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Non-Hermitian physics 1/30

Despite the enormous success, the existing framework of
topological phases is confined to Hermitian systems at equilibrium.

—P Richer properties appear in non-Hermitian systems!

w Non-Hermiticity arises from dissipation, i.e., exchanges of energy or

pa rticles with an environment. El-Ganainy et al., Nat. Phys. 14, 11 (2018)
* Photonic lattices with gain/loss * Finite-lifetime quasiparticles
Unidirectional light transport ~ Regensburger et al., Bulk Fermi arc due to non- Kozii & Fu, arXiv:
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Non-Hermitian topological systems

New laser with high efficiency due to the interplay of

* Topological laser
non-Hermiticity and topology.
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Non-Hermitian skin effect 3/30

- . Lee, PRL 116, 133903 (2016); Yao & Wang, PRL 121,
% Non-Hermitian skin effect 036503 (2018); kunst et al, PRL 121, 026808 (2018)

Localization of an extensive number of eigenmodes due to non-Hermitian topology
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Brandenbourger et al., Nat. Commun. 10, 4608 (2019) Helbig et al., Nat. Phys. 16, 747 (2020)
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Skin effect in quantum physics

4/30

Skin effect has been observed also in recent quantum experiments.

* Quantum walk (single photons)

Reference
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Skin effect in quantum physics 4/30

Non-Hermitian topology is relevant even to more generic open quantum
systems that are not characterized by Hamiltonians.
Song, Yao & Wang, PRL 123, 170401 (2019)

* Master equation YRETREY nomE—
dp/dt = Lp R O S .
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Haga et al., PRL 127, 070402 (2021); Mori et al., PRL 125, 230604 (2020)



Motivation

Non-Hermiticity gives rise to unique topological phases
that have no Hermitian counterparts.

Meanwhile, open systems can be embedded in
larger closed systems.

—P Can we connect intrinsic non-Hermitian topology
with Hermitian topology?




Results (1)

We find a new topological correspondence between
Hermitian bulk and non-Hermitian boundary.

d-dim Hermitian bulk (d-1)-dim non-Hermitian boundary

Topological boundary modes + non-Hermiticity (dissipation)
— intrinsic non-Hermitian topology

New boundary phenomena:
— corner skin effect of chiral edge modes

— chiral hinge modes due to non-Hermiticity

Schindler, Gu, Lian & Kawabata, PRX Quantum 4, 030315 (2023)
cf. Nakamura, Inaka, Okuma & Sato, PRL 131, 256602 (2023)




Results (2)

We develop the same correspondence even in Hermitian
topological insulators (without non-Hermicity)

\

self-energy

The self-energy captures the particle exchange between
the bulk and boundary, and detects Hermitian topology in
the bulk and non-Hermitian topology at the boundary.

Hamanaka, Yoshida & Kawabata, arXiv:2405.10015
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Complex-energy gaps (1) 8/30

An “energy gap” is needed to define a topological phase.

However, a non-Hermitian extension of an “energy gap”
is nontrivial since the spectrum is complex.

Energy gap in Hermitian systems:

P S — * Energy regions where states are
Er E forbidden to be present.

Hermitian * They should be point-like (OD)
since the real spectrum is 1D.

emmelp Since the complex spectrum is 2D (real and imaginary),
such vacant regions can be either OD or 1D!



Complex-energy gaps (2) 9/30

Im E KK, Shiozaki, Ueda & Sato,
PRX 9, 041015 (2019)
Point gap (0D)
Gong, Ashida, KK et al.,
Two types of ReE  prx8,031079 (2018)

complex-energy gaps!

- ¢ s
Er E Im E

Hermitian (OD)
Line gap (1D)
. . Re £ Esaki, Sato, Hasebe & Kohmoto,

PRB 84, 205128 (2011)
Shen, Zhen & Fu, PRL 120, 146402 (2018)
KK et al., Nat. Commun. 10, 297 (2019)

NOTE: The definition that should be adopted depends on the individual
physical situations that we are interested in.



