion bursts are modeled. On the one hand, if one assumes Rph = R, the predicted radii from
burst sources would become ∼2 km smaller (99); however, in this case, the Mmax constraint from
PSR J1614-2230 can barely be satisfied (100). On the other hand, if the burst data are excluded, the
inferred M−R relation is essentially unaltered from the baseline results achieved by incorporating
the burst sources with the possibility that Rph ≥ R (A.W. Steiner, private communication). In this
case, the observed M−R results are largely a consequence of the wide range of observed R∞ values
of the quiescent globular cluster sources (Figure 10), which forces the M−R trajectory to enter
its vertical trajectory at relatively small radii (∼12 km). Otherwise, the existence of both small and
large observed values of R∞ would not be compatible with realistic masses.

M−R information has also been inferred from pulse-shape modeling of X-ray bursts. Although
predictions from observations of individual sources have large errors, Leahy et al. (105) conclude
that only an M−R curve with a constant radius of 12 km for 1 M ⊙ < M < 2.3M ⊙ would be
consistent with observations of all sources studied, namely XTE J1807-294, SAX J1808-3658, and
XTE J1814-334. Such a result is remarkably similar to the conclusions drawn in Reference 100
(Figure 11).

Nevertheless, Suleimanov et al.’s (101) study of longer X-ray bursts implies considerably
larger radii: R ! 14 km. Those results are further supported by spin-phase-resolved spectroscopy
of isolated neutron stars (106) that yield small neutron star redshifts: z ≃ 0.16. This value for z,
coupled with M > 1.2 M ⊙, implies that R > 14 km. Because these results are also incompatible
with available experimental information discussed in the next section, it is important to resolve
these differences. More sophisticated modeling of photospheric radius expansion bursts and
neutron star atmospheres, together with refinements of distances, will be required for additional
progress.
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Figure 3
Typical M−R curves for hadronic equations of state (EOSs) (black curves) and strange quark matter (SQM)
EOSs ( green curves). The EOS names are given in Reference 13, and their P−n relations are displayed in
Figure 2. Regions of the M−R plane excluded by general relativity (GR), finite pressure, and causality are
indicated. The orange curves show contours of R∞ = R(1 − 2 GM /Rc 2)−1/2. The region marked rotation is
bounded by the realistic mass-shedding limit for the highest-known pulsar frequency, 716 Hz, for PSR
J1748-2446J (14). Figure adapted from Reference 15.

energies. The pressure is

p(u, x) = u2ns

(
∂e
∂u

)

x
≃ u2ns

[
Ko

9
(u − 1) + K ′

o

54
(u − 1)2 + d S2

du
(1 − 2x)2

]
+ pℓ + · · · , 5.

where pℓ is the lepton pressure. In the vicinity of u ≃ 1, with x ≪ 1, pℓ is small and the pressure is
almost completely determined by dS2/du. Laboratory constraints on the nuclear symmetry energy
are discussed in Section 6.

2.2. The Maximally Compact Equation of State
Koranda et al. (16) suggested that absolute limits to neutron star structure could be found by
considering a soft low-density EOS coupled with a stiff high-density EOS, which would maximize
the compactness M/R. The limiting case of a soft EOS is p = 0. The limiting case of a stiff EOS is
d p/dε = (c s /c )2 = 1, where cs is the adiabatic speed of sound that should not exceed the speed of
light; otherwise, causality would be violated. The maximally compact EOS is therefore defined by

p = 0 for ε < ε0; p = ε − ε0 for ε > ε0. 6.
This EOS has a single parameter, ε0, and therefore the structure equations (Equation 2) can be
expressed in a scale-free way:

dw

d x
= − (y + 4πx3w)(2w − 1)

x(x − 2y)
;

d y
d x

= 4πx2w. 7.

Here, w = ε/ε0, x = r
√

Gε0/c 2, and y = m
√

G3ε0/c 4. Varying the value of w at the origin
(w0) gives rise to a family of solutions described by dimensionless radius X and total mass Y. The
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Universality	
  of	
  Core	
  Collapse	
  

The	
  Mass	
  Mic	
  of	
  the	
  inner	
  core	
  at	
  bounce	
  is	
  determined	
  by	
  
nuclear	
  physics	
  and	
  weak	
  interac5ons,	
  is	
  ∼0.5	
  MSUN	
  ,	
  and	
  is	
  

prac5cally	
  independent	
  of	
  progenitor	
  star	
  mass	
  and	
  structure.	
  

Mic	
  ∝	
  (Ylep)2	
  	
  
+	
  GR	
  correc4on	
  (-­‐)	
  
+	
  thermal	
  correc4on	
  (+)	
  
+	
  rota4on	
  (+)	
  

Mic	
  


