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I. VARIOUS DEFINITIONS OF DESIGNS

It is summarized very well in [Low10]. For the frame potential, see [GAE07, Zhu15, RY17].

II. PROPERTIES OF HAAR AND DESIGNS

• Extremely highly entangled [Lub78, Pag93, FK94, HLW06].

• Anti-concentration property [HBVSE18]

• Concentration of measure phenomena [Led01, Mec14]. In the context of quantum informa-
tion, it is also well-summarized in [PSW06, HLW06]. State and unitary designs also have a
“concentration” properties [Low09].

• No existence of exact unitary designs, which form a group, when d ≥ 5 and t ≥ 4 [BNRT18].

III. EFFICIENT IMPLEMENTATIONS OF UNITARY DESIGNS

• Up to unitary 2-designs [DLT02, BWV08, WBV08, GAE07, TGR07, DCEL09, HL09b, DJ11,
BWV08, WBV08, CLLW16, NHMW17]. The best method based on the Clifford circuits
is [CLLW16]. Clifford group on qubits was also shown to be a unitary 3-design but not to be
a 4-design [Zhu15, Web16, ZKGG16]. However, as far as I know, no efficient implementations
of 3-designs based on Clifford circuits are known (but perhaps straightforward to construct).

• Quantum tensor product expander [HL09a].

• Local random circuits [BHH16, HM18].

• Random diagonal-unitaries in two complementary bases [NHKW17].

IV. APPLICATIONS OF QUANTUM RANDOMNESS

• Quantum computation

– Any element of an approximate unitary 3-design is useful [BH13]

– Quantum supremacy by local random circuits [BFNV18] (see also [BHH16] about the
proof that the local random circuits form a unitary design)

• Checking the devices that are experimentally implemented

– Randomised benchmarking [DCEL09, EAŻ05, KLR+08, MGE11, MGE12, Fla17]

• Quantum sensing

– SIC-POVM [RBKSC04] (a good basis for quantum tomography with a special property)

– Random bosonic states are useful in quantum metrology [OAG+16]

– Compressed sensing [KRT14, KL15, KZG16]

• Quantum information theory
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– Decoupling approach [Dev05, DW04, GPW05, ADHW09, Hay12, DBWR14, SDTR13,
HM14]. See especially [DBWR14] and [Dup10].

– A proof technique to construct a counterexample to the additivity conjecture [Has09]
(one of the most “shocking” results in quantum information science).

– Data-hiding [TDL01, DLT02]

– Quantum one-time pad [BaO12]

• Fundamental problems in physics

– Quantum thermodynamics [PSW06, GLTZ06, Rei08, dRAR+11, dRHRW14]

– Black hole information science [HP07, SS08, Sus11, LSH+13, Sus14, HQRY16, RY17]

– Strongly correlated many-body physics [BaH13]
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[TGR07] G. Tóth and J. J. Garćıa-Ripoll, Efficient algorithm for multiqudit twirling for ensemble quantum

computation, Phys. Rev. A 75 (2007), no. 4, 042311.
[WBV08] Y. S. Weinstein, W. G. Brown, and L. Viola, Parameters of pseudorandom quantum circuits,

Phys. Rev. A 78 (2008), no. 5, 052332.
[Web16] Z. Webb, The Clifford group forms a unitary 3-design, Quant. Info. & Comp. 16 (2016), no. 15 &

16, 1379–1400.
[Zhu15] H. Zhu, Multiqubit Clifford groups are unitary 3-designs, 2015, arXiv:1510.02619.
[ZKGG16] H. Zhu, R. Kueng, M. Grassl, and D. Gross, The Clifford group fails gracefully to be a unitary

4-design, 2016, arXiv:1609.08172.


	Various definitions of designs
	Properties of Haar and designs
	Efficient implementations of unitary designs
	Applications of quantum randomness
	References

