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Supernovae are stellar deaths
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Baade & Zwicky 1934



A supernova

(c)ASAS-SN project
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Key observables characterizing supernovae

Explosion energy: ~1051 erg 
Ejecta mass: ~M⦿ 
Ni mass: ~0.1M⦿ 

Neutron star mass: ~1 - 2 M⦿
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measured by fitting  
SN light curves  

(i.e. time evolution of 
brightness)

measured by  
binary systems

final goal of first-principle (ab initio) simulations

1051erg = 1044J = 6.2x1053GeV 
M⦿ (solar mass) = 2.0x1030kg = 1.1x1057GeV/c2
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Standard scenario of core-collapse supernovae
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Final phase of stellar 
evolution
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（neutrino trapping）
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Current paradigm: neutrino-heating mechanism

A CCSN emits O(1058) of neutrinos with O(10) MeV. 
Neutrinos transfer energy 

Most of them are just escaping from the system (cooling) 

Part of them are absorbed in outer layer (heating) 

Heating overwhelms cooling in heating (gain) region
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neutron star emission

absorption

heating region
shock

cooling region
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Physical ingredients
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ALL known interactions are involving and playing important roles

Strong Weak

Electromagnetic Gravitational

- nuclear equation of state 
- structure of neutron stars 

RNS~10-15 km 
max(MNS)> 2 M⊙ 

- nucleosynthesis

- neutrino interactions 
σν~10-44 cm2(Eν/mec2)2 

- ~99% of energy is emitted by ν’s 
- cooling of proto-neutron star 
- heating of postshock material

- energy budget 
EG~3.1x1053 erg(M/1.4M⊙)2(R/10km) -1 
      ~0.17M⊙c2 

- inducing core collapse 
- making general relativistic objects  

(NS/BH)

- Coulomb collision of p and e 
- final remnants are 

pulsars (B~1012 G) 
magnetars (B~1014-15 G) 

   magnetic fields affect dynamics
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Numerical Simulations

Hydrodynamic 
equations

Neutrino Boltzmann 
equation
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by a geometric estimate of the flux factor as suggested and
evaluated by Bruenn in Liebendörfer et al. (2004).

In Section 2, we describe in detail how these concepts enter
the framework of the IDSA, which we design for the transport of
massless fermions through a compressible gas. Its connection
to the well known diffusion limit is made in Appendix A. In
Section 3, we evaluate the performance of this approximation
in comparison with Boltzmann neutrino transport in spherical
symmetry. Finally, in Section 4, we discuss the extension to
multidimensional simulations. Details of the finite differencing
and implementation are given in Appendix B.

2. THE ISOTROPIC DIFFUSION SOURCE
APPROXIMATION (IDSA)

In the IDSA, the separation into hydrodynamics and radiative
transfer is not based on particle species, but on the local opacity.
One particle species is allowed to have a component that evolves
in the hydrodynamic limit, while another component of the same
particle species is treated by radiative transfer. The restriction
of a chosen radiative transfer algorithm to the more transparent
regimes enables the use of more efficient techniques that would
not be stable in the full domain. In opaque regimes, on the
other hand, one can take advantage of equilibrium conditions to
reduce the number of primitive variables that need to be evolved.
This algorithmic flexibility can drastically decrease the overall
computational cost with respect to a traditional approach.

In the IDSA, we decompose the distribution function of one
particle species, f, into an isotropic distribution function of
trapped particles, f t, and a distribution function of streaming
particles, f s. In terms of a linear operator D() describing
particle propagation, the transport equation is written as D(f =
f t + f s) = C, where C = C t + Cs is a suitable decomposition
of the collision integral according to the coupling to the trapped
(C t) or streaming (Cs) particle components. The ansatz

D(f t) = C t − Σ, (1)

D(f s) = Cs + Σ (2)

requires that we specify an additional source term Σ, which
converts trapped particles into streaming particles and vice
versa. We determine it approximately from the requirement that
the temporal change of f t in Equation (1) has to reproduce the
diffusion limit in the limit of small mean free paths. Hence, we
call Σ the “diffusion source.” In regions of large mean free paths,
we limit the diffusion source by the local particle emissivity.
Once Σ is determined by the solution of Equation (1) for the
trapped particle component, we calculate the streaming particle
flux according to Equation (2) by integrating its source, Cs + Σ,
over space. Finally, the streaming particle distribution function
f s is determined from the quotient of the net particle flux and a
geometric estimate of the flux factor. The diffusion source will
turn out to have an additional weak dependence on f s. Thus,
iterations or information from past time steps will be used in the
above sequence to reach a consistent solution.

