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The Lieb–Schultz–Mattis theorem
The original version
• A spin-1/2, rotational and translational symmetric chain can not be trivially 

gapped
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gapless ✔

e.g. the AFM Heisenberg model 

<latexit sha1_base64="Qvfr6UU0KXg3q7AmFg2eIfVzUW0=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgFoSTiayMU3XRZ0T6gCWEymbRDJ5MwMxFK6C+48VfcuFDErTt3/o2TNovaeuDC4Zx7ufceP2FUKsv6MZaWV1bX1ksb5c2t7Z1dc2+/LeNUYNLCMYtF10eSMMpJS1HFSDcRBEU+Ix1/eJv7nUciJI35gxolxI1Qn9OQYqS05JnVxrUj0wg6EVIDP8zuxx51cBCrGSGjJ/bYMytWzZoALhK7IBVQoOmZ304Q4zQiXGGGpOzZVqLcDAlFMSPjspNKkiA8RH3S05SjiEg3m3w0hsdaCWAYC11cwYk6O5GhSMpR5OvO/E457+Xif14vVeGVm1GepIpwPF0UpgyqGObxwIAKghUbaYKwoPpWiAdIIKx0iGUdgj3/8iJpn9bsi9r53VmlflPEUQKH4AhUgQ0uQR00QBO0AAZP4AW8gXfj2Xg1PozPaeuSUcwcgD8wvn4B5u2dtw==</latexit>

H =
X

Si · Si+1

E. Lieb, T. Schultz, and D. Mattis, Ann. Phys. 16, 407 (1961)

<latexit sha1_base64="K5j2Ijm/VczccgPbMwCQmH0+5yo=">AAACPnichVBLS8NAGNzUV62vqEcvi0UQCiUpvi5C0UuPFU0rNCFstpt26ebB7kYoIb/Mi7/Bm0cvHhTx6tFNm0NtBQcWhpn52O8bL2ZUSMN40UpLyyura+X1ysbm1vaOvrvXEVHCMbFwxCJ+7yFBGA2JJalk5D7mBAUeI11vdJ373QfCBY3COzmOiROgQUh9ipFUkqtbrUtbJAG0AySHnp/eZi61cT+SM0JKa2ZWs32OcGpmaSP7J9zIXL1q1I0J4CIxC1IFBdqu/mz3I5wEJJSYISF6phFLJ0VcUsxIVrETQWKER2hAeoqGKCDCSSfnZ/BIKX3oR1y9UMKJOjuRokCIceCpZL6nmPdy8S+vl0j/wklpGCeShHj6kZ8wKCOYdwn7lBMs2VgRhDlVu0I8RKomqRqvqBLM+ZMXSadRN8/qpzcn1eZVUUcZHIBDcAxMcA6aoAXawAIYPIJX8A4+tCftTfvUvqbRklbM7INf0L5/AFn4sQw=</latexit>

H =
X

Si · Si+1 +
1

2
Si · Si+2

degenerate (SSB) ✔

e.g. the Majumdar–Ghosh model 

gapped, non degenerate ✗

but spin-1 ✔, e.g. the AKLT model

<latexit sha1_base64="1vMiKincv/4LQEKrOSvYPg112II="></latexit>

H =
X

Si · Si+1 +
1

3
(Si · Si+1)
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Why is LSM important?
UV–IR correspondence

• Input: symmetry, onsite Hilbert space → UV data


• Output: spectrum gap (hence correlation functions) → IR data


• “LSM anomaly”


• Precursor of the Haldane conjecture

5 M. Cheng and N. Seiberg, SciPost Phys. 15, 051 (2023)



Sketch of proof of original LSM
Key construction: the twist operator
• Assume a unique ground state


•      must have spin 0, T eigenvalue 


• Now consider


• U twists the state by increasingly large angles on each site 


• key point: U has small effect on operators (Hamiltonian terms and therefore 
energy), but “changes by a minus sign across the boundary”


• more precisely, 


• hence      has energy close to     , but 
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| i
<latexit sha1_base64="sTavtT5lzlJcWL4hYi/UjvOXS+4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOepMhs7PLzKwQYn7DiwdFvPoz3vwbJ8keNLGgoajqprsrTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4O/Vbj6g0T+SDGaUYxLQvecQZNVbyn/xUc19R2RfYLVfcqjsDWSZeTiqQo94tf/m9hGUxSsME1brjuakJxlQZzgROSn6mMaVsSPvYsVTSGHUwnt08ISdW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/zOpmJroMxl2lmULL5oigTxCRkGgDpcYXMiJEllClubyVsQBVlxsZUsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjBI4Rle4c3JnBfn3fmYtxacfOYQ/sD5/AFve5H1</latexit>

| i
<latexit sha1_base64="EwKD5uOyDiQbApooazVCdkGAu4g=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZw+ykNxkzu7PMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHcFieDauO63s7S8srq2Xtgobm5t7+yW9vYbWqaKYZ1JIVUroBoFj7FuuBHYShTSKBDYDIY3E7/5hEpzGd+bUYJ+RPsxDzmjxkoNfMj4cNwtld2KOwVZJF5OypCj1i19dXqSpRHGhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtaUwj1H42vXZMjq3SI6FUtmJDpurviYxGWo+iwHZG1Az0vDcR//PaqQmv/IzHSWowZrNFYSqIkWTyOulxhcyIkSWUKW5vJWxAFWXGBlS0IXjzLy+SxmnFu6ic352Vq9d5HAU4hCM4AQ8uoQq3UIM6MHiEZ3iFN0c6L8678zFrXXLymQP4A+fzB9M4j08=</latexit>

