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§1. Introduction

e Horizon problem

ds® = —dt* + a*(t)dz” + Einstein egs.

a A

= = (p+3p) |[p+3p>0 < decelerated expansion
a

If a oct”, thenn(n—1) <0 = 0<n<l1

dt
ds* = a*(n) (—dn® +dz®), dn=—.
a
(n: conformal time - - - maintains causality)
n
NN, now
- dn = *dx : light ray
dt
77:/— — 0 fort — O
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|ast scattering
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e Solution to the horizon problem n

— "X now
Existence of a stage a oc " ||n > 1
in the early universe
last scattering
surface

& p+3p <0
t
dt
/—z/dn:oo!!
0o a

e Entropy problem (= flatness problem)

N— -

Entropy within the curvature radius: [V, ~ conserved

3
a T() _3 TO ’
N,=n 1— Q™% > (—) ~ 10%
: ( Tm) < (BY page s (R

Ty ~ 107 %V  Hy ~ 10733V

Where does this big number come from?
“Huge entropy production in the early universe”



§2. Single-field slow-roll inflation

Universe dominated by a scalar field:
p=1"+V(9) |
| = p+3p=2(¢" - V(e))
p=35¢0"— V(o)
a A G

if §b2 < V<¢> — g = —T(p+ 3p> > ()

accelerated expansion

e.g., Chaotic inflation (or Creation of Universe from nothing)

(Linde, Vilenkin, Hartle-Hawking, - - -)

V()

[ Pinitial ,S M;)ll ~ <1019 GeV)4
/ Mpl = 1/'v 8t

-+ - quantum gravitational

¢' if V"(¢) < My, then ¢ > M,



e Equations of motion:

o+ 3Hp +V'(p)=0 (eg., H< < M, initially in chaotic inflation)

friction
. V! b
= ~ ———| (slow roll (1 S e IR
bm—gg Gl (1) o |
H = —47G(p + p) = —4nG ¢’
3G
H == ( 0+ V<¢>)
8 H 3¢
= |H*=~ ZGV(d)) (potential dominated (2)) < 3| & Qquqb) <1
The slow-roll condition (1) is satisfied, provided that
n V" V" € H ) V72
— = R~ M —<L1l, -=—= 1
3o T Mgy S5 3T 3 Y Mg S

- Slow-roll inflation assumes that the above two are fulfilled.
n, € --- slow-roll parameters (Liddle & Lyth 1992)
(Note that the above are not necessary but sufficient conditions.)

- There are models that violate either or both of the above two conditions.
(Need special care when calculating the perturbations)



e c-folding number of inflation @ oc e
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For V(¢) ~ (102°GeV)?, N(¢) = 60 solves horizon & flatness problems

1
N(¢) 260 at ¢ 2 16M, for V = §m2d>2

Slow roll ends at ¢ < M,; = Reheating (entropy generation)




§3. Generation of cosmological perturbations

Action: /d4:c V—g < —p_ %g“y¢ o (gb)) :

Cosmological perturbations are generated from quantum
(vacuum) fluctuations of the inflaton ¢ and the metric g, .

e Scalar-type (density) perturbations
- g and @

ds? = o’ [—(1 +2A)dn? — 28, B dnda + ((1 RS + 2aiajHT> dxidxﬂ} |
o(t,a") = ¢(t) + x(t. ')
A : Lapse function (~ time coordinate) perturbation

B : Shift vector (~ space coordinate) perturbation

Scalar perturbation has 2 degrees of coordinate gauge freedom.

(3) 4 (3)
R : Spatial curvature (potential) perturbation ( CR=—5AR )
a

Hp : Shear of the metric (~ traceless part of the extrinsic curvature)

No dynamical degree of freedom in the metric itself.



* Action expanded to 2nd order (in the Hamiltonian form)

Makino & MS (1991), Garriga, Montes, MS & Tanaka (1998)

ngfdnd% (ZPGQ;HSACABCB>

1
H, = ﬁpg — 4G’ Prx +---, '=d/dn,
Cy=¢' P, +--- (Hamiltonian constraint),

Cp = Py, (Momentum constraint),
Q.={R,Hr,x}, P,={Momentum conjugate to ()} .

