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Bloch’s theorem

Translation invariant system: eigenstate are extended 
Bloch waves. 

Boundaries of the crystal 
Break the translation 
symmetry

Question: can we really use the solution of Bloch’ theorem to 
understand the solution of OBC Hamiltonian? 
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Thermodynamic limit

In Hermitian system, our text book tells us that the 
answer is yes.

Thermodynamic limit argument. 

Large N                   Infinity N                   Infinity L 

                                                          Translation symmetry k: good quantum # 

Wave function bounded 
at infinity k is real

Bloch’s 
theorem

Note: no matter H is Hermitian or not. 
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NHSE in 1D

When the system has NHSE,     Yao and Wang’s PRL

Figure from:  
Zhang, ZY, and Fang,  
PRL 125.126402 (2020)
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NHSE in 1D

When the system has NHSE,     Yao and Wang’s PRL

Question: Become identical as N 
increases?    

Figure from:  
Zhang, ZY, and Fang,  
PRL 125.126402 (2020)
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NHSE in 1D

When the system has NHSE,     Yao and Wang’s PRL

Question: Become identical as N 
increases?    

Figure from:  
Zhang, ZY, and Fang,  
PRL 125.126402 (2020)

No

Hatano-Nelson model 
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Generalized Brillouin zone (GBZ) theory
Yao and Wang’s PRL

What is the limit solution of the OBC Hamiltonian?
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Why the thermodynamic limit fails?

Answer: the boundary condition is changed in this limit 

Standing wave solution 
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Why the thermodynamic limit fails?

Push the boundary to infinity 

disappear

Traveling wave solution 

                                                 Preserve translation symmetry 
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Why the thermodynamic limit fails?

No NHSE 

N Infinity

Solution

OBC GBZ 
theory

Thermodynamic process



Why the BC is important? 

Introduction

30

Dynamical degeneracy splitting
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channels
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theorem
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Dynamical degeneracy splitting

k

ReE

Non-Hermitian case

ReE

ImE

E0

E0

kL kR

No longer 
reflection 
channels

Dynamical 
version of 
chiral anomaly

Emergence of NHSE

Zhang, Fang and ZY,  
PRL 131.036402 (2023)

Band criteria of NHSE
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NHSE in 1D

Symmetry and onsite dissipation: 
Yi and ZY, PRL 125.186802 (2020)

No NHSE

Two way to NHSE:   Break TRS 

                                   Add SOC 
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GBZ condition

Question: How to calculate the OBC solution? 

Three steps: 

1. Find all the bulk solutions

2. Take linear superposition

p: order of the pole

3. Determine the solution via boundary conditions
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GBZ condition

OBC eigenvalue 

No OBC eigenvalue 
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GBZ condition

OBC eigenvalue 

No OBC eigenvalue 

Note 
No spinful anomalous time reversal symmetry 

Yi and ZY, PRL 125.186802 (2020) 
Kawabata et. al. PRB 101, 195147 (2020)
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GBZ condition

OBC eigenvalue 

No OBC eigenvalue 

Note 

GBZ spectrum, not including topological boundary states 

No spinful anomalous time reversal symmetry 
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Geometry interpretation

Re(E)

Im
(E
)

Im(β)

Re
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Zero winding number condition

Geometry interpretation

Re(E)

Im
(E
)

Im(β)

Re
(β
)

GBZ encloses all the first roots (since p=1 in this model). 
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Zero winding number condition

Geometry interpretation

Zero spectral winding number of the OBC spectrum

Zhang, ZY, and Fang PRL 125.126402 (2020) 
Okuma’s PRL
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1D GBZ calculation: numerical method

Finite size effect



1D GBZ theory: review

46

1D GBZ calculation: numerical method

Precision 
P 

Lattice Size N
Calculation error and time
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1D GBZ calculation: analytic method

Relax the GBZ condition

ZY, Zhang, Fang, Hu PRL 125.226402 (2020)
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1D GBZ calculation: analytic method

Relax the GBZ condition

Eliminate variables, E and theta

Auxiliary GBZ equation

ZY, Zhang, Fang, Hu PRL 125.226402 (2020)
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1D GBZ calculation: analytic method

Example

Auxiliary GBZ equation

ZY, Zhang, Fang, Hu PRL 125.226402 (2020)



ZY, Zhang, Fang, Hu PRL 125.226402 (2020)
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1D GBZ calculation: analytic method

Example

Auxiliary GBZ equation
Im(β)

Re
(β
)

Auxiliary GBZ

GBZ
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2D GBZ theory: numerical summary

Infinity types of OBC geometry 

1D OBC

2D OBC

…
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Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).The role of OBC geometry

GDSE model
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Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).The role of OBC geometry
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OBC eigenstate
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Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).The role of OBC geometry
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Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).The role of OBC geometry

GDSE model
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Square geometry 

Triangle geometry
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Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).The role of OBC geometry

GDSE model

-3 -2 -1 0 1 2 3
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Re[E]

Im
[E
]

σPBC

Square geometry 

Triangle geometry

Other geometries

Skin modes number: all
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The role of OBC geometry. 

