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• Lieb-Robinson bound
“Soft” light cone from locality:

• Definition of quantum cellular automata (QCA)

Unitary that strictly preserves locality:

Quantum cellular automata
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B. Schumacher and R. F. Werner, arXiv:quant-ph/0405174

E. H. Lieb and D. W. Robinson, CMP 28, 251 (1972)
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OĀ = UOAU
†

In 1D, QCA = matrix-product unitary (MPU) J. I. Cirac et al., JSM (2017) 083105
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• Definition of the (chiral) index

Finite-depth quantum circuits are of zero index
Nontrivial example: right translation      on a qudit lattice

Index for 1D QCA
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D. Gross et al., Commun. Math. Phys. 310, 419 (2012)
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L = x,R = x+ 1
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Classification of 1D QCA with finite unitary 
symmetries

Collaborators: Christoph Sünderhauf, Norbert Schuch, 
J. Ignacio Cirac
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Part I



Floquet SPT phases (review)  

Classification of static 
d-dim. SPT phases

D. V. Else and C. Nayak, PRB 93, 201103(R) (2016)

H
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Künneth formula

Classification of static 
(d-1)-dim. SPT phases

bulk edge

Time-translation 
symmetry

NOT complete! At least in d=2 dim. H. C. Po et al., PRX 6, 041070 (2016)

∵ 1D edges, which are locality-preserving unitaries well described by 
MPUs, are characterized by the chiral index even without symmetry 
protection D. Gross et al., Commun. Math. Phys. 310, 419 (2012)

UF
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• A heuristic classification

J. I. Cirac et al., JSM (2017) 083105



MPU & MPS w/o symmetry (review)

• MPU is not always trivial

Cf. MPS is always trivial
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Chiral index: 
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X. Chen, Z.-C. Gu, and X.-G. Wen, PRB 83, 035107 (2011)

J. I. Cirac et al., JSM (2017) 083105
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Classification of SPT MPSs (review)

• Symmetry action on the virtual level

• Classification by the 2nd cohomology group
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No SSB

D. Pérez-García et al., PRL 
100, 167202 (2008)
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• Analogy to MPSs

• SPT discrete time-crystalline oscillation

zgzh = !g,hzgh
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Cohomology classes for MPUs
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Always no SSB
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Beyond cohomology

• Symmetry action on the bilayer-unitary form

• Symmetry-protected index (SPI)
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Gauge transformation:
v ! v(y ⌦ x)
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becomes simple which means it then has a standard form

=
u u

v v

.

UkUkUkUkUk

(1)

The unitaries u : (Cdk

)⌦2 ! Cl ⌦ Cr and v : Cr ⌦ Cl !
(Cdk

)⌦2 are unique up to gauge transformations u ! (X† ⌦
Y †)u, v ! v(Y ⌦X), where d is the local Hilbert-space di-
mension before blocking, X 2 U(l) and Y 2 U(r). Con-
versely, two arbitrary unitaries u and v generate an MPU, pos-
sibly with the unit cell doubled.

Each G-symmetric MPU is associated to a cohomology
class in H2(G,U(1)). Viewing the MPU as an MPS, which is
always normal [36], the action of the unitary linear represen-
tation ⇢g on the physical level is expressed on the virtual level
with a projective representation zg [26, 37]:

⇢g

⇢†
g

U = z†
g

zgU .

(2)

The action of the symmetry on the building blocks in the stan-
dard form of the MPU similarly consists of two (distinct) pro-
jective representations xg and yg:

u
⇢†
g ⇢†

g

=

x†
g y†

g

u v

⇢g ⇢g

=
yg xg

vand .

(3)

All of zg, x⇤
g, and yg belong to the same cohomology class

[38].
The index [30, 31, 33] of the MPU is defined as

ind ⌘ 1

2
log

r

l
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1

2
log

Tr ye
Trxe

(4)

for the identity e 2 G; it captures the imbalance of the di-
mensions of the projective representations. Both index and
cohomology class are stable under blocking and additive un-
der tensoring as well as composition of MPUs [38].

As Hastings conjectured [35], equivalent phases are indeed
completely classified by index and cohomology:

Theorem 1 (Equivalence) Two symmetric MPUs U0 and U1

are equivalent if and only if they share the same indices and

same cohomology classes.

Proof: (Details in Supplemental Material [38]) The necessity
of same indices was shown by Cirac et al. [30] and that of
same cohomology classes follows from the viewpoint (2) as
an MPS [26]. To construct an explicit path, note that U†

1U0

has index zero and trivial cohomology. Therefore only the
special case

Lemma 1 Each symmetric MPU U of zero index and trivial

cohomology is equivalent to the identity.
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FIG. 1. (color online). (a) G-symmetric MPS evolved by a G-
symmetric MPU with the cohomology classes summing up. (b)
Z2 ⇥ Z2-symmetric MPU in the nontrivial cohomology class. Here
� is the delta tensor and H is the Hadamard matrix. (c) Stroboscopic
dynamics of the entanglement spectrum (ES) governed by (b) start-
ing from a symmetric product state.

is required, to whose proof we now turn. First, assume U is
simple, otherwise perform blocking. By shifting any residual
phases from yg to xg , they can both be lifted to linear rep-
resentations. Tensoring any linear representation ⌧ with the
regular representation ⇢reg leads to ⌧ ⌦ ⇢reg = (dim ⌧)⇢reg, a
multiple of the regular representation up to equivalence of rep-
resentations, as may be understood by considering the char-
acters for finite groups [39]. By adding ancillas with the
regular representation and blocking, this allows us to regu-
larise all of the representations ⇢g on the physical as well
as xg and yg on the virtual level. Since zero index enforces
dim ⇢g = dimxg = dim yg , this regularisation procedure re-
sults in linear representations equivalent to ⇢̃ = (dim ⇢)⇢reg

for all of ⇢g, xg, and yg . After a gauge transformation of the
standard form, (3) therefore becomes (⇢̃⌦⇢̃)ṽ = ṽ(⇢̃⌦⇢̃), and
similarly for the other unitary ũ in the MPU’s standard form.
A ⇢̃reg-symmetric logarithm h̃ of ṽ (and similarly for ũ) then
allows to continuously connect U (with ancillas and blocked)
to the identity by employing ṽ� = e�h̃ in the standard form.
⇤

Examples of MPUs with nontrivial cohomology classes are
already found in Ref. [40] as the edges of 2D intrinsic Flo-
quet SPT phases. Therein, a nontrivial 1D edge is found to
toggle between different SPT phases, reminiscent of the dis-
crete time crystals which toggle between different symmetry-
broken phases [41–44]. In the tensor-network picture, we
can understand this “topological discrete time-crystalline os-
cillation” from the virtual level — when a symmetric MPS is
evolved by a symmetric MPU, their cohomology classes sim-
ply sum up (see Fig. 1(a)). To diagnose this phenomenon,
we may trace the stroboscopic evolution of the entangle-
ment spectrum, which is experimentally accessible by many-
body-state tomography [45] or interferometric measurement
[46]. For the G = Zn ⇥ Zn SPT MPU in Ref. [40], start-
ing from a symmetric trivial state, we will obtain (at least)
(n/gcd(n, t))2-fold degeneracy in the entanglement spectrum
after t time steps [38]. See Figs. 1(b) and (c) for the simplest
case n = 2.

Strong equivalence and symmetry-protected indices.— In
real physical systems with symmetries, the representation is
usually determined by the microscopic details and cannot be

2

becomes simple which means it then has a standard form

=
u u

v v

.

UkUkUkUkUk

(1)

The unitaries u : (Cdk

)⌦2 ! Cl ⌦ Cr and v : Cr ⌦ Cl !
(Cdk

)⌦2 are unique up to gauge transformations u ! (X† ⌦
Y †)u, v ! v(Y ⌦X), where d is the local Hilbert-space di-
mension before blocking, X 2 U(l) and Y 2 U(r). Con-
versely, two arbitrary unitaries u and v generate an MPU, pos-
sibly with the unit cell doubled.