eik

<latexit sha1_base64="ttXPn0QHyiM+ioYvgzIGe89iOck=">AAACSXicfVBLT8JAGNyCD8RX1aOXRmLiRdIaXxcTohePmFAgoYjb5QM2bLfN7lZDKn/Pizdv/gcvHjTGkwv0IGCcZJPJzPfa8SNGpbLtVyOTXVhcWs6t5FfX1jc2za3tqgxjQcAlIQtF3ccSGOXgKqoY1CMBOPAZ1Pz+1civ3YOQNOQVNYigGeAupx1KsNJSy7yruC0vwKongkQ96H3DRy+S1BOYdxlcHM66lWkbbhPaH/43omUW7KI9hjVPnJQUUIpyy3zx2iGJA+CKMCxlw7Ej1UywUJQwGOa9WEKESR93oaEpxwHIZjJOYmjta6VtdUKhH1fWWP3dkeBAykHg68rRxXLWG4l/eY1Ydc6bCeVRrICTyaJOzCwVWqNYrTYVQBQbaIKJoPpWi/SwwETp8PM6BGf2y/OkelR0TosnN8eF0mUaRw7toj10gBx0hkroGpWRiwh6Qm/oA30az8a78WV8T0ozRtqzg6aQyf4Acze20A==</latexit>

TUtwist| i = �UtwistT | i = �eikUtwist| i
<latexit sha1_base64="Xry2JO70efIpewxWG6tyJIZ6Ydg=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dlhZlYIa37DiwdFvPoz3vwbJ8keNLGgoajqprsrkpxp43nfTmFldW19o7hZ2tre2d0r7x80dZIqig2a8ES1I6KRM4ENwwzHtlRI4ohjKxrdTv3WIyrNEvFgxhLDmAwE6zNKjJWCp0AOWaCIGHDslite1ZvBXSZ+TiqQo94tfwW9hKYxCkM50brje9KEGVGGUY6TUpBqlISOyAA7lgoSow6z2c0T98QqPbefKFvCuDP190RGYq3HcWQ7Y2KGetGbiv95ndT0r8OMCZkaFHS+qJ9y1yTuNAC3xxRSw8eWEKqYvdWlQ6IINTamkg3BX3x5mTTPqv5l9eL+vFK7yeMowhEcwyn4cAU1uIM6NICChGd4hTcndV6cd+dj3lpw8plD+APn8wded5Hq</latexit>

|�i
<latexit sha1_base64="sTavtT5lzlJcWL4hYi/UjvOXS+4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOepMhs7PLzKwQYn7DiwdFvPoz3vwbJ8keNLGgoajqprsrTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4O/Vbj6g0T+SDGaUYxLQvecQZNVbyn/xUc19R2RfYLVfcqjsDWSZeTiqQo94tf/m9hGUxSsME1brjuakJxlQZzgROSn6mMaVsSPvYsVTSGHUwnt08ISdW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/zOpmJroMxl2lmULL5oigTxCRkGgDpcYXMiJEllClubyVsQBVlxsZUsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjBI4Rle4c3JnBfn3fmYtxacfOYQ/sD5/AFve5H1</latexit>

| i
<latexit sha1_base64="Bcvu7wLBZCnCrDmgNAEwriEwaMo=">AAACAnicbVDLSsNAFL2pr1pfUVfiJlgEVyURXxuh6MZlBfuAJpTJdNoOnUyGmYlQYnHjr7hxoYhbv8Kdf+M0zUJbD1w4c869zL0nFIwq7brfVmFhcWl5pbhaWlvf2Nyyt3caKk4kJnUcs1i2QqQIo5zUNdWMtIQkKAoZaYbD64nfvCdS0Zjf6ZEgQYT6nPYoRtpIHXvPZ4j3GfGFog++GFBfZu9Lt2OX3YqbwZknXk7KkKPWsb/8boyTiHCNGVKq7blCBymSmmJGxiU/UUQgPER90jaUo4ioIM1OGDuHRuk6vVia4trJ1N8TKYqUGkWh6YyQHqhZbyL+57UT3bsIUspFognH0496CXN07EzycLpUEqzZyBCEJTW7OniAJMLapFYyIXizJ8+TxnHFO6uc3p6Uq1d5HEXYhwM4Ag/OoQo3UIM6YHiEZ3iFN+vJerHerY9pa8HKZ3bhD6zPH4Fgl4E=</latexit>

h |�i = 0

<latexit sha1_base64="2xpGhuFQvznIdxt5b9R+Q5JJTew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuldXXq9ccavuDOQv8XJSgRz1Xvmz249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkyCp9EsbalkIyU39OZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLf0nzpOqdV8/uTiu16zyOIhzAIRyDBxdQg1uoQwMYDOAJXuDVkc6z8+a8z1sLTj6zD7/gfHwDy/uNfg==</latexit>

