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O Bloch’s theorem

=> Translation invariant system: eigenstate are extended

Bloch waves.

= Boundaries of the crystal
Break the translation

symmetry

O Question: can we really use the solution of Bloch’ theorem to

understand the solution of OBC Hamiltonian?
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O Thermodynamic limit

=> In Hermitian system, our text book tells us that the

answer 1s yes.

= Thermodynamic limit argument.

=> Large N > Infinity N > Infinity L
k: good quantum # < Translation symmetry
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Introduction

O Thermodynamic limit

=> In Hermitian system, our text book tells us that the

answer 1s yes.

= Thermodynamic limit argument.

=> Large N > Infinity N > Infinity L
k: good quantum # < Translation symmetry

l

Wave function bounded
> Lk is real

at infinity

12



Introduction

O Thermodynamic limit

=> In Hermitian system, our text book tells us that the

answer 1s yes.

= Thermodynamic limit argument.

=> Large N > Infinity N > Infinity L
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Introduction

O Thermodynamic limit

=> In Hermitian system, our text book tells us that the

answer 1s yes.

= Thermodynamic limit argument.

=> Large N > Infinity N > Infinity L
k: good quantum # < Translation symmetry
Wave function bounded Bloch’s
. : > kis real >
at lnﬁnlty theorem

=>» Note: no matter H is Hermitian or not.

14



Introduction

O NHSE in 1D

=> When the system has NHSE,

Eopc # Eprpc;

Yao and Wang’s PRL

Yosc () # Ypac(T)
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O NHSE in 1D

=> When the system has NHSE, Yao and Wang’s PRL
Fosc # Eprsc,  Yopc(x) # Ypac(T)
=» Since the thermodynamic limit v o— e )
gives the solution in the N - 1 e EO

tending to infinity limit
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O NHSE in 1D

=> When the system has NHSE,

Eopc # Eprpc;

gives the solution in the N

tending to infinity limit
O Question: Become identical as N

increasesr?

Yao and Wang’s PRL
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=» Since the thermodynamic limit
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O NHSE in 1D

=> When the system has NHSE, Yao and Wang’s PRL

Fosc # Eprsc,  Yopc(x) # Ypac(T)

=» Since the thermodynamic limit .  — oz — :

gives the solution in the N

tending to infinity limit

Imz

O Question: Become identical as N

increasesr?

O No

= Hatano-Nelson model 0.8
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Figure from:
Zhang, Y, and Fang,
18 PRL 125.126402 (2020)
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O NHSE in 1D

What is the limit solution of the OBC Hamiltonian?
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O NHSE in 1D

What is the limit solution of the OBC Hamiltonian?

l

Generalized Brillouin zone (GBZ) theory

Yao and Wang’s PRL
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Introduction

O Why the thermodynamic limit fails?

=> Answer: the boundary condition is changed in this limit

k1)

E(kr) = E(kgr)

|¢OBC> :Cl|kl>+62|]€[{>—}—... |kR>

=>» Standing wave solution
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O Why the thermodynamic limit fails?

=> Push the boundary to infinity

NIIIJIEOO |77DOBC> — ’k1> |kR> dlsappear

Preserve translation symmetty

=>» Traveling wave solution
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O Why the thermodynamic limit fails?

-> Discontinue

Boundary 4

Condition

Thermodynamic process Infinity
® Boundary
OBC : Condition

| >

N Infinity
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O Why the thermodynamic limit fails?

= With NHSE

Solution

A

Thermodynamic process Infinity
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O Why the thermodynamic limit fails?

-=> No NHSE

A
Solution Thermodynamic process

OBC

N Infinity
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Introduction

O Dynamical degeneracy splitting
= Why the BC is important?
=> Non-Hermitian case

-> No longer
reflection

channels

=> Dynamical
version of

chiral anomaly
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Introduction

O Dynamical degeneracy splitting
= Why the BC is important?
=> Non-Hermitian case

-> No longer
reflection

channels

=> Dynamical
version of

chiral anomaly

O Emergence of NHSE

=> Band criteria of NHSE

/Zhang, Fang and 2.Y,
PRL 131.036402 (2023)

33
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Introduction

O NHSE in 1D

=> Symmetry and onsite dissipation:
Yi and ZY, PRL 125.186802 (2020)

Hrm (k) = (¢ + t, cos k)o, + t, sinkoy, + po,

No NHSE

34
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Introduction

O NHSE in 1D

=> Symmetry and onsite dissipation:
Yi and ZY, PRL 125.186802 (2020)

Hrm (k) = (1 + t, cos k)o, + t, sin ko, + po, |+ iyo,,

No NHSE
Two way to NHSE: Break TRS

Asinko,

Add SOC
A sinke,s, — Ago, (s, — V/3s,)/2,

35



Outline

B Introduction

B 1D GBZ theory: review

B 2D GBZ theory: recent developments

B 2D NHSE: numerical summary

B 2D GBZ theory: wave function approach



1D GBZ theory: review

O GBZ condition

=>» Question: How to calculate the OBC solution?
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1D GBZ theory: review

O GBZ condition
= Question: How to calculate the OBC solution?
-> Three steps:
1. Find all the bulk solutions
det|Fo — H(B)] =0

