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Introduction

EE is a measure to quantify entanglement.

)
m Subsystem Subsystem
A B
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Introduction

Entanglement properties in 1D quantum systems!!

1D gapped systems: EE converges to some value.

1D critical systems: EE diverges logarithmically with L.
coefficient is related to the central charge.

XXZ model under magnetic field

_E r T y_y z __Z z

XY moael under magnetic field

a T T z
Hxy = — Z (5 (L+7)ofoiy + (1 =v)olol ] + ‘%‘)

ENTROPY — S —

||||||||||||||||||||||||||||||E
XY(a=1.1,v = 1)

NUMBER OF SITES — L —
G. Vidal et al. PRL 90, 227902 (2003)

Entanglement properties in 2D quantum systems??



Preliminaries: reflection symmetric case

Pre- Schmldt decomposmon Reflection symmetry

Z\qﬁ v oBh {loa)} {lea)}

Linearly independent
(but not orthonormal) Subsystem  Subsystem

, A ;!
Overlap matrix

(MA)5 = (@65), (MB) o5 := (¢lP |0

Reflection symmetry sl 1% = 1P = 1

Useful fact

If MA = MBI = M and M is real symmetric matrix,

d2
— _Zpoz 1I1pa, Pa — Za d(%

where d,, are the eigenvalues of 7.

y

J. Phys. A, 43, 255303 (2010)
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VBS (Valence-Bond-Solid) state

1

V2
AKLT (Affleck-Kennedy-Lieb-Tasaki) model

l. Affleck, T. Kennedly, E. Lieb, and H. Tasaki, PRL 59, 799 (1987).

Valence bond = Singlet pair |s) (1T =111

— —

v Valence bond |s) = b

Ground state: VBS state /l\ V2
O /‘E O /\\T/CD g‘\ _

S = 1(projection)

(1 TL = 111)

- Exact unique ground state; S=1 VBS state
- Rigorous proof of the “Haldane gap”
- AFM correlation decays fast exponentially



VBS (Valence-Bond-Solid) state

VBS state = Singlet-covering state |

2D square lattice 2D hexagonal lattice

MBQC using VBS state
T-C. Wei, I. Affleck, and R. Raussendorf, Phys. Rev. Lett.106, 070501 (2011).
A. Miyake, Ann. Phys. 326, 1656 (2011).




VBS (Valence-Bond-Solid) state

VBS state = Singlet-covering state

Schwinger boson representation
| 1) =allvac), | )= bl|vac)

v

Valence bond solid (VBS) state

VBS) = [T (ab] - bla] ) Ivac)
(k21

5=0 1/2 1 3/2 2



VBS (Valence-Bond-Solid) state

Reflection symmetry

2D square lattice 2D hexagonal lattice

Subsystem A Subsystem B Subsystem A Subsystem B



VBS (Valence-Bond-Solid) state

VBS) = [T (aftf ~bia]) vac |
(k1) > - Local gauge transformation

=) [N @ [¢l)

- Reflection symmetry

| Auxiliary spin: a; = £1/2
| #bonds on edge: [A4)

Overlap matrix

Subsystem A Subsystem B

Moy (py: 2184l x olAal matrix

Each element can be obtained by Monte Carlo calculation!!
SU(N) case can be also calculated. Phys. Rev. B, 84, 245128 (2011)

cf. H. Katsura, arXiv:1407.4262



Entanglement properties

- Entanglement entropy

- Entanglement spectrum




Entanglement properties of 2D VBS states

VBS state = Singlet-covering state

2D square lattice 2D hexagonal lattice

PBC

Subsystem A Subsystem B Subsystem A Subsystem B

> Ly
OBC




Entanglement entropy of 2D VBS states

cf. Entanglement entropy of 1D VBS states

N

1 PRI

VBS) = [T (albly, — blal,,) " [vac)

1=0

Subsystem A ] L,ocoooo5ooooo|gsg Subsystem B
2 5 § i , m 5 EE EEEE &N S=6
g " A A D A A A A A A A A A A S=4
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% 3 f a-iini-Rini-linheaianalinc e O--—0 _O——‘S=2
2
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£ S=1
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Number of Sites - L -
H. Katsura, T. Hirano, and Y. Hatsugai, PRB 76, 012401 (2007).

S = In (# Edge states)




Entanglement entropy
m —1n2 — Z

i O

of 2D VBS states

> ()
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#bondsonedge: [Ax| \
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Entanglement spectra of 2D VBS states

H. Liand F. D. M. Haldane, Phys. Rev. Lett. 101, 010504 (2008).
o . —Aa | 4[A A
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cf. J. I. Cirac, D. Poilbranc, N. Schuch, and F. Verstraete, Phys. Rev. B 83, 245134 (2011).



Nested entanglement entropy

“Entanglement” ground state := g.s. of Hg: |¥g) Hg = —Ilnpa

He|Po) = Egs|Wo) dmmmiy paVo) = po| o)

Maximum eigenvalue

Nested reduced density matrix Nested entanglement entropy
0(0) = Trprq ... 1 [|To) (W] S(¢, L) = —=Try ... ¢ [p(¢) In p(¢)]

1D quantum critical system (periodic boundary condition)
SPPO(L, L) = 5 In[f(0)] + s

F(0) = % sin (Zl)

P. Calabrese and J. Cardy, J. Stat. Mech. (2004) P0O6002.




Nested entanglement entropy
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(c=1.01(7):L,=5,L~16 &
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Central charge: c =1 ’ 1D antiferromagnetic Heisenberg
des Cloizeaux-Pearson mode in ES supports this result.

