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Motivation of this ork

L

We want to solve the higher-dimensional
gravitational theories and explicitly construct
the solutions that have physically and
mathematically interesting properties.

But, it is difficult to solve them in general.

Investigating known solutions, we consider a
generalization of them.

We focus on hidden symmetries of black holes.



Exact solutions — vacuum black holes

——

vacuum Einstein’s Eq.

Ric(g) = Ag

Four dimensions

Schwarzschild (1916)
Kerr (1963)
Carter (1968)

Higher dimensions
Tangherlini (1916)
Myers-Perry (1986)
Gibbons-Lu-Page-Pope (2004)
5-dim. Hawking, et al. (1998)
Chen-Lu-Pope (2006)

mass, NUT, rotation,
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N.S" horizon topolog
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Rotatin

In 1963, Kerr discovered a solution
describing rotating black holes in a vacuum.

FAN 2
ds® = — E(dt — asin29d¢)
Isinze(

2
adt — (r° + a2)d(,b> + %er + > do?

where
A='r2—2M'r-|—a,2 , Z=r2+a2c0529



Geometry of Kerr spacetime

Kerr’s metric \

AN 2
ds® = — E(dt — a,sin29dgb)

sin?4

_|_

2 ¥
(a, dt — (r° + a2)dgb) + Zd# + > do?
where A =1r?—2Mr+ a? , 2= r? + a? cos? ¢

- Two parameters North axis —
mass M |
angular momentum J=Ma

- Two isometries
time translation d/ot
axial symmetry 0/0® —

- Ring singularity at Z=o0, i.e., _"**

r=0, 0=m/2

- Two horizons at r=r . s.t. A(r.)=0

outer horizon

e

inner horizon

.....................

ring singularity

South asgls —e



Geodesics in the Kerr spacetime

In 1968, Cater demonstrated that
the Hamilton-Jacobi equation for geodesics

S + g 9,5 9,5 =0
for the Kerr’s metric can be separated for a solution
S=—koA\— Et+ Lo+ R(r) + ©(0)
and then the functions R(r) and ©(06) follow
CWE W2

__=O, 9’2
A2 A (@) + Gn2g

—Vp =20

Wy = —E(r?° 4 a®)+al , Wy = —aEsin°6 + L
W=F6-|-H:or2 : V9=—E+F{,0a2C0529



Scalar fields in the Kerr spacetime

He also demonstrated that the massive Klein-Gordon

equation
(V2 —m2)d =0

for the Kerr’s metric can be separated for a solution
® = ¢ WITIMOR(1)O ()

and then the functions R(r) and ©(0) follow
1d ( dR) U? 5 5
A |

. —mrc—r=20,

E% dr JAN
1 1 d dO® U2
_ (sin@—)— —0  —m2a®cos®d — k=0
©sin6do de sin< @
where

U, = an — w(r® + a?) , Uy = n — awsin?



Separation of variables in various equations

- Hamilton-Jacobi equation for geodesics
S 4 g* 945 8,8 = 0

- Klein-Gordon equation

2 2\ by —
(VS =m?)® =0 Carter (1968)
- Maxwell equation
- Linearized Einstein’s equation
0Guy =0 Teukolsky (1972)

- Neutrino equation
Y (Ou+Tp)p =0 Teukolsky (1973), Unruh (1973)

- Dirac equation

(Y'Vu+m)w =0 Chandrasekhar (1976), Page (1976)




Hidden symmetries

—

In order to give an account of such integrabilities and
separabilities, a generalization of Killing symmetry has
been studied since 1970s.

vector Killing vector conformal Killing vector

symmetric Killing-Stackel (KS) conformal Killing-Stackel (CKS)
Stackel (1895)

anti-symmetric Killing-Yano (KY) conformal Killing-Yano (CKY)
Yano (1952) Tachibana (1969), Kashiwada (1968)




Plan of this talk |

R

0. Introduction

1. Review
- Hidden symmetry of Kerr black holes -

2. On spacetimes admitting CKY symmetry

3. A generalization of CKY symmetry

4. Summary & Outlook



1. Introduction
— Hidden symmetry of

Kerr black holes —




Complete integrable system - Liouville integrability -

—
Geodesic equation
det  OH dpy OH 1

—_— = = - — — _ab
dr  Op, dt Oz’ for H = >9 Pabo -
F(x, p) : a constant of motion &

O_dF_ OF OH OF OH
B ~ OxMIp,  Opy Ot

o =: {F,H}p
Poisson’s bracket

Liouville integrability means that there exists a maximal
set of Poisson commuting invariants.