181 < oo Byl < Bpt1| < oo < |Bp+s|  p: order of the pole

2. Take linear superposition

p+s

P(Eo)) = > cilBi)

1=1

3. Determine the solution via boundary conditions

38



1D GBZ theory: review

O GBZ condition

Non-Bloch Band Theory of Non-Hermitian Systems

Kazuki Yokomizo and Shuichi Murakami
Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

= OBC eigenvalue

Bp(Eo)| = [Bp+1(E0)|
= No OBC eigenvalue

Bp(Eo)| # |Bp+1(E0)
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1D GBZ theory: review

O GBZ condition

Non-Bloch Band Theory of Non-Hermitian Systems

Kazuki Yokomizo and Shuichi Murakami
Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

= OBC eigenvalue
18p(Eo)| = |Bp+1(Eo)|
= No OBC eigenvalue

1Bp(Eo)| # |Bp+1(Eo)|

O Note

=> No spinful anomalous time reversal symmetry

Yiand Z2Y, PRL 125.186802 (2020)
Kawabata et. al. PRB 101, 195147 (2020)
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1D GBZ theory: review

O GBZ condition

Non-Bloch Band Theory of Non-Hermitian Systems

Kazuki Yokomizo and Shuichi Murakami
Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

= OBC eigenvalue
18p(E0)| = |Bp+1(Eo)|
= No OBC eigenvalue

1Bp(Eo)| # |Bp+1(Eo)

O Note

=> No spinful anomalous time reversal symmetry

=> GBZ spectrum, not including topological boundary states

41



1D GBZ theory: review

O Zero winding number condition

= Geometry interpretation

1 2 3+ 3p3°
4+ +
B
@
_ \ o _
L :, e =
E 5
/ ® o
Im(p)

Re(E)
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1D GBZ theory: review

O Zero winding number condition

= Geometry interpretation

1 2 3+ 3p3°
o+ +
3

Im(E)
Re(B)

Im(B)

Re(E)

=> GBZ encloses all the first roots (since p=1 in this model).
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1D GBZ theory: review

O Zero winding number condition
= Geometry interpretation

Zero spectral winding number of the OBC spectrum

1 d
We s, = 5 P~ arglH(z) - Ey)dz.
27 C dz

1.5p

=N Zeros N poles»

- VE,eC "

Zhang, 7Y, and Fang PRL 125.126402 (2020)
Okuma’s PRL
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1D GBZ theory: review

O 1D GBZ calculation: numerical method

im{E]

m{E]

= Finite size effect

Eigenvalues (N=100,P=100)
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1D GBZ theory: review

O 1D GBZ calculation: numerical method

=> Calculation error and time

Lattice Size N

N=50 P=8 T=0.0013s N=100 P=8 T=0.0228s

N=50 P=12 T=0.2194s N=100 P=12 T=1.4564s
N=50 P=31 T=0.2831s N=100 P=31 T=1.9177s
Precision] - __ 4

P

N=150 P=8 T=0.0532s

3 2 1 0 1 2 3 4

N=150 P=12 T=4.5652s

P=31 T=5.8403s

1.0 0.5 0.0 0.5 1.0

N=200 P=8 T=0.0922s

4

2t .
. -, .

0 .:uooclooo:
. d .

2 . .

4

6 e e et ‘
4 2 0 2 4 6

N=200 P=12 T=10.634s

D , )
2.0 1.5 1.0 0.5 0.0 0.5 1.0




1D GBZ theory: review

O 1D GBZ calculation: analytic method
=> Relax the GBZ condition

|5P| — |Bp+1| — ’BZ| — wj’v 1<2,7<p+s

l

f(B,B) = f(E,Be®) =0, § € R

7Y, Zhang, Fang, Hu PRL 125.226402 (2020)
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1D GBZ theory: review

O 1D GBZ calculation: analytic method
=> Relax the GBZ condition

1Bp| = |Bp+1| = |Bil = |B5], 1 <4, <p+s

l

f(B,B) = f(E,Be®) =0, § € R

=> Eliminate variables, E and theta

F.Gez(Rep, ImpB) = Zcij(Reﬂ)i(Imﬂ)j = 0.

l,J

Auxiliary GBZ equation

7Y, Zhang, Fang, Hu PRL 125.226402 (2020)
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1D GBZ theory: review

O 1D GBZ calculation: analytic method

-> Example %+2/3+3/32

(x4—2x6—6x7+2x2y2—6x4y2—18x5y2+y4—6x2y4—18x3y4—2y6—6xy6)
(576 x° + 1152 x*° + 3456 x™* + 6912 x** + 5184 x™* + 10368 x™° + 2304 x° y* +

5760 x® y? + 17280 x° y? + 41472 x*' y? + 15552 x'? y? + 82944 x'* y? + 3456 x* y* +
11520 x° y* + 34560 x’ y* + 103680 x° y* - 15552 x*° y* + 290304 x** y* +

2304 x* y°® + 11520 x* y°® + 34560 x° y° + 138240 x' y°® - 129600 x° y° +

580608 x*° y° + 576 y® + 5760 x* y® + 17280 x> y® + 103680 x> y°® - 233280 x° y® +
725760 x® y® + 1152 y'® + 3456 x y'® + 41472 x> y'® - 202176 x* y'® + 580608 x° y'° +
6912 x y'* - 88128 x* y'* + 290304 x* y* - 15552 y** + 82944 x* y'* + 10368 y'°)

