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Supernova neutrinos
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Why do we need an analytic model?
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Protoneutron-star (PNS) physics 

↓ 
Transport calculation 

↓ 
Detector response 

 

Forward problem

Observed events 

↓ 
Luminosity and spectrum 

↓ 
NS parameters (M, R, etc.) 

 

Inverse problem

High fidelity, but expensive to explore and difficult 
to invert directly.

Finite counts, degeneracies, detector effects, and 
model uncertainty.

Analytic solution: an interpretable map between theory and observation
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Neutrinosphere
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FIG. 1: Luminosity of the ⌫e, ⌫̄e and ⌫x species for our 27M�
simulation as measured by a distant observer with angular
coordinates close to the plane of the spiral mode in the first
SASI period.

occurs after a period clearly dominated by convective
overturn. On the other hand, the 11.2M� model does
not exhibit any clear evidence of SASI motions but devel-
ops the typical signatures of postshock convective over-
turn in the neutrino-heating layer.

We will usually show neutrino flux characteristics as
they would be seen by a distant observer located at cho-
sen angular coordinates in the coordinate system of the
SN simulation. For any angular position, the neutrino
luminosity reaching the observer is given by the super-
position of the projected fluxes emitted under di↵erent
angles, as described in Appendix A. Therefore, the ob-
servable neutrino fluxes are weighted hemispheric aver-
ages performed such as to include flux projection e↵ects
in the observer direction. The hemispheric averages, as
expected, show smaller time variations than specific an-
gular rays.

As a benchmark example, we show in Fig. 1 the lumi-
nosity for ⌫e, ⌫̄e and ⌫x = ⌫µ, ⌫⌧ , ⌫̄µ or ⌫̄⌧ as a function of
time, as seen by a distant observer with angular coordi-
nates close to the plane of the SASI spiral mode. Large-
amplitude, near-sinusoidal modulations of the neutrino
signal occur in the interval 120–260 ms as imprinted by
SASI. For 260–410 ms this is followed by a convective
phase, followed by another SASI episode on a di↵erent
plane with respect to the previous one. SASI modula-
tions have a similar amplitude for ⌫e and ⌫̄e, while they
are somewhat smaller for ⌫x.

Figure 2 shows the properties of our 27M� simula-
tion, averaged over all directions, to mimic an equivalent
spherically symmetric case. Of course, this average does
not depend on observer-related projection e↵ects. For
the species ⌫e, ⌫̄e and ⌫x, we show the luminosity, average
energy, and shape parameter ↵ of the assumed spectral
Gamma distribution (Appendix B). The fast time varia-
tions here have very small amplitude, i.e., convection and

0

1

2

3

4

5

6

7

8

�e

�e

�x

L 
[1

052
 e

rg
/s

]

 

 

10

12

14

16

18

<E
> 

[M
eV

]

2

2.5

3

3.5

4

4.5

�

0 100 200 300 400 5000

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

Time [ms]

r [
1/

m
s]

FIG. 2: Neutrino flux properties of our 27M� case after in-
tegrating over all directions. For ⌫e, ⌫̄e and ⌫̄x we show the
luminosity, average energy and shape parameter ↵ from 3D
(in black, blue and red respectively) and 2D (in grey) sim-
ulations for comparison. The single-OM IceCube rate r in
the bottom panel is without dead time for a SN distance of
10 kpc. Blue line: based on ⌫̄e flux without flavor oscillations.
Red line: based on ⌫̄x, i.e., assuming full flavor swap ⌫̄e $ ⌫̄e.

SASI activity do not strongly modulate the overall neu-
trino emission parameters—the modulations in various
directions essentially cancel out.
The hierarchy of fluxes and average energies as well as

A&A 517, A80 (2010)
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Fig. 14. Neutrino luminosities and mean energies with respect to time after bounce for the 8.8 M! O-Ne-Mg-core from Nomoto (1983, 1984,
1987) (left panel) and the 10.8 M! (middle panels) and 18 M! (right panel) Fe-core progenitor models from Woosley et al. (2002), measured in
the co-moving reference frame at a distance of 500 km.