Each G-symmetric MPU is associated to a cohomology
class in H2(G,U(1)). Viewing the MPU as an MPS, which is
always normal [36], the action of the unitary linear represen-
tation ⇢g on the physical level is expressed on the virtual level
with a projective representation zg [26, 37]:

⇢g

⇢†
g

U = z†
g

zgU .

(2)

The action of the symmetry on the building blocks in the stan-
dard form of the MPU similarly consists of two (distinct) pro-
jective representations xg and yg:

u
⇢†
g ⇢†

g

=

x†
g y†

g

u v

⇢g ⇢g

=
yg xg

vand .

(3)

All of zg, x⇤
g, and yg belong to the same cohomology class

[38].
The index [30, 31, 33] of the MPU is defined as
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for the identity e 2 G; it captures the imbalance of the di-
mensions of the projective representations. Both index and
cohomology class are stable under blocking and additive un-
der tensoring as well as composition of MPUs [38].

As Hastings conjectured [35], equivalent phases are indeed
completely classified by index and cohomology:

Theorem 1 (Equivalence) Two symmetric MPUs U0 and U1

are equivalent if and only if they share the same indices and

same cohomology classes.

Proof: (Details in Supplemental Material [38]) The necessity
of same indices was shown by Cirac et al. [30] and that of
same cohomology classes follows from the viewpoint (2) as
an MPS [26]. To construct an explicit path, note that U†

1U0

has index zero and trivial cohomology. Therefore only the
special case

Lemma 1 Each symmetric MPU U of zero index and trivial

cohomology is equivalent to the identity.
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FIG. 1. (color online). (a) G-symmetric MPS evolved by a G-
symmetric MPU with the cohomology classes summing up. (b)
Z2 ⇥ Z2-symmetric MPU in the nontrivial cohomology class. Here
� is the delta tensor and H is the Hadamard matrix. (c) Stroboscopic
dynamics of the entanglement spectrum (ES) governed by (b) start-
ing from a symmetric product state.

is required, to whose proof we now turn. First, assume U is
simple, otherwise perform blocking. By shifting any residual
phases from yg to xg , they can both be lifted to linear rep-
resentations. Tensoring any linear representation ⌧ with the
regular representation ⇢reg leads to ⌧ ⌦ ⇢reg = (dim ⌧)⇢reg, a
multiple of the regular representation up to equivalence of rep-
resentations, as may be understood by considering the char-
acters for finite groups [39]. By adding ancillas with the
regular representation and blocking, this allows us to regu-
larise all of the representations ⇢g on the physical as well
as xg and yg on the virtual level. Since zero index enforces
dim ⇢g = dimxg = dim yg , this regularisation procedure re-
sults in linear representations equivalent to ⇢̃ = (dim ⇢)⇢reg

for all of ⇢g, xg, and yg . After a gauge transformation of the
standard form, (3) therefore becomes (⇢̃⌦⇢̃)ṽ = ṽ(⇢̃⌦⇢̃), and
similarly for the other unitary ũ in the MPU’s standard form.
A ⇢̃reg-symmetric logarithm h̃ of ṽ (and similarly for ũ) then
allows to continuously connect U (with ancillas and blocked)
to the identity by employing ṽ� = e�h̃ in the standard form.
⇤

Examples of MPUs with nontrivial cohomology classes are
already found in Ref. [40] as the edges of 2D intrinsic Flo-
quet SPT phases. Therein, a nontrivial 1D edge is found to
toggle between different SPT phases, reminiscent of the dis-
crete time crystals which toggle between different symmetry-
broken phases [41–44]. In the tensor-network picture, we
can understand this “topological discrete time-crystalline os-
cillation” from the virtual level — when a symmetric MPS is
evolved by a symmetric MPU, their cohomology classes sim-
ply sum up (see Fig. 1(a)). To diagnose this phenomenon,
we may trace the stroboscopic evolution of the entangle-
ment spectrum, which is experimentally accessible by many-
body-state tomography [45] or interferometric measurement
[46]. For the G = Zn ⇥ Zn SPT MPU in Ref. [40], start-
ing from a symmetric trivial state, we will obtain (at least)
(n/gcd(n, t))2-fold degeneracy in the entanglement spectrum
after t time steps [38]. See Figs. 1(b) and (c) for the simplest
case n = 2.

Strong equivalence and symmetry-protected indices.— In
real physical systems with symmetries, the representation is
usually determined by the microscopic details and cannot be

zgzh = !g,hzgh
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becomes simple which means it then has a standard form

=
u u

v v

.

UkUkUkUkUk

(1)

The unitaries u : (Cdk

)⌦2 ! Cl ⌦ Cr and v : Cr ⌦ Cl !
(Cdk

)⌦2 are unique up to gauge transformations u ! (X† ⌦
Y †)u, v ! v(Y ⌦X), where d is the local Hilbert-space di-
mension before blocking, X 2 U(l) and Y 2 U(r). Con-
versely, two arbitrary unitaries u and v generate an MPU, pos-
sibly with the unit cell doubled.

Each G-symmetric MPU is associated to a cohomology
class in H2(G,U(1)). Viewing the MPU as an MPS, which is
always normal [36], the action of the unitary linear represen-
tation ⇢g on the physical level is expressed on the virtual level
with a projective representation zg [26, 37]:

⇢g

⇢†
g

U = z†
g

zgU .

(2)

The action of the symmetry on the building blocks in the stan-
dard form of the MPU similarly consists of two (distinct) pro-
jective representations xg and yg:

u
⇢†
g ⇢†

g

=

x†
g y†

g

u v

⇢g ⇢g

=
yg xg

vand .

(3)

All of zg, xg, and y⇤g belong to the same cohomology class
[38].

The index [30, 31, 33] of the MPU is defined as

ind ⌘ 1

2
log

r

l
=

1

2
log

Tr ye
Trxe

(4)

for the identity e 2 G; it captures the imbalance of the di-
mensions of the projective representations. Both index and
cohomology class are stable under blocking and additive un-
der tensoring as well as composition of MPUs [38].

As Hastings conjectured [35], equivalent phases are indeed
completely classified by index and cohomology:

Theorem 1 (Equivalence) Two symmetric MPUs U0 and U1

are equivalent if and only if they share the same indices and

same cohomology classes.

Proof: (Details in Supplemental Material [38]) The necessity
of same indices was shown by Cirac et al. [30] and that of
same cohomology classes follows from the viewpoint (2) as
an MPS [26]. To construct an explicit path, note that U†

1U0

has index zero and trivial cohomology. Therefore only the
special case

Lemma 1 Each symmetric MPU U of zero index and trivial

cohomology is equivalent to the identity.