Point gap: unitary flattening 10/30

Unitary flattening for a point gap:
A non-Hermitian Hamiltonian with a point gap can be continuously
deformed into a unitary matrix while having symmetry and the point gap.

e . . HF O U
non-Hermitian [ e unltaryU =) Hermitian UT 0

Classification is well established!

Im E Im E

- | N

unitary Y
flattening ’ unltary matrix
’ T ) — ( o , —
Ep Re E

o -f’

. | |

Re E



Line gap: Hermitian flattening 11/30

Hermitian flattening for a line gap:

A non-Hermitian Hamiltonian with a line gap can be continuously
deformed into a Hermitian matrix while having symmetry and the line gap.

non-Hermitian /H <= Hermitian 4

Classification is well established!

Im E Im E
real gap

Hermitian .. ]
flattening Hermitian matrix

O __ — e o
Re E E=] =sd Re E

v
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Intrinsic non-Hermitian topology 13/30

Line-gap topology: stability of Hermitian topology against non-Hermiticity
< Point-gap topology: intrinsic non-Hermitian topology

* Hatano-Nelson model Hatano & Nelson, PRL 77, 570 (1996)

asymmetric hoppin 2 _ AT A
y h h pPpIng Hygn = Z (JRchrlcZ + JLC; cz+1>
. =0 m O— - _ ik —ik
N\ / \/ HHN (k) = JRG + JLe
J

Winding of complex energy!

1O} ' o
. 05¢ =1 1
0.0 /w %%ilogdet H (k) — F)

=
E_ OBC / 27i dk
Sof T —_PBC; (ill-defined in Hermitian systems)

Re E, Gong, Ashida, KK et al., PRX 8, 031079 (2018)

w Skin effect: bulk-boundary correspondence for point-gap topology
Emergence of an extensive number of boundary modes!
Okuma, KK, Shiozaki & Sato, PRL 124, 086801 (2020); Zhang, Yang & Fang, PRL 125, 126402 (2020)
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Non-Hermitian chiral edge modes 14/30

v Chiral edge modes in 2D topological insulators exhibit
1D non-Hermitian topology and skin effect!

(chiral edge states) Lo
(a) g (b) o (©) corner skin effect
V4 A S -
/ CZD =1 7 7 W1D= 1 » OBC
7 _
—k —k — 1y

(add gain/loss at boundaries)

Complex chiral edge modes
exhibit the spectral winding

Re E

Im E




Non-Hermitian Chern insulator 15/30

cf. Kawabata et a/., PRB 98, 165148 (2018)

H (k) = (m +tcosk, +tcosky) o, + (tsink, +iy) oy + (tsinky) o,

@ X & y: PBC
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0.1t
w
c 0.0

—-0.1¢
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-3-2-10 1 2 3

(C) Re.E
02F X & y: OBCH
0.1} : ;

E 0.0 !

-02¢t .
-3-2-10 1 2 3
Re E

®b) X PBC & y: OBC

0.2

0.1

4

-0.2¢

jjjjjj

chiral edge states
2 sin k, + 1

L

-3-2-10 1 2

PR (d)

Re E

2 16n(x)2
nen, 2

!3 Cop = Wip

(can be shown in the presence of

pseudo inversion symmetry)

New type of corner skin effect

— We can realize boundary non-Hermitian topology by a non-Hermitian
perturbation only at the boundary.

cf. Nakamura, Inaka, Okuma & Sato, PRL 131, 256602 (2023)



Non-Hermitian Dirac surface modes 16/30

v Dirac surface states in 3D topological insulators exhibit
2D non-Hermitian topology and chiral hinge states!

(non-Hermitian Dirac surface states) 2D point-gap

kyoz + kyoy + 17k, topology
(a) (b) (c)
/4
)
/ / /
V4 V4
W3D =1 C2D =1 OBC

chiral hinge states 1Yk,

Wsp = Cap

(3D Hermitian bulk) (2D non-Hermitian boundary)



Non-Hermitian 3D topological insulator 17/30

H (k) =(m+ticosky +ticosky +ticosk,) T, +ta(0psink, + oysink, + o, sink,) 7,
+ 0 (cos kg + cos ky) 0,7, + iysink,

x & y: PBC, z: OBC x: PBC, y & z: OBC

Dirac surface states £ °°
kyoy + kyoy + 17k, s

-0.4 i ‘ ;
-0.4-0.2 0.0 0.2 04
Re E

0.2 0.0 0.2 04
Re E

chiral hinge states! ivk,

New type of second-order topological insulator
induced by non-Hermiticity!