VBS/CFT correspondence
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Rydberg Atom
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Quantum hard-core lattice gas model

Construct a solvable model o +1
n;,; —
Heol = ¥ hi(2)hi(2),  hi(z) = [o] — Vz(1 —n;)|Py 2
€A Puy = ] 1 —ny)
W Hoot = —VZ D (07 + 07 )Py + Y (1= 2)ns + 2]P v
i€A i€A
Creation/annihilation Interaction btw particles & %
chemical potential

1-dim chain
L

H = ZP [—\/EOIZS + (1 —32)n; + znj_1n;41 + z] p Transverse Ising model

with constraint

Hamiltonian is positive semi-definite. == Eigenenergies are non-negative.

Zero- energy state (ground state)

2) = exp(vzo; Py) [LL -+ 1) 1] -+ ) :Vacuum state

Unique (Perron-Frobenius theorem)

y




GS of the quantum hard-core lattice gas model

unnormalized ground state: |¥(z)) := /Z(2)|z) = » 2"¢/?|C)
C : classical configuration of particle on A ces

(C|C") = dc.cr (|C)is orthonormal basis)
S :set of classical configurations with “constraint”

nc: number of particles in the state C

Normalization factor
= Partition function of classical hard-core lattice gas model

2(z) = (U(2)|¥(2)) = ) 2"

cesS 2 : chemical potential
"""""""" T T T S T TS
J. J. ¢ e— |
Y T ¢ g{
— i< co——oiic——<¢
. T LiiT 06 T .

----------------------------------------------------------------------------------------------------------------



GS of the quantum hard-core lattice gas model

Periodic boundary condition is imposed in the leg direction.

—X
Square ladder Triangle ladder
T T2 Subsystem A TL T T2 Subsystem A TL
o1 09 Subsystem B oL o1 09 Subsystem B or,
d c N
unnormalized ground state: A = w(a,b,c,d)
- L a__b J
> > ey @ o), [T(2)lr6 = Hw(0i70i+177-i—|—177'i)
1=1
Square ladder Triangle ladder
1 /4 L1400 174 1/4 L1/2 J1/4 ,1/4 L1/2

L L
=]z = 0im) (1 = 0i0i11) (1 = mimig1)  [T(lro = [ 27721 = 0im) (1 = 050i11) (1 = Timi1 ) (1 = i0i1)
i=1 1=1



GS of the quantum hard-core lattice gas model

Periodic boundary condition is imposed in the leg direction. x—I—X

Square ladder Triangle ladder
T T2 Subsystem A TL T T2 Subsystem A TL
o1 09 Subsystem B oL o1 09 Subsystem B or,
d c 1
unnormalized ground state: /[ = w(a,b, ¢, d)
- L a__b J
> > ey @ o), [T(2)lr6 = Hw(0i70i+177-i—|—177'i)
i=1

2= —=— 33" [1(),, ") © o) e Overlap matrix

=(z) — = )
M=z3 T(2)] " T(2)

Phys. Rev. A, 86, 032326 (2012)



Entanglement entropy

S=-TrMInM| = Zpalnpa Pa(=1,2,--- Np)

— # of states

Square ladder Triangle ladder
5 F/ 7 T T T T T T T T T T 10 F " [=3,6,9,12,
4 L =4,6,8,10,12, = 8 .18, 2‘1\ =

14,16, 18, 20, 22
3 hH A - 6 I -
7 7 -

2 — - 4 (\ -

i \
1 ‘, _____________________________ §‘ 1 2 2 =

| i a ~—In 3
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Estimation of zc

1

&) = =) P )

Square ladder

pM(2): the largest eigenvalue of M

p'?(2): the second-largest eigenvalue of M

L =4,6,8,10, 12,
14,16, 18, 20, 22

correlation length crosses at =

0 2 4

6

Triangle ladder

L =3,6,9,12,
15,18, 21

0

‘ Finite-size scaling for correlation length



Finite-size scaling

Finite-size scaling relation: £(z)/L = f[(z — z.)L'/"]

Square ladder
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Entanglement spectra at z=zc

Eigenvalues of entanglement Hamiltonian at z = z

. . 2TV
Square Iadder = ,1/2 . (2-dim Ising) _ Aa— A= 7 ——(hp.a +hra)
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0 0.25 0.5 0.75 1 Scaling dimension
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Nested entanglement entropy at z=zc

4g): Ground state of entanglement Hamiltonian (z = %)

nested reduced density matrix: p(0) := Trps1... L[|vo){(wol]
nested entanglement entropy: s(¢,L) := —Try ... o[p(£)In p(¢)]

Phys. Rev. B 84, 245128 (2011).
Interdisciplinary Information Sciences, 19, 101 (2013)

s(l,L) = gln[g(f)] +s1, g(f) = L sin (W—€>

T L
1.4 | Square ladder 4+ 1.4 F Triangleladder .-
L=6-24 | =6-24
1.2 + - 1.2 + c=d/5 o
~ el Y .E.@ ’
ﬁ'\ 1 — C=1/2_ - i“ 1 - - L _
0.8 _ ‘wlﬂmﬂ — O.8 o v -
s
0.6 f, ° 2DIsing]{ (06 | 2D 3-state Potts-
’ ] ] ] ] ji ] ] ] ]
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