n = 1
<latexit sha1_base64="zs8nuqb8fEuCNovMYDTAxviWZdg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjRPOAZAmzk04yZHZ2mZkVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5aMYx+iEdSN7njBorPcjrSrdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/lp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvonx+f1aq3mRx5OEIjuEUPLiEKtxBDerAYADP8ApvjnBenHfnY96ac7KZQ/gD5/MHzX+Nfw==</latexit>

n = 2
<latexit sha1_base64="cx7BR36lHZ4F5zyHbSW8WhUROKU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx4jmgckS5iddJIhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXEAuujet+O7ml5ZXVtfx6YWNza3unuLtX11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8HwduI3nlBpHslHM4rRD2lf8h5n1FjpQV6fdoolt+xOQRaJl5ESZKh2il/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6enjsmRVbqkFylb0pCp+nsipaHWozCwnSE1Az3vTcT/vFZield+ymWcGJRstqiXCGIiMvmbdLlCZsTIEsoUt7cSNqCKMmPTKdgQvPmXF0n9pOxdlM/vz0qVmyyOPBzAIRyDB5dQgTuoQg0Y9OEZXuHNEc6L8+58zFpzTjazD3/gfP4AzwONgA==</latexit>

n = 3
<latexit sha1_base64="pG/szQA1hNzWJAD+3JjlxNKelT0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTvxohaGNhEcFLAskR9jZ7yZLdvWN3TwhHfoONhSK2/iA7/42b5ApNfDDweG+GmXlhwpk2rvvtFJaWV1bXiuuljc2t7Z3y7l5Dx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTvzmE1WaxfLRjBIaCNyXLGIEGyv58vr+xOuWK27VnQItEi8nFchR75a/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNseuwYHVmlh6JY2ZIGTdXfExkWWo9EaDsFNgM9703E/7x2aqKrIGMySQ2VZLYoSjkyMZp8jnpMUWL4yBJMFLO3IjLAChNj8ynZELz5lxdJ47TqXVTPH84qtZs8jiIcwCEcgweXUIM7qIMPBBg8wyu8OdJ5cd6dj1lrwcln9uEPnM8fz1uOCw==</latexit>

n = L� 1
<latexit sha1_base64="rfN9RFWvjUDisKjgn3MTNbo1IR0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OLBQ0TzgGQJs5NJMmR2dpnpFcKST/DiQRGvfpE3/8ZJsgdNLGgoqrrp7gpiKQy67reTW1peWV3Lrxc2Nre2d4q7e3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBm4jeeuDYiUo84irkf0r4SPcEoWulBXd11iiW37E5BFomXkRJkqHaKX+1uxJKQK2SSGtPy3Bj9lGoUTPJxoZ0YHlM2pH3eslTRkBs/nZ46JkdW6ZJepG0pJFP190RKQ2NGYWA7Q4oDM+9NxP+8VoK9Sz8VKk6QKzZb1EskwYhM/iZdoTlDObKEMi3srYQNqKYMbToFG4I3//IiqZ+UvfPy2f1pqXKdxZGHAziEY/DgAipwC1WoAYM+PMMrvDnSeXHenY9Za87JZvbhD5zPH/TnjZk=</latexit>

n = L

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

E. Lieb, T. Schultz, and D. Mattis, Ann. Phys. 16, 407 (1961)

<latexit sha1_base64="ayWP9UKX3OD1VfDDrzD+QTw7Wfs="></latexit>

Utwist = exp
⇣2⇡i

L

X

n

nSn
z

⌘

<latexit sha1_base64="rpub1ygG7EiGrVuACGb+xKIdLr4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyURXxuh6MZlBdMWmhAm00k7dDIJMxOlxP6DG3/FjQtF3Lpx5984aSNo64ELh3Pu5d57goRRqSzryyjNzS8sLpWXKyura+sb5uZWU8apwMTBMYtFO0CSMMqJo6hipJ0IgqKAkVYwuMz91i0Rksb8Rg0T4kWox2lIMVJa8s2DezfpU1cg3mPk3PHdCKm+iDJ1p3ePtCl/zIpvVq2aNQacJXZBqqBAwzc/3W6M04hwhRmSsmNbifIyJBTFjIwqbipJgvAA9UhHU44iIr1s/NMI7mmlC8NY6OIKjtXfExmKpBxGge7MT5bTXi7+53VSFZ55GeVJqgjHk0VhyqCKYR4Q7FJBsGJDTRAWVN8KcR8JhJWOMQ/Bnn55ljQPa/ZJ7fj6qFq/KOIogx2wC/aBDU5BHVyBBnAABg/gCbyAV+PReDbejPdJa8koZrbBHxgf37oMn1M=</latexit>

|�i = Utwist| i



Sketch of proof of original LSM
Key construction: the twist operator
• Assume a unique ground state


•      must have spin 0, T eigenvalue 


• Now consider


• U twists the state by increasingly large angles on each site 


• key point: U has small effect on operators (Hamiltonian terms and therefore 
energy), but “changes by a minus sign across the boundary”


• more precisely, 


• hence      has energy close to     , but 
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eik

