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Outline of my talk

®Background
CIExperimental development for small systems
CIWhy the Langevin Eq. is important in physics?
CIToward the non-Gaussian type Langevin Eq.

®Main 1:Systematic derivation of non-Gaussian
Langevin Eq. & application to granular physics

®Main 2: Full-order solution of non-Gaussian
Langevin Eqg. with non-linear friction




Experimental development:
Quantitative description of fluctuation

S. Kheifets et al., Science 343 (2014) — Signal
- Noise
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¥ Brownian motion: The motion of a small tracer in water

@ Precise observation of fluctuation (e.g., instantaneous velocity)
<Thanks to the experimental development

@ Modeling dynamics of small systems is an important issue



Minimal model of the dynamics of
a small bead: the Langevin Equation

€ Fundamental equation for a small bead in water (um)

@ Applicable to physics, chemistry, biology, economics

@ Basis toward Thermodynamics for small systems



Why is the Langevin Equation

important for mesoscopic systems?
1 7rge (DuUniversality : Massive particle
TR . —-e CIMori-Zwanzig (Projector method)
path [1System size expansion
: dV A X (Perturbation of master equations,
M% = -V + /27T as will be discussed later...) !
- av - .« @Simplicity: Analytically solvable N
= —F(V)+V202¢© i
i dt (V) +V20%¢ CISpecificity of the Gaussian noise
| _ [V dzF(=)  []Steady dist. is analytically obtained
| [:> Peg xe 7o o2 even for non-linear friction )
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» [ Minimal model with universality & simplicity ]




Derivation of the Langevin Equation:
the system size expansion (SSE)

-
-

aaaa ® @ Large system size limit (i.e., Q-expansion)
9 A single stochastic bath described

Bath by Markov jump noise
dv o : _ .
— = B9 (t; ) —>Weak coupling (e.g., ¢ =mass ratio « 1/Q)

£ - -small parameter @ Universality in the weak coupling limit

’f}(t; ’ﬁ) - *Markov jump noise
(e-independent) o :

s~

dv A .
Mﬁ = —"}/V + \/ 2’}/T§G

| Utilizing the kinetic theory and this expansion,
' the Langevin Eq. can be derived microscopically. ,:




Example of the System Size
Expansion (SSE): Rayleigh Piston

Equilibrium (7°) @ Piston’s motion in rarefied gas
o °© nfl SN * (linearized Boltzmann Eq.)
® O o o M| “ ° @ ® e [IMarkov jump process
):fj ) * Collision—>discontinuous velocity jump of Piston

IStrong environmental correlation
(©.@)
8P(V, t) _ pS/ dvx|vx . V| % (not even white noise)

ot oo « V = large > energy outflow to gas
{P(V,, t)qbeq(v;) . P(V, t)ﬁbeq(’Uw)} * V = small = energy inflow from gas

@

@ @ Massive piston limit (¢ = \/m/M < 1)

AV A - 1. Correlation is renormalized only into viscosity
Mﬁ ==V + V271§ 2. Fluctuation is reduced to white noise
3. Fluctuation is reduced to Gaussian (the CLT)




My interest: Athermal fluctuation
Non-Gaussian Langevin Eq.

© Athermal fluctuation
Driving

_%m_._%@_ . C1O0riginating from non-eq. environments

CICharacterized by white non-Gaussian noise

Equilibrium Non-equilibrium

e ClGranular, electrical, biological systems
_ G 4 ENG

o YV Y TeT £ @ The conventional SSE is not valid...

' White non-Gaussian noise . (even if higher-orders are taken into account...)

- o o o o o e = = = = = =

______________________________________________________________

/  Example 1: Granular noise / Example 2: Avalanche noise
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Granular gas in non-eq. Reverse voltage on diodes

v * Non-eq. fluctuation AN Chain-reaction K
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The aim of this talk
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Driving @ Main 1: Microscopic derivation of NGL Eq.
_%%'. aai,a - 1. Systematic Derivation to leading order

—— e = = = = = = = = —
~ e e e e e e o = = —

Soubrem Lonearn 2. Application to a granular system

av . . . ] iani ?
= 7+ \/2]7,56 + ENG 3. What does non-Gaussianity means:
' 1% @ Main 2: Analytical simplicity \

d . er s
— = —F(V) +./2yT&¢ + ENG

dt - 1. NGL Eqg. with non-linear friction

‘ ,  White but ' 2. Steady distribution for non-linear systems

____________
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3. Full-order perturbative solution
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NGL Eqg. has universality & simplicity,
which is required as a minimal model.