2.1. Application to Radiative Transfer of Massless Particles

As our target application is neutrino transport in core-collapse
supernovae, we develop and test the IDSA using the example
of the O(v/c) Boltzmann equation in spherical symmetry

(Lindquist 1966; Castor 1972; Mezzacappa & Bruenn 1993),
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This transport equation describes the propagation of massless
fermions at the speed of light, c, with respect to a compressible
background matter having a rest mass density ρ. The particle
distribution function f (t, r, µ,E) depends on the time, t, radius,
r, and the momentum phase space spanned by the angle cosine,
µ, of the particle propagation direction with respect to the radius
and the particle energy, E. The momentum phase space variables
are measured in the frame comoving with the background mat-
ter, which moves with velocity v with respect to the laboratory
frame. We denote the Lagrangian time derivative in the comov-
ing frame by df/dt . Note that the derivatives ∂f/∂µ and ∂f/∂E
in Equation (3) are also understood to be taken comoving with
a fluid element. The particle density is given by an integration
of the distribution function over the momentum phase space,
n(t, r) = 4π/ (hc)3 ∫

f (t, r, µ,E) E2dEdµ, where h denotes
Plancks constant. On the right-hand side, we include a particle
emissivity, j, and a particle absorptivity, χ , as well as an isoen-
ergetic scattering kernel, R. We write out all blocking factors
(1−f ) in Equation (3) to ease the identification of in-scattering
and out-scattering terms. The shorthand notation f ′ refers to
f (t, r, µ′, E), where µ′ is the angle cosine over which the inte-
gration is performed. For the present state of our approximation,
we neglect inelastic scattering.

2.2. Trapped Particles

We separate the particles described by the distribution func-
tion f = f t + f s in Equation (3) into a “trapped particle” com-
ponent, described by a distribution function f t, and a “streaming
particle” component, described by a distribution function f s. We
assume that the two components evolve separately according to
Equation (3), coupled only by an as yet unspecified source func-
tion Σ which converts trapped particles into streaming ones and
vice versa. In this subsection, we discuss the evolution equation
of the trapped particle component,
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We assume that the distribution of the trapped particle
component, f t = f t(t, r, E), and the source function, Σ, is
isotropic. The angular integration of Equation (4) then reduces
to
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1
3

d ln ρ

cdt
E

∂f t

∂E
= j − (j + χ ) f t − Σ. (5)

Solve 
simultaneously
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by taking into account new concepts, such as exotic physics in
the core of the protoneutron star (Sagert et al. 2009), viscous
heating by the magnetorotational instability (Thompson et al.
2005; Masada et al. 2011), or energy dissipation via Alfvén
waves (Suzuki et al. 2008).

Joining in these efforts, we explore in this study the possible
impacts of collective neutrino oscillations on energizing the
neutrino-driven explosions. Collective neutrino oscillations, i.e.,
neutrinos of all energies that oscillate almost in phase, are
attracting great attention, because they can induce dramatic
observable effects such as a spectral split or swap (e.g., Raffelt &
Smirnov 2007; Duan et al. 2008; Dasgupta et al. 2008; and
references therein). These effects are predicted to emerge as
distinct features in the energy spectra (see Duan et al. 2010;
Dasgupta 2010; and references therein, for reviews of the rapidly
growing research field). Among a number of important effects
possibly created by self-interaction, we choose to consider the
effect of spectral splits between electron- (νe) anti-electron
neutrinos (ν̄e), and heavy-lepton neutrinos (νx , i.e., νµ, ντ ,
and their anti-particles) above a threshold energy (e.g., Fogli
et al. 2007). Since νx have higher average energies than the
other species in the postbounce phase, the neutrino flavor
mixing would increase the effective energies of νe and ν̄e, and
hence increase the neutrino heating rates in the gain region. A
formalism to treat the neutrino oscillation using the Boltzmann
neutrino transport is given in Yamada (2000) and Strack &
Burrows (2005), but it is difficult to implement. To mimic
the effects in this study, we perform the spectral swap by
hand as a first step. By changing the average neutrino energy,
⟨ϵνx