<latexit sha1_base64="ttXPn0QHyiM+ioYvgzIGe89iOck=">AAACSXicfVBLT8JAGNyCD8RX1aOXRmLiRdIaXxcTohePmFAgoYjb5QM2bLfN7lZDKn/Pizdv/gcvHjTGkwv0IGCcZJPJzPfa8SNGpbLtVyOTXVhcWs6t5FfX1jc2za3tqgxjQcAlIQtF3ccSGOXgKqoY1CMBOPAZ1Pz+1civ3YOQNOQVNYigGeAupx1KsNJSy7yruC0vwKongkQ96H3DRy+S1BOYdxlcHM66lWkbbhPaH/43omUW7KI9hjVPnJQUUIpyy3zx2iGJA+CKMCxlw7Ej1UywUJQwGOa9WEKESR93oaEpxwHIZjJOYmjta6VtdUKhH1fWWP3dkeBAykHg68rRxXLWG4l/eY1Ydc6bCeVRrICTyaJOzCwVWqNYrTYVQBQbaIKJoPpWi/SwwETp8PM6BGf2y/OkelR0TosnN8eF0mUaRw7toj10gBx0hkroGpWRiwh6Qm/oA30az8a78WV8T0ozRtqzg6aQyf4Acze20A==</latexit>

TUtwist| i = �UtwistT | i = �eikUtwist| i
<latexit sha1_base64="Xry2JO70efIpewxWG6tyJIZ6Ydg=">AAAB83icbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHZJcxOOsmQ2dlhZlYIa37DiwdFvPoz3vwbJ8keNLGgoajqprsrkpxp43nfTmFldW19o7hZ2tre2d0r7x80dZIqig2a8ES1I6KRM4ENwwzHtlRI4ohjKxrdTv3WIyrNEvFgxhLDmAwE6zNKjJWCp0AOWaCIGHDslite1ZvBXSZ+TiqQo94tfwW9hKYxCkM50brje9KEGVGGUY6TUpBqlISOyAA7lgoSow6z2c0T98QqPbefKFvCuDP190RGYq3HcWQ7Y2KGetGbiv95ndT0r8OMCZkaFHS+qJ9y1yTuNAC3xxRSw8eWEKqYvdWlQ6IINTamkg3BX3x5mTTPqv5l9eL+vFK7yeMowhEcwyn4cAU1uIM6NICChGd4hTcndV6cd+dj3lpw8plD+APn8wded5Hq</latexit>

|�i
<latexit sha1_base64="sTavtT5lzlJcWL4hYi/UjvOXS+4=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHZJcxOepMhs7PLzKwQYn7DiwdFvPoz3vwbJ8keNLGgoajqprsrTAXXxnW/ncLK6tr6RnGztLW9s7tX3j9o6iRTDBssEYlqh1Sj4BIbhhuB7VQhjUOBrXB4O/Vbj6g0T+SDGaUYxLQvecQZNVbyn/xUc19R2RfYLVfcqjsDWSZeTiqQo94tf/m9hGUxSsME1brjuakJxlQZzgROSn6mMaVsSPvYsVTSGHUwnt08ISdW6ZEoUbakITP198SYxlqP4tB2xtQM9KI3Ff/zOpmJroMxl2lmULL5oigTxCRkGgDpcYXMiJEllClubyVsQBVlxsZUsiF4iy8vk+ZZ1busXtyfV2o3eRxFOIJjOAUPrqAGd1CHBjBI4Rle4c3JnBfn3fmYtxacfOYQ/sD5/AFve5H1</latexit>

| i
<latexit sha1_base64="Bcvu7wLBZCnCrDmgNAEwriEwaMo=">AAACAnicbVDLSsNAFL2pr1pfUVfiJlgEVyURXxuh6MZlBfuAJpTJdNoOnUyGmYlQYnHjr7hxoYhbv8Kdf+M0zUJbD1w4c869zL0nFIwq7brfVmFhcWl5pbhaWlvf2Nyyt3caKk4kJnUcs1i2QqQIo5zUNdWMtIQkKAoZaYbD64nfvCdS0Zjf6ZEgQYT6nPYoRtpIHXvPZ4j3GfGFog++GFBfZu9Lt2OX3YqbwZknXk7KkKPWsb/8boyTiHCNGVKq7blCBymSmmJGxiU/UUQgPER90jaUo4ioIM1OGDuHRuk6vVia4trJ1N8TKYqUGkWh6YyQHqhZbyL+57UT3bsIUspFognH0496CXN07EzycLpUEqzZyBCEJTW7OniAJMLapFYyIXizJ8+TxnHFO6uc3p6Uq1d5HEXYhwM4Ag/OoQo3UIM6YHiEZ3iFN+vJerHerY9pa8HKZ3bhD6zPH4Fgl4E=</latexit>

h |�i = 0

<latexit sha1_base64="2xpGhuFQvznIdxt5b9R+Q5JJTew=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OIxonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDP1W49cGxGrBxwn3I/oQIlQMIpWuldXXq9ccavuDOQv8XJSgRz1Xvmz249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkyCp9EsbalkIyU39OZDQyZhwFtjOiODSL3lT8z+ukGF76mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLf0nzpOqdV8/uTiu16zyOIhzAIRyDBxdQg1uoQwMYDOAJXuDVkc6z8+a8z1sLTj6zD7/gfHwDy/uNfg==</latexit>