[�U ]
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FIG. 1. (color online). (a) G-symmetric MPS evolved by a G-
symmetric MPU with the cohomology classes summing up. (b)
Z2 ⇥ Z2-symmetric MPU in the nontrivial cohomology class. Here
� is the delta tensor and H is the Hadamard matrix. (c) Stroboscopic
dynamics of the entanglement spectrum (ES) governed by (b) start-
ing from a symmetric product state.

is required, to whose proof we now turn. First, assume U is
simple, otherwise perform blocking. By shifting any residual
phases from yg to xg , they can both be lifted to linear rep-
resentations. Tensoring any linear representation ⌧ with the
regular representation ⇢reg leads to ⌧ ⌦ ⇢reg = (dim ⌧)⇢reg, a
multiple of the regular representation up to equivalence of rep-
resentations, as may be understood by considering the char-
acters for finite groups [39]. By adding ancillas with the
regular representation and blocking, this allows us to regu-
larise all of the representations ⇢g on the physical as well
as xg and yg on the virtual level. Since zero index enforces
dim ⇢g = dimxg = dim yg , this regularisation procedure re-
sults in linear representations equivalent to ⇢̃ = (dim ⇢)⇢reg

for all of ⇢g, xg, and yg . After a gauge transformation of the
standard form, (3) therefore becomes (⇢̃⌦⇢̃)ṽ = ṽ(⇢̃⌦⇢̃), and
similarly for the other unitary ũ in the MPU’s standard form.
A ⇢̃reg-symmetric logarithm h̃ of ṽ (and similarly for ũ) then
allows to continuously connect U (with ancillas and blocked)
to the identity by employing ṽ� = e�h̃ in the standard form.
⇤

Examples of MPUs with nontrivial cohomology classes are
already found in Ref. [40] as the edges of 2D intrinsic Flo-
quet SPT phases. Therein, a nontrivial 1D edge is found to
toggle between different SPT phases, reminiscent of the dis-
crete time crystals which toggle between different symmetry-
broken phases [41–44]. In the tensor-network picture, we
can understand this “topological discrete time-crystalline os-
cillation” from the virtual level — when a symmetric MPS is
evolved by a symmetric MPU, their cohomology classes sim-
ply sum up (see Fig. 1(a)). To diagnose this phenomenon,
we may trace the stroboscopic evolution of the entangle-
ment spectrum, which is experimentally accessible by many-
body-state tomography [45] or interferometric measurement
[46]. For the G = Zn ⇥ Zn SPT MPU in Ref. [40], start-
ing from a symmetric trivial state, we will obtain (at least)
(n/gcd(n, t))2-fold degeneracy in the entanglement spectrum
after t time steps [38]. See Figs. 1(b) and (c) for the simplest
case n = 2.

Strong equivalence and symmetry-protected indices.— In
real physical systems with symmetries, the representation is
usually determined by the microscopic details and cannot be

xgxh = !g,hxgh
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Interpreting the symmetry-
protected index

• Evolved symmetry-string operator

• Symmetry-charge-pump picture

cf. edge modes in equilibrium SPT phases
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State-like vs. Genuinely dynamical

• Two types of topological invariants
Cohomology class: trivial -> SPT – state-like (SL) 
SPI / index: trivial -> trivial – genuinely dynamical (GD) 

• Homomorphism from QCA to short-range states
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Refining the periodic table

• Map from fermionic Gaussian QCA to fermionic 
Gaussian states with fundamental symmetries

fGO fGS

SL

GD D

ND

GD ND

SL

GD
D
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TABLE VIII. BdG fGS

d 0 1 2 3
D Z2 Z2 Z 0

DIII 0 Z2 Z2 Z
C 0 0 2Z 0
CI 0 0 0 2Z

TABLE IX. BdG fGO

d 0 1 2 3
D Z2 Z 0 0

DIII 0 Z 0 Z
C 0 2Z 0 Z2

CI 0 Z 0 Z

TABLE X. BdG WD CS fGS

d 0 1 2 3
D Z2 Z2 Z 0

DIII 0 Z2 Z2 Z
C 0 0 2Z 0
CI 0 0 0 2Z

A Z 0 Z 0
AI Z 0 0 0
AII 2Z 0 Z2 Z2

AIII 0 Z 0 Z
BDI Z2 Z 0 0
CII 0 2Z 0 Z2

TABLE XI. BdG WD CS fGO

d 0 1 2 3
D Z2 Z 0 0

DIII 0 Z 0 Z
C 0 2Z 0 Z2

CI 0 Z 0 Z

A 0 Z 0 Z
AI Z2 Z 0 0
AII 0 2Z 0 Z2

AIII 0 Z2 0 Z2

BDI Z2
2 Z2 0 0

CII 0 2Z2 0 Z2
2
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TABLE XI. BdG WD CS fGO

d 0 1 2 3
D Z2 Z 0 0

DIII 0 Z 0 Z
C 0 2Z 0 Z2

CI 0 Z 0 Z

A 0 Z 0 Z
AI Z2 Z 0 0
AII 0 2Z 0 Z2

AIII 0 Z2 0 Z2

BDI Z2
2 Z2 0 0

CII 0 2Z2 0 Z2
2

BdG

WD

CS
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2D Chiral Floquet MBL Phases 

Floquet phase can lead to a robust chaotic behavior at
the edge.

B. Unidirectional transport and quantum
communication

Aside from connection to ergodicity, akin to its equi-
librium counterpart, a chiral edge operator also gives rise to
signature unidirectional transport. For instance, in a system
with a conserved U(1) charge, one expects an edge operator
Ŷ, with νðŶÞ > 0, to generate a right-moving current
proportional to the average charge localized at the edge
[31]. However, we stress that the presence of such a
conserved charge only bears witness to the chiral nature
of the edge and is not necessary for the existence of a chiral
Floquet phase, which was linked to the chiral unitary index
ν defined in the absence of any symmetries. For this reason,
a more fundamental characterization of the chiral Floquet
phases are in terms of the chiral transport of quantum
information, which we investigate below.
As a thought experiment, imagine that Alice and Bob,

sitting, respectively, at (0,0) and ðL;LÞ, are separated by an
experimental setup realizing the bosonic MBL chiral
Floquet model discussed in Sec. II A. Suppose the system
is initialized into a trivial product state, say, with all spin-
1=2’s pointing “up.” At time t ¼ 0, Alice can locally create

quantum entanglement by entangling a bulk and an edge
qubit on her side, respectively, at (1,1) and (0,0), and she
can prepare the initial state

jΨð0Þi ¼ j⇑i ⊗ 1ffiffiffi
2

p ðj↑ið0;0Þj↓ið1;1Þ − j↓ið0;0Þj↑ið1;1ÞÞ;

ð32Þ

where j⇑i denotes the “all-up” state for all sites other than
those explicitly written out [Fig. 8(a)]. After one Floquet
period (t ¼ T), the bulk DOFs only pick up an on-site
random phase, whereas all the edge DOFs are “advanced”
by one unit along the edge [Fig. 8(b)], and hence the state
evolves into

jΨðTÞi ∝ j⇑i ⊗ 1ffiffiffi
2

p ðj↑ið1;0Þj↓ið1;1Þ − e−iϕj↓ið1;0Þj↑ið1;1ÞÞ;

ð33Þ

where e−iϕ is an unimportant phase. Therefore, after 2L
Floquet periods [Fig. 8(c)], one finds

jΨð2LTÞi∝j⇑i⊗ 1ffiffiffi
2

p ðj↑iðL;LÞj↓ið1;1Þ−e−iϕ
0 j↓iðL;LÞj↑ið1;1ÞÞ;

ð34Þ

i.e., the “pumping” of quantum information manifests as a
transfer of local entanglement across the entire system.
Hence, Alice and Bob now share an entangled pair of
qubits, transported by the “one-way information highway”
at the edge of a 2D bosonic MBL chiral Floquet system,
which they can utilize for quantum communication.