- Gauge transformation [£# = (T, 0;L) | is generated by C'y and Cp:

6,Q = {Q, / (TCy + LCp) d%}

P.B.



e Reduction to unconstrained variables « /i Faddeev-Jackiw (1988)

1. Solve Cy = ¢' P, + - - - = ( with respect to P, and insert it into .S5.
Also, insert C'p = Pp, = 0 into So.

2. The resulting S5 is a functional of {Pr, R, x}: S5 =55[Pr,R,¥]

3. Since S, is gauge-invariant, S5 must be written solely in terms of gauge-invariant
variables. Indeed, we find

2
a- H
, Re=R——
47TG¢/ A X Cc ¢/ X
This is in fact the same as choosing v = 0 gauge (called ‘comoving’ slicing).
i.e., R. is the curvature perturbation on the comoving hypersurface.

S;:SS[Pch]; P.=Pr+

n
N energy flow line
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* S5 in the Lagrangian form:

S

Si= [ dnd® ¢ R — (VR ; _ v H
2 n $2H2( c (v c)); H=—=a

2 |

(3)

Equation of motion (for Fourier modes: A — —k?)

ad  ad

o =H (~ a for slow-roll inflation) .

/
R+ 95 R + K*R.=0; =
<
For k <'H (& k/a < H),

R o { z~1 ~ decaying mode
¢ 0 ~ i d
growing mode
- Growing mode of R.. stays constant on super-horizon scales.

- This holds for adiabatic perturbations in general cosmological models.
(i.e., the existence of a constant mode)

But this does not mean that adiabatic R.. is constant on super-horizon scales

unless the decaying mode decays fast enough after horizon-crossing.
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e Inflaton perturbation on flat slicing

Alternatively, in terms of x on R = 0 hypersurface (flat slicing),

¢’ ¢’
=y——R=—NR,

2
* * a
S; = Silr) = [ dndis S (i (Vxe)? - aPmly k)
a® (¢ /H)'} 2 d (V
mepy = 4 4<¢// Aa 0V + =~ (—>
at* (¢'/H) My dt \ H
X ~ minimally coupled almost massless scalar in de Sitter space
Q%V < H?, 2Mp_l2(V/H)' ~ 6H < H? for slow-roll inflation.
(N.B. the sufficient conditions for slow roll were 9>V < 3H? and H < 3H?))

- de Sitter approximation for the background:
1
=i

This is a good approximation for k > H (sub-horizon scale) modes

H = const., a(n) (—o0 < <0)



e Canonical quantization

— 5S§[XF] — —/ I -/
77(77733) — e = [XF(77»33)77T(77733)] :7’5(3:—3:)
OXp(n, T)
N d3k ~ ik7 ~ ~ 7 7
=  YF = /W (a,gxk(n)e’k” + h.c.) L lag, a;%,] =6k — K
- - 7
X+ 2Hxg + (B +mpa®) xi =05 XpXp — Xp Xp = e

. . k2 . L
S Xk +3Hyr + (? + m?i}‘) Xt =0, XzXz— XXz

(in terms of the cosmic proper time )

slow roll = mgff < H? ~ massless

de Sitter approximation:
( 1

e—ikn
H . k/H—oo \/2ka
= Xp N (i —kn)e ™ S
<2k>3/2 H —iay,
e
kM0 V2R

Ark? H\"
<5¢2>k on flat slice - <X%>k = (27;-)3’Xk’2 7 <_> for & 5 H
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- de Sitter approximation breaks down at £ < H.
i.e., the time-variation of x; on super-horizon scales cannot be neglected.

- However, the corresponding mode of R. becomes constant on super-horizon scales.

H2
S Realn) = Realm) =~ ) ~ m(;é)

—iak

log L

A

k = const.
(L =alk)

> log a

t=t, < n=m < k=H(m) ---horizon crossing time
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e Curvature perturbation spectrum (say, at n = 77f)

Ark3 Ark? H2\?
(R2), = o5 Pro(kin) = =3 [Rex(n)]” = <—)

£ 2n) (27)3 o) li=,

Since dN = — Hdlt,
ON  H , ON H\’ ON .
e _g = <Rp>k = (8—¢ %) . ( 9% ¢> - on flat slice

That is, for single-field slow-roll inflation,
ON
09

RC — 5N‘t:tk. — a—¢

H
(0p = —) on flat slice
21

t=t},

The knowledge of the homogeneous background is sufficient
to predict the perturbation spectrum: o /V-formula

d N-formalism can be extended to the multi-component/nonlinear case.

If (R%)). oc k"s~! ng = 1 : scale-invariant (Harrison-Zeldovich) spectrum
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e Tensor-type perturbations

ds® = —dt*+ a*(t) (6;; + hij) da'da’

hij --- Transverse-Traceless

1 - 1
2 _ A3 p2 )2
8°Se = 647TG/d xa (hzj az(Vh”) )
1 . 1 1
— §/d4az a’ (%2]' - p(v%’j)Q) i = ===

©;j ~ massless scalar (2 degrees of freedom)

(5= 2% (%)2

47k H\® 8 H?