{@i,Oﬁj}PZO, 1,7 =1,...,D



Constants of motion and Killing tensors

\

1

H = _gabpapb
2

Assume Cp = K1 pq. ... Day,
{H,Cg}p=0

& v(alKa2an+1)palpa2 o o 4 pan+1 — 0

= 0 ; Killing equation

Def. Killing-Stackel tensor (KS) is a rank-n symmetric
tensor K obeying the Killing equation Stackel (1895)

v(aﬁrby"bn) = (J



Hamilton-Jacobi approach

\

For a D-dimensional manifold (MP, g), a local coordinate
system x?is called a separable coordinate systemif a
Hamilton-Jacobi equation in these coordinates

oS

0x“

where K, is a constant, is completely integrable by
(additive) separation of variables, i.e.,

S = Sl(iBl,C) + 82(5[;2&6) + -+ SD('SBD)C)

H(xaap(l) — KRQ, Pa —

where S (x4, c) depends only on the corresponding
coordinate x? and includes D constants c=(c,, ... , Cp).



or-Separability structure

S

P
Theor. A D-dimensional manifold (MP, g) admits separability of H-J
equation for geodesics if and only if

1. There exist r indep. commuting Killing vectors X, :

2. There exist D-r indep. rank-2 Killing tensors K 5, which satisfy
Ky Kyl =0, Xy, Kyl =0,

3. The Killing tensors K,y have in common D-r eigenvectors X, s.t.

(X Xyl =0, Xy Xl 9(X(), X)) = 0.

Benenti-Francaviglia (1979)
Comments:

- Some examples which are not separable but integrable are
known. cf.) Gibbons-TH-Kubiznak-Warnick (2011)




Hidden symmetry of Kerr spacetime |

T —

Kerr spacetime admits a rank-2 irreducible Killing
tensor. Walker-Penrose (1970)

Kap = K(apy » V(ctap) =0

Comments:

- Kerr spacetime has 4 independent and mutually commuting
constants of geodesic motion, which are corresponding to 2
Killing vectors and 2 rank-2 Killing tensors.

(at)a . B = (815)&29& Gab ¢ Ko = gabpa,pb
(0)*: L=1(9p)"a  Kgp: K= KPap,

- One also finds that this Killing tensor admits the d2-separability
structure of the H-J equation for geodesics.



Hidden symmetry of Kerr spacetime Il

\
The Killing tensor K can be written as the square of a '
rank-2 Killing-Yano tensor f. Penrose-Floyd (1973)

Uf st Koy = faSfoer foa = —fabs Viafp)e =0
t rank-2 KY equation

Comments:

- Killing-Yano tensor (KY) is a rank-p anti-symmetric
tensor f obeying V. fy,)p,...6, = O- Yano (1952)

- Having a Killing-Yano tensor, one can always construct
the corresponding Killing tensor. On the other hand,
not every Killing tensor can be decomposed in terms of

a Killing-Yano tensor. Collinson (1976), Stephani (1978)



Hidden symmetry of Kerr spacetime IlI

\
Moreover, the Killing-Yano tensor f generates two '
Killing vectors. Hughston-Sommers (1973)

£4 = (01 = 3Vp(xf)be
n® = —a?(8)* — a(9y)* = K&

In the end, all the symmetries necessary for complete
integrability and separability of the H-J equation for
geodesics can be generated by a single rank-2 Killing-
Yano tensor.

Gab : fab Y K., = facfbc \
3 n“

—



Hidden symmetry of Kerr spacetime IV

_‘

The Killing-Yano tensor is derived from a 1-form
potential b, f = xdb Carter (1987)
Comments:

- Obviously, h = xf is closed 2-form.

- One finds that h is a conformal Killing-Yano tensor
(CKY) of rank-2, i.e., it follows

vdhbc + vbhac — Qg@béc """ gacfb — gbcga

where

1
a __ — ba
&= 3vbh Tachibana (1969)



Hidden symmetry of Kerr spacetime V

Kerr’s metric \’

ds® = —eVe + elel + e2e? + &3
where €% = \/g(dt - aS|n29dqb) e? = Sinzzg(adt —(r° + aQ)dq‘))
el = \/Edr e3 = V= db
A
- KY 2-form

f:aCOSHeO/\el—I—rez/\e3

- CCKY 2-form

h:T€OA€1—|—aC05962/\63

- rank-2 Killing tensor
K = a®cos? 0(ee® — elel) 4+ r2(e2e? + e3e3)



Symmetry operators

Klein-Gordon equation

For the scalar Laplacian

)

7)) = pay, RO = v, g0aby,
are symmetry operators, i.e.,
70 0= [KYU). 0] =0 Carter (1977)

Dirac equation

For the Dirac operator D, the operator

1
[ =ivsy (fabvb—g’yb chfab)

is symmetry operator whenever f is a Killing-Yano tensor.