Auxiliary GBZ equation

7Y, Zhang, Fang, Hu PRL 125.226402 (2020)
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1D GBZ theory: review

O 1D GBZ calculation: analytic method

-> Example E+2/3+3/32
GBZ

(x4—2x6—6x7+2x2y2—6x4y2—18x5y2+y4—6x2y4—1
(576 x° + 1152 x'® + 3456 x™* + 6912 x** + 5184 x** + 10 368
5760 x®y? + 17280 x° y* + 41472 x* y? + 15552 x*? y? +
11520 x° y* + 34560 x’ y* + 103680 x° y* - 15552 x*° y*
2304 x* y6 + 11520 x* y6 + 34560 x> y6 + 138240 x' y6 -1
580608 x'° y°® + 576 y® + 5760 x* y® + 17280 x> y® + 1036
725760 x® y® + 1152 y'? + 3456 x y'° + 41472 x> y'° - 20z
6912 x y'? - 88128 x* y'? + 290304 x* y*? - 15552 y** + ¢

Re(p)

Im(B)

Auxiliary GBZ
7Y, Zhang, Fang, Hu PRL 125.226402 (2020)
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2D GBZ theory: numerical summary

O The role of OBC geometry Zhang, 2Y, and Fang, Hu NC 13, 2496 (2022).

- GDSE model
H(ky,ky) = 2cosk, + 2icosk,.

Im[E]

_ RelE]
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2D GBZ theory: numerical summary

O The role of OBC geometry Zhang, 2Y, and Fang, Hu NC 13, 2496 (2022).

U ppc

=> GDSE model
H(ky, ky) = 2cosky + 2icos ky,.

Im[E]

= Square geometry

RelE]

OBC eigenstate

O ogc (Square Geomerty)

D 0 © 000000
0
0000

ABN000 O
ENNN000 0
EWIN0S0 O
=

=
Nese
NS00
@BEs000 O
CITSO00
L adadd
N800
EBEs00d:
L

[ ccettd
@NN000O!
L cette
@RS00 O
ABIN000 &
ARIN000 &
@Bs00 O
[ s
NNNOOO

ERRARRRREERERERERAA
Im[E]

RelE]
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2D GBZ theory: numerical summary

Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

U ppc

O The role of OBC geometry

=> GDSE model
H(ky;,ky) = 2cosk, + 2icosk,.

Im[E]

= Square geometry

=> Triangle geometry L
RelE]

O ogc (Square Geomerty)

0 ogc (Triangle Geomerty)

00 0 © 000000
::: 0000

Im[E]
Im[E]

RelE]
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2D GBZ theory: numerical summary

O The role of OBC geometry Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

U ppc

=> GDSE model
H(ky;,ky) = 2cosk, + 2icosk,.

Im[E]

= Square geometry

-> Triangle geometry

RelE]

0 osc (Triangle Geomerty) o osc (Square Geomerty)

D © 0 00000D
DO O
00

Im[E]

Im[E]
B

Re[E] _ _ _ RelE]
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2D GBZ theory: numerical summary

O The role of OBC geometry Zhang, 2Y, and Fang, Hu NC 13, 2496 (2022).

U ppc

=> GDSE model
H(ky,ky) = 2cosk, + 2icosk,.

Im[E]

= Square geometry

-> Triangle geometry

RelE]

=> Other geometries

i

1
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2D GBZ theory: numerical summary

O The role of OBC geometry Zhang, 2Y, and Fang, Hu NC 13, 2496 (2022).

U ppc

=> GDSE model
H(ky,ky) = 2cosk, + 2icosk,.

Im[E]

=> Square geometry

—> Triangle geometry

RelE]

=> Other geometries

\NH'

1

=>» Skin modes number: all
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2D GBZ theory: numerical summary

O The role of OBC geometry.
=> 2D GBZ highly depends on the OBC geometry ??
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O The role of OBC geometry.
=> 2D GBZ highly depends on the OBC geometry ??
—> A universal GBZ theory ??

H (24, 2y)

ST

GBZ,4 GBZ, GBZ,
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2D GBZ theory: numerical summary

O The role of OBC geometry.
=> 2D GBZ highly depends on the OBC geometry ??
—> A universal GBZ theory ??

H (24, 2y)

ST

GBZ,4 GBZ, GBZ,

=> The role of bulk Hamiltonian ??
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2D GBZ theory: numerical summary

O The role of OBC geometry.
=> 2D GBZ highly depends on the OBC geometry ??
—> A universal GBZ theory ??

H (24, 2y)

ST

GBZ,4 GBZ, GBZ,

=> The role of bulk Hamiltonian ??
=> Bulk contribution to the GBZ ??

63



2D GBZ theory: numerical summary

O Geometry independent quantities
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2D GBZ theory: numerical summary

O Geometry independent quantities

=» Hint 1: Coverage region of OBC spectrum

0 osc (Triangle Geomerty) o osc (Square Geomerty)

.....
.....

Im[E]
Im[E]

Rl

o 1 2 3 -3 -2 -1 o
RelE] RelE]

=> Seems for all models ??

