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Introduction

• Mistery of Dark Energy

• Complex problem

• Motivated different approaches
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Three approaches

• Introduction of new matter, e.g. quintessence

• Introduction of new gravity

1. DGP

2. f(R), f(R,G) . . .

• New gravity and new matter: Extended Brans-Dicke,

Galileon
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Modified gravity

• Consider L = f(R) theories

• Equivalent to ST theory L = f ′(φ) (R− φ) + f(φ)

• Consistent? No extra tensors, but f ′ = fR > 0

• What new degrees of freedom? 1 SF

• Interesting phenomenology [Review by ADF, Tsujikawa ’10]
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General MGM

• Introduce the gravity action L = f(R,G)

[ADF, Carroll, Duvvuri, Easson, Trodden, Turner ’05]

• No ghost tensor modes, L = 1
2M

2
pl[F R+ ξ G−V (F, ξ)]

• Two extra new scalar fields: F , ξ
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MGM and PT

• Gauss-Bonnet gravity

S = 1
2M

2
pl

∫
d4x
√
−g[R+ ξ G− V (ξ)].

• A scalar field coupled to G

• Instability c2
s < 0 on FLRW before DE

[ADF, Tsujikawa ’10]
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PT and degrees of freedom [ADF, Tanaka ’10]

• f(R,G) equivalent to theory with 2 extra scalars

• One scalar pert. field very massive in FLRW

• It can be integrated out

• In other backgrounds, both propagate
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Perturbation theory on VSSB

• Perturbation theory for f(R,G) on vac. spher. symm.

background

• Write down the action expanded at 2nd order

• Or linearize the equations of motion

• Look for behavior of perturbations
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Black hole stability ADF, Suyama, Tanaka ’11

• Study vacuum spher. symm. (z = cos θ)

ds2 = −Adt2 + dr2/B +
r2 dz2

1− z2
+ r2(1− z2)dφ2

• Perturb and choose gauge

• Expand in spher. harmonics: even/odd modes

• Expand action at second order
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Odd modes

• Choose RW-gauge

• δg03 = (1− z2)h0∂zYl0, δg13 = (1− z2)h0∂zYl0

• Introduce Lagr. multipl. Q = ḣ1 − h′0 + 2h0/r
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• Result

L = A1 Q̇
2 −A2Q

′2 − µ2Q2 ,

• No ghost for AF − 2BA′ξ′ > 0

• Radial speed

c2
odd =

1

A

AF − 2BA′ξ′

F − 2B′ξ′ − 4Bξ′′
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Even modes

• δg00 = −AH0Yl0, δg01 = H1Yl0, δgrr = H2Yl0/B,

δgrz = α∂zYl0, F = F (r) + δF Yl0, ξ = ξ(r) + δξ Yl0

• Expand at second order

• Integrate out H1

• Define δF = v1 − 4(1−B)δξ/r2, α = α(v0, H2, v
′
1)

• Integrate out H2 and H0
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• Define v2 = v0/(1 + 4j2)1/2, v3 = δξ/(1 + 4j2)1/2

• Lagrangian

L = Kijv̇iv̇j − Lijv′iv′j −Dijv
′
ivj −Mijvivj

• Number of prop. scal. = 3, at least 1 ghost

detKij ∝ −(2B − 2− rB′)2(F − 2B′ξ′ − 4Bξ′′) < 0

• detKij → 0, as B → 1 + Cr2: (a)dS.
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Mass of the ghost

• In the almost GR homogeneous limit v′→ 0, find mass

• Diagonalize Kij

• Get Lorentz-form matrix

• Use Lorentz transf. with boost param. b to diag. Mij

• Require that, with Ḡ ≡ 16r2
s/r

6

−1 < tanh 2b = − 2
√
ḠU,F ξ

U,ξξ + ḠU,FF
< 1
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Ghost

• In general it propagates: bad

• Unphysical if massive enough: fine

• If Mcutoff ∼ L−1
exp viable if

|9Ḡ det(f,ij)| = |m−2
+ m−2

− | � L4
exp

|3(f,RR − Ḡf,GG)| = |m−2
+ +m−2

− | � L2
exp
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Applications to DE models

• For toy models R+ FR(R) + FG(G)

• FR ∝ (Rp + b1)
−1, FG ∝ (G2n + b2)

−1 then

m2
+ = O[H2

0(ρm/ρc)
p+2] , m2

− = O[H2
0(H−4

0 r2
s/r

6)2n+1]

• m2
− = O(106−88.4ncm)−2� (1AU)−2

• m2
+ = O(1022.7−2.7pcm)−2� (1AU)−2, if p ≥ 4
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, m2

− ≈ −
f,RR − Ḡf,GG
3Ḡ det(f,ij)

,



17

Almost degenerate case
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Almost degenerate case

• For models: |Ḡ det(f,ij)| � (f,RR − Ḡf,GG)2

• If |f,RR| > |Ḡf,GG|:

m2
+ ≈

1

3[f,RR − Ḡf,GG]
, m2

− ≈ −
f,RR − Ḡf,GG
3Ḡ det(f,ij)

,

• Then almost f(R) theory with m−� m+

• If |f,RR| < |Ḡf,GG|, problem: m+↔ m−, m−� m+
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