Main 1:

Asymptotic derivation of NGL Eq.

Fp(t: ) |F.4(t;ﬁ) o
- -4
Equilibrium I Non-equilibrium
dv -~
o = Br(t;0) + Pa(t: 0)

Fy (t;0) :—’Y’U—F\/ZPny
Fa(t;0) = Bia(t; 0)

y == *Thermal viscous coefficient
Y4 " " *Athermal viscous coefficient= 0(¢)

@ |dea: System attached to multiple baths

(We apply the SSE twice)
@ Assumption ;';;n;;;;;d;;;‘;
1. Weakcoupling:e -0 "~ 1=
2. Coexistence of both noise: = 827

3. Large thermal viscosity:
Y D y4 & Y is e-independent

@ Assumption 1->Environmental correlation
disappear (Reduction to white noise)

@ Assumption 3->the CLT is violated

» The NGL Eq. is derived systematically
to leading order approximation




Separation of origins of
the fluctuation and dissipation

A SINGLE BATH (GAUSSIAN) DOUBLE BATH (NON GAUSSIAN)

Energy flux

FIuc — |FIuc:>- -
-"ch’dG—O =0 @000 —

@ Expansion for a single bath @ Expansion for double baths

@ The same origin in terms of @ Different origins in terms of
the fluctuation and dissipation the fluctuation and dissipation

@® Fluctuation irrelevant to relaxation
becomes non-Gaussian noise

) Caussian ’t) T & ] non-Gaussian
) z

- - =——=> Thermal dissipation 1

! t v | sy Athermal fluctuation

it v




Example:
Granular rotor (model)

© m @ A non-eq. Rayleigh Piston
Granular \ﬂA

Gas wo A‘}},ﬁ‘;‘;‘a‘ @ Linearized Boltzmann Eq.
L Fa(t; ) OP(w,1) o | T &
© TIR— - =7 |5+ Toua| P
(o 00
h @ | + [ diP@ -y Wi - y) - P, )W)

QAssumption . &-independent |
1. Weak coupling:e = m/M < 1 Y
2. Coexistence of both noise: T = 27T
3. Strong thermal viscosity:y > y4

Viscous
fluid

dQ) A ‘G NG @
- = —yQ + /29T EC + NG

™| &




Rotor’s steady distribution

0.08 ] ISiml latilon @ When the granular velocity dist.
B u 1 ‘ol —v/v
0.06k Theory - is exponential: p(v) x e 0
& % T Gaussian 7| @ The exact distribution of the
&% 0.041 % | rotor’s angular velocity
0.02 i ] 5 o gg pl—isf—vns® [5(145%)]
0 | Pss(2) = /_oo o (1 + s2)3v0/28

0 5 10 15 20 25 30

() ¥ Numerical data are consistent

cTooTttrrrrrmrmrmmmememmem=m=== wiith our result but not with the
' Results based on the MD is presented in

T.G. Sano’s poster “No. 52/

. Gaussian approximation




Can we extract information
from the fluctuation?

@ Fluctuation includes some useful information
(Fluctuation dissipation theorem: 2" cumulant=temperature)

€ What does non-Gaussianity (skewness, kurtosis) mean microscopically?
(e.g., shot noise>elementary charge)

@ Isotropic granular velocity dist. ¢ (v)

. @ Rotor’s dist. function Pss(Q) < Granular dist. ¢(v)

| o 2 ) |
o(v) = /O ﬁ [a, — bi _ cﬁ%longg(s/Fg)] cos (sv)

2




Numerical demonstration of
Inverse estimation

0.08 '_'l_ I I | | I 004 T T T |_v T
L +  Simulation A i — e Y/8m -
+ .
006 + 7 — 0.03} o Estimated
S - ST '
30MfE % 1 5 0m
Y il i
0.02F i 0.01}
O i | ] | 4’ O |