65



2D GBZ theory: numerical summary

O GRSE v.s. NRSE Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

=> Two types of NHSE: non-reciprocal skin effect

a Spectrum (Lx=Ly=60)

2 . .
L —» Different coverage regions
1
W ——— PBC £ ;OBC
§ 0 i - —
-1 F 3
» T C Wave function (Lx=Ly=60)
I Geometry 1
-6 -4 -2 0 2 4 6 8 0.0912
ReE
=>» Corner localization Ly 0.0456

0.0000

Lx
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2D GBZ theory: numerical summary

O GRSE v.s. NRSE Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

=> Two types of NHSE: generalized reciprocal skin effect

e Spectrum (Lx=L,=60)

E

0.0 &

= B

=>» Edge localization

= Common coverage regions

GRSE : o7BC = ¢©BC

Geometry 2

L_“..,__J

0.022§

ReE -

Ly g 0.0113

0.0000

Lx
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| summary

numerica

2D GBZ theory

Zhang, 7Y, and Fang, Hu NC 13, 2496 (2022).

O Geometry independent quantities

Particular edge

= Hint 2

L R e R s
2 R R 222022202022

Effect

No Skin

68



2D GBZ theory: numerical summary

O Geometry independent quantities  Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

= Hint 3: The case no skin effect
e f g o h

-0 0 T OO0
8 O OOOOOOOOOOOOOOOOO0e 0.0035 0.0099
O OOOOOOOOOOOOOOOT ‘44
[ 0000000000000 +444
- OO0 0000000000000004
t OO OOOOOOOOOO00000000000000¢
6 OO0 0000000600600600000004
[ OO OOOOOOOOOOO00000000000¢
O OOOOOOOOOOOOOO0000000000e
| OSSO OOOOOOOOOettttet00d
t OO OOOOOOOOOOOOOtttttttnd
4 OO0 000000000000000006666000¢
w [  0006660660006060660060060606004¢
 000666066000606066066066006004¢
g r L OO OOOOOOOOtOOttOtOttttd 0.0018 0.0049
= t Y | 66666666666606666660606666066064¢ ' :
2  OOOOOOOOOO00000000006060000¢
[ OO0 000000000000000¢
OO0 0000000000000004
f 000000600 000000000000000004¢
t 00000000000 000000000060000¢
0 1 00000000 0000000000000000004
[ OO0 0000000000000004
e OO0 0000000000000004
OO OOOOOOOOOO0000t0000000d
f OO OOOOOOOOOOOttttttttd
-2 1 )0000000000000000000000000000
AAAAAAAAAAAAAAAA el OO OOOOOOOOOOOttOottd
1 0 1 5 2 0 2 5 3 O 3 5 i PELL L4444 4404444444040 4 09094904 0'0000 0'0000

ReE ' L

- Robust to OBC geometry
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2D GBZ theory: numerical summary

O Geometry independent quantities

= Hint 4: Universal edge localization ?

=» No universal localization direction

70



2D GBZ theory: numerical summary

O Summary
=» Our basic physical picture on the 2D GBZ
2D GBZ
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O Summary
=» Our basic physical picture on the 2D GBZ
2D GBZ

Geometry part \

Intrinsic part
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2D GBZ theory: numerical summary

O Summary
=» Our basic physical picture on the 2D GBZ
2D GBZ

—

Geometry part
l Intrinsic part

Depend on the OBC geometry shapes

v

Determine: DoS of OBC spectrum,
Localization details of the OBC eigenstate
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2D GBZ theory: numerical summary

O Summary
=» Our basic physical picture on the 2D GBZ
2D GBZ

—

Geometry part
l Intrinsic part

Depend on the OBC geometry shapes J

Determine: coverage region of the OBC spectrum,

Robust edge localizations

v

Determine: DoS of OBC spectrum,
Localization details of the OBC eigenstate

74



2D GBZ theory: numerical summary

O Questions related to the 2D GBZ
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2D GBZ theory: numerical summary

O Questions related to the 2D GBZ

For a given 2D non-Hermitian Hamiltonian within a
given OBC geometry, denoted as Gy, the GBZ theory
should answer:
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2D GBZ theory: numerical summary

O Questions related to the 2D GBZ

For a given 2D non-Hermitian Hamiltonian within a
given OBC geometry, denoted as Gg, the GBZ theory
should answer:

1. what is the coverage region of the OBC spectrum,

denoted by 08?0?
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2D GBZ theory: numerical summary

O Questions related to the 2D GBZ

For a given 2D non-Hermitian Hamiltonian within a
given OBC geometry, denoted as Gy, the GBZ theory
should answer:

1. what is the coverage region of the OBC spectrum,

denoted by 08?0?

2. what is the density of states on the OBC spectrum?
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2D GBZ theory: numerical summary

O Questions related to the 2D GBZ

For a given 2D non-Hermitian Hamiltonian within a
given OBC geometry, denoted as Gy, the GBZ theory
should answer:

1. what is the coverage region of the OBC spectrum,

denoted by 08?0?

2. what is the density of states on the OBC spectrum?