⟩, as well as the position of the neutrino spheres (Rνx
)

in a parametric manner, we hope to constrain the parameter
regions spanned by ⟨ϵνx

⟩ and Rνx
wherein the additional heating

from collective neutrino oscillations could have impact on the
explosion dynamics. Our strategy is as follows. We will first
constrain the parameter regions to some extent by performing
a number of 1D simulations. Here we also investigate the
progenitor dependence using a suite of progenitor models (13,
15, 20, and 25 M⊙). After squeezing the condition in the
1D computations, we include the flavor conversions in 2D
simulations to see their impact on the dynamics and also discuss
how the critical condition for the collective effects in 1D can be
subject to change in 2D.

The paper opens with descriptions of the initial models
and the numerical methods, focusing on how to model the
collective neutrino oscillations (Section 2). The main results
are shown in Section 3. We summarize our results and discuss
their implications in Section 4.

2. NUMERICAL METHODS

2.1. Hydrodynamics

The employed numerical methods are essentially the same as
those in our previous paper (Suwa et al. 2010). For convenience,
we briefly summarize them in the following. The basic evolution
equations are written as

dρ

dt
+ ρ∇ · v = 0, (1)

ρ
dv
dt

= −∇P − ρ∇Φ, (2)

de∗

dt
+ ∇ ·

[(
e∗ + P

)
v
]

= −ρv · ∇Φ + QE, (3)

dYe

dt
= QN, (4)

△ Φ = 4πGρ, (5)

where ρ, v, P , v, e∗, and Φ are density, fluid velocity, gas pres-
sure including the radiation pressure of neutrinos, total en-
ergy density, and gravitational potential, respectively. The time
derivatives are Lagrangian. As for the hydro solver, we employ
the ZEUS-2D code (Stone & Norman 1992) which has been
modified for core-collapse simulations (e.g., Suwa et al. 2007a,
2007b, 2009; Takiwaki et al. 2009). QE and QN (in Equations (3)
and (4)) represent the change of energy and electron fraction
(Ye) due to interactions with neutrinos. To estimate these quan-
tities, we implement spectral neutrino transport using the IDSA
scheme (Liebendörfer et al. 2009). The IDSA scheme splits the
neutrino distribution into two components, both of which are
solved using separate numerical techniques. We apply the so-
called ray-by-ray approach in which the neutrino transport is
solved along a given radial direction assuming that the hydro-
dynamic medium for the direction is spherically symmetric. Al-
though the current IDSA scheme does not yet include νx and the
inelastic neutrino scattering with electrons, these simplifications
save a significant amount of computational time compared to the
canonical Boltzmann solvers (see Liebendörfer et al. 2009 for
more details). Following the prescription in Müller et al. (2010),
we improve the accuracy of the total energy conservation by us-
ing a conservation form in Equation (3), instead of solving the
evolution of internal energy as originally designed in the ZEUS
code. Numerical tests are presented in the Appendix.

The simulations are performed on a grid of 300 logarithmi-
cally spaced radial zones from the center up to 5000 km and
128 equidistant angular zones covering 0 ! θ ! π for 2D sim-
ulations. For the spectral transport, we use 20 logarithmically
spaced energy bins ranging from 3 to 300 MeV.