VIII. FERMIONIC CHIRAL FLOQUET PHASES

We have so far focused on 2D bosonic systems, where
we established rigorous results using the GNVW results
and a MPU reformulation. However, the basic construction
of the SWAP models is very closely related to the
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FIG. 7. Chiral edge thermalization. The presence or a using
exact diagonalization for a small spin-1=2 chain with size N ≤ 11
sites, and level statistics is extracted using 200 disorder realiza-
tions. Red circles and blue squares respectively indicate level
statistics of Ĥh and i log ðe−iĤh t̂Þ. (a) The level spacing
δn ≡ ϵnþ1 − ϵn, where ϵn is the nth eigenvalue of the Hamiltonian
for one disorder realization, is known to show distinct statistical
properties when the system is MBL or thermal. The plot shows
level statistics for h ¼ 8, and the probability density functions of
the normalized level spacing δ=hδi are well fitted to the Poisson
distribution (red line) and the generalized unitary ensemble
(GUE; blue dashed line), respectively, for Ĥh and
i log ðe−iĤh t̂Þ. This indicates Ĥh is localized but i log ðe−iĤh t̂Þ
is thermal. (b) The localization of the system can be further
quantified by studying the “r ratio,” defined as
r≡ hminðδn; δnþ1Þ=maxðδn; δnþ1Þi. Here, r is known to con-
verge to 0.39 (red line) and 0.6 (blue dashed line), respectively,
for Poisson and GUE level statistics [62,63], as observed at large
h. The inset shows the convergence as a function of system sizes
8 ≤ L ≤ 11 at a strong disorder of h ¼ 8.

(a) (b) (c)

FIG. 8. Transport of quantum entanglement by the edge of a 2D
bosonic MBL chiral Floquet system. The dashed line indicates
schematically the separation between bulk and edge DOF, with
the arrow indicating the direction of information transport along
the edge. (a) Quantum entanglement (represented by the blue
shaded area) is locally created at t ¼ 0. (b,c) Entanglement is
transported through a distance of OðLÞ in time OðLTÞ.
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Refs. [29] and [31], where the fermions are replaced by
hard-core bosons, and each fermionic “hop” is replaced by
a bosonic SWAP gate. In anticipation of the generalizations
in subsequent subsections, we will view the hard-core
bosons as spin-1=2’s.
More concretely, let Λ be a checkerboard lattice with two

(square) sublattices A and B. We view Λ as rotated
45 degrees from the horizontal and choose primitive lattice
vectors x̂ and ŷ oriented in the x and y directions,
respectively. We can then view Λ as a crystal lattice with
a two-site unit cell, with basis vectors 0 for A and ðx̂þ ŷÞ=2
for B. Each site will host a spin-1=2. For concreteness, let
us take a large rectangular system with size Nx × Ny so that
the total number of sites is jΛj≡ 2NxNy.
Our Hamiltonian is a piecewise constant function of

time, with four distinct time steps, each of duration T=4.
The four corresponding Hamiltonians are denoted ĤðsÞ,
s ¼ 1;…; 4, so ĤðtÞ ¼ ĤðsÞ for ðs − 1ÞT=4 ≤ t ≤ sT=4.
For each s, we define

ĤðsÞ ¼
π
T

X

r

ðŜrBþbs
· ŜrA − 1̂Þ; ð1Þ

where ŜrA ¼ fX̂x; Ŷx; Ẑxg denote the Pauli operators at site
x ∈ Λ; rA and rB, respectively, denote the coordinates of
the A and B sites in the unit cell r; and

b1 ¼ 0; b2 ¼ −x̂;
b3 ¼ −x̂ − ŷ; b4 ¼ −ŷ: ð2Þ

By construction, all terms in ĤðsÞ commute, so the time-
evolution operator expð−iĤðsÞT=4Þ for a single time step
can be readily computed:

ÛðsÞ ≡ exp ð−iĤðsÞT=4Þ ¼
Y

r

χ̂rBþbs;rA ;

χ̂x;y ¼
1

2
ð1̂þ Ŝx · ŜyÞ; ð3Þ

where χ̂x;y is simply the SWAP gate between the spin-1=2
DOF at sites x and y. Hence, the total Floquet operator can
be viewed as a quantum circuit built entirely of SWAP gates
and is merely a permutation of the lattice sites. We denote it
by ÛF ≡ P̂F ≡ P̂ð4Þ…P̂ð1Þ to emphasize that each step is a
site permutation. Because of its permutation nature, a
SWAP circuit is exactly soluble, as we discuss in
Appendix A. In particular, we show below that with
periodic boundary conditions (PBC), ÛF is just the identity.
To compute the Floquet operator, which is a site

permutation, it is enough to work in the “single-spin-flip
sector,” defined as the subspace spanned by the orthonor-
mal set of single-spin-flip states fjrμi≡ Ŝþrμ j0ig, where
j0i≡ j↓↓…↓i, and Sþrμ ¼ ðXrμ þ iYrμÞ is the spin-raising

operator at site rμ. Restricted to this subspace, PF ≡
hrμjP̂Fjr0μ0 i is a jΛj-dimensional matrix and can be effi-
ciently analyzed. Intuitively, one can compute PF by simply
“hopping” the spin-flip following the SWAP gates in the
Floquet cycle. With PBC, one sees that any spin-flip circles
an adjacent plaquette and returns to its starting position
after the fourth step [Fig. 1(a)]. This implies PF ¼ 1jΛj, and
hence ÛF ¼ P̂F ¼ 1̂.
Although the Floquet operator is apparently trivial with

PBC, it could still be topologically nontrivial and display
protected, anomalous edge dynamics when the system is
under open boundary conditions (OBC). Explicitly, we
consider a cylindrical geometry periodic in x but open in y.
This opens up two circular edges, respectively consisting of
the A sites at y ¼ 1 and B sites at y ¼ Ny. The computation
of the Floquet operator with OBC, Û0

F ≡ P̂0
F, proceeds as

before. In the bulk, i.e., for y ≠ 1 and Ny, one simply finds
P̂0
FjBulk ¼ 1̂, as none of the SWAP gates acting on the bulk

sites have been affected. On the other hand, for a spin-flip
starting at, say, ðx; y ¼ 1ÞA, the SWAP gates for the third
and fourth time steps have been “deleted,” so in the single-
spin-flip sector

P0
Fjðx; 1ÞAi ¼ P0

ð2ÞP
0
ð1Þjðx; 1ÞAi ¼ jðxþ 1; 1ÞAi: ð4Þ

Hence, P̂0
F permutes the sites ðx; 1ÞA in the same way as the

unit right-translation operator along the boundary, t̂y¼1;A.
Similarly, for a spin-flip starting at ðx; NyÞB, we have

(b) (c)

(a)

FIG. 1. Various SWAP circuits considered. (a) A Floquet phase
with counterpropagating translation operators localized at the two
edges can be built by applying four layers of SWAP gates, as
indicated by 1 to 4. (b) The translation operator for the six-site
example has depth five. Generally, it will have an infinite circuit
depth in the thermodynamic limit. (c)Apair of counterpropagating
translation operators, however, can be realized with depth two.
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Entanglement growth

the initial magnetization and therefore a loss of the memory
of the initial state.
Entanglement growth: Finally, we explored the spread-

ing of entanglement following a quantum quench, known
to be a sensitive probe of many-body localization: in the
MBL phase, entanglement grows logarithmically in time
[9,11–14], while in the ergodic phase, as well as in
Bethe-ansatz-integrable systems, it grows linearly in time
[18–20]. The disorder-averaged entanglement entropy as a
function of time, calculated for fixed T1 ¼ 0.4 and the
symmetric bipartition, is shown in Fig. 4. Averaging was
performed over 6000 disorder realizations. Entanglement
initially rises from zero, followed by a plateau and a
logarithmic growth for several decades in time,
hSðtÞi ∝ lnðtÞ. This behavior is qualitatively similar to that
found in the MBL phase in systems with time-independent
Hamiltonians [11–14], which gives further support for the
existence of the MBL phase in driven systems with strong
disorder.
Local integrals of motion and effective description of the

driven MBL phase.—In order to understand the spectral and
dynamical properties of the MBL phase observed in the
numerical simulations, we propose an effective model of
this phase. Intuitively, a MBL phase is stable because weak
driving only induces periodic motion of localized degrees
of freedom, but not transitions between them. Thus, we
expect that an extensive number of local integrals of motion
which is known to exist in static MBL phase [13,14],
persists under driving. To define the integrals of motion, we
first note that the area-law entanglement of the Floquet
eigenstates suggests that they can be obtained from the
product states (in the σzi ¼ $1 basis) by a quasilocal unitary
transformation U which brings the Floquet operator into a
diagonal form in that basis: UF̂U† ¼ F̂diag. Since L of the
operators σzi commute with F̂diag, we can introduce a set of
L “pseudospin” operators τzi ¼ U†σziU. These operators