3. for a given E, € 08(])3(3, what is the corresponding

OBC eigenstate and GBZ?
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2D GBZ theory: numerical summary

O Questions related to the 2D GBZ

For a given 2D non-Hermitian Hamiltonian within a
given OBC geometry, denoted as Gy, the GBZ theory
should answer:

1. what is the coverage region of the OBC spectrum,

denoted by 08(])3(3?

2. what is the density of states on the OBC spectrum?

3. for a given E, € 08(])3(3, what is the corresponding

OBC eigenstate and GBZ?

4. when the OBC geometry Gy undergoes changes,
how do the above three quantities change accord-
ingly, and is there a fundamental rule to identify
the corresponding changes?

80
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2D GBZ theory: developments

O Summary of the previous works

= 2D GBZ condition

Dimensional Transmutation from Non-Hermiticity

Hui Jiang and Ching Hua Lee
Phys. Rev. Lett. 131, 076401 — Published 17 August 2023

Amoeba Formulation of Non-Bloch Band Theory in Arbitrary
Dimensions

Hong-Yi Wang, Fei Song, and Zhong Wang
Phys. Rev. X 14, 021011 — Published 16 April 2024
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-Hermitian Systems

Kazuki Yokomizo and Shuichi Murakami
Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

The construction of the generalized Brillouin zone
can be extended to higher dimensions as well. In two-
dimensional (2D) systems, we introduce the two param-
eters B* (= eikm) and (Y (: e““’y). Then the eigenvalue
equation det [H (5%, 8Y) — E] = 0, where H (8%, 3Y) is a
2D generalized Bloch Hamiltonian, is an algebraic equa-
tion for 8* and BY. If we fix BY (8%), this system can be
regarded as a 1D system, and the criterion is given by

8%, = 183,41] (|83%,| = BYs,41|), where 20, (201,)

is the degree of the eigenvalue equation for g% (8Y). Thus,
we can get the conditions for the continuum bands. Nev-
ertheless, it is still an open question how to determine
the generalized Brillouin zone in higher dimensions.
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-Hermitian Systems

Kazuki Yokomizo and Shuichi Murakami
Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

f(Eo, Bes By) = f(Eo, B, B,) = f(Eo, Br, Bye’) = 0

84



2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-Hermitian Systems

Kazuki Yokomizo and Shuichi Murakami
Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

f(Eo, Be, By) = f(Eo, Boe, 3,) = f(Eo, e, Bye) =0

= 0d solutions
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-Hermitian Systems

Kazuki Yokomizo and Shuichi Murakami
Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

f(E075x75y) — f(E()a B:Beiemaﬁy) — f(E()vﬁxaﬂyeiQy) =0
=» 0d solutions

=> Geometry interpretation

/BLZZ, S eikw,O_FHfE,O

By.0 = e'Rv.0 T Hy.0
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-

Kazuki Yokomizo and Shuichi Murakami

Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

ermitian Systems

f(E075x75y) — f(E()a B:Beiemaﬁy) — f(E()vﬁxaﬂyeiQy) =0

=> 0d solutions
=> Geometry interpretation

/BLZZ, S eikw,O_FHfE,O

By.0 = e'Rv.0 T Hy.0
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-

Kazuki Yokomizo and Shuichi Murakami

Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

ermitian Systems

f(EOaﬁxaﬁy) — f(E()a Baﬁeiewaﬁy) — f(E()aﬁxaﬁyeiey) =0

=> 0d solutions
=> Geometry interpretation

/BQ}’ — eikw,O_F,U':I;,O

By.0 = e'Rv.0 T Hy.0
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-

Kazuki Yokomizo and Shuichi Murakami

Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

ermitian Systems

f(E075x75y) — f(E()a B:Beiemaﬁy) — f(E()vﬁxaﬂyeiQy) =0

= 0d solutions

=> Geometry interpretation

/ Zk; +,U.L 0
5m,0 = e 0
_ tky o+py.0
By — ey J
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-

Kazuki Yokomizo and Shuichi Murakami

Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

ermitian Systems

f(EOaﬁxaﬁy) — f(E()a Baﬁeiewaﬁy) — f(E()aﬁxaﬁyeiey) =0

= 0d solutions

=> Geometry interpretation

/ Zk; +,U.L 0
5m,0 = e 0
_ itky.o+tpy.0
By — ey J
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-

Kazuki Yokomizo and Shuichi Murakami

Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

ermitian Systems

f(E()?BmaBy) — f(E()a Baﬁeiewaﬁy) — f(E()vﬁxvﬂyei@y) =0

= 0d solutions

=> Geometry interpretation
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2D GBZ theory: developments

O Winding number condition

Non-Bloch Band Theory of Non-

Kazuki Yokomizo and Shuichi Murakami

Phys. Rev. Lett. 123, 066404 — Published 7 August 2019

- Relax the GBZ condition

ermitian Systems

f(E()?BmaBy) — f(E()a Baﬁeiewaﬁy) — f(E()vﬁxvﬂyei@y) =0

= 0d solutions

=> Geometry interpretation
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2D GBZ theory: developments

O Winding number condition

Dimensional Transmutation from Non-Hermiticity

Hui Jiang and Ching Hua Lee
Phys. Rev. Lett. 131, 076401 — Published 17 August 2023

a—t
Y

BZ BZ
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2D GBZ theory: developments