2.2. Spectral Swapping

As mentioned in Section 1, we introduce a spectral inter-
change from heavy-lepton neutrinos (νµ, ντ , and their antineu-
trinos, collectively referred as νx hereafter) to electron-type
neutrinos and antineutrinos, namely νx → νe and ν̄x → ν̄e.
Instead of solving the transport equations for νx , we employ the
so-called light-bulb approximation and focus on the optically
thin region outside the neutrinosphere (e.g., Janka & Mueller
1996; Ohnishi et al. 2006).

According to Duan et al. (2010), the threshold energy, ϵth, is
set to be 9 MeV, above which spectral swap takes place. Below
the threshold, neutrino heating is estimated from the spectral
transport via the IDSA scheme. Above the threshold, the heating
rate is replaced by

QE ∝
∫ ∞

ϵth

dϵνϵ
3 [j (ϵν) + χ (ϵν)] fν(r, ϵν), (6)

where j and χ are the neutrino emissivity and absorptivity, re-
spectively, and fν(r, ϵν) corresponds to the neutrino distribution
function for νx with ϵν being the energies of the electron neutri-
nos and antineutrinos. In the light-bulb approach, this is often
approximated by the Fermi–Dirac distribution with a vanishing
chemical potential (e.g., Ohnishi et al. 2006) as

fν(r, ϵν) = 1
eϵν/kTνx + 1

g(r), (7)
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What do simulations solve?

8

ρ: density, v: velocity, P: pressure, Φ: grav. 
potential, e*: total energy, Ye: elect. frac., 
Q: neutrino terms

f: neut. dist. func, µ: cosθ, E: neut. energy,  
j: emissivity, χ: absorptivity, R: scatt. 
kernel
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1D SN simulations fail to explode

9

Rammp & Janka 00

Sumiyoshi+ 05Thompson+ 03

Liebendörfer+ 01

By including all available physics to simulations, we 
concluded that the explosion cannot be obtained in 1D! 
(There are a few exceptions; 8.8M⊙, 9.6M⊙)

shock shock

shock
shock
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Neutrino-driven explosion in multi-D simulation
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The neutrino heating rate is greatly 
amplified by multi-D hydrodynamic 
effects 

convection 
standing-accretion shock 
instability

We now have exploding models driven by neutrino heating with 2D/3D simulations

No. 6] Explosion Geometry of Supernovae L51

essential for an increased efficiency of the neutrino heating
in multi-D models.

A more detailed analysis of the timescale is shown in
figure 2. The right half shows !adv=!heat, which is the ratio
of the advection to the neutrino-heating timescale. For the
2D model (right panel), it can be shown that the condition of
!adv=!heat & 1 is satisfied behind the aspherical shock, which
is deformed predominantly by the SASI, while the ratio is
shown to be smaller than unity in the whole region behind the

Fig. 1. Time evolution of Models M13-1D and M13-2D, visualized
by mass shell trajectories in thin gray and orange lines, respectively.
Thick lines in red (for model M13-2D) and black (for model M13-1D)
show the position of shock waves, noting for 2D that the maximum
(top) and average (bottom) shock positions are shown. The red dashed
line represents the position of the gain radius, which is similar to the
1D case (not shown).

spherical standing accretion shock (left panel:1D). Note that
!heat is estimated locally by ebind=Q" , where ebind is the local
specific binding energy (the sum of internal plus kinetic plus
gravitational energies) and Q" is the specific heating rate by
neutrinos, and that !adv is given by [r ! rgain(#)]=jvr (r , #)j,
where rgain is the gain radius and vr is the radial velocity.
By comparing left halfs of two panels, the entropy for the
2D model is shown to be larger than that for the 1D model.
This is also evidence that the neutrino heating works more effi-
ciently in multi-D.

We now move on to a discussion about models with rotation.
Both for model M13-rot and for its high-resolution counterpart,
model M13-rot-hr, we obtain neutrino-driven explosions (see,
t1000 and Edia in table 1). The rapid rotation chosen for this
study mainly affects the explosion dynamics in the postbounce
phase, which we discuss in the following.