Classification

18/30

» We classify possible non-Hermitian boundary topology
for all the tenfold classes of topological insulators.

Different non-Hermitian boundary phenomena appear for

different symmetry classes and spatial dimensions.

d=2 d=1 d=3 d =2
Line-gap topology Point-gap topology Line-gap topology Point-gap topology
H class Invariant NH class Invariant (with ZT) H class Invariant NH class Invariant (with ZT)
A (Z) CeZ A (Z) W(Er) = C (mod 2) Alll (Z) WeZ Alll (Z) C(0) = W (mod 2)
D (Z) CeZ D (Z,) — DIII (Z) WeZl DIII (Z,) S5
DY (Z) W(0) = C (mod 2) DI (Z) C(0) = W (mod 2)
DIII (Z,) v e{0,1} DI (Z,) v(©0) =v All (Z,) ve{0,1} Al (Z,) v(EFp) =v
All (Z) v € {0,1} All 2Z) W(Er) = 2v (mod 4) CII (Z,) v € {0,1} CII (2Z) C(0) = 2v (mod 4)
All' (Z,) V(EF) =v CII' (Z,) v(0) =v
C(2z) Ce2Z C' 27Z) W(0) = C (mod 4) CI (2z) W e 2Z CI' 27Z) C(0) = W (mod 4)

cf. Nakamura, Bessho & Sato, PRL 132, 136401 (2024)
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Experiments
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So far, we have realized non-Hermitian topology by
explicitly adding non-Hermiticity to the boundaries.

—P We develop the Hermitian bulk — non-Hermitian boundary
correspondence even in Hermitian topological insulators.
(no dissipation)

Although no dissipation is added externally, the coupling between
the bulk and boundary leads to non-Hermitian topology!
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Non-Hermitian self-energy 21/30

Single-particle Hermitian Hamiltonian:

 (Hyux T
"= ( Tt Hedge>

Single-particle Schrodinger equation:

([ ) = v ([0

—P Effective non-Hermitian Hamiltonian at the boundary:

Heg (E) — Hedge + 2 (E)
self-energy X (E):=T"(E+in— Hou) " T

s Self-energy is generally non-Hermitian and captures the
particle exchange between the bulk and boundary.



Non-Hermitian self-energy 21/30

Single-particle Hermitian Hamiltonian:

 (Hyux T
"= ( " Hedge>

Single-particle Schrodinger equation:

Topology of the original Hermitian Hamiltonian

should leave an imprint on that of the effective
—p | non-Hermitian Hamiltonian at the boundary!

Heg (E) — Hedge + 2 (E)
self-energy X (E):=T"(E+in— Hou) " T

s Self-energy is generally non-Hermitian and captures the
particle exchange between the bulk and boundary.



Su-Schrieffer-Heeger model (1) 22/30
SSH model: Hgssy (k) = (v+tcosk) o, + (tsink) o
—P edge mode [¢p) x Z (—%)m ) ® (é) (top. phase: |v/t| < 1)

0D self-energy between the bulk and edge:

0 0
Y(F) = (0 i (t2 — 112) d(F)0(t— v))

chiral symmetry: o,Hgsy (k) o, = —Hssu (k)

—» 0. H  (E=0)0, = —He (E =0)
(a) . - environment (b) . environment
ystem S5 O Q O FER OO O O
VILIL" elf-energy X : J

s ...o DO 00 ™ididdd

.
.....
. L
. .
.....