n = 1
<latexit sha1_base64="zs8nuqb8fEuCNovMYDTAxviWZdg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGXxch6MVjRPOAZAmzk04yZHZ2mZkVwpJP8OJBEa9+kTf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcPGjpKFMM6i0SkWgHVKLjEuuFGYCtWSMNAYDMY3U795hMqzSP5aMYx+iEdSN7njBorPcjrSrdYcsvuDGSZeBkpQYZat/jV6UUsCVEaJqjWbc+NjZ9SZTgTOCl0Eo0xZSM6wLalkoao/XR26oScWKVH+pGyJQ2Zqb8nUhpqPQ4D2xlSM9SL3lT8z2snpn/lp1zGiUHJ5ov6iSAmItO/SY8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0KmXvonx+f1aq3mRx5OEIjuEUPLiEKtxBDerAYADP8ApvjnBenHfnY96ac7KZQ/gD5/MHzX+Nfw==</latexit>

n = 2
<latexit sha1_base64="cx7BR36lHZ4F5zyHbSW8WhUROKU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKez6vghBLx4jmgckS5iddJIhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXEAuujet+O7ml5ZXVtfx6YWNza3unuLtX11GiGNZYJCLVDKhGwSXWDDcCm7FCGgYCG8HwduI3nlBpHslHM4rRD2lf8h5n1FjpQV6fdoolt+xOQRaJl5ESZKh2il/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6enjsmRVbqkFylb0pCp+nsipaHWozCwnSE1Az3vTcT/vFZield+ymWcGJRstqiXCGIiMvmbdLlCZsTIEsoUt7cSNqCKMmPTKdgQvPmXF0n9pOxdlM/vz0qVmyyOPBzAIRyDB5dQgTuoQg0Y9OEZXuHNEc6L8+58zFpzTjazD3/gfP4AzwONgA==</latexit>

n = 3
<latexit sha1_base64="pG/szQA1hNzWJAD+3JjlxNKelT0=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgY7gTvxohaGNhEcFLAskR9jZ7yZLdvWN3TwhHfoONhSK2/iA7/42b5ApNfDDweG+GmXlhwpk2rvvtFJaWV1bXiuuljc2t7Z3y7l5Dx6ki1Ccxj1UrxJpyJqlvmOG0lSiKRchpMxzeTvzmE1WaxfLRjBIaCNyXLGIEGyv58vr+xOuWK27VnQItEi8nFchR75a/Or2YpIJKQzjWuu25iQkyrAwjnI5LnVTTBJMh7tO2pRILqoNseuwYHVmlh6JY2ZIGTdXfExkWWo9EaDsFNgM9703E/7x2aqKrIGMySQ2VZLYoSjkyMZp8jnpMUWL4yBJMFLO3IjLAChNj8ynZELz5lxdJ47TqXVTPH84qtZs8jiIcwCEcgweXUIM7qIMPBBg8wyu8OdJ5cd6dj1lrwcln9uEPnM8fz1uOCw==</latexit>

n = L� 1
<latexit sha1_base64="rfN9RFWvjUDisKjgn3MTNbo1IR0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4sQ9OLBQ0TzgGQJs5NJMmR2dpnpFcKST/DiQRGvfpE3/8ZJsgdNLGgoqrrp7gpiKQy67reTW1peWV3Lrxc2Nre2d4q7e3UTJZrxGotkpJsBNVwKxWsoUPJmrDkNA8kbwfBm4jeeuDYiUo84irkf0r4SPcEoWulBXd11iiW37E5BFomXkRJkqHaKX+1uxJKQK2SSGtPy3Bj9lGoUTPJxoZ0YHlM2pH3eslTRkBs/nZ46JkdW6ZJepG0pJFP190RKQ2NGYWA7Q4oDM+9NxP+8VoK9Sz8VKk6QKzZb1EskwYhM/iZdoTlDObKEMi3srYQNqKYMbToFG4I3//IiqZ+UvfPy2f1pqXKdxZGHAziEY/DgAipwC1WoAYM+PMMrvDnSeXHenY9Za87JZvbhD5zPH/TnjZk=</latexit>

n = L

<latexit sha1_base64="OxNWMMW8gio5nPun+01zUjW0INo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmZnJ8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgeZ9TglZqdmmk0PTKFa/qzeAuEz8nFchR75W/upGiacwkUkGM6fhegkFGNHIq2KTUTQ1LCB2RAetYKknMTJDNrp24J1aJ3L7StiS6M/X3REZiY8ZxaDtjgkOz6E3F/7xOiv3rIOMySZFJOl/UT4WLyp2+7kZcM4pibAmhmttbXTokmlC0AZVsCP7iy8ukeVb1L6sX9+eV2k0eRxGO4BhOwYcrqMEd1KEBFB7hGV7hzVHOi/PufMxbC04+cwh/4Hz+ALGXjzk=</latexit>· · ·