O Winding number condition

Dimensional Transmutation from Non-Hermiticity

Hui Jiang and Ching Hua Lee
Phys. Rev. Lett. 131, 076401 — Published 17 August 2023

a—t
Y

BZ BZ
f(E()?ﬁl?ﬁQ) — f(anﬁleiela/BQ) — f(E())/Bl)ﬁQeiez) = ()
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2D GBZ theory: developments

O Winding number condition

Amoeba Formulation of Non-Bloch Band Theory in Arbitrary
Dimensions

Hong-Yi Wang, Fei Song, and Zhong Wang
Phys. Rev. X 14, 021011 — Published 16 April 2024

BZ
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2D GBZ theory: developments

O Winding number condition

Amoeba Formulation of Non-Bloch Band Theory in Arbitrary
Dimensions

Hong-Yi Wang, Fei Song, and Zhong Wang
Phys. Rev. X 14, 021011 — Published 16 April 2024

BZ
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2D GBZ theory: developments

O Winding number condition

Amoeba Formulation of Non-Bloch Band Theory in Arbitrary
Dimensions

Hong-Yi Wang, Fei Song, and Zhong Wang
Phys. Rev. X 14, 021011 — Published 16 April 2024

BZ
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2D GBZ theory: developments

O Winding number condition

Amoeba Formulation of Non-Bloch Band Theory in Arbitrary
Dimensions

Hong-Yi Wang, Fei Song, and Zhong Wang
Phys. Rev. X 14, 021011 — Published 16 April 2024

BZ

U(ky) ——
Integrate
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2D GBZ theory: developments

O Winding number condition

Amoeba Formulation of Non-Bloch Band Theory in Arbitrary
Dimensions

Hong-Yi Wang, Fei Song, and Zhong Wang
Phys. Rev. X 14, 021011 — Published 16 April 2024

Integrate

BZ
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2D GBZ theory: developments

O Winding number condition

Amoeba Formulation of Non-Bloch Band Theory in Arbitrary
Dimensions

Hong-Yi Wang, Fei Song, and Zhong Wang
Phys. Rev. X 14, 021011 — Published 16 April 2024

BZ
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2D GBZ theory: developments

O Puzzles



2D GBZ theory: developments

O Puzzles

=> Puzzle 1: Scattering channel and standing wave
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developments

2D GBZ theory

O Puzzles

=> Puzzle 2: Geometry dependent skin effect

O ogc (Square Geomerty)

——~ oee
O

0 ogc (Triangle Geomerty)

RelE]
| Fe(mi Po[nts of‘EO |

RelE]

M.
M.
M.
M.
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2D GBZ theory: developments

O Puzzles

=> Puzzle 3: OBC spectral coverage

(d) .
0.5_‘ OBC

ImFE

Figure from Amoeba theory

—0.91 y

(~\
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2D GBZ theory: WF approach

O Wave function approach

-=> We find such a minimal model that we want to solve

Hi(2z,2y) = =222y + 22 /2y + 2y /22 + 1/(222y).

106



2D GBZ theory: WF approach

O Wave function approach

= We find such a minimal model that we want to solve
Hi(2g,2y) = =222y + 22 /2y + 2y/ 2z + 1/ (222y).

= Typical wave function

 Diamond OBC

WX



2D GBZ theory: WF approach

O Wave function approach

= We find such a minimal model that we want to solve
Hi(2g,2y) = =222y + 22 /2y + 2y/ 2z + 1/ (222y).

= Typical wave function

+1 +1
o o o

SNNRENNNET

T
PRSI TTIFIFFY

RN NNNNN

O Question: what is the corresponding GBZ of this wave function?
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2D GBZ theory: WF approach

O Wave function approach

= We find such a minimal model that we want to solve
Hi(2g,2y) = =222y + 22 /2y + 2y/ 2z + 1/ (222y).

= Typical wave function

+1 +1
o o o

SNNRENNNET

T
PRSI TTIFIFFY

RN NNNNN

O Question: what is the corresponding GBZ of this wave function?
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2D GBZ theory: WF approach

O Advantage

Notably, our approach offers two significant advantages
that distinguish it from previous studies:

(1) Direct GBZ Calculation:

We can calculate the GBZ of Ey € 0880 diretly from
the perspective of eigenstate wavefunction.
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2D GBZ theory: WF approach

O Advantage

Notably, our approach offers two significant advantages
that distinguish it from previous studies:
(1) Direct GBZ Calculation:

We can calculate the GBZ of Ey € USBC diretly from
the perspective of eigenstate wavefunction.

(11) Geometry Considerations:

Our approach allows us to explicitly discuss the role of
geometry.
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2D GBZ theory: developments

O Main difficulty

=> Analytic diffuclty

Now suppose that the Hamiltonian is H (2, 2, ) and the OBC
geometry is Gy.

det|H(zz, zy) — Eo] = 0. (1)

Here FEy 1s an arbitrary compelx energy (not necessaey to be
the OBC eigenvalues).
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2D GBZ theory: developments

O Main difficulty
=> Analytic diffuclty

Now suppose that the Hamiltonian is H (2, 2, ) and the OBC
geometry is GG.

det|H (24, 2y) — Eo] = 0. (1)
Here FEy 1s an arbitrary compelx energy (not necessaey to be
the OBC eigenvalues).
( 2224 1792 1 ) 1 zZx zy
— - - — - — - — +2ZX2ZYy
4279 2797 zXxzy zy zX
2y = 6Zka}+,uw, Zy — e'I/kw+,Ufy k, et
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2D GBZ theory: developments

O Main difficulty
=> Analytic diffuclty

Defining the solution space of these characteristic equations
as

Fr(Ey) = {(2s,2,) € C?%|det[Ey — H(2,, 2,)] = 0}. (2)

Then, each point in this solution space corresponds to a
non-Bloch wave (or bulk solution), i.e. |z, 2y).

