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Introduction — Spin Hall effect
spin Hall effect in Pt
Quantum spin Hall phase
2D
3D
phase transition from the ordinary insulator phase
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Cf. Extrinsic spin Hall effect
Intrinsic spin Hall — < impurity scattering

y
egf@.gsemiconductors (SM, Nagaosa, Zhang, Science (2003)) | .

Luttinger model
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(S: spln-3/2 matrix)

hZ
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e 2D n-type semiconductors in heterostructure
(Sinova et al., PRL (2004))

Rashba model

H——+x(;xk)

Berry phase in k-space

]j =0, E, i: spin direction < band crossing
j: current direction E t
k: electric field \/
O, :even under time reversal

Er

ji_ ~ S’y .+ Nonzero in nonmagnetic materials. /\
J J




Experiments on spin Hall effect

« 3D n-type, Kerr rotation
* Y.K.Kato, R.C.Myers, A.C.Gossard, D.D. Awschalom, Science (2004) -
« Sih et al. , Nature Phys. (2005) n-GaAs, n- (In,Ga)As
» Sih et al., PRL (2006)
» Stern et al., PRL(2006) n-ZnSe RT
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« 2D p-type, spin LED
* J. Wunderlich et al., PRL(2005)
p-GaAs
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« Metal (Pt, Al) --Inverse SHE
« E. Saitoh, M. Ueda, H. Miyajima, G. Tatara, APL (2006)
* Valenzuela and Tinkham, Nature(2006) Al

* Metal (Pt) -- SHE & Inverse SHE

« T. Kimura, Y. Otani, T. Sato,
S. Takahashi, S. Maekawa, PRL (20



http://133.11.199.17:8080/-_-http://www.sciencemag.org/content/vol306/issue5703/images/large/306_1910_F2.jpeg
http://133.11.199.17:8080/-_-http://www.sciencemag.org/content/vol306/issue5703/images/large/306_1910_F2.jpeg
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2D quantum spin Hall phase



Quantum spin Hall phases Bernevig and Zhang, PRL (2005)
Kane and Mele, PRL (2005),

* bulk = gapped (insulator)
« gapless edge states -- carry spin current, topologically protected

Quantum spin Hall state = Quantum Hall state X 2

*% /4_/,1,%

ez ez
Oy = for up spin Oy == for down spin

xy
Y_Jﬁ/
/ > / Spin-orbit coupling
e > (spin-dependent) effective

spin magnetic field




Z, topological number v

Kane and Mele, PRL95, 146802

Even - simple insulator
Odd - quantum spin Hall phase

(f‘?%ﬂantum spin Hall phase ( v =odd )

o

e “

spin

Odd number of Kramers pairs
of edge states

(ii) Simple insulator v

C

Even number of Kramers pairs of edge states

no backscattering by nonmagnetic impurites.

Edge states

"

interaction

Wu, Bernevig, Zhang, PRL (2006)
Xu, Moore, PRB (2006)

~

—> robust against | nonmagnetic impurities

J

U



Kane-Mele model Quantum spin Hall phase § =odd)  Simple insulator ¢ = even)
ésGapIess edge states - No gapless edge states

e —— —

el "“"-i‘:-.““--\-}'_;‘:-

kxa kxa
Gapless edge states exist irrespective of boundary conditions
topologically protected
Bulk topological order > manifest as edge states
In contrast : Graphene without spin-orbit - Edge states only on zigzag edges



Z, topological number is a bulk property



2N bands bjel,-low =
Z, topological number in 2D systems without inversion-symmetry | E .

Fu,Kane, PRB74,195312('06) @Q

Winn (E) = <u_k,m ‘@‘ u,m> 2N x2N unitary

(& antisymmetricat I’ =

Z,topological number v

L (Jdedw(@)]
i v vy

= x| -- Choice of branches of =./detfw(T)] I >

No inversion symmetry
- Phases of the wavefunctions should be calculated for the whole BZ



Z, topological number in 2D systems with inversion-symmetry +E

Fu,Kane, PRB76, 045302 (2007)

2N bands below E¢ ( N Kramers pairs )

Z,topological number v
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With inversion symmetry -

-- product of parity eigenvalues over filled Kramers pairs over 1
easy to calculate !



Candidate systems for quantum spin Hall phase?

* Nonmagnetic insulator

- Z, topological number = odd



Spin Hall effect and Streda formula

Streda formula for Hall effect Streda (1982)
(
. 2
! =£Tr[vl. —v 8 (E, - H)-h.c.| : Fermi-energy term
o, =0l 10! | 2 Ep—H +i0 zero for insulator
n _ AN .
| Oy =e o . N : Number of states below E,
a>» /C;Jr /
i/
—— electrons flow in = E aN| . Hall current
dB 5 . J = Le i .
Charge - spin
Streda formula for_spin Hall effect fGSI . zero for insulator
. 1 17
Expected result : 0, =0, +0, < Gl =95 : Spin-orbit susceptibility
© dB|g, < spin-orbit coupling

SM, PRL 97, 236805 (2006) .