0 5 10 15 20 25 3oinversely ‘0 1 2 3 4 5 6
Q) estimate v

@ Inverse estimation of the granular dist. ¢(v)
from the rotor’s steady dist. Pgs(£2)

@ Microscopic information of the environment can be inferred
from the observation of the tracer (rotor)



Conclusion of Main 1
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@ Derivation of NGL Eq.

| 1

i 1. Weak coupling i

i iy 2. Coexistence of thermal & athermal fluc. i

| 3. Strong thermal dissipation |
Granular gas 0.08f————— @ Granular rotor

+  Simulation 1

' P . 0.06 Theory - . A
< ooak %7 Gaussian 1 ¥ How to interpret non-Gaussianity
SO CIMicroscopic info. on environment

= 0.02
0 1 1

. CIAngular velocity of granular rotor Q)
0 5 10 15 20 25 30

e e e e e o e e e e o = -

.| Viscous fluid Q Pss(Q) — ¢(v) (Granular dist.)




Main 2:
Analytical solution of NGL. Eq.

_F(f/) un éNG » Solution: Pgs(V) =77

€ Main 1:Microscopic derivation of the NGL Eq.
—>We next solve the NGL Eqg. in terms of the steady dist.

©® Main 2: Perturbative formulation

1. Develop a general & perturbative framework for
an arbitrary non-linear NGL Eq. for steady distribution

2. Full-order solution & its physical meaning
(Diagrammatical rep.)



Fundamental equation

________________________

—F(V) + £N-Cj'( Transition rate W (YY)

___________________________________________

___________________________________________

@ Master Eq. for the steady dist. (Integro-differential Eq.)
OP(s),F(s) - = *Fourier rep. of the steady dist. & friction
Od(s) = [ dY (eY—1)W(Y)* - - Cumulant function for the non-Gaussian noise

@ Construction of the perturbative solution
& Clarification of the meaning of all the perturbative terms



Large frictional limit

y~1 Vv

y>1 vy

@ In the large friction limit>Analytically solvable?
T>1<=p=1/4« 1

E(V)=~f(V) P(s) = 1+iman(s)

@ 11 K 1-5>The typical number of kicks during relaxation decreases
—>nth-order perturbation corresponds to the n times kicks process?




Full-order formal solution

- o mm mm mm m mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm m mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm = =y

_________________________________________________________________________

© We have constructed the full-order perturbative solution

¥ Too formal to be understood...
(We have not used the probabilistic property)

© We next transform the terms to clarify their probabilistic meanings...



The 15-order solution (1):
Probabilistic representation

P(s) =1+ /_ T ayw() 0 %‘//) eV — 1]+ O(4?)

@ The 1st-order solution is represented with the transition rate W (Y).

® W (Y) appears only once—>Effect of a trajectory with single kicks?

b.
Yifoeoen 1 ' We have to prove
1 . *e .
177 R Y : . equivalence between
: N : S > These pictures
t




The 15-order solution (2):
Independent kick model (IKM)

g X 00 m(Y)
Vifoons (h(V)) ~ / dYW (Y) / dth(V(t;Y))
1/1 "-"".i"“:.'\ ' '\'\ —oC O
S . —
0 m t J. Talbot et al., PRL (2011)

@ Phenomenological picture (IKM): Effect of a single kick during relaxation

@ Derivation: The trajectory is assumed to be decomposed into single-kick
shapes, and we calculate an average of an arbitrary quantity h(V)




The 15-order solution (3):
Steady distribution for the IKM

) ] — . o0 T (Y)
Vi .' (h(V)) ~ / dYW(Y)/ dth(V(t;Y))
o — s — °
(Y1) o T e e mmm - E“) ----- PSS I .
: v f(V R
j> b gy T e
E 2. h(V)= e**V" — 1(Fourier rep. for dist.) /1
S -/
V.= == _l
~ . 7 > A%
P(S) — 1= (est — 1) ~ / dY1W(Y1)/ Latdd |(est1 — 1)
~oc o (V).