= Prk)= (hi)p =2x 327G x | — | =—=—

(2m)3 r(k) = ( sz>/€ X 02Tl X (271’) Wm;l
contribute to CMB anisotropy

T tensor <h72j> Pr(k)

e Y

S scalar  (R2) — Ps(k)

C

¢’
— 24—
%

T
slow roll = 3 <L 1.

ko=aH
T 1 2 2 . -
i 0.13 for V = im ¢~ (small but non-negligible)
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54. Power Spectrum

* scalar-type (curvature) perturbation

dIn[Pr(k)k?]

dlnk
da dH da d
k=a(ty)H — dlnk—a+H~a—Hdt

ng =

t=t},

For slow-roll inflation,

d d . A
~ 1= PRk = = (I —Ind?) ~ M3 (25 =35 )
77/5’ Hdt n[ R( ) ] Hdt I nqb pl V V2
For a chaotic type potential, V' o< ¢? (p > 0), Liddle & Lyth (1992)
M21 p+2
ng=1—-pp+2)—L=1- <1 <« redder for larger p
P2 =1 aN)

% tensor-type perturbation

dIn[Pr(k)k*]  d o d , _H
= = In|Prk)k’l = —InH"=2—
" dink g TR = o H?
h? 1 Pr(k
~ —3¢— = r(k) < consistency relation !

Vo 8Pg(k)



e Other Models

x power-law inflation

V(¢) o exp[Ap/m] < dilaton in string theories ?

N 167
aoxt (azv)
T
= ng<l1, 520.1

* hybrid inflation <« supergravity-motivated 7

eg., Vi(p,v) = % (M2 _ )\¢2)2_|_ %m2¢2 +%g2¢2¢2

3G
a oc et sz%\/o when ¥ =0,¢> M/g.

T
= ng>1, — can be large or small.

S
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6b. Large angle CMB anisotropy

T

Mdec

(Sachs-Wolfe) (Integrated Sachs-Wolfe)

O, : temperature fluctuation on

Newtonian (longitudinal) slices X (N4ed
U : Newton potential

For a dust-dominated universe at decoupling, /
1 2 f
SW: @5 + U = __Rc* - _Sdr7
5 5 o)
(1
§\IJ for adiabatic
= 4 L ast Scattering Surface
| 20 for isocurvature T~
ISW: 0,V ~ 0

R« : primordial adiabatic curvature perturbation
0 30

Sdr — L - Pr
Pd 4 Pr

~ entropy perturbation

5T N . 70 ~
(_) (77 770> = (@9 + \Ij) (ndem x(ndec)) + / dn 2&7\1!(777 ZU(U)) + Doppler + - - -
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WMAP 7 year Full Sky Map
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e Observational implications of Large-angle CMB anisotropy

COBE (1996), WMAP 1st year (2003) ~ 7 year (2008)

T 2
<<%> >~1010 at f ~ 10°

Y
ko 1
U ~ 107" at — = Hy~ Hy' ~ 3000 Mpc ~ 107
< >k ° a ! present horizon scale ( v pe Cm)
1
For V = §m2q§2,

3\ 2 3\? / H2\" m? [ N(¢)\”
@~ (5) ®=() () |, , ~75m (5)
5 5) \2r¢ 2\ 60
= m~10%CeV, V ~ (10"°CeV)*

1
e power-law index: ng = 0.96 for V = §m2¢2

Observation: NWMAP, 1y = 0.99 £ 0.04 = TMWWMAP, 797 = 0.962 £ 0.013

o _p

ko
o =H

Consistent with the simplest (quadratic potential) chaotic inflation model.
Note that the value nwap is a result of Bayesian (likelihood) analysis.
Other models are not excluded at all.
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56. Summary on single-field slow-roll inflation

e The (adiabatic) growing mode of the curvature perturbation on
comoving slices R . stays constant super-horizon scales.

- R.=0N(¢p) at ¢ = ¢(t;) in the slow-roll case.
- R. may vary in time if the slow-roll condition is violated.

- Slow-roll models predict almost scale-invariant spectrum,
but other spectral shapes are possible.

- The simplest chaotic inflation model with quadratic potential is
marginally consistent with current observational data (WMAP 7 year).

e Tensor perturbations may or may not be non-negligible.