For the rotating model, the dominant mode of the shock
deformation after a bounce is almost always the ` = 2 mode,
although the ` = 1 mode can be as large as the ` = 2 mode
when the SASI enters the nonlinear regime (& 200 ms after
a bounce). In contrast to this rotation-induced ` = 2 defor-
mation, the ` = 1 mode tends to be larger than the ` = 2 mode
for the 2D models without rotation in the saturation phase. As
shown in figure 3, this leads to different features in the shock
geometry, namely a preponderance of the unipolar explosion
for the 2D models without rotation (left panel), and a bipolar
(north–south symmetric) explosion with rotation (right panel).

Since it is impossible to calculate precise explosion energies
at this early stage, we define a diagnostic energy that refers to
the integral of the energy over all zones that have a positive
sum of the specific internal, kinetic, and gravitational energies.
Figure 4 shows a comparison of the diagnostic energies for

Fig. 2. Snapshots of the distribution of entropy (left half) and the ratio of the advection to the heating timescales (right half) for models of M13-1D
(left panel) and M13-2D (right panel) at 200 ms after a bounce.
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Dimensionality and neutrino transfer
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Dimension

Neutrino Treatment

1D  
(spherical-sym.)

2D  
(axial-sym.)

Adiabatic cooling only 
or 

heat by hand

Spectral transport

Yamada & Sato, 94
Buras+,  06

Kotake+, 03

Takiwaki+, 09

Thompson+, 03

Liebendörfer+, 01

Sumiyoshi+, 05

Rampp & Janka, 00

Burrows+, 06

Obergaulinger+, 06

3D

Ohnishi+, 06Blondin & Mezzacappa, 03

Iwakami+, 08Blondin+, 07

Mikami+, 08

Suwa+, 10

Scheidegger+, 08

Only the simulations here can judge 
the neutrino-driven explosion

Murphy+, 08

Nordhaus+, 10

Takiwaki, Kotake, & Suwa, 12

Müller+, 12
Sekiguchi+, 11

Couch, 13
Hanke+, 12

O’Connor+, 13

Hanke+,  13

Bruenn+, 13

Pan+, 16

Müller,  15

Lentz+,  15

Ott+, 08

Handy+, 14

Obergaulinger+,14
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※grid-based codes only, not completed

O’Connor+, 15

Fernandez+, 10
Endeve+, 10
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3D simulation with spectral neutrino transfer

12

[Takiwaki, Kotake, & Suwa, ApJ, 749, 98 (2012); ApJ, 786, 83 (2014); MNRAS, 461, L112 (2016)]
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Note: there are problems

Explosion energy of simulations (O(1049-50) erg) is much 
smaller than observational values (O(1051) erg) 
Results from different groups are contradictory 
We need still more efforts to understand supernova 
mechanism

13
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Key observables characterizing supernovae

Explosion energy: ~1051 erg 
Ejecta mass: ~M⦿ 
Ni mass: ~0.1M⦿ 

Neutron star mass: ~1 - 2 M⦿

4

measured by fitting  
SN light curves  

(i.e. time evolution of 
brightness)

measured by  
binary systems

final goal of first-principle (ab initio) simulations

1051erg = 1044J = 6.2x1053GeV 
M⦿ (solar mass) = 2.0x1030kg = 1.1x1057GeV/c2
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Possible solution: extension of neutrino transfer eq.

Relativistic correction  
Collision operator used in simulations is truncated up to O(v/c) and 
higher order terms are not taken into account, which may change 
neutrino spectrum and heating rate. 

Quantum correction 
Liouville operator is based on classical particle picture. Quantum 
effects would introduce additional terms. Related to neutrino 
oscillation and chiral anomaly.

14

Liouville operator 
(number conservation in phase space)

Collision operator 
(particle interactions)

L[ f ]=C[ f ]
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Summary

Neutrinos play essential roles in supernova explosions 
None of modern simulations have obtained realistic 
explosions so far 
We might be missing something important 
Two possibilities in neutrino transfer equation 

relativistic correction 
quantum correction

15


