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Intro/ Suv«mar‘y

Use techniques from integrable models to relate susy

gauge theories.

Tool: Gauge/ Bethe correspondence as stated by
Nekrasov/ Shatashvill,

Statement: 3 ditlerent N=(22) quiver gauge theories in
2d have the same susy ground states?

1/2 1 1/2 U(N, + N,)
YU(N, + N &——BUN, tN,
U(Ny) ,f&_l(/zh TN U(Ny) W—1/2
AU(L) AU(L)
(a) Case A (b) Case B

sl

Correspondence t0 an integrable spin chan: +J madel
Can apply this technique in a general context.




Outline Part 1

By

Outline

(Y ] Why are we here?

© Bethe Ansatz for the XXX spin chain
® Parameters in a spin chain

@ XXX
® Algebraic Bethe Ansatz

(3 ) Effective twisted superpotential in two dimensions
® Basics of M = (2,2) field theories
® tffective theory in the Coulomb branch

Q The Gauge/Bethe Correspondence
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Outline Part 11

* Gauge’/ Bethe correspondence
* The tJ model

* Supergroup symmetry

* Bethe ansat2

* The Dictionary

* Quiver gauge theories

* Relation via brane cartoons

* Generalizations/Open questions

i Sumw\ar‘y
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The Gauge/ Bethe Carrespondence

Relates N=(22) gauge theories in 2d 1o integrable spin

chatns.
The susy vacua o} the gauge theory correspond to the

Bethe spectrum ol the spin chain.
Generators o} chiral ring correspond to commuting

Hamiltonians. Nekrasoy, Shataghvill
Integrable model: spectrum determined by Bethe

equations.

Gauge theory: ground states determined by ell. twisted
superpatential.

Correspondence works for all Bethe solvable spin chatns.
Spin chaing with supergroup symmetry correspond o

quiver gauge theories.
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The Gauge/ Bethe Correspondence

Here’ quiver gauge theories

?

What are the parameters

number ol nodes bilundamental Felds

adjoint Lielos

=== n 0]

fundamental and
antfundamental Lields

twisted masses Havor groups

gauge groups

j ) ] ; t
Vacuum Qquat\on. /QGW enerqgy ell. twisted superpotential

aWeﬁ(a)} o

80'7;

exp |:27T
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The Gauge/ Bethe Carrespondence

?

What are the parameters o a spin chan

boundary conditions

2\1 P ength of chain |
—++H representation
% rank ol Symm. group

S)mmatr‘y group — ) e Rmra
arta

inhomogenetties
A

AL
| vV N

A4 14
\/
number ol particle specles

spectrum 15 given by solutions of

jince raplaities
627773 dY (A)- 1

Yang counting In (potential Lor Bethe

equations)
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The Gauge/ Bethe Carrespondence

gauge theory

integrable model

number of nodes in the
quiver

gauge group at a—th node

rank of the symmetry group

number of particles of species a

effective twisted
superpotential

equation for the vacua

Yang—Yang function

Bethe ansatz equation

flavor group at node a

lowest component of the
twisted chiral superfield

twisted mass of the
fundamental field

twisted mass of the
anti-fundamental field

twisted mass of the
adjoint field

twisted mass of the
bifundamental field

Fl-term for U (1)—factor
of gauge group U(N,)

effective length for the species a
rapidity
highest weight of the represen-

tation and inhomogeneity

highest weight of the represen-
tation and inhomogeneity

diagonal element of the Cartan
matrix

non—diagonal element of the
Cartan matrix

boundary twist parameter for
particle species a

)

(ﬂ)
IA” ivk ::

U(L,)







The tJ model

Propertiess
* spin chain of Cength L
* perigdic boundary conditions

> 3 particle species! spin up, spin down, empty

> <0(112) Symmetry

* most mportant feature! 3 inequivalent choices of
Cortoinmolrix Essler, Korepin

* 3 ditlerent (but equivalent) sets o} Bethe equations

* spectrum the same Lor all 3 cases

* Lundamental rep. (spin 172) at each lattice point

* 1O 'm\wmogenalt'\as
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The tJ model
Electrons on a lattice of lengtw L 1, |, ©
Wilbert spacet 4 = CU2