E. Lieb, T. Schultz, and D. Mattis, Ann. Phys. 16, 407 (1961)

<latexit sha1_base64="ayWP9UKX3OD1VfDDrzD+QTw7Wfs="></latexit>

Utwist = exp
⇣2⇡i

L

X

n

nSn
z

⌘

<latexit sha1_base64="rpub1ygG7EiGrVuACGb+xKIdLr4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQFyURXxuh6MZlBdMWmhAm00k7dDIJMxOlxP6DG3/FjQtF3Lpx5984aSNo64ELh3Pu5d57goRRqSzryyjNzS8sLpWXKyura+sb5uZWU8apwMTBMYtFO0CSMMqJo6hipJ0IgqKAkVYwuMz91i0Rksb8Rg0T4kWox2lIMVJa8s2DezfpU1cg3mPk3PHdCKm+iDJ1p3ePtCl/zIpvVq2aNQacJXZBqqBAwzc/3W6M04hwhRmSsmNbifIyJBTFjIwqbipJgvAA9UhHU44iIr1s/NMI7mmlC8NY6OIKjtXfExmKpBxGge7MT5bTXi7+53VSFZ55GeVJqgjHk0VhyqCKYR4Q7FJBsGJDTRAWVN8KcR8JhJWOMQ/Bnn55ljQPa/ZJ7fj6qFq/KOIogx2wC/aBDU5BHVyBBnAABg/gCbyAV+PReDbejPdJa8koZrbBHxgf37oMn1M=</latexit>

|�i = Utwist| i



What happens to LSM in open 
systems?
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Reviving LSM in open systems

• When coupled to a bath, energy & 
spectrum gap no longer well defined


• Correlations can become short-range


• Is there a way to revive the LSM?


• Idea: use density matrix  & 
entanglement Hamiltonian 

ρ
K = − ln ρ

9 Y.-N. Zhou, X. Li, H. Zhai, CL, and Y. Gu, arXiv:2310.01475

😇

😀



Some intuitions of entanglement LSM

• Trivial example: heat bath, 


• Coupled chain setup


• Strong coupling limit, perturbative wavefunction 

• Weak coupling limit, Qi–Katsura–Ludwig construction

10

<latexit sha1_base64="ygR9LSlJ4bL8ADlOXPpJFmDoASk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRTcFNBfvAdiiZNG1DM0lIMkIZ+hduXCji1r9x59+YtrPQ1gOBwzn3kntOpDgz1ve/vdzK6tr6Rn6zsLW9s7tX3D9oGJloQutEcqlbETaUM0HrlllOW0pTHEecNqPR7dRvPlFtmBQPdqxoGOOBYH1GsHXS411HaamsRNVuseSX/RnQMgkyUoIMtW7xq9OTJImpsIRjY9qBr2yYYm0Z4XRS6CSGKkxGeEDbjgocUxOms4sn6MQpPdSX2j1h0Uz9vZHi2JhxHLnJGNuhWfSm4n9eO7H96zBlQiWWCjL/qJ9w5CJO46Me05RYPnYEE83crYgMscbEupIKroRgMfIyaZyVg8vyxf15qXKT1ZGHIziGUwjgCipQhRrUgYCAZ3iFN894L9679zEfzXnZziH8gff5Ay0ekJs=</latexit>

K / H system

bath

<latexit sha1_base64="JcxlKnLNaJSup/u/8o1xnzGaQxI="></latexit>

| i / |0i � 1

2�
(Ha +Hb)|0i ⇡ e

��(Ha+Hb)/2|0i

X.-L. Qi, H. Katsura, and A. W. W. Ludwig, Phys. Rev. Lett. 108, 196402 (2012)

<latexit sha1_base64="1l/DLleAd02VTLuq62oJ0zGqSlw=">AAAB7nicbVDLSgMxFL3js9ZX1aWbYBFclRnxtSy6KbipYB/QDiWTZtrQJBOSjFCGfoQbF4q49Xvc+Tem7Sy09cCFwzn3cu89keLMWN//9lZW19Y3Ngtbxe2d3b390sFh0ySpJrRBEp7odoQN5UzShmWW07bSFIuI01Y0upv6rSeqDUvkox0rGgo8kCxmBFsnte67hglU65XKfsWfAS2TICdlyFHvlb66/YSkgkpLODamE/jKhhnWlhFOJ8VuaqjCZIQHtOOoxIKaMJudO0GnTumjONGupEUz9fdEhoUxYxG5ToHt0Cx6U/E/r5Pa+CbMmFSppZLMF8UpRzZB099Rn2lKLB87golm7lZEhlhjYl1CRRdCsPjyMmmeV4KryuXDRbl6m8dRgGM4gTMI4BqqUIM6NIDACJ7hFd485b14797HvHXFy2eO4A+8zx+mOo8i</latexit>

K ⇠ H



Formulation of entanglement LSM

• Half integer spin


• Weak symmetry, i.e.                                     ,


• satisfied in the coupled chain setup if the total system has the symmetry


• Short-range correlated, i.e.