*This rep. is completely equivalent to the 1st-order solution.
Equivalence between the 15t-order solution & IKM




he 1%t-order solution (4):
Diagrammatic representation

00 Y
-~ dV .
P(s) =1 +/ ayw(y) | Ll eV — 1]+ 0(u?)
— 00 0 f(V)
15t kick Time-average along the trajectory

@ The 1st-order solution =Single-kicks trajectory (IKM)

@ Introduction of a diagram




2"d-order diagrams

VA
Vi Yalrmmmeeeeeees T uen . . 1
' y2 . o — Variable coupling to (e*" — 1)
L i T o _n . [
VY - ’\} ..... f.';\ o” — Variable decouple of (¥ — 1)
.
0 «— t
()
o0 Yl dV oo
(0) = / dY, W (Y7) K vl — / dY, W (Y;)7*(Y7)
— 00 0 f( 1). J —00
15t kick Black line Prob. where the 2" kick happens
00 Y- 00 Yi+Ys
U udV; T udVy
(0 — .) b / dYIW(Yl) K 1 % / deW(YVQ)/ u(estz _ 1)
o o fM) Jow Yy f(V2)
! ] ! — ' Y ! —
15t kick Black line 2nd kick Red line

Coupling to (e*"2 — 1)



RENENE N,

2nd_order solutit =

- ===
" Effect of a single- ; ,/,/”
. Kicktrajectory |

P(s) =1+ [1—(o)|(e) + (o — )

’

' Prob. of emergence of | Effect of a double-

————

' asingle-kick trajectory :\ kick trajectory )
__________________________________ _ ®Diagrammatic rep. of the 2"d-order
-, o A Rty AN
/ _ LpdVi sy N
i (8= ]_oo WMW) 0 :_f_(I_/l_):(e ' @Meaning
i (o) = /°° AV, W (V) 1;;15171_5 i 0 (e) ---Contribution of the 15t kick
: —o0 0 'I_{_(_Y_l_z} _4 O (o) =++Prob. where the 2" kick appears
(o — o) = / dY1W(Y1)/ :%‘//1): ' [ (o — e)===Contribution of the 2"d kick
| — 00 0 __1_I :
| « foo AV, (V) /Yﬁni&‘;@i(eisw _ 1)) ®2" Solution =single kick trajectories
et SRS (U A A N . +double kick trajectories



Example of the 15-order solution:
Symmetric Poisson + Coulomb friction

1 @ Coulomb friction+Symmetric Poisson noise
é‘SP(t) R d“?’
2 > 2SP
- — — = —vsgn(V) +
I~ ty ‘ 3 t dt ’Y g ( ) f
(Tmmmes - T @ The 1st-order solution:
' Jump distance: ¥y = 1 | NA
H . | _
| Jransitonrate: A =1 Pss(V) = [1 = uAYo]o(V) + -1, vy (V)
,"”1‘ ,*”/’
10 +  Numerical data | ST T T T T .--’ . === e T N
Ist-order ! O-type singularity ! Indicator func. !
PSS(V)I A | 2nd-order i =Coulomb frictionisso ! | $1y(V) :
| - |
0.1 | strong that the system | | Ly : !
' relaxesto V = 0in a finite | i : L
o \ time | oa b v
0.001 | ’,f-*"’"d k"“mk\ e e e LTt NP .
J Ay
00001 i ... 1 ®Valid only for the range |V| < 1
-2 -1 0 1 2 (Only the effect of single kicks is taken into account)



Example of the 2"9-order solution

2y 2v/2 2y2 2y2
pATY HA P I
Pss(V) = [1 — pAYo + — : ] S(V) + 5 [ = pAYo 1y yo) (V) = == Ay 0 + = Avovo (V)
: 8-funCti(;n \: ", =indicator function \\‘ ,', =trapezoid function \\I
. originating from A L i
. the Coulomb | ! Liap(V) » My (V) |
I\\"__f_ri_c_ti_o_n _____ P 1 : : i i S !
) i N pv> ) e [P
Ps(v) | || 2nd-order S e 4 M N e e e o o o e e e -
0.1 !
0.01 | | @The 2"d-order solution is only valid for
ool L - the range |V| < 2
I Y (double-kicks are take into account)