Hpuix Hypyik



Su-Schrieffer-Heeger model (2) 23/30

0 0
X (E) = (0 —im (2 —v?) 6 (E) 6 (t — U)>

topological trivial
(C) 4+ Im (d) » Im
@ » Re @ ®— Re

Heg (E =0) =vo, + X (E = 0)

exhibits point-gap topology in 0D protected by chiral symmetry
(Oth Chern number of iH40,)

ensures the persistence of zero modes



Chern insulator (1) 24/30

Hchern (k) = (tsink,) o, + (tsink,) o, + (m +tcosk, +tcosky) o,

. _ Jsgn(m/t) (Im/t] <2)
(1st) Chern number: C; = {0 (m/e] > 2)

system I: N / i Chiral edge state
—— |
environment{ iral ecge state environment
p/ i v

1D self-energy between the bulk and edge:

t? — (m + tcos ky)2
2(E+in —tsink,)

X (E ky) = (00 — oy)

Heg (B, k) = (tsinky,) oy, + (m +tcosk,) o, + X (E, ky)



Chern insulator (2) 25/30

The complex spectrum of H . exhibits winding.
(i.e., 1D point-gap topology)

(c) (d)

ImE,
amplitude

PBC ©®
OBC @

Re E,

As a consequence of the point-gap topology,
H also exhibits the non-Hermitian skin effect.
(localized at the corners)



Skin current (1) 26/30

What is a physical consequence of the point-gap topology and
skin effect in the effective boundary non-Hermitian Hamiltonian?

—P Skin effect of the chiral edge modes results in the
localized current distributions.

(a) I (b) i
T $i3:3:3%

— Inflow from the bulk to the edge at one corner

— Outflow from the bulk to the edge at the other corner



Skin current (2) 27/30

E-resolved current: J(E) = —|Hedge; Gedge (E) | — [Hedges Gedge (E)]T

Localized current arises

©  PBC @ oBC
B | N only under the OBC
il | :).5:=: Z-I i o.sg
RJot {H o 3 l’.r.]o-l I- 0 3
> -0452 2 j '- -05 2
1 10 sitezo o - 1 10 sitezo 0
(e) = (f)
K‘A | ; I I 2 T I .
?% R errrrnens” 15| [kinmods @] Localized current due to
b =it ws b Lurent @] | the skin effect
0 L S seissaseseies e N gﬂ 1o :
| g : o (I
ey S = &: localization length of skin mode

site m/t



Three dimensions 28/30

3D topological insulator: Hspry (k) = (m +tcosk, + tcosk, +tcosk,) T,
+ (tsinky) 047, + (tsinky) oy 7y
+ (tsink,) 0,75 + 0 (cos ky + cos ky) o,y

(a) Bulk state (b) -

hinge mode
(< ik,)

Hinge state “r

S5+

ImE,
n -.. : f.:.:.'

]
-2

y-PBC ’ e
y-OBC ’ Re En

H. exhibits 2D point-gap topology, leading to the chiral hinge modes!
(1st Chern number of iH¢0,)



Classification 29/30

When the original Hermitian Hamiltonians respect AZ symmetry,
the effective non-Hermitian Hamiltonians H. respect AZ" symmetry.

—P H_ can generally exhibit point-gap topology

skin effect
AZ class | TRS PHS CS |d=1

A 0 0 0 0
AIIl 0 0 1 Z

Al +1 0 0 0
BDI +1 +1 1 Z

D 0 +1 0 Zio
DIII —1 +1 1 Zio

ATl —1 0 0 0

CII —1 —1 1 27

C 0 —1 0 0 27" 0
CI +1 —1 1 0 0 27

cf. Nakamura, Bessho & Sato, PRL 132, 136401 (2024)



Summary PRX Quantum 4, 030315 (2023)
arXiv:2405.10015

* We establish the topological correspondence between the Hermitian bulk
and non-Hermitian boundary.

* We find new boundary physics, such as corner skin effect of chiral edge
modes and chiral hinge modes due to non-Hermiticity.

* We develop this correspondence even in Hermitian topological insulators.

(a) (b) (c)

p N -
/7 C2D =1 7 7/ W1D= 1 OBC \
// = enwronment[ self-energy
(a) (b) Oy S R R z
/4
y y \
/ / / J
V4 V/4

W3D =1 C2D =1 OBC