Fundamental representation of si(1)2)

creation/annthilation operators: o crs, s ={1,1}

\ VACUUWM

S t—tel o)

projector on smgea Occupancy

1
=g = p
NEESTBY P RN CRRCIGIRr Y R e B e

i gy
NE s — Ck,sck,s

Ng = Nk,1 + Nk, |

@P Z (Ck sCk+1,s + h.c. ) P @(Sk : Sk_|_1 — lnknkﬂ =t 2\nk == 1)

4 2
STl

7

J/ A\

nearest netg\r\wr

: spn interaction
Wopping
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Number ol holes, up omok Agwn 59'm51
L

Nh:Z(l—nk anT7 Nl anl7 N NT+Nl
k=1

Single Occupancy: L= Nh + N; + N

tJ model has supergroupe SYMMetr‘yY

A superalgebra can be decompased nta an even and an
Odd part: g=4g0D g

The even part of si(112) 1s go = gl(1) ©s1(2) and 1s generated
by [ 57,15%,Z

Fermionic generators: @ b=

Sy =chickl, S{=chonr, Si=3

1
St T —+

G —mel Y oo O =0 el O
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Supergroup Symmetry

Woot decomposition. Lie algebra? rellections of positive
root systems are conjugate to each other.

Superalgebra: rellections o} odd roots Cead to new
postitive root system (not conjugate).

Here: three chotlces Yor Cartan matrix

Cp’ Dynkin diagram

Oy e
= sl e

(5 2)
i
o)

S D

—1-1+-0

Lo : :

-1 O f
/ \ 0dd root

_ven root
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Bethe ancat2
Case A°

A:[Ol], Nit=INp | NQZNh—I_Nl

Nested Bethe ansc “;‘/ ations’

= s s 1= 18, + NV,
)\(@ _AIG s 111%\20@ )\R\ ik 1bAz> <>+
©

(b, 9#a,i)
Nh‘|‘Nl )\(2)

% ;
NDan (1) ) 3 N
p= 1 P =

Yang Yang counting function!

7 Np+N| 1 Np+N| Np+N| Ny,

Ya(d) = == Z (2)\(2)) e Z ()\(2) i )\(2) _|_ il S‘ S‘x )\(2) )\?(:1))

p=1 p,q=1
PF#q

1 NGV
TABSIES )\arctan()\_l) S 5 log(1 + )\2) e
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Bethe ansat2

Casce B
ab | O —i: 11 11

Nested Bethe ansat2 equations:
No

N,

; ) 17
(A?WL%) H H)\Z(-l)— p 3

3 -1 1 2 AT

5 z‘:l)‘g)_Al(?)+§

pidme
Neg N 20

i : S =R
[ o

p=1 1

Yom3 Yomg coum{mg Lunction:
Np+Nyp N, Np+N,

Np+N
L ”Zl (222) +_ S‘ S‘sz“) 2A®) +Zn<”A<”+ Z n() A2

Ya(A) = o

b=l
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Bethe ancat2

Case C-

@ :(_21 _01), A=[01], Ny=N;, Ny =N;+N,.

Nested Bethe ansat2 equations:

Ny )\(2) —+- )\(1)

p 7 %

.’ p 170..7Ne7
“ 2 i ;
7::1>‘z(>)_>‘7(;)‘|‘§

ﬁ Py D ﬁ PSUERE U RarE Eu ISEEags
A= AREAESE NEEN :
R A<1> EIaES .

p=1 J=
J#1

Yang Yang counting function!