commute with the Floquet operator ½F̂; τzi & ¼ 0, as well as
with each other ½τzi ; τzj& ¼ 0. Operators τzi have eigenvalues
$1 and therefore satisfy the relation ðτzi Þ2 ¼ 1; they can be
viewed as z components of some “effective” spins. We
emphasize that the operators τzi can be introduced for any
driven system, but the special property of the MBL phase is
that their support is localized near site i, and they affect
remote physical degrees of freedom exponentially weakly.
In terms of τ operators, the operator F takes a simple
form, as it can only depend on τzi operators and their
products (but not on the τxi ; τ

y
i operators). It is convenient to

represent F̂ as

F̂ ¼ e−iHeffðfτzi gÞ; ð5Þ

where HeffðfτzigÞ is a real function of operators τzi . (Such a
representation takes into account the fact that eigenvalues
of F̂ have the absolute value one). Further, since ðτzi Þ2 ¼ 1,
Heff can generally be written as

HeffðfτzigÞ ¼
X

i

~hiτ
z
i þ

X

ij

Jijτ
z
i τ

z
j þ

X

ijk

Jijkτ
z
i τ

z
jτ

z
k þ ( ( (

ð6Þ

It is natural to assume that in the MBL phase the couplings
J between remote effective spins decay exponentially with
distance, similar to the static case [13,14].
The effective model introduced above naturally explains

the spectral and dynamical properties of the MBL phase
established numerically, e.g., the absence of decay of the
on-site magnetization at long times and the logarithmic
growth of entanglement, which directly follows from
Eqs. (5) and (6) and the exponential decay of interactions
between remote effective spins [12–14]. To provide further
justification for the effective description [Eqs. (5) and (6)],
we have also numerically constructed [41] the local
integrals of motion following Ref. [23]. These form an
extensive set, although they are not identical to τzi operators.
Discussion.—We have demonstrated the existence of two

dynamical regimes in periodically driven MBL systems.
We found that weak driving does not destroy MBL
systems. In this regime, localized degrees of freedom
(effective spins) perform periodic motion, and driving does
not induce transitions between distant effective spins, even
though they are interacting [13,14]. This indicates that
MBL systems do not absorb energy under weak driving,
and signals the inapplicability of linear response theory
(Mott’s formula) in driven MBL systems, which predicts
finite absorption and heating. Further, there exists a finite
driving threshold above which the system delocalizes, and
ergodicity is restored. Our study shows that periodic
driving, which is a common tool in both solid-state and
cold atoms systems, provides a new experimental probe of
MBL systems, and in particular allows one to induce and
characterize the MBL-delocalization transition.

FIG. 4 (color online). Disorder-averaged entanglement entropy
following a quantum quench, for the Néel initial state. Data for
system sizes L ¼ 12; 14 were obtained by ED, for L ¼ 16; 18
using Krylov subspace projection, and L ¼ 24; 30 using TEBD.
Averaging is performed over 6000 disorder realizations.

PRL 114, 140401 (2015) P HY S I CA L R EV I EW LE T T ER S
week ending

10 APRIL 2015

140401-4

OPERATOR ENTANGLEMENT ENTROPY OF THE TIME . . . PHYSICAL REVIEW B 95, 094206 (2017)

leading to a sub-ballistic growth of the (state) entanglement
entropy after a quench [4], power-law information transport as
quantified by the out-of-time-order correlation function [55]
and subdiffusive transport [4,18,50–53] (see Ref. [3] for a
recent review of the numerical evidence).

To analyze the finite-size scaling of the opEE of the
evolution operator, we conjecture that the opEE will grow as a
power law in time up to saturation, as was observed for the EE
after a quench [4]. Then, we can make the scaling assumption
that for hydrodynamic times (after an initial transient, but
before the saturation), the opEE grows like S[Û (t)] = βtα

and thus we can estimate the time t∞ after which the opEE
saturates:

t∞ ∝ S(∞)
1
α , (44)

where S∞ is the saturation value S[Û (∞)].
With this natural timescale in the problem, we propose the

scaling hypothesis

S[Û (t)]/S(∞) = f (t/t∞). (45)

Numerically, it is difficult to determine the saturation time
accurately, because in its proximity the power-law growth
seems to be violated. Therefore, we define instead the time
t0.5 at which the opEE reaches half of the saturation value by

S[Û (t0.5)] = S[Û (∞)]
2

(46)

and use t0.5 as the natural timescale. We determine this time
by interpolating the time evolution of the opEE and solving
Eq. (46) for t0.5 numerically for each system size and disorder
strength. The associated error bar of t0.5 is estimated by the
error of the opEE divided by the derivative of the opEE with
respect to time.

In the right panels of Fig. 9, we display the opEE divided
by the saturation value S[Û (∞)] as a function of time in units
of the half saturation time t0.5 for different system sizes on
a log-log scale. At weak disorder, all curves collapse almost
perfectly to one universal curve, displaying a clear power law
for t ∼ t0.5. For stronger disorder, finite-size effects become
more visible but it seems that the curves still converge to a
universal curve for larger system sizes. At a disorder strength
of W = 2 (bottom panel), the power-law regime is shorter
than at weaker disorder and at intermediate times an extended
regime of slow growth of the opEE is visible in the curvature
of the curve. Currently, it is unclear where this regime comes
from, but we may speculate that it is due to the fact that, at this
disorder strength for finite systems, a fraction of the eigenstates
of the Hamiltonian are already many-body localized [49].
Although there is no direct connection to the behavior of the
eigenstates of the Hamiltonian, the growth of the opEE of the
evolution operator can be influenced by this fact and therefore
exhibit slower dynamics. At weaker disorder, the fraction of
localized states in the spectrum of the Hamiltonian is much
smaller and therefore the effect of slower dynamics can be
expected to be less visible, which is the case in our results.

Let us finally address the power-law growth of the opEE
at short times. In the previous section, we show that, for a
Floquet system, the growth is almost linear; however, in the
random Heisenberg chain slower dynamics can be expected.
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FIG. 10. Growth of operator entanglement entropy in the MBL
phase of the random-field Heisenberg model (Sz = 0).

We use two methods to determine the exponent of the power-
law growth: First, we fit a power law to the growth of the
opEE in time for the largest system size over a time window
where it appears to be linear on a log-log scale, yielding an
exponent αfit. The fit and the value of the exponent is reported
in Fig. 9. The second approach relies on the scaling ansatz,
since according to the scaling arguments explained above, we
expect that

t0.5 ∝ L
1
α , (47)

and we can use this ansatz to fit a power law to t0.5(L), yielding
α0.5. Both exponents agree reasonably well with error bars. We
also show the corresponding power-law curves together with
the data collapse for comparison.

C. Growth of S[Û(t)] in many-body localized phase

It is known that the entanglement dynamics in MBL systems
is much slower than in ergodic systems; in fact, after a quench,
the (state) entanglement entropy grows logarithmically and
saturates to a volume-law value with a suppressed prefac-
tor [4,6,7,40].

In Fig. 10, we show the disorder-averaged opEE of the
evolution operator for different system sizes of the random-
field Heisenberg chain (30) at strong disorder W = 10, where
the system is surely in the MBL phase. On a logarithmic scale
in time, it is visible that the saturation value is approached
extremely slowly and our results are consistent with a
logarithmic growth of the opEE, although larger system sizes
would be required to test this hypothesis thoroughly.