Carter-McLenaghan (1979)



Separability structures for Kerr black hole

e

Algebraic type of curvature is type-D. <

Geodesic motion is completely integrable. <

Carter (1968)
Hamilton-Jacobi equation is separables
Klein-Gordon equation is separable.«< carter{+9638)
K-G symmetry operators exist. < carter{4977)

Dirac equation is separable. «——¢hanarasekhar{+76)

Dirac symmetry operators exist.<
Carter-McLenaghan (1979)

A closed CKY 2-form exists. Earter{1987)



Carter’s metric

Kerr’s metric a a
A 2 (80')
ds® = — E(dt — a,sin29dgb)

LD
sSin< @
+

2
(a, dt — (r° + a2)dgb) + %d# + > do? O

where A='r2—2M'r—|—a,2, > =12+ a®cos? 0 ©

¢

‘ coord.trasf. p=acC0Sl, T=t—a¢, o=——
a

Q 2, \2 Boyer’s coordinates
T2+p2(dr—p do) (Boy )

P IO e o SN e o
_|_p2(dT+T do)“ + 0 dr< + 5

where Q =12 —2Mr + a2, P = —p°+ ad? Carter (1968)

ds? = —

dp2

+

The “off-shell” metric with Q and P replaced by arbirary
functions Q(r) and P(p) is said to be of Carter’s class.



Spacetimes admitting a Killing-Yano tensor

Theor. Let (M4, g) be a vacuum type-D space-timmfollowing
conditions are equivalent:
1. (M4, g) is without acceleration.
2. (M4, g) is one of Carter’s class.
3. (M4, g) admits a &2-separability structure.
4. (M4, g) admits a Killing-Yano tensor.
Demianski-Francaviglia (1980)

Theor. A spacetime (M4, g) admits a rank-2 Killing-Yano tensor if
and only if the metric is of Carter’s class, i.e.,

> Q(r) Y

ds< = r2+p2(dT pdo)
P(p) >, 2, THD? 5 TP+
+r2+p2(dT+T do )< + o0 dr< + P(p) dp

Dietz-Rudiger (1982), Taxiarchis (1985)



Carter’s metric in Einstein-Maxwell theory

P(p)
r2 + p?
obeys the Einstein-Maxwell equations when provided that the

functions take the form

A
Q=—§T‘4+ET2—2W’LT+1€+€2—|—92

A
P=—§p4—€p2+2np+k

(dr + r?do)? +

+

and the vector potential reads

1 [er(dT — p2 do) + gp(dr + r2 do)]

A= —
y2 4 p2

This metric has six independent parameters.



Plebanski-Demianski metric

The important family of type D in four dimensions can be
represented by the seven-parameter metric.

Plebanski-Demianski (1976)

>_ 1 . Q 2. \2

ds _(1—'p'r)2{ —?"2—|—p2(d7- p“do)
P > 2 T2+p2 2 T2+p2 2
—|-T2+p2(d'r+'r do) +—Q dr< + 2 dp}

This metric obeys the Einstein-Maxwell equations provided that
the functions take the form

Q= —(k+\3)r* —2nr> 4+ er® — 2mr + k + e® + ¢°
P=—(k+e?+g°+23)p*+2mp> —ep? +2np+k

and the vector potential reads

1 [er(dT — p2 do) + gp(dr + r2 do)]

A= —
r2 4 p2




Relationship b/w Carter’s metric and P-D metric

Plebanski-Demianski m_
g

1
ds? =m{ > i 5(dT — p2do)?

P 246)2 4 r? + p 2 + p
—|—T2+p2(d’r—|—'r do)” + 0 SIS Sy /e 2 dp}

where Q = —(k + )\/3)r4 —onr34er? —2mr+k+e2 4 g2
P=—(k+e?+ g+ \/3)p* +2mp> — ep® + 2np + k

rescale p—>\/aw,fr—>\/7fr T—>\/7T a—>‘/

3/2 3/2 o ,
relabel m—>< ) m, n—)() n, e—}—e g — g,eﬁ‘-—e k— a“k
w w w w

ds? ! { — ¢
(@ —apn)2l T 2 w2p?

P YR I S S S R A
+T2+w2p2(wdT+T do) + 0 dr< + 5 dp}

where © = —(a2k +2/3)r* — 223 4 2 _ o 4 w2k 4 2 + g2
w

(dr — w?p?do)?