• a natural condition if coupling to bath is strong enough


• necessary to guarantee quasi-locality


• Under these conditions, the proof for original LSM goes through

11

<latexit sha1_base64="qifUOEkbiBTcPl8IXt4dYFtaHMc=">AAACH3icbVDLSgMxFM34rPVVdekmWARXZUZ8bQTRjVAXCk5b6NSSSe9Mg5nJkNxRSvFP3PgrblwoIu78G9MH+DwQcjjnXJJ7wkwKg6774UxMTk3PzBbmivMLi0vLpZXVmlG55uBzJZVuhMyAFCn4KFBCI9PAklBCPbw+Gfj1G9BGqPQSexm0EhanIhKcoZXapT3/KuiwOAZNA91V1D8cXsEZRKhF3EWmtbqlxa9Y1Waq7VLZrbhD0L/EG5MyGeO8XXoPOornCaTIJTOm6bkZtvpMo+AS7opBbiBj/JrF0LQ0ZQmYVn+43x3dtEqHRkrbkyIdqt8n+iwxppeENpkw7Jrf3kD8z2vmGB20+iLNcoSUjx6KcklR0UFZtCM0cJQ9SxjXwv6V8i7TjKOttGhL8H6v/JfUtiveXmX3Yqd8dDyuo0DWyQbZIh7ZJ0fklJwTn3ByTx7JM3lxHpwn59V5G0UnnPHMGvkB5+MTGKKhwQ==</latexit>

U†⇢U = ⇢ , U †KU = K

<latexit sha1_base64="uBGW2lAjMYuQWVOTMrHYIuuMi9A="></latexit>

hOjOki � hOjihOki ⇠ e
�|j�k|/⇠

Y.-N. Zhou, X. Li, H. Zhai, CL, and Y. Gu, arXiv:2310.01475

<latexit sha1_base64="OtZruvJ6hY6dxXeUssW6maXgNcI=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgQkoiUt0IRTcuK9gHtKFMppN26GQSZm6EErp346+4caGIW3/AnX/jNM1CWw8MnDnnXu69x48F1+A431ZhZXVtfaO4Wdra3tnds/cPWjpKFGVNGolIdXyimeCSNYGDYJ1YMRL6grX98c3Mbz8wpXkk72ESMy8kQ8kDTgkYqW+Xm/gK90ICIxWmKoJMPsWgiNQi+0z7dsWpOhnwMnFzUkE5Gn37qzeIaBIyCVQQrbuuE4OXEgWcCjYt9RLNYkLHZMi6hkoSMu2l2S1TfGyUAQ4iZZ4EnKm/O1ISaj0JfVM521ovejPxP6+bQHDppVzGCTBJ54OCRGCI8CwYPOCKURATQwhV3OyK6YgoQsHEVzIhuIsnL5PWWdWtVWt355X6dR5HER2hMjpBLrpAdXSLGqiJKHpEz+gVvVlP1ov1bn3MSwtW3nOI/sD6/AEcMpsk</latexit>

U = rotation, translation



Localness of entanglement Hamiltonian
“Quantum Markov chain has local entanglement Hamiltonian”

• quantum conditional mutual information

12

<latexit sha1_base64="lejof6DYDfxSa2uTVIiQNfrx5eE=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUpGVGfCEI7XSju0rtA9qhZNJMG5p5kGSEMs4HuPFX3LhQxK0f4M6/MW1noa0HQg7nnEtyjx0wKqSuf2uphcWl5ZX0amZtfWNzK7u90xB+yDGpY5/5vGUjQRj1SF1SyUgr4AS5NiNNe1gZ+817wgX1vTs5Cojlor5HHYqRVFI3m7vJly8rD+bhFax1o7IZH6nLrMSFWtcsTJRKrFJ6UZ8AzhMjITmQoNrNfnV6Pg5d4knMkBBtQw+kFSEuKWYkznRCQQKEh6hP2op6yCXCiibLxPBAKT3o+FwdT8KJ+nsiQq4QI9dWSRfJgZj1xuJ/XjuUzoUVUS8IJfHw9CEnZFD6cNwM7FFOsGQjRRDmVP0V4gHiCEvVX0aVYMyuPE8ax0XjrHh6e5IrmUkdabAH9kEeGOAclMA1qII6wOARPINX8KY9aS/au/Yxjaa0ZGYX/IH2+QOFl5jL</latexit>

I(A : C|B) = SAB + SBC � SB � SABC

<latexit sha1_base64="PGE32DUjy3DmeQIdtijh7YoTS4Y=">AAACDXicbVC7SgNBFJ31GeMramkzGAVtwq74Qixi0ihYRDAqZIPMTu4mQ2YfzNyNhJgfsPFXbCwUsbW382+cJFv4OjBwOOdc7tzjxVJotO1Pa2x8YnJqOjOTnZ2bX1jMLS1f6ihRHKo8kpG69pgGKUKookAJ17ECFngSrrx2eeBfdUBpEYUX2I2hHrBmKHzBGRrpJrfunoGPSjRbyJSKbunp5vFh+a60deR2mIJYCzmI5e2CPQT9S5yU5EmKyk3uw21EPAkgRC6Z1jXHjrHeYwoFl9DPuomGmPE2a0LN0JAFoOu94TV9umGUBvUjZV6IdKh+n+ixQOtu4JlkwLClf3sD8T+vlqB/UO+JME4QQj5a5CeSYkQH1dCGUMBRdg1hXAnzV8pbTDGOpsCsKcH5ffJfcrldcPYKu+c7+WIprSNDVska2SQO2SdFckIqpEo4uSeP5Jm8WA/Wk/VqvY2iY1Y6s0J+wHr/Ar0mm14=</latexit>

, I(A : C|B) < "