VII. CONCLUSION

We have defined the opEE of the time evolution operator
and analyzed the saturation and growth patterns in various spin
systems.

The Floquet system is the most chaotic among the models
we studied. It has a linear initial growth of the opEE, saturating
at the Page value: the average EE of a random unitary operator.
We note that the linear growth is also observed in other Floquet
models [56] and quenches under a random unitary gate [57].
It would be interesting to use the hydrodynamic theory and
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• Entropy formula of the index

• Weak subadditivity

Proof of the main result
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• Example of violating 

• General proof for 

Stability against exponential tails

Step 1 – Approximate Hamiltonian evolution by quantum circuit

Step 2 – Optimizing the (time-dependent) Lieb-Robinson bound 
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Exactly solvable chaotic anomalous 
dynamics: Random QCA

ZG, A. Nahum, and L. Piroli, 128, 080602 (2022)
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Entanglement-membrane theory

• Hydrodynamic equation (zero index)

Formal solution:

C. Jonay, D. A. Huse, and A. Nahum, arXiv:1803.00089
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E =

Z
dt E(v)

v(t)t

x
FIG. 1: Minimal curve picture in 1+1D. At each point in
time the directed curve can be assigned a velocity v(t). Its
entanglement “energy” is the integral of a velocity-dependent
“line tension”, plus a possible contribution from the initial
state; see Eq. 4.

realize a Floquet time-evolution, or it may be a random
function of time drawn from some ensemble, as in Ref.
12. In the two latter cases we must coarse-grain some
in time to not “see” the short-time variations due to the
time-dependence of H(t).

As applied to general nonintegrable systems, this pic-
ture is a conjecture which is supported by exact results
for random circuits as well as numerical finite-size scal-
ing analyses of entanglement saturation [12, 19] including
those presented here. In the spirit of thermodynamics,
we assume that this coarse-grained description holds on
long length and time scales for “generic” initial states.
As with the thermodynamics of closed systems, it is pos-
sible to find atypical initial states for which it does not
apply (Sec. IVB).

This picture in terms of a growth rate �(s) is mathe-
matically equivalent to a spacetime picture in terms of a
coarse-grained minimal curve, where the crucial data is
a function E(v) encoding the “line tension” of this curve
[12]. This line tension is a coarse-grained measure of the
entanglement across a spacetime cut through the unitary
operator that generates the dynamics, as we discuss be-
low. In some limits [12], the minimal curve can be related
to the idea of a minimal cut through a tensor network
[9, 26–28], which gives a microscopic upper bound on the
entanglement in any tensor network or unitary circuit.

The unitary evolution takes place in a spacetime patch
of spatial extent L and temporal extent t. We will con-
sider directed curves which pass from the spacetime point
(x, t) at the final time either to (y, 0) at the initial time
or to a point on the spatial boundary for systems with
open ends. Consider first the limit of an infinite chain,
so that only the first option is allowed.

A curve in spacetime has a velocity v = dx/dt (Fig. 1).
We define a velocity-dependent line tension, E(v), for
such curves, again with dimensions of velocity. The “en-
ergy” of a section of the curve of duration �t and velocity
v is defined as seq E(v)�t, which is dimensionless, and is
a measure of the coarse-grained entanglement across this
section of the curve. In order to compute S(x, t), we

�(s)

sseq

E(v)

v

vE

vE
(vB , vB)

slope
�
v
B
/s

eq

�seq

FIG. 2: Schematic: entanglement growth functions � and E
(from the finite q random circuit example in Eqs. 17, 18).

consider all directed curves which travel from spacetime
point (x, t) to an arbitrary position (y, 0) at the initial
time. Such a curve is assigned an energy which is the
integral of the line tension energy along the curve, to-
gether with a piece S(y, 0) from the entanglement of the
initial state: see Fig. 1. The entanglement is given by the
energy of the minimal-energy such curve. In the present
setting this curve is a straight line with some constant
velocity v = (x� y)/t, so that

S (x, t) = min
y

✓
t seq E

✓
x� y

t

◆
+ S (y, 0)

◆
. (4)

In cases where the dynamics is inhomogeneous in space
[19] or in time, E(v) will acquire an additional explicit
dependence on x or t. The minimal curve will then no
longer be a straight line.
The equivalence between (2) and (4) is seen by di↵er-

entiating (4) with respect to t. We obtain Eq. 2 with

�(s) = min
v

✓
E(v)�

vs

seq

◆
. (5)

E(v) is given in terms of �(s) by the inverse Legendre
transformation,

E(v) = max
s

✓
�(s) +

vs

seq

◆
. (6)

See Fig. 2.
In the above discussion, the minimal curve arose as a

mathematical construct to solve Eq. 2. However the pic-
ture of a minimal curve or (in higher dimensions) surface
with a coarse-grained surface tension E(v) can be moti-
vated independently, and it will often be useful to think
of the curve or surface as the primary object.
The crucial feature of the minimal surface, which we

will rely on in the following, is an e↵ective locality of its
coarse-grained description. The “energy” of the curve
is simply an integral of the velocity-dependent line ten-
sion along the length of the curve. This is a nontrivial
assumption which certainly cannot hold for integrable
systems, where a very di↵erent quasiparticle picture pro-
vides a useful description of entanglement growth [21].
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: Entanglement entropy of subsystem
                  at time

<latexit sha1_base64="Zy81rS4dhitA8HsshM3DL6EBeIY="></latexit>

S(x, t)
<latexit sha1_base64="r30ran8kA1gZfQ6vymyhS6cGqZg="></latexit>

(�1, x]
<latexit sha1_base64="+d0P5vXhG/RN11CmvpIPKBN/8fA="></latexit>

t

<latexit sha1_base64="Ic1fad6CNCu8N0Ul/+Qw5em6PbE="></latexit>

S(x, t) = min
y

✓
tseqE

✓
x� y

t

◆
+ S(y, 0)

◆
4

U(t)

x

y

FIG. 3: Entanglement of the time evolution operator. The
entanglement of an operator acting on L spins, for example
the time evolution operator (left), is calculated by treating it
as a state on 2L spins (right). SU (x, y, t) denotes the entan-
glement of the subsystem consisting of the shaded spins in the
upper right figure.

But we conjecture that this locality property is an emer-
gent property of the dynamics of generic nonintegrable
systems on large scales [12].

For now we assume spatial reflection symmetry
�(s) = �(�s) (this may be relaxed, see Sec. II C).
Eq. 6 defines E(v) in the range |v|  vmax, where
vmax = �seq�0(seq). By basic properties of the Leg-
endre transformation, and assuming � to be analytic
in the range (�seq, seq), we have E(vmax) = vmax and
E
0(vmax) = 1. We will argue in Sec. II C that vmax is fi-

nite in models with local interactions, and that in general
vmax is equal to vB , the speed at which operators spread.
This argument involves an assumption that di↵erent nat-
ural measures of the “size” of a spreading operator are
governed by the same growth speed vB . If this assump-
tion failed, then the speed vmax relevant to E and � could
correspond to a di↵erent “operator spreading speed” to
the speed vB defined by the out-of-time-order correlator.
For higher Renyi entropies, and for the von Neumann
entropy in a certain limit, nontrivial analytical checks on
the identity vmax = vB are possible (Sec. II B). We will
also give a numerical consistency check.

We therefore have the important basic constraints on
the line tension

E(vB) = vB , E
0(vB) = 1, with E(v)  |v|, (7)

together with the convexity condition (Sec. II C)

E
00(v) � 0. (8)

As a result of (7), only curves with velocity less than
or equal to vB are ever required for the minimization in
Eq. 4. It will su�ce to consider only such curves. Inter-
estingly however, the explicit random circuit calculation
reviewed in Sec. II B shows that there is a sense in which
E(v) remains well-defined (at least for the higher Renyi
entropies) for speeds greater than vB but less than the
strict causal light cone speed, if one exists.