T o @ Generally, nth solution is valid for [V]| < n



Tail of the distribution

10 ¢ +  Numerical data | 1.0 _ Numerical data 1
N lezi-orczier | i -——- Exponential
------ nd-order ]
1.0x10° |
Pss(V) Pss(V)
0.1 ] 4
Lox10* |
001 +
-6
1.0x10°
o] o
0.001 | o Ty
; %, 1.0x10°
0.0001+ 1
+#+++ i | |‘ h’% 1 OXIO—lO . . | |
2 -1 10} 1 2 : 0 1 2 v 3 g 5

@ Tail cannot be reproduced as it is relevant to rare events
—>However, the tail is analytically obtained (exponential function)
Pec(V) ~ e~V (V] » 1), a=pucosa

@ Overview = & function (Oth solution)
+ indicator function (1%t solution)
+ trapezoid function (2" solution)
+ ... + exponential tail (Tail)



Granular rotor under dry friction:
Derivation of nonlinear NGL Eqg.

© A€, Velocity @ Linearized Boltzmann Eq.
Granular Gas : distril()ut)ion OP(w,t) 0
(Athermal) ) Pl at’ =% ysgn(w)P(w,t)
o . Atl}grn(lzl i"\o;‘ce - w
W
. U 5 + [ P -3 OW - yi9) - Pl OW (i)
© w [ e
h @ @ Assumptions
@ 7 1. Weak coupling:e = m/M < 1
- P © 2. Strong Coulomb friction: 71 3 1
)/ q( / 41— TR _ epSvi TR = €Vy /YR, : Relaxation time
Coulomb friction 1O vR;  T¢c = 1/pSvy: Collision interval
_________ . "\ ®Coulombic NGLEq. is derived:
e p :Density e S :Area

- ——
\

I
. . - I A ~
* [ :Inertia Moment * Vo :granularvel. | ds? 2 w
| —
' 3

* M:Massofrotor « R, =./I/M E = —’)’fsgn(Q) -+ fNG, Q

__________________________________




Granular rotor under dry friction:
he 1st-order solution

___________________________________________________________________________

CP(Q) = [1 — puphvo(1QF + w2 )] 6(Q) + P (@) +P™ ()

l \
: smooth smooth i
i (p) _ phpuo @ —|Ql/ i c_pdteuw 7 i i
|\\ Psmooth(ﬂ) = 4;},/ (3 + Q]’; € :_f)_p_?___?_f_{%_____?/____e_ _: /:
't O Numerical ] ‘For d)(v) — e_v/v0/8n-v(5))
PSS(Q) 0.1F —— 1-order "
oo1l P k1o k1l
L0<10°} @ Numerical validation
1.ox107F
Lox10%t , |  ®Valid for the range |Q] < 3.5
Lox10°t L] (Only the single kick effect is taken...)
1.0%107} sy .%E’i" U2 s I-B-_-l-:d 03



Conclusion of Part 2:
Analytical solution of non-linear NGL Eq.

____________________________________________________________________________

@ Full-order perturbative solution
for non-linear NGL Eq.
—>Explicit representation :

s) ®Physical meaning: high-order terms
corresponds multiple-kicks effect ,

N e e e e e e o M M M M M M M M M M M M M M M M M M M M M M M M M M M M M M = = = =

_— e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e = = === ===

@ Application to granular rotor under,

oﬁ“" Coulomb friction
| Fa(t; @) —_ :
: o A e O B~' < 1:NGLEq. i
i ol ® | O B~1 « 1:1%order perturbation |

® ‘e
P ® Numerical validation




Summary of this talk

MAIN 1: MICROSCOPIC DERIVATION PART 2: ANALYTICAL SOLUTION OF
OF NGL EQ. (KINETIC THEORY) NGL EQ. WITH NON-LINEAR FRICTION
@ Perturbative derivation of NGL Eq. @ Full-order perturbative formula for the
1. Weak coupling steady dist. under nonlinear friction
2. Coexistence of thermal & athermal flucs. @ High-order terms corresponds to
3. Strong thermal dissipation multiple kicks during relaxation
@ Application to granular rotor @ Diagrammatic representation
@ Information in non-Gaussianity @ Application to granular rotor under
= Mlicroscopic info. of environment Coulomb friction

(i.e., granular velocity dist.)