2D GBZ theory: numerical summary

2D GBZ highly depends on the OBC geometry ??

…

…

GBZ1 GBZ2 GBZn…

A universal GBZ theory ??

The role of bulk Hamiltonian ??
Bulk contribution to the GBZ ??
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Geometry independent quantities

2D GBZ theory: numerical summary

Hint 1: Coverage region of OBC spectrum
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Seems for all models ??
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GRSE v.s. NRSE

2D GBZ theory: numerical summary

Two types of NHSE: non-reciprocal skin effect

Different coverage regions

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

Corner localization
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2D GBZ theory: numerical summary

Two types of NHSE: generalized reciprocal skin effect

Common coverage regions

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

Edge localization

GRSE v.s. NRSE
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Geometry independent quantities

2D GBZ theory: numerical summary

Hint 2: Particular edge

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).
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Geometry independent quantities

2D GBZ theory: numerical summary

Hint 3: The case no skin effect

Robust to OBC geometry

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).
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Geometry independent quantities

2D GBZ theory: numerical summary

Hint 4: Universal edge localization ?

No universal localization direction
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Summary

2D GBZ theory: numerical summary

Our basic physical picture on the 2D GBZ

2D GBZ

Geometry part

Depend on the OBC geometry shapes

Intrinsic part

Determine: DoS of OBC spectrum, 
                   Localization details of the OBC eigenstate

Determine: coverage region of the OBC spectrum, 
                   Robust edge localizations
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2D GBZ theory: numerical summary
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Summary of the previous works

2D GBZ condition
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Winding number condition

Relax the GBZ condition

0d solutions

Geometry interpretation 

BZ

(kx,ky)

(kx,ky)+(mux,muy)
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Winding number condition

Relax the GBZ condition
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Geometry interpretation 
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Integrate
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Winding number condition

BZ BZ
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Puzzles

Puzzle 1: Scattering channel and standing wave

BZ
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Puzzles

Puzzle 2: Geometry dependent skin effect
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Puzzles

Puzzle 3: OBC spectral coverage 

Figure from Amoeba theory
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Wave function approach

We find such a minimal model that we want to solve

-1 +1

+1+1Typical wave function 

Question: what is the corresponding GBZ of this wave function?
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Wave function approach

We find such a minimal model that we want to solve

-1 +1

+1+1Typical wave function 

Question: what is the corresponding GBZ of this wave function?
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Analytic diffuclty



2D GBZ theory: WF approach
Dynamical duality method

Basic idea



2D GBZ theory: WF approach
Dynamical duality method

Basic idea



2D GBZ theory: WF approach
Dynamical duality method

Basic idea

Observation
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2D GBZ theory: WF approach
Sub-GBZ

BZ

ki

mui

Pick GBZ

Sub-GBZ

mux=0
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Sub-GBZ

Increase lattice size

How to calculate the result with N-> infinity?? 
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Sub-GBZ

Auxiliary GBZ

GBZ

The role of OBC goeometry

OBC spectrum
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Geometry independent quantities

Hint 2: Particular edge

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

2D GBZ theory: WF approach
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GRSE v.s. NRSE

Two types of NHSE: non-reciprocal skin effect

Why coverage regions

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

Why corner localization

2D GBZ theory: numerical summary
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Two types of NHSE: generalized reciprocal skin effect

Why common coverage regions

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

Why edge localization

GRSE v.s. NRSE

2D GBZ theory: numerical summary
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Puzzles

Puzzle 1: Scattering channel and standing wave

BZ

2D GBZ theory: WF approach



134

Puzzles

Puzzle 2: Geometry dependent skin effect
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2D GBZ theory: WF approach
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Puzzles

Puzzle 3: OBC spectral coverage 

Figure from Amoeba theory

2D GBZ theory: WF approach
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Summary

Our basic physical picture on the 2D GBZ

2D GBZ

Geometry part

Depend on the OBC geometry shapes

Intrinsic part

Determine: DoS of OBC spectrum, 
                   Localization details of the OBC eigenstate

Determine: coverage region of the OBC spectrum, 
                   Robust edge localizations

2D GBZ theory: WF approach



137

Questions related to the 2D GBZ

2D GBZ theory: WF approach



Summary

2D GBZ theory: WF approach



Thans for your attention
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1D GBZ calculation: numerical method

Critical skin effect

Okuma, Sato, PRL 
Li, Lee, Mu, Gong, NC