The right hand side of (4) has two parts, one coming
from the initial state, and one which is independent of the
initial state. At infinite temperature we identify this sec-
ond part with the operator entanglement of the unitary
time evolution operator, U(t), which advances time from

t U(t)
v

x

y

FIG. 4: The unitary entanglement SU (x, y, t) is proportional
to the line tension E(v) for a cut with v = (x � y)/t (when
|x� y|  vBt, and neglecting boundary e↵ects).

zero to t [16, 22, 25]. (We expect that a similar identifi-
cation also holds at finite temperature, for an “e↵ective”
time evolution operator: this e↵ective time evolution op-
erator acts in the corresponding Hilbert space of lower-
energy states, whose e↵ective local dimension qe↵ is de-
termined by the thermal entropy density, seq = log qe↵.)
Recall that the operator entanglement [16, 22–25] is

defined by treating the operator as a state in a doubled
Hilbert space, with the two sets of “spins” corresponding
to the row and column indices of the operator respec-
tively: see the cartoon in Fig. 3. Visually, if we think of
U(t) as a matrix product operator, with “legs” at the top
representing the row indices and legs at the bottom repre-
senting the column indices, then the mapping to a state
simply means treating this object as a matrix product
state in which both the upper and lower legs are phys-
ical spin indices. (We review the definition of operator
entanglement in more detail in Sec. III.)
Let SU (x, y, t) denote the entanglement of U(t), for

a cut that makes a “subsystem” which includes all the
row spins to the left of x and all the column spins to
the left of y: see Fig. 3, upper right. Note that at time
zero, U(0) is simply the identity: this corresponds to
a state in which each row spin is maximally entangled
with the corresponding column spin, but in which spins
at distinct spatial sites are not entangled. This means
that SU (x, y, 0) = seq|x� y|, where seq is the logarithm
of the Hilbert space dimension (since we are temporarily
restricting to infinite temperature).
In the scaling limit, SU (x, y, t) is given by the energy

of a cut that runs from (x, t) at the final time of the
spacetime patch to (y, 0) at the initial time:

SU (x, y, t) = t⇥ seq E

✓
x� y

t

◆
for |x� y|  vBt. (9)

When |x�y| = vBt, the above formula matches the t = 0
result (by Eq. 7). That is, the change of SU (x, y, t) from
its t = 0 value is exponentially small [30] in t and thus
can be ignored in the scaling limit as long as |x � y|/t
exceeds vB :

SU (x, y, t) = seq|x� y| for |x� y| � vBt. (10)
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Entanglement-membrane theory
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Generalized entanglement-
membrane theory
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50 In this work, we prove that there is an equivalent way to
51 express the index as the entanglement of the “vectorized"
52 evolution operator [cf. Fig. 1(b)], which is often called
53 operator-space entanglement entropy [38]. This quantity
54 can be formulated in terms of any Rényi entropy, is
55 computed locally, and closely reflects the intuitive inter-
56 pretation of the index based on quantum-information flow.
57 Inspired by this definition, we derive our main result,

Sα ≥ 2jindj; ð1Þ

5859 where Sα is the Rényi entropy of order α of the evolution
60 operator, and where α ∈ ½0;∞$. This result establishes a
61 link between two seemingly unrelated topics, proving that
62 there exists a topological lower bound on the value of well-
63 studied dynamical quantities. In particular, based on the
64 known relation between S2 and the averaged OTOCs [39],
65 we will interpret this inequality as a lower bound on
66 quantum chaos. As an immediate application, Eq. (1)
67 allows us to establish rigorously that any sublinear entropy
68 growth behavior in 1D, including MBL, is not compatible
69 with a nonvanishing index. Thanks to measurability of the
70 Rényi entropy, our results should be experimentally
71 observable.
72 Index of 1D QCA.—We consider general range-rQCAU
73 defined on a periodic qudit chain with local Hilbert space
74 Cd and size N. As shown in Refs. [1,23], by grouping (or
75 “blocking”) at least r adjacent sites into one (such that the
76 coarse-grained QCA has size 2l ≤ N=r and range 1), we
77 can represent U as [cf. Fig. 2(a)]

U ¼
!
⊗
l

x¼1
v2x−1;2x

"!
⊗
l

x¼1
u2x;2xþ1

"
; ð2Þ

7879where u2x;2xþ1∶Cd2x ⊗ Cd2xþ1 → Cd02x ⊗ Cd02xþ1 and
80v2x−1;2x∶Cd02x−1 ⊗ Cd02x → Cd2x−1 ⊗ Cd2x are unitaries, with
81input and output on two adjacent blocked sites, respec-
82tively. Note that the local Hilbert space dimension d0x in the
83“hidden” layer is generally not equal to dx, but they
84must satisfy d0xd0xþ1 ¼ dxdxþ1 ∀ x ¼ 1; 2;…; 2l, implying
85d02x=d2x ¼ d2x−1=d02x−1 is a constant independent of
86x ¼ 1; 2;…; l. The index of U is defined as the logarithm
87of this constant [22,23]:

ind≡ log
d2x
d02x

∈ logQþ; ð3Þ

8889which was proven to be stable against different ways of
90blocking and under continuous deformations. In other
91words, this index is a topological invariant of U.
92Equivalent formulation of the index.—As a starting
93point, we show that the index (3) can be expressed exactly
94as an entanglement entropy difference between two
95reduced states of the vectorized operator jUi, technically
96known as the Choi-Jamiołkowski state (CJS) [40]:

jUi≡ ðU ⊗ IÞjIi; ð4Þ

9798where jIi≡ d−N=2ð
Pd

j¼1 jjjiÞ⊗N is the maximally
99entangled state between two copies of the entire Hilbert

100space and I≡ 1⊗N is the global identity acting on the
101auxiliary copy. As shown in Fig. 2(b), if we pick up two
102adjacent segments a and b with minfjaj; jbjg ≥ r (jaj is the
103number of sites in a) [41], irrespective of their locations
104[42], the index turns out to be

ind ¼ 1

2

#
Sαðρab0 Þ − Sαðρa0bÞ

$
; ð5Þ

105106where ρA ≡ TrĀ½jUihUj$ (A ¼ ab0; a0b and Ā is the com-
107plement of A) and SαðρÞ≡ ð1 − αÞ−1 log Tr½ρα$ can be an
108arbitrary Rényi entropy. Hereafter, we denote by a0 the
109ancillary qudits associated with a, and analogously for
110other regions. To show Eq. (5), we can take a specific
111bilayer representation such that a and b are blocked into an
112even and odd site, respectively. Then we consider the CJS
113shown in Fig. 2(c) corresponding to ðvL;a ⊗ vb;RÞua;b, so
114that its reduced state on Laa0bb0R coincides with that of
115jUi. Importantly, here L and R are finite regions next to a, b
116with jLj; jRj ≥ r, cf. Fig. 2(c). Since this is a pure state, we
117have

SαðρL0a0bRÞ ¼ SαðρLab0R0 Þ ð6Þ

118119under the bipartition L0a0bR⊔Lab0R0. By directly con-
120tracting the tensor, we obtain ρL0a0bR ¼ 1L0=d0L ⊗ ρa0bR and
121ρLab0R0 ¼ ρLab0 ⊗ 1R0=d0R. Tracing out the auxiliary part of
122jUi except for a0, we can consider ρa0bR as the reduced state
123of ðU ⊗ 1a0 ÞðjIaa0 ihIaa0 j ⊗ daIā=dNÞðU† ⊗ 1a0 Þ (jIaa0 i is
124the maximally entangled state between a and a0), which is

(a) (b)

(c) (d)

