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Problems of the present DFT in its Application to Solids

 Kohn-Sham band gap is too small.
* Mott insulator Is not realized.

« Cohesive energy Is not so accurate, especially
for van der Waals interaction.

o Systematic improvement is difficult.

U

Let us revisit Wave Function Theory! F




Wave Function Theory for Solids

Hartree-Fock

— Anomaly at ¢ In metals

— Koopmans’ theorem gives too large band
gap (E,"F(Si) > 6eV, E;5*"(Si) = 1.17eV)

MP2, CC, CI

— Too heavy for solids

VMC with Slater-Jastrow-type wave function

— HF/LDA orbitals are not accurate

DMC

— Fixed-node approximation

— Only the ground state

Transcorrelated Method



Transcorrelated Method
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L= The first application to real solids!



Transcorrelated Method: Summary

* A wave function theory with a Slater-Jastrow-type
explicitly correlated wave function

Y =exp _Zuij (rij)

1> ]

det{p,0,,.L }

 No Monte Carlo Sampling

Energy (eV)

e Total energy + Orbital energy

m) Band Structure
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Basic Idea of the Transcorrelated Method

S.F. Boys and N.C. Handy (1969)

Flg|l—— HY=EY
T : \P:F({rij})q)

Correlated wave function

F - Jastrow factor.

H..=F 'HF Transcorrelated Hamiltonian
HTCcI) —EOD Similarity Transformation

Hartree-Fock Approx. @ =det{p,,,,. } 7



Transcorrelated Hamiltonian Hy

F=¢ —exp( D U, )

i>

Hqc = FHF
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Effective Two-Body Interaction in H.

10+

Potential Energy [hartree]

r[a.u.]



e
/ 2 electrons in a
1D potential well

R, R,

singular

R4

Bare Coulomb Potential Transcorrelated Potential

Y(L2) # w(Dw(2)x(spin) Y(L2): wQw(2)x(spin)



A Merit of the Smilarity Transformation

If we use so-called correlated wave functions, to
calculate the total energy, we have to evaluate

many-body integrals.

= _(¥[H]¥) _(@|FHF|o)

(Y1¥) (o|F’|0)

Y=F ({rij })(D
® = det{p, (X)}.

In the Transcorrelated Method, we need at most three-
body integrals to calculate the total energy.

ETC —

(@[Hr|®) (D|H+V, +V;|D)

(D) (| D)
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TC-SCF Equation

H (@ =ED <) (6P|H|P)=E(5D|D)

e If we adopt a Slater determinant for @, we get a Hartree-
Fock-like SCF equation with three-body potentials to obtain
one-electron orbitals.

1 (2) 3) _
(_EA"'Vext TV TV, TV +VTC)§”i - Zgji%'
j

« Koopmans’ theorem for the orbital energy &.

 Bloch states and band structure for periodic systems.
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TC-SCF equations (Bi-orthogonal Formalism)

Hic|R)=E[R). e _s(L[H[R)

— 'y
(L|H.e =E(L|. O (L|R)

Hartree-Fock-like SCF equations
for 1-electron orbitals

o Up-to-three-body potentials.
« Koopmans’ theorem for the orbital energy &.
e Bloch states and band structure for periodic systems.
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How to Optimize the Jastrow Function F ?

Since H.. Is not a Hermitian, the total energy
E = (0Hc| @) /(@] )
no longer has the lower bound. So we minimize the variance.

ED —H, @ d*x
Variance: o, = J-‘ ICDZT;%'X

Variance minimization on F needs 5-body integrals,
and so we use conventional VMC for first-principles

calculation in first-principles calculation. Otherwise we
use RPA Jastrow function at present.
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Model Hamiltonian

,.——-.— - -

++++++

H = Zt,la,a JG+UZ it

ijo

Hubbard Model

Al -+ Z}u%aja+Ume

i ijo

lonic Hubbard Model
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Transcorrelated Hamiltonian H+. (2)

A = Zt” 'GaJG_I_UZn My HTc:F_lHF

i, j,o

E— H g Mplyy _ H[l_ (1- g)nian] GutZV\_/iIIer

Function
c_ H g "™ = [1— (1—%)nnni¢]

=)'t [1— (1—%)ni5][1—(1— g)n;, |ala;, +U 2Ny

l,],0
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How to Optimize the Gutzwiller Function

Gutzwiller factor g is optimized so that the energy variance
defined below is minimized:

(RI(Hre ~E)(Hw —E)IR)
(RIR)
2 (R|(Hre ~E)[L)(R'|R")(L|(Hre ~E)|R)

RR)