JT ¥
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2D GBZ theory: developments

O Main difficulty

=> Analytic diffuclty

Second Step: The second step 1s to write down a linear
superposition wavefunction, 1.e., combining each non-Bloch
wave linearly,

|Q/)E0,G> — Z AE(),G()(Z.’L‘:Zy)’zIIJ?Zy>' (3)

('ZZLZ azy)eFII (EO)

Here Ag, ¢, (zz, 2y) is the linear superposition coefficient.
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2D GBZ theory: developments

O Main difficulty
=> Analytic diffuclty

It 1s crucial to recognize that, for a given Ej, there are
infinity solutions for the following bulk equation

det|H(zz, 2) — Eo] = 0.

Consequently, in principle, there exists an infinite num-
ber of linear superposition wavefunctions in the follow-
ing equation

(22,2y)EFH(ED)

However, for a system of finite size, we only have a
finite number of boundary conditions.
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2D GBZ theory: WF approach

O Dynamical duality method

= Basic idea
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O Dynamical duality method

= Basic idea
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2D GBZ theory: WF approach

O Dynamical duality method

= Basic idea

a b
y
LSS b e S - " Evolve
' Ly ' X
=> Observation
30 v
OBC t=0. — OBC
= = = PBC
t
t=20. — OBC
% ? 150 = == PBC
30
PBC
t=30 OBC
t = = = PBC
0 | a—

1 X 150 X



2D GBZ theory: WF approach

O Dynamical duality method

= Basic idea

— Evolve

_________

=> Central question

B NN N S
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N
N
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N
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N
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2D GBZ theory: WF approach

O Dynamical duality method

= Basic idea




2D GBZ theory: WF approach

O Dynamical duality method
=> Basic idea

SOSNNSNSNSNET

TIFTTFTFITTT

SAAASKNENNSS

BT TITTITITIFP

y=3

Uy, (%) :
Y=2 Y=’4 y=?
. il il
PBC, + OBC,,
y=1 y=3 y=56
__..JMN. Mr_ . ‘ . A |




3
.68379x10°7 +4.69063 x10°° i) (0.479609 +0.4890011i)Y e 10

1
.91465x10°° - 0.0000192649 i) (0.422964 +0.4316281)Y e 3

13
.00217967 - 0.0037283 i) (-0.460407 - 0.4473461i)Y e 30

17
.017164 + 0.0191827 i) (0.19391 - 0.4101341i)Y e 30

2
.000568427 + 0.00118188 i) (0.394412 - 0.6399791)Y e 3

7
.0000721738 + 0.000216555 1) (0.450439 - 0.7134471)Y e 10

11 11 .
.69761x10°° + 0.0000245305 i) (-0.807816+0.5156751)% e 15 " | (3.69761x10°° + 0.0000245305 i) (0.505522 - 0.7919111)Y e 15

2D GBZ theory: WF approach

O Sub-GBZ
-> Pick GBZ

4inx

4inx
.69767x10°° - 0.0000245306 1'1) (-0.505522 +0.791911i)Y e 15 + (3.69767 x107° + 0.0000245306 1'1) (0.807816 - 0.5156751)Y e 15 +

3inx
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inx
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inx
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1linx

11 .
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1linx 2.
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13imx
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2D GBZ theory: WF approach

O Sub-GBZ
-> Pick GBZ

4 3 3 3 Tt
— 2.13894—0.06239831‘1}, {—, —0.568147—0.04251341‘1}, {-—, 0.795094 - 0.37842 Ji}, {—, 2.13395 —0.1699081’1}, {—, —0.563157—0.1495511'1}, {-—, ~2.36633 - 0.0456525 j},
15 10 10 10 3

Tt Tt Tt 117 11t

- 0.795536—0.5036541‘1}, {—, 2.12311 —0.2853461’1}, {—, ~0.552311 - 0.26396 51}, {-—, —2.36709—0.1577211'1}, {-—, 0.796296—0.6514461’1},

3 3 3 30 30

11 11 27 27 27
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27 137 13 71 137 13 1
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T T T T T s
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- g2 2-84697 - 1.10233 i}, {_E’ ~1.27617 - 1.15047 i}, {E’ ~2.33699 - 1.58201 1'1}, {E’ 0.766191—0.6707981’1}, {_W’ 2.69994-0.75814911},
17 17 17 3 3
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3 3 19 1 19 7t 19 1
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5 5 30 30 30
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T T T 11 11t
. 2.57844—0.1495511’1}, {-—, —1.00764—0.1699081’1}, {—, ~2.3465 - 0.37842 i}, {-—, 2.57345 -0.0425134]1}, {-—, —1.00265—0.06239831‘1}}
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2D GBZ theory: WF approach

O Sub-GBZ

-> Pick GBZ

Ur. () Ki ..,WI

-> Sub-GBZ

I r I




2D GBZ theory: WF approach

O Sub-GBZ
=> Increase lattice size

¢ Sub-GBZ belonging to the Ls-edge

Point: Bloch momentum Arrow: (localization vector)/2
p2 v T
80+ 80 100% 100
] wrfl
r-4 |t 4
r W\L“' y

! W I _

-JT K, IT=7T K, TT

How to calculate the result with N-> infinity??