F2:1 FIG. 2. (a) Representation of a QCA as a bilayer product of
F2:2 nearest neighbor unitaries, with possibly different Hilbert-space
F2:3 bipartition for their inputs and outputs. Here the thick and dotted
F2:4 legs refer to virtual local Hilbert spaces at even and odd sites in
F2:5 the hidden layer, respectively. (b) CJS jUi defined in Eq. (4) and
F2:6 the entanglement bipartition related to the index. (c) Relevant CJS
F2:7 used to derive the entropy expression (5) and the main result (1).
F2:8 (d) Demonstration of Eq. (5) for a general representative QCA
F2:9 with index logðp=qÞ consisting of the right and left translations of

F2:10 local Hilbert spaces Cp (red circles) and Cq (blue circles),
F2:11 respectively.
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• Complete classification in 1D
• Nontrivial QCA in higher dimensions
• Homomorphism for interacting systems

• Tighter bound for finite 
• Impact of SPI
• Modular commutator, generalized Kitaev sum
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Appendix: Equivalence between 
algebra overlap and Rényi-2 entropy

<latexit sha1_base64="caBe8reU9B9d3MqipKVpHH46CRs="></latexit>

ind = ln
⌘(AU

L ,AR)

⌘(AL,AU
R)

<latexit sha1_base64="AmGl9X9M3GGFs5b+bC7Rzw99FIQ="></latexit>

⌘(AU
L ,AR) =

p
dLdR
d⇤

vuut
dLX

i,j=1

dRX

m,n=1

|Tr⇤[UeL†
ij U

†eRmn]|2

9

where dA,B,⇤ = dimHA,B,⇤ and eA,B

ij
⌘ |iA,BihjA,B |

(|iA,Bi 2 HA,B , i = 1, 2, ..., dA,B). This has been used to
define the index of a QCA U as

ind ⌘ log
⌘(↵(AL),AR)

⌘(AL,↵(AR))
, (S19)

where ↵(·) = U · U †. Explicitly, we have

⌘(↵(AL),AR) =

p
dLdR
d⇤

⇥

vuut
dLX

i,j=1

dRX

m,n=1

Tr⇤[UeL†

ij
U†eR

mn
] Tr⇤[UeL

ij
U†eR†

mn],

(S20)

and ⌘(AL,↵(AR)) can be written down in a similar way.
Here L and R can be taken as small as two adjacent sites under
coarse graining (such that the range of QCA is 1). The result
will not change for larger L and/or R, which do not need to
be of the same size. The double sum in the square root can be
graphically represented and contracted as follows:

P
i,j,m,n

L R E

U†

U

i
j

n

m
U†

U

j
i

m

n

=

U †

U

U †

U

,

(S21)

where E = ⇤\(L t R). The bipartite case (i.e., E = ;)
appeared already in the original paper [22] and essentially the
same result has been reported in Appendix D in Ref. [28].

It is now easy to relate the rhs of Eq. (S21) to the Rényi-2
entropy of the evolution operator, see for instance [14]. Ex-
plicitly, we first write down the CJS:

|Ui = 1
p
d⇤

L R E L0R0E0

U .

(S22)

Then it is straightforward to check that the reduced density
operator on L0R is nothing but half (upper or lower) of the rhs

of Eq. (S21):

⇢L0R = TrLR0EE0 [|UihU |] = 1

d⇤

RL0

U†

U

.

(S23)
We thus obtain the following relation

⌘(↵(AL),AR)
2 = dLdR Tr[⇢2

L0R]

= eS
max
L0R�S2(⇢L0R),

(S24)

where Smax

L0R = log(dLdR) is the maximal entropy of a state
in HL0 ⌦ HR. Note that this result is consistent with ⌘ � 1
[22]. Similarly, we have

⌘(AL,↵(AR))
2 = eS

max
LR0�S2(⇢LR0 ). (S25)

Combining Eqs. (S24) and (S25), we obtain

ind ⌘ log
⌘(↵(AL),AR)

⌘(AL,↵(AR))

=
1

2
(S2(⇢LR0)� S2(⇢L0R)).

(S26)

Hence, we have shown that Eq. (5) for ↵ = 2 is equivalent to
the formulation of the index in terms of algebra overlaps.

STABILITY AGAINST HAMILTONIAN EVOLUTIONS

In this section, we provide further details on the explicit ex-
ample given in the main text violating the bound (1). We then
prove that this represents the “worst-case scenario”, namely
the order of violation cannot be larger.

“Worst-case scenario”

We start by rewriting the example given in the main text as

W = u[|A|�1,|A|]..u[1,2]u[0,1]T, (S27)

where u[j,j+1] = ei✓S
[j,j+1]

with ✓ = hT/|A|, and where S[j,k]
is the SWAP operator between sites j and k. We need to cal-
culate the operator entanglement entropy of W with respect
to the bipartition A t Ā, where A = [0, |A| � 1]. It is imme-
diate to see that the reduced density matrix over A admits a
purification in [�1, |A|]. In turn, this allows us to show that
the operator entanglement entropy can be computed for the
reduced state on {�1, |A|}, cf. Fig. S3(a). From this repre-
sentation, it is immediate to see that the reduced CJS has at
most rank d2. This fact already implies S↵  2 ln d = 2 ind.
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ample given in the main text violating the bound (1). We then
prove that this represents the “worst-case scenario”, namely
the order of violation cannot be larger.

“Worst-case scenario”

We start by rewriting the example given in the main text as

W = u[|A|�1,|A|]..u[1,2]u[0,1]T, (S27)

where u[j,j+1] = ei✓S
[j,j+1]

with ✓ = hT/|A|, and where S[j,k]
is the SWAP operator between sites j and k. We need to cal-
culate the operator entanglement entropy of W with respect
to the bipartition A t Ā, where A = [0, |A| � 1]. It is imme-
diate to see that the reduced density matrix over A admits a
purification in [�1, |A|]. In turn, this allows us to show that
the operator entanglement entropy can be computed for the
reduced state on {�1, |A|}, cf. Fig. S3(a). From this repre-
sentation, it is immediate to see that the reduced CJS has at
most rank d2. This fact already implies S↵  2 ln d = 2 ind.
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where dA,B,⇤ = dimHA,B,⇤ and eA,B

ij
⌘ |iA,BihjA,B |

(|iA,Bi 2 HA,B , i = 1, 2, ..., dA,B). This has been used to
define the index of a QCA U as

ind ⌘ log
⌘(↵(AL),AR)

⌘(AL, ↵(AR))
, (S19)

where ↵(·) = U · U †. Explicitly, we have

⌘(↵(AL),AR) =

p
dLdR
d⇤

⇥

vuut
dLX

i,j=1

dRX

m,n=1

Tr⇤[UeL†

ij
U†eR

mn
] Tr⇤[UeL

ij
U†eR†

mn],

(S20)

and ⌘(AL, ↵(AR)) can be written down in a similar way.
Here L and R can be taken as small as two adjacent sites under
coarse graining (such that the range of QCA is 1). The result
will not change for larger L and/or R, which do not need to
be of the same size. The double sum in the square root can be
graphically represented and contracted as follows:

P
i,j,m,n

L R E

U†

U

i
j

n

m
U†

U

j
i

m

n

=

U †

U

U †

U

,

(S21)

where E = ⇤\(L t R). The bipartite case (i.e., E = ;)
appeared already in the original paper [22] and essentially the
same result has been reported in Appendix D in Ref. [28].

It is now easy to relate the rhs of Eq. (S21) to the Rényi-2
entropy of the evolution operator, see for instance [14]. Ex-
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|Ui = 1
p
d⇤

L R E L0R0E0

U .

(S22)
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RL0

U†

U

.

(S23)
We thus obtain the following relation
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(S24)
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is the SWAP operator between sites j and k. We need to cal-
culate the operator entanglement entropy of W with respect
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diate to see that the reduced density matrix over A admits a
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