N. Nt N,

(222)) __sz (20® —9\(V) Z (A0 — AW

=1 g=1 7,]1
]

Ny Ne
(1) 4 (1) 2) y (2
—I—Zni A, —I—Zné))\é).
r=Il p=1
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The D\ct'\cnar‘y

gauge theory

integrable model

number of nodes in the
quiver

gauge group at a—th node

effective twisted
superpotential

equation for the vacua
flavor group at node a

lowest component of the
twisted chiral superfield

twisted mass of the
fundamental field

twisted mass of the
anti-fundamental field

twisted mass of the
adjoint field

twisted mass of the
bifundamental field

Fl-term for U(1)-factor
of gauge group U(N,)

r

U(N)

~

West(0)

rank of the symmetry group
number of particles of species a
Yang—Yang function

Bethe ansatz equation

effective length for the species a
rapidity
highest weight of the represen-

tation and inhomogeneity

highest weight of the represen-
tation and inhomogeneity

diagonal element of the Cartan
matrix

non—diagonal element of the
Cartan matrix

boundary twist parameter for
particle species a
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The D'\ct'\onary

The tJ model:
* 2pin chain o} Cength L UL) Havor group
* perigdic boundary conditions  unitary gauge groups
* 3 particle speciest spin up, spin dawn, empty
» s0(412) Symmetry two nodes in quiver
* most wmportant feature! 3 inequivalent choices ob

Cartan matrix  wmasses tor adj. and bitund. tields

* 3 ditlerent (but equivalent) sets o} Bethe aqua{\onss jauge
theories

. Same susy groundh sta{asY
* Lundamental rep. (spin 172) at each lattice pownt

* soectrum the same Yor all 3 cases

* N0 Inhomageneities tw. mass V2 Lar fund. and antifund.

0
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Use Gauga/ Bethe o\.\C{.\OY\aPY:
adjoint field

Kac Dynkm
Case A Case C

diagram
\ S AN EEEPS of 1 ¥ g+—Mavor group

P 1 1/2 —1 1/2
U(Nh n Ni) .I. U(Nh i Nl) U(Ne)

U(N) AV 1/2 U(N,) q 1/2 U(N,) u 1/2
OU( ) Ou(L) OU( )

These 3 quiver gauge theories have the same ground

Stbiget

Conversely: any quiver gauge theories which can be
assoclated to the same int. model have same ground
states.
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Quiver Gauge Theory

; =1
Case A Cab:(_o1 2>, A=[01], Ny =N,, Ny=N,+N,

. . B'* N, ® (Np +N))
auge groups h h l

adjoint Lield @
/ LoD /

%
(N

* (?’2’1 + N Sundamental and
WSy , _ T
OZI(L)/ antfundamental Yelds (Q%,, Q2,)

(a) Case R\

twisted masses Havor group

Global symmetry group:
U(L)g xU(L)g xU(l)p xU(l)g x U(1)e

Broken down 0 maximal torus by twisted masses.

b,
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Quiver Gauge Theory

Eflective twisted superpotential:

1 (/ 1
(o) +5) (loa(e? + 5) = 1) = (o - 3) (loa(~o + 5

1)

5
lw o =3) (esot? —ef? = 5)-1)
5.

(2) + 2> (log(—agl) == 0(2) i 1)}

Np+N|

(02(92) — 052) ) (10g( (2) _ 0(2) —1) — 1) — 7 Za( AR Z 0(2)
p=1

g="1

Corresponds to Y.

Superpatential (compativble to e}l tw. superpotential):

Wa(Q%Q2,8% B, B) = 3~ [aQ%9%Q%, + b Q% B B2Q?, |

k
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Relation via Brane Cartoons

Dllerent argumant Lor relation: brane motions Manany, Witten

\—\omcmy , Hort

Not surprising
that the relation

between the series

can be seen tn

Ailterent ways.

V

o
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Generalization/Open questions

Any spin chan with supergroup symmetry gives rise to
several quiver gauge theories.

The supergroup si(m|n) 3\ves rise to (mnt n) distinct
quiver gauge theories.

Open questions:

Understand the meaning o} twisted masses in gauge
‘UAQOY‘Y better.

Reproduce twisted masses in brane realizations.

Study and compare soliton solutions for the ditterent
quiver gauge theories corresponding to one spin chatn.




Suv«mary

The Gauge/ Bethe correspandence ol Nekrasov/
Shatashvill refates the susy ground states o} a 24
N=(2 ,2) gauge theory 1o the full spectrum of an

integrable model.

We use this correspondence as a taal to relate
dilferent quiver gauge theories which correspond to

the same integrable systew.

Waorks for all rtegrable models with supergroup
Symmetry.

Window from the very well controlled integrable

models into gauge theory.

qs,
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