2 _
ORr =
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Pseudo Energy

1D 6—site Hubbard Model
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Ground State Energy of the Hubbard Model

0
1 1D 6-site (3+3 electrons)
| HF

TC

Exact

Energy

U/2t 19



Configuration Interaction (Cl)

H..|R)=E|R), (L|Hpc = E(L],

R)=2.alR). (L= (L],

R)= Hak(|) 0), \Li>=<0\1:[akL(i)

Matrix elements for CI
(Hre), =(L|Hrc|R))
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Energy

Configuration Interaction (ClI)

-0.5
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6-site ring, 3+3 electrons, U=4

Full Configuration
(Exact)
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Energy

Configuration Interaction (ClI)

6 X 2 sites, 5+5 electrons, U=8
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15t Excitation Energy by SCI, SDCI

2.6
e | wa lonic Hubbard Model
N S 6 sites, half-filled
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Total Energy

Total Energy by TC-SDCI

1D ionic 6-site (3+3 electrons)
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Orbital Energy

10

U=6, half filled

1D Periodic Hubbard Model

9/10 filled
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Can we describe Mott-Hubbard insulators?

Definition of the gap
E,.o ={E(N+1)—E(N)} —{E(N)—E(N -1)}
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Total Energy per Site

Total Energy per Site

U=8
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- Correlation Energy per Site

Correlation Energy per Site

SDCI is size-
Inconsistent!

Occupancy
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Jastrow Function for Solids

In the present work, we use the simplest F that satisfies
the cusp condition at small r and reproduces the RPA
correlation function at large r.

F = exp(—Z el (1— g i )j

1> ] rij
A _ (a R —1)
2F2,  Tor Mg T 7
1
A=y ==

No need of optimization!




Electron Gas: Single-Particle Energy Dispersion

rg¢ =3

No Anomaly
in TC

R. Sakuma and S. Tsuneyuki, J. Phys. Soc. Jpn. 75, 103705 (2006). 3V



Energy (eV)
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Band Structure of Si

Eg (in eV)
EXp. 1.17
HF(PP) 6.2
TC(PP) 2.0
LDA 0.5

PP: Pseudo-Potential
AE: All Electron

R. Sakuma and S. Tsuneyuki,
J. Phys. Soc. Jpn. 75, 103705 (2996).



TheoretcalBand Gap [eV]
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Band Gap: Summary

" LiF

HF (Koopmans)

TC (Koopmans)

EXp

LDA (Kohn-Sham)

R. Sakuma
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Fundamental Band Gap [eV]

16
14
12
10

oSO N B~ O

Band Gap of Solid H, (mhcp)

GW (one shot):

H. Chacham and S. G. Louie,

Phys. Rev. Lett. 66, 64 (1991);

H. Chacham, X. Zhu, and S. G. Louie,
Phys. Rev. B 46, 6688 (1992).

M. Stadele and R.M. Matrtin,
Phys. Rev. Lett. 84, 6070(2000).

HF, TC:

unpublished
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Total Energy of Diamond (Carbon)

[hartree]

Total energy

[hartree]

Total energy

-11.1220

-11.1225

-11.1230

-11.1235

-11.1240
6.45 6.50 6.55 6.60 6.65 6.70 6.75

-11.5110

-11.5115

-11.5120

-11.5125

-11.5130
6.45 6.50 6.55 6.60 6.65 6.70 6.75

\ /

\

\..//:F _

ht

/

\

\\/ TC

L

attice constant [Bohr]

-11.4375 \
-11.4380 /
-11.4385
-11.4390

LDA

-11.4395 ' ' '
6.45 6.50 6.55 6.60 6.65 6.70 6.75

Lattice constant|Bohr|

Table 4. Calculated lattice constants
a, and bulk moduli B, in diamond

a,[Bohr] B,[GPa]

LDA 6.65 467
HF 6.60 524
TC 6.60 501
Expt. 6.74 443
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Conclusion

 We propose to use the transcorrelated method for
describing strongly correlated electrons in solids.

* A merit of the TC method is that it reconciles one-
electron picture with many-body wave function beyond
Hartree-Fock approximation. Koopmans’ theorem
holds for the orbital energy of the TC-SCF equation,
with which band structure is available.

 To describe Mott transition in the Hubbard model,
SDCI with Gutzwiller-Slater-type wave function does
not seem to be sufficient. We perhaps need long-

range correlation function.
35



FAQ

Q: How much Is the computational cost?
Is It reasonable compared with other methods?

A: The SCF equation is similar to the
Hartree-Fock equation but needs three-body
iIntegrals. In case of the plane wave basis set,
It scales as

CPU time oc N  x N’ x N, InN,,.
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