in correlation with the more massive PNSs and the hence larger
number of neutrinos emitted. However, the difference between
electron-neutrino and electron-antineutrino luminosities found
in the present investigation is significantly lower than the differ-
ence in Woosley et al. (1994). During the initial explosion phase
until about 300 ms after the onset of the explosion, the electron
antineutrino luminosity is slightly higher than the electron neu-
trino luminosity by about 1 × 1050 erg/s which in our models
explains the electron fraction of Ye > 0.5 of the early explosion
ejecta. After about 900 ms post-bounce, the luminosities can
hardly be distinguished where during the initial neutrino-driven
wind phase after about 1 s after bounce the electron neutrino lu-
minosity becomes higher than the electron antineutrino luminos-
ity by about 1 × 1050 erg/s. This difference reduces again at later
times at about 6 s post-bounce and the electron flavor neutrino
luminosities become more and more similar (see Fig. 14).

Even more different are the values and the behavior of
the mean neutrino energies, see Fig. 14 and compare with
Fig. 2 of Woosley et al. (1994). They found (µ/τ)-neutrino en-
ergies of about 35 MeV which remained constant with respect
to time. Their electron-antineutrino energies increased slightly
from about 20 MeV to 22 MeV where the electron-neutrino en-
ergies decrease from 14 MeV to 12 MeV. This increasing dif-
ference between the electron neutrino and antineutrino spectra
favored neutron-rich material, which was consistent with their
findings of Ye < 0.5 for the material ejected in the neutrino-
driven wind in Woosley et al. (1994). We cannot confirm these
results for the mean neutrino energies nor the evolution of
the spectra. In contrast, all mean neutrino energies decrease
with respect to time for all our models. This is a consequence
of lepton number and energy loss of the central PNS where
the neutrinos diffuse out. The electron (anti)neutrino energies
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early phase →highly uncertain  
(Expl. mechanism, accretion, 
muti-D effects, ν-osc., etc.)

late phase →less uncertain
(NS mass, temperature)

Late cooling phase is simple and understandable

5

Tamborra+ 2014

Fischer+ 2010

see talks by 
Akaho-san, Ito-san, Zaizen-san, Mori-san

see also Burrows 1988, Fischer+ 2009, Hüdepohl+ 2010, Roberts+ 2012, Mirizzi+ 2016, Li+ 2021
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3 Steps 

6

step 1

NUMERICAL SIMULATIONS

• Cooling curves of PNS 

• Detailed physics included 

• Discrete grid of data set 

• Computationally expensive

step 2

f(x)

ANALYTIC SOLUTIONS

• Analytic cooling curves 

• Calibrated w/ numerical sol. 

• Simplified but essential 

physics included 

• Fast and continuous

step 3

DATA ANALYSIS

• Mock sampling 

• Analysis pipeline for real 

data 

• Error estimate for future 

observations
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How to derive analytic solution
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Neutrino Boltzmann eq. 
df
dt

= C[ f ]

Diffusion approx. 
∂ϵν

∂t
+ 1

r2
∂
∂r

(r2Fν) = Sν

Fν = c
3

dϵν

dτ

Neutrinosphere (τν=2/3) 

Lν = 4πR2
ν Fν r=Rν

Time evolution 
dEth
dt

= − 6Lν
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the total energy emitted by all flavors of neutrinos Etot. Note that the boosting factor

β is time-dependent because the heavy nuclei in the crust are absent for the early phase

and appear later once the temperature decreases below the Coulomb energy of the lattice

structure [11]. Therefore, we propose a two-component model to reproduce numerical models

of neutrino-light curves. The first component represents the early time without coherent

scattering (β = 3) and the second component represents the late time with the opacity boost

by the coherent scattering (β ≫ 1). The neutrino luminosity is given by the total luminosity

of two components, L1 + L2, and the average energy is estimated by the harmonic mean,
L1 + L2

L1/ ⟨E1⟩+ L2/ ⟨E2⟩
, where Li and ⟨Ei⟩ give the luminosity and average energy of i-th

components.
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Fig. 1 Luminosity (red) and average energy (blue) evolution for a flavor of neutrinos. The

first component is a model with β = 3 and Etot = 4× 1052 erg and the second component

is a model with β = 40 and Etot = 1× 1053 erg. For both components, MPNS = 1.5M⊙,

RPNS = 12 km, and g = 0.04. Grey lines are luminosity and average energy of ν̄e of the

model 147S in Ref. [12].