2D GBZ theory: WF approach

O Sub-GBZ
=> Auxiliary GBZ

b Auxiliary GBZ
Lo

BZ
det[Eoy — H (e = e*vTHv)] = 0,



2D GBZ theory: WF approach

O Sub-GBZ
=> Auxiliary GBZ

b Auxiliary GBZ ¢ Winding region
o ot

BZ BZ

1 4 : :
v, (kz) = —/ dky Ok, Indet[Ey — H (e, e"v)].

- omi



2D GBZ theory: WF approach

O Sub-GBZ
=> Auxiliary GBZ

b Auxiliary GBZ ¢ Winding region d Sub-GBZ
I o ol

I 004 )
!

BZ BZ BZ

= GBZ

BEy,Gse = BEy, L1 Y BEy,L: YU BEy,Ls U BEy, L4
= The role of OBC goeometry
=> OBC spectrum



WF approach

2D GBZ theory

Zhang, 7Y, and Fang, Hu NC 13, 2496 (2022).

O Geometry independent quantities

lar edge

Particu

= Hint 2

L R e R s
2 R R 222022202022

No Skin Effect
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2D GBZ theory: numerical summary

O GRSE v.s. NRSE Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).
=> Two types of NHSE: non-reciprocal skin effect
a Spectrum (Lx=Ly=60)

- Why coverage regions

4
O.PBC # O.OBC

C Wave function (Lx=Ly=60)

A

Geometry 1
-6 -4 -2 0 2 4 6 8 0.0912
ReE
=> Why corner localization Ly 0.0456

0.0000

Lx
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2D GBZ theory: numerical summary

O GRSE v.s. NRSE Zhang, ZY, and Fang, Hu NC 13, 2496 (2022).

=> Two types of NHSE: generalized reciprocal skin effect

e Spectrum (Lx=L,=60)

! ! - Why common coverage regions
GRSE : ¢'BC = 0BC

o

L ”j | Geometry 2

ReE ,,s“‘r

Ly g 0.0113

0.022§

-=> Why edge localization
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2D GBZ theory: WF approach

O Puzzles

=> Puzzle 1: Scattering channel and standing wave
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2D GBZ theory: WF approach

O Puzzles

=> Puzzle 2: Geometry dependent skin effect
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2D GBZ theory: WF approach

O Puzzles

=> Puzzle 3: OBC spectral coverage
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2D GBZ theory: WF approach

O Summary
=» Our basic physical picture on the 2D GBZ
2D GBZ

—

Geometry part
l Intrinsic part

Depend on the OBC geometry shapes J

Determine: coverage region of the OBC spectrum,

Robust edge localizations

v

Determine: DoS of OBC spectrum,
Localization details of the OBC eigenstate
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2D GBZ theory: WF approach

O Questions related to the 2D GBZ

For a given 2D non-Hermitian Hamiltonian within a
given OBC geometry, denoted as Gy, the GBZ theory
should answer:

1. what is the coverage region of the OBC spectrum,

denoted by 08(])3(3?

2. what is the density of states on the OBC spectrum?

3. for a given E, € 08(])3(3, what is the corresponding

OBC eigenstate and GBZ?

4. when the OBC geometry Gy undergoes changes,
how do the above three quantities change accord-
ingly, and is there a fundamental rule to identify
the corresponding changes?
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2D GBZ theory: WF approach

O Summary

Our central conclusion is that the 2D GBZ comprises an
intrinsic component dubbed as the intrinsic GBZ, along-
side a geometry-dependent counterpart referred to as the
geometry-dependent GBZ.

Firstly, for the intrinsic GBZ, we have identified these
parts as the Fermi points for the Generalized Reciprocal
Skin Effect (GRSE) and the non-Bloch Fermi points for the
Non-Reciprocal Skin Effect (NRSE). Physically, the intrinsic
GBZ plays a pivotal role in determining the coverage of the
OBC spectrum agBC, which remarkably remains invariant

under variations of OBC geometry G.

Secondly, the geometry-dependent GBZ has been proved
corresponding to the non-Bloch Equal Frequency Contours
(non-Bloch EFCs), which can be effectively approximated
using the asymptotic GBZ theory. Notably, as the OBC
geometry evolves, the corresponding geometry-dependent
GBZ undergoes changes, influencing not only the density
of states within 08BC but also the localization properties of
the associated eigenstate wavefunctions. This explains the

geometrical dependent behaviours of the 2D NHSE.
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1D GBZ theory: review

O 1D GBZ calculation: numerical method ,,, _ (

=> Critical skin effect

Energy (c=0)
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