[ Candidate materials for QSH phase ? }

e Bi— semimetal { hole pocket at T point L
3 electron pockets at L points

Thin film — vertical motion quantized > Gap opens

d.=30nm "
V. N. Lutskii (1965)
: . >d V. B. Sandomirskii(1967)
insulator semimetal C. A. Hoffman et al. (1993)




[ Bi as a candidate material for 2D QSH phase } SM, PRL 97, 236805 (2006)
o Enhanced diamagnetic susceptibility in Bi and Bil_bex
Interband matrix elements due to spin-orbit coupling

Experiment

Theory
Fukuyama, Kubo (1970) Brandt, Semenov, Falkovsky (1977)
=3 g 3 % 100 sox‘,° 0 LIy
o_Surface states of Bi -- large spin splitting --
Large spin splitting in Bi (111) bulk

Koroteev et al., PRL ('04).
03

}:; —_ 11 .@\ | * large spin splitting (= 0.1eV )
S il m = carry spin current
T /’U - surface states at E

'di an 01 o0z 03 _Dl.d N3k —
—™ T i 1) h— K

(exp.) (calc.)




: : SM
2D bismuth as a candidate for QSH phase Phys. Rev. Lett.97, 236805(2006)

e N (0 A
- Band structure for 2D strip - Z, topological number

(b) zeros of the Pfaffian in half
E (eV . .
Brillouin zone

0.4

02
0
-0.2
= \
0.6 [ N

0.8

1 pair of edge states at each edge/

o
- spin Chern number [« Parity eigenvalues and \
Z, topological number
C C ] —2 4 N
: =TT ]&@
= i=1"j=
@ (€ Fu, Kane cond-mat/0611341)

Conclusion
2D bismuth = good candidate for QSH phase !




Other candidate systems : CdTe/HgTe/CdTe quantum well }

M B. A. Bernevig, T. L. Hughes, S.-C. Zhang
Science 314, 1757(2007);
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CdTe

Simple insulator | quantum spin Hall

phase

d<d,

Phase transition at d =d,

phase

d>d,



Observation of QSH state in CdTe/HgTe/CdTe quantum well

Markus Konig, et al.
Science 318, 766 (2007);
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Schamatic of the spin-polarized edge channals in a guantum spin Hall
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3D quantum spin Hall phase



Z, topological number in 3D (_ 1)0 -

4 N

yd t| I) |

* Only v, is stable against disorder. No inversion symmetry o, = - v:; ]
W’

With inversion symmetry § =1ﬂ g, ()

k=G/2

v, =even :weak topological insulator \_

v, =o0dd : strong topological insulator
Topological surface states

Materials for strong topological insulators (QSH phase) ?

Topology of the Fermi surfaces.

0; (001) 0: (011) 0: (111) 1: (111)

< Z, topological numbers

<Fermi surface of the
surface states on (001)
surface




Candidate materials for 3D QSH phase

/" Fu,Kane, PRB(2007) I
Bi,. Sb, (0.07<x<0.22)

a-Sn, HgTe under uniaxial pressure .

Pb. .Sn_Te under uniaxial (111) strain
K 1-x X ( ) /

« BiyTe,
 Kondo insulators
e skutterudites

(Thermoelectric materials ?)



Candidate materials for 3D QSH phase

Bi,. Sb,

Calculation of v, from parity

Bi & Sb > semimetal

Bismuth
i |rrrp; ot ]";1"E
3L |L. L. L. L. L,
AX|Xa X X, Xa Ao
\T\T, T T T
Ao class
Antimony
ir|ry vtk
L (L, L, L., L, L.
XX, X, X, X, X,
A i Ly ey s i e
£z class (

Fu,Kane, PRB76, 045302 (2007)

(direct gap >0 for every k)
Suppose the band overlap is lifted by perturbation
= Z, topological number defined

Even

Oodd
(but semimetal)

4 E Change of v,
n
/S N
L
/-T) i i i _“: LS
La A VAN
Bi 04 07.09 BT §b
semimetal <«— insulato —— semimetal
dsH phase
(0.07<x<0.22)
Bi,,Sb, (0.07<x<0.22) = QSH phase.