Figure 1 shows a comparison of the analytic model given here (colored lines) and the

numerical model 147S presented in Ref. [12] (grey lines), which is a numerical solution of

PNS cooling calculation that solves neutrino transfer equation with a nuclear-physics based

equation of state as well as the general relativistic hydrostatic equation. For the analytic

model, we employ the early-time solution (dashed lines) and the late-time solution (dotted

lines). The early-time solution indicates the cooling curve without the solid crust composed

of heavy nuclei (i.e., low β), while the late-time solution includes it (i.e., high β). The solid

red line is the total luminosity of the early-time and the late-time solutions, and the solid blue

line is the harmonic mean of the two average energies. The general profiles of the detailed

numerical solutions are reproduced well by the simple analytic solutions presented in this

paper. In the very early phase (t ! 1 s), the PNS contracts so that the gravitational energy

8/12

numerical 
(Suwa+ 2019)

Analytic solutions

Solve neutrino transport eq. analytically  
Neutrino luminosity 

  

Neutrino average energy   

  

two-component model  
early cooling phase (β=3) 
late cooling phase (β=O(10))

L = 3.3 × 1051 erg s−1 ( MPNS
1.4M⊙ )

6

( RPNS
10 km )

−6

( gβ
3 )

4

( t + t0
100 s )

−6

⟨Eν⟩ = 16 MeV ( MPNS
1.4M⊙ )

3/2

( RPNS
10 km )

−2

( gβ
3 ) ( t + t0

100 s )
−3/2

8

[Suwa, Harada, Nakazato, Sumiyoshi, PTEP, 2021, 0130E01 (2021)]
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The parameter dependence remains explicit

Event rate 

 

Average energy of positrons 
  

Timescale 

ℛ(t) ∝
Lν ⟨Eν⟩

D2 ∝ D−2
⏟

distance

M15/2
PNSR−8

PNS

structure

(gβ)5
⏟

opacity

(t + t0)−15/2

⟨Ee+⟩(t) ∝ ⟨Eν⟩ ∝ M3/2
PNSR−2

PNS

structure

(gβ)
⏟

opacity

(t + t0)−3/2

t0 ∝ M6/5
PNSR−6/5

PNS

structure

(gβ)4/5

opacity

E−1/5
tot

⏟
energetics

9
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From an analytic light curve to detector events
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[Suwa, Harada, Harada, Koshio, Mori, Nakanishi, Nakazato, Sumiyoshi, Wendell, ApJ, 934, 15 (2022)]
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result in a predominant drop in the probability density. Note
that the average PDF taken over 1000 realizations shows
almost the same distribution. Our estimate of the expected
parameter sensitivity uses the median value of the average PDF
as the central value and the uncertainties 68% and 95% given
by the parameter range that represent those probability contents
(taken about the median). The results are summarized in
Table 1.

Figure 5 shows a histogram of the distribution of best-fit
values for 100,000 realizations, with the average PDF shown as
a red line. From this figure, we can see that the average PDF of
100 realizations is roughly equivalent to the best-fit fluctuations
of the larger statistics. The slight deviation of the maximum of
the best-fit value distribution from the input suggests that the
fitting contains some bias. Since the goal of this paper is to
demonstrate a simple model analyzed in a simple manner; we
will not go into depth here.

Here we have only demonstrated the expected sensitivity for
a specific choice of MPNS, RPNS, and Etot. Calculations
performed for 1.2Me<MPNS< 1.8Me and 10
km< RPNS< 14 km,12 however, yield similar parameter
uncertainties. This can be understood from the limited
dependence of MPNS and RPNS on the total number of events,
as given by Equation (3).

5. Summary

In this paper, we performed Monte Carlo sampling
calculations of neutrino events observed in Super-Kamiokande
from a Galactic SN explosion. The analytical solution from
Suwa et al. (2021) was used as the theoretical template for the
event rate and the event spectrum of the inverse beta decay
interactions. Model parameter estimation was performed on
these mock sampling data using a simple least-squares method.
The results show that the mass, radius, and total energy can be
determined with an accuracy of∼ 0.1 Me, ∼1 km, and∼ 1051

erg, respectively, for a Galactic SN at 8 kpc.
We have focused specifically on the late neutrino emission

from SNe, since it depends on only a few physical quantities,
such as the mass and radius of the neutron star. Importantly,
both of these are reflected in the neutrino signal. However,
since the present method does not include the early-phase
emission, the total event energy cannot be in this context (see,

e.g., Nagakura & Vartanyan 2022, for early emission). The
next step is to establish a methodology to approach the physical
quantities of both the late and early neutrino emission. This
requires the development of a method to analyze numerical
calculations of the complete neutrino emission over all time
domains. The methodology presented in this paper is the first
step toward this goal.