D. Petz, Rev. Math. Phys. 15, 79 (2003).

K. Kato and F. G. S. L. Brandão, Commun. Math. Phys. 370, 117 (2019)

<latexit sha1_base64="3wUhRj45WcI3vK9zwzB7kXYnjn8=">AAACA3icbVDJSgNBEO1xjXEb9aaXxiDES5gRNwQhJhcFDxHMAskQejo9SZOehe4aJcSAF3/FiwdFvPoT3vwbO8kcNPFBweO9KqrquZHgCizr25iZnZtfWEwtpZdXVtfWzY3NigpjSVmZhiKUNZcoJnjAysBBsFokGfFdwaputzj0q3dMKh4Gt9CLmOOTdsA9TgloqWluN66ZB5K3O0CkDO/xVfbirPhQ2D+3mmbGylkj4GliJySDEpSa5lejFdLYZwFQQZSq21YETp9I4FSwQboRKxYR2iVtVtc0ID5TTn/0wwDvaaWFvVDqCgCP1N8TfeIr1fNd3ekT6KhJbyj+59Vj8E6dPg+iGFhAx4u8WGAI8TAQ3OKSURA9TQiVXN+KaYdIQkHHltYh2JMvT5PKQc4+zh3dHGbyhSSOFNpBuyiLbHSC8ugSlVAZUfSIntErejOejBfj3fgYt84YycwW+gPj8wckd5aM</latexit>

, I(A : C|B) = 0

A B C

local K

quasi-local Kshort-range correlated

<latexit sha1_base64="pab0B+ndEPEcvTDhyP6kDC+uW6Q=">AAAB8nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8co5gGbJcxOZpMhszPLTK8SQj7DiwdFvPo13vwbJ8keNFrQUFR1090VpYIb9Lwvp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2RAwTXLIGchSsnWpGkkiwVjS8nvqtB6YNV/IeRykLE9KXPOaUoJWCzh3vD5BorR675YpX9WZw/xI/JxXIUe+WPzs9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cY+s0nNjpW1JdGfqz4kxSYwZJZHtTAgOzKI3Ff/zggzjy3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZf/kuZJ1T+vnt2eVmpXeRxFOIBDOAYfLqAGN1CHBlBQ8AQv8Oqg8+y8Oe/z1oKTz+zDLzgf35RbkXc=</latexit>)
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Aside: QCMI and topo. entanglement entropy
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A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006) 
M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405 (2006)



Numerical results
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Numerical example I
An AKLT ladder

• A spin-1/2 chain coupled to a spin-3/2 chain


• The ground state is exactly known and trivially gapped


• The entanglement spectrum is very similar to  
the energy spectrum of the Heisenberg model
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3
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2
�
+ J2Si,s · Si,b, Si = Si,s + Si,b

Y.-N. Zhou, X. Li, H. Zhai, CL, and Y. Gu, arXiv:2310.01475



Numerical example I
An AKLT ladder

• Decay of quantum conditional mutual information ✔


• Slow decay of correlation function ✔


• Vanishing of energy difference between ground state and twisted state ✔

16 Y.-N. Zhou, X. Li, H. Zhai, CL, and Y. Gu, arXiv:2310.01475
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Numerical example II
Decohered Majumdar–Ghosh ladder

• We decohere the Majumdar–Ghosh chain by coupling it to spin-3/2 modes


• The total system is trivially gapped, while one expects SSB in entanglement 
spectrum, similar to original MG

17

<latexit sha1_base64="xfhZd1aLPJM/0j27hfGVFcBYfZ8="></latexit>

H =
LX

i=1

J1(Si,s · Si+1,s +
1

2
Si,s · Si+2,s) + J2Si,s · Si,b +D(Sz

i,s + S
z
i,b)

2

system

bath

n
°3.0

°2.5

°2.0

°1.5

E

n
4.4

4.6

4.8

5.0

∏

Y.-N. Zhou, X. Li, H. Zhai, CL, and Y. Gu, arXiv:2310.01475



More numerical investigations
Two AKLT ladders

• We consider both spin-1/2 & spin-3/2 baths


• Use DMRG to obtain results for large system size


• Fitting against CFT formulae
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More numerical investigations
Two AKLT ladders
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More numerical investigations
Two AKLT ladders
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• We can also fit the correlation functions with 


• All the results are consistent with            WZW CFT


• In the spin-3/2 case, we get the CFT for a spin-3/2 model for free
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More numerical investigations
Two decohered MG ladders
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• Again, we consider both spin-1/2 & spin-3/2 baths


• Need to do DMRG twice: once to get the ground state, once on the reduced 
density matrix

system
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CL, X. Li, and Y.-N. Zhou, Quantum Front. 3, 9 (2024)



More numerical investigations
Two decohered MG ladders
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Summary

• We generalize the LSM theorem to open systems, focusing on the 
entanglement Hamiltonian 


• Original symmetry conditions → weak symmetry


• Double identity of short-range correlation


• Extensive numerical investigations performed to corroborate the 
proposal
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Further thoughts 

• There are mulitple approaches to “openization”


• LSM in Lindbladian [K. Kawabata, R. Sohal, and S. Ryu, Phys. Rev. 
Lett. 132, 070402 (2024)]


• multiple facets of open systems


• Tomita–Takesaki theory and modular flow


• “Entanglement bootstrap”
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⇢is = e�iKs

E. Witten, Rev. Mod. Phys. 90, 045003 (2018)

works by Kim, Shi, Kato, Albert, McGreevy et al.
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