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 Introduction
 Suppression of backward scattering

 Weak-localization and universality class

 Magnetoresistance in graphene by symmetry consideration
 Time-reversal symmetry in graphene

 Pseudo-spins in graphene

 Magnetoresistance
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 Complete suppression of scattering between two 
counter-propagating states within a valley

 Destructive interference due to the Berry phase 
originating from the 2-component spinor
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 Conductance measurement :
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Metallic nanotube Doped semiconducting nanotube

Regular coulomb oscillation
 Leff ~8mm

Irregular coulomb oscillation
 Leff ~100nm

[McEuen et al. PRL(1999)]



 Non-universal behavior (Sample dependent?)
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Graphene on SiO2

Morozov et al. PRL(2006) Wu et al. PRL(2007)

Epitaxial graphene

Suppression of WL correction
Anti-localization



 Scattering Probability  

Classical  : PC = | A | 2 + | B | 2 

Quantum :  PQ = | A + B | 2

= | A | 2 + | B | 2 + 2 Re[ A B * ]

Time-reversal symmetry  A = B  PQ =2PC  

Constructive interference enhances the scattering.
 Negative quantum correction to conductivity

= Weak localization (WL) correction
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 Classification by fundamental symmetry : 

Time-reversal symmetry (TRS)

Spin-rotational symmetry (SRS)

Positive WL correction for the system with spin-orbit interaction

 Anti (weak) localization 
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TRS SRS
WL

correction

Orthogonal Yes Yes Negative

Unitary No Yes or No 0

Symplectic Yes No Positive



 Classical resistivity is independent of magnetic field.

 Magnetic field breaks TRS.
 WL correction vanishes! (Crossover)

Orthogonal class  Unitary class (Negative MR) 

Symplectic class  Unitary class (Positive MR)
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 No symmetry breaking term for TRS and SRS.
 Orthogonal class

 Suppression of backward scattering
 Symplectic class

 No (or non-universal) magnetoresistance
 Unitary class
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 Time-reversal operation :            

(U : Unitary matrix, C : complex conjugation)

Wave function :
Operator :

Schrödinger eq.:

Matrix element :

 Key property :                 or 
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 Backward scattering :            

 Scattering amplitude : 

 Time-reversal symmetry:

 Interference between A and B :
 Constructive  Weak localization
 Destructive  Anti-localization
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 Classification by time-reversal symmetry : 

Find the operator T satisfying the following relation:

( T=UC, H: Effective Hamiltonian )
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TRS
WL

correction

Orthogonal T2=+1 Negative

Unitary No 0

Symplectic T2=-1 Positive

HHHH R  †T†† UUTT

Random matrix theory
[Dyson JMP (1962)]



 4-component massless Dirac equation

 Representation by Pauli matrices
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 Normal time-reversal operation

 Special time-reversal operation

 Conserved pseudo-spin :

2007/11/19 Seminar@YKIS2007 17

 CT xz   111T 22
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  0,0 nJH
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 Hamiltonian

 Conserved pseudo-spin

 Time-reversal operation

 Special time-reversal operation:

2007/11/19 Seminar@YKIS2007 18

   C-iCi-S yyxz LLJiJ 


   LkLkLkH yyxx


 0

 

 0

12

yx

zzzyx

kkk

L









 zyxxxJ   21


  CT yy iJiL
    0,,0  nmn JLJH




 JL



 Impurity potential :

 Potential in the effective-mass equation 

 Diagonal elements :

 Off-diagonal elements : 
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 Rapidly oscillating phase 



 Off-diagonal terms are negligible when the potential 
range is larger than the lattice constant.

 Hamiltonian does not contain pseudo-spin J .
 We can omit this pseudo spin.

 Special TRS :

 Symplectic symmetry is realized!  Antilocalization
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 Extremely short potential range (localized at A sites)

 Pseudo-spin J is not conserved. 

 No special TRS :

 Orthogonal class  Weak localization
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  CT yy iJiL     1T
222  yy iJiL

K K’
Inter-valley

Intra-valley



 Symmetry at zero temperature = Orthogonal

 Crossover between symplectic and orthogonal
LS : mean free path due to short-range potential (SRP)
LL : mean free path due to long-range potential (LRP)
LT : phase coherence length

 Assumption : LS >> LL

 Low temperature limit : LT >> LS

 SRP is dominant.  Orthogonal class

 Intermediate temperature : LS >> LT >> LT

 LRP is dominant.  Symplectic class
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[ Suzuura, Ando PRL(2002)]



 No symmetry-breaking term
 Positive or Negative MR

Temperature dependent crossover

 Terms giving inter-valley scattering
 Negative MR 
Edges, Point defects, etc.

 Trigonal-warping
Break special TRS, but give no inter-valley scattering
 Suppression of MR (No anti-localization)
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Trigonal warping:
[Saito et al. PRB(2000)]

[ Wu et al. PRL(2007)]

[Morozov et al. PRL(2006)] [McCann et al. PRL(2006)]



 Effective Hamiltonian :

 (Special) time-reversal operation : 

 Orthogonal (Pseudo-spin conserved!)

 Trigonal warping breaks the special TRS.
 Suppression of MR (disappearance of WL)
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[ McCann, Falko PRL(2006)]

[Kechedzhi et al. PRL(2007)]
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[ Koshino, Ando PRB(2006)]



 Massless Dirac particle + Long-range potential
 Symplectic class

 + Weak short-range potential
 Temperature dependent crossover

between symplectic and orthogonal classes 

 +Trigonal warping 
 Unitary class
 Suppress the magnetoresistance

 Short-range potential breaks all the stories above. 
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