This work is supported by Grant-in-Aid for Scientific
Research (20H00174, 20H01904, 20K03973) and Grant-in-
Aid for Scientific Research on Innovative Areas (17H06357,
17H06365, 18H05437, 19H05811, 20H04747, 22H04571)
from the Ministry of Education, Culture, Sports, Science and
Technology (MEXT), Japan. This work was partly supported
by MEXT as “Program for Promoting Researches on the
Supercomputer Fugaku” (Toward a unified view of the
universe: from large scale structures to planets). This work
was partially carried out by the joint research program of the

Figure 4. PNS parameter PDFs, MPNS, RPNS, and Etot, respectively, for 100 realizations.

Table 1
Expected Values and Statistical Errors

Median 68% 95%

MPNS (Me) 1.532 -
+

0.075
0.079

-
+

0.147
0.163

RPNS (km) 11.69 -
+

0.48
0.48

-
+

0.93
0.98

Etot (1053 erg) 1.009 -
+

0.030
0.032

-
+

0.059
0.066

Figure 5. Comparison of the distributions of the best-fit values of the PNS
parameters (histogram) and their average PDFs (solid line). The histogram is
drawn with 100,000 realizations and the solid lines with 100.

12 Etot is not changed since it is strongly related to the early phase.

4

The Astrophysical Journal, 934:15 (5pp), 2022 July 20 Suwa et al.

What can a Galactic supernova measure?

11

σM ∼ 0.1 M⊙ σR ∼ 1 km σE ∼ 1052 erg

[Suwa, Harada, Harada, Koshio, Mori, Nakanishi, Nakazato, Sumiyoshi, Wendell, ApJ, 934, 15 (2022)]
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Distance estimation with neutrinos

12

Analytic solution tells us 
(measured) PNS radius and 
source distance are correlated

and the 5th to 95th percentile range (pink shading) of the radius as a function of mass, for non-rotatingThe 25th to 75th percentile range

with NS radius constraint
15% (2σ)

Miller+ 2021

RPNS = 10 km
(

R
720 s−1

)1/2 (
Ee+

25 MeV

)−5/2 (
Mdet

32.5 kton

)−1/2 (
D

10 kpc

)
, (57)

[Suwa, Harada, Mori, Nakazato, Akaho, Harada, Koshio, Nakanishi, Sumiyoshi, Wendell, ApJ, 980, 117 (2025)]
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Evolution in ρ-T plane and crust formation timescale
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NS crust forms at 
~100 s after SN
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What holds particles together in liquids and solids? 

•  Gas:	widely	spaced,	rapid	random	mo3on,	low	
density	

•  Liquid:	closer	together,	randomly	arranged	
•  Solid:	Closely	packed,	fixed	posi3on,	rigid,	high	
density	

What holds particles together in liquids and solids? 

•  Gas:	widely	spaced,	rapid	random	mo3on,	low	
density	

•  Liquid:	closer	together,	randomly	arranged	
•  Solid:	Closely	packed,	fixed	posi3on,	rigid,	high	
density	

gas

solid

250 s kBT ≲ (Ze)2

⟨r⟩ → Tcrystal ∝ ρ1/3

thermal Coulomb

[Suwa & Nakazato, PASJ, 78, 1519 (2026)]
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Higher moments as spectral width probes transport physics

Moments of event spectrum 

 Mn(t) ≡ ∫ dE E n dN
dE

(t)

14

0th ↔ rate 

M0 ∝ ℛ

1st ↔ average energy 

M1
M0

∝ ⟨Ee+⟩

2nd ↔ spectral distortion 

M2
M0

− ( M1
M0 )

2

∝ σ2
E

already included  
in analytic model

Do you know any good way?
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Summary

Analytic solutions as a common reduced form connecting detailed transport 
to observations 
Supernova neutrinos as an example 

Forward model -> event generation (rate, average energy) 
Inverse model -> parameter estimation (PNS mass, radius) 

Application 
Distance estimation 
NS crust formation time 

Next step 
Higher moments and spectral distortion?

15