H. Hochst, S. A. Gorovikov

Journal of Electron Spectroscopy and Related Phenomena
144—-147 (2005) 351-355

Big9,Sbg s, (= theoretically in the QSH phase (Fu et al. (2006))

Theoretical prediction
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cf. 2 gapless fermions in graphene (K and K’ points)



Phase transitions See Fukui, Hatsugai, (2006)

2D : Bi: QSH e 3D : Bi: insulator
Sb: insulator h Sb: QSH
( Murakami, PRL (2006)) (Fu,Kane,PRB(2007))
2D limit 3D limit
0.23 0.99
Inter-bilayer
0
(000)

— A

3D bismuth is a simple insulator
Qﬂﬂ)k& but is very close to QSH phase.
insulator

0

| _Inter-bil

‘ 0(111) ‘ 1(111) L hopping
|



(111) surface

Koroteev et al., PRL (2004).
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Rashba spin-split bands at |°

O Meet again at M

7\
\ Do not meet at M
> 4

10-bilayer (111)-bismuth

Hirahara et al., PRL (2006)

Binding Enargyalf)

Hirahara et al., preprint (2007)
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Energy (Ry)

(Example) binary skutterudite

0a -

CoSb, IrP;

CoSb, =zap=3mel
-

IrP, gap=136meV
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IrAs,

IrAs, 2ap = 156 meV

N
(-1) - ]1 &, )=+1  :Ordinary insulator
I'H,6N m=
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Phase transition
between the quantum spin Hall and insulator phases

 How does the gap close?

Z, topological number | ., physics of gap closing

global property of the BZ local in k-space

Fu, Kane, Mele
Moore, Balents
Zhang, Bernevig

Phase transition
= Change of Z, topological number

< closing of bulk gap



[ Phase transition between QSH and insulator phases}

2D

* No inversion-symmetry|:

* Inversion-symmetry :

_—

a)

(SM, Iso, Avishai, Onoda, Nagaosa,
Phys. Rev. B76, 205304 (2007) )

v

>><<

k=GI2-k, 'k=Gl2+kq

V\/
AL

G.’2+ko k=Gl2-ky k=G/2+kg
: >~
m<m, m=m m>m, m
(b)

k=G/2

k=G12 k=G/2
- -
Phase diagram me<m m=m0\\ m>my * m
transition
QSH- |- SHI - e
(5 =0)
L

Honeycomb lattice
model
Kane, Mele,
PRL (2005)

CdTe/HgTe/CdTe QW
Bernevig et al.,
Science (2006)



{ Phase transition between QSH and insulator phases}

3D

* No inversion-symmetry :

* Inversion-symmetry :

Phase diagram

(SM, New J. Phys. (2007))

time-reversal

k

-k

inversio

(a)
@ k=G:f2—ku kZGE-f2+kn k:(:3f2 k::Gu’2
“—
m<m m=m, m=m, m>m ,
gapless
(b)

>C

k=G/2

\
-

m<myg

Topological gapless phase




[ Phase transition between QSH and insulator phases}

inversion-symmetric

Kramers degeneracy One-parameter tuning

E / =» no gap closing

Hybridization
(5 deg. of freedom)

k

\/ Some hybridization matrix elements vanish.
— parity =+1
parity =-1 Can close the gap

/\ by one-parameter tuning
> k

e



[ Phase transition between QSH and insulator phases}

No inversion-symmetric
Kramers degeneracy

VA

Hybridization
(3deg. of freedom)

- 2D : 3variables  k=(.k),m  Canclose the gap
by one-parameter tuning

*3D:4variables k= (k.k,.k.),m One extra parameter
- Gap closing = a curve in the hyperspace

(kxﬂkyﬂkzﬂm)



3D systems without inversion-symmetry

(SM, New J. Phys. (2007))

Phase transition at m =m, : impossible

Instead, gapless phase appears between QSH and insulator phases.

Pair creation of monopole and antimonopole in k-space

k=G/2 k=G/2-ko ' k=G/2+Kg

mM<m rl!:m{ m <m<m m_lmn

M| G

antimonopole

o«

m<my; m=m; m<m<m, m=m,; m>m,



Universality classes of Anderson Localization

Time-reversal symmetric system
with the spin-orbit interaction
(symplectic universality class)

Scaling Analysis for QSH phase
Onoda, Avishai, Nagaosa, cond-mat/0605510

t~(E-E)

| W=50.E=132
M= 4

Different from

symplectic = 2 : 73

A% =2.33

unitary

A%

New universality
class?



Why is the quantum spin Hall effect interesting?

 Various fields are related with quantum spin Hall effect

Critical phenomena

Dissipationless L
& localization

transport
Quantum spin Hall
effect
Topological /
Numbers Surface states
ZZ

 topological order in nonmagnetic insulators
 perfectly conducting channel

* No magnetic field required
( cf. quantum Hall effect — requires strong magnetic field)

* Only 1 gapless fermion: Unique for a surface of 3D QSH system

cf. In 2D systems, number of fermions is even (fermion doubling)
2 gapless fermions in graphene



Summary

Spin Hall effect in metals and semiconductors
* p-type >>n-type
« Enhanced at band crossing \

Pt : large spin Hall effect A

Quantum spin Hall effect:

« 2D & 3D
« Edge states
--- topologically protected
» Bismuth and surface states - spin current
* Phase transition between the quantum spin Hall phase and
ordinary insulator phase.
Topological gapless phase in 3D

(a)2D

QSH “““““ SH| ____ Inversion

symmetric
(5=0)