—[0?(w?k + e + g°) + w?X\/3]p* + 2amp® — ep? + —p + k

Set a=0 and w=1. Then we recover the Carter’s family.




A
TABLE 1

Known exact solutions of the Emnstein and Einstein-Maxwell Eguations of type D

m+in,a+ib e+ ig, A

m+ina, e+ ig A

Plebanski [3] 1975

——— - - — - - — — -

mtina. e + g
Demianski, Newman [12]

1966

m -+, a, el

Carter (11} 1968

m 4+ in, a, A

Frolov [22]) 1973

m,a. A m.a, e m+ in.a
Demianski {14]  Newman er. Demianski [15] 1966
1973 al. 110] 1965 Kramer,
Perjes [25] 196Q Neugebauer [24] 1968
Ernst [26] 1968 Robinson, J. Robinson
Zund 127] 1969
m, A m, m, o
Kottler [17) Reisner, Kerr [9] 1963
1918 Nordstrom [18]
1916
A

de Sitter (30} 1917

m+in,a + ib e + ig
Kinnersley [2] 1975

m 4 in b, e + ig, A

m4-in,a+ib, A m-+in b e A
Carter [11 Carter [11
1§6 8 111968
m+ma -t ib m -t in b, e
Kinnersley[13)  Levi-Civita [4] 1918
1969 Newman, Tamburino [3] 1961
Robinson, Trautman [6] 1962
Ehlers, Kundt (5] 1962
m 4 in e m+im,a 1972
Brill [23) 1964 Demianski [16]
Frolov [22]
1973
mbon o, b
Newman, Bertotti [28] 1959
Tamburino, Robinson [29] 1959

Uati [19] 106
Taub [21) 199 531

mn
Sehwarzsohifd [20] 1916

TABLE I in Plebanski, Demianski, Annal. Phys. 98 (1976) 98-127



2. On Spacetimes admitting
conformal Killing-Yano (CKY) symmetry




Exact solutions — vacuum black holes

vacuum Einstein’s Eq. i

n.S" horizon topolog

Ric(g) = Mg
Four dimensions mass, NUT, rotation, A
Schwarzschild (1916) O
Kerr (1963) O O
Carter (1968) c O O O
Higher dimensions mass, NUT, rotation, A
Tangherlini (1916) O
Myers-Perry (1986) O O
Gibbons-Lu-Page-Pope (2004) O o O
5-dim. Hawking, et al. (1998)
‘ Chen-Lu-Pope (2006) ‘ O O O O

T The most general known solution
= higher-dimensional Kerr-NUT-(A)dS



D-dimensional Kerr-NUT-(A)dS metric

D=2n+¢€ (EZOM’

2 N~ & o 1T e [ wg, |
ds=ZQ—+ZQM 2, Auldpy| Fe oy | D AN dyy
p=1 <K  p=1 k=0 k=0
where Chen-Lu-Pope (2006)
Xu T2 2
QP‘: - T Uj.b — H (m,u, - 131,) ) X,o‘.-t — X)‘J(x#) )
U,u r=1
vE L
k
A,EL )= > mglmgz-“mgk AR = > m§1m§2 --+:r3k ’
1<) <vp <<y <n 1< << <p<n
ViF
A,ELO) = A0 =1 , ¢ = const. .
n n _1)"
D=2n Xu= Y couri” + buwp D=2n+1 Xu= Y copr* +bu+ ( 332) -
k=0 k=1 ji

This metric satisfies Einstein Eq.

Ry = —(D —1)cngap



Four-dimensional Kerr-NUT-(A)dS metric

12 = TV v
X Y

X Y
22 _ y‘?(d’wo + yzdd)l)z + y2 — 2 (d’lf)o + ﬂ?zd’tpl)z

dy2

_|_

where

X=ct*+2°—a°—2Mz, Y =cy*+9y°—a’°—-2Ly



Five-dimensional Kerr-NUT-(A)dS metric

T

> .2 > .2
g2 = TV 2 Y Yﬂ? a2
X > > Y > >
t 5 yz(dwo + y“di1)” + 2 —(dyo + 2%dy)
+$20y2(d¢'0 + (@2 + yP)dipy + 2yl dio)?
where

C
X=c4x4+c2x2+co+b1+x—2,

C
Y=C4y4+02y2+00+52+y—2



Six-dimensional Kerr-NUT-(A)dS metric

‘\

(@2 = y?) (@ = 22) , - n (y? — 22)(y> - zz)dyz " (% —a?) (% —y?) -

ds? =
XX Y Z
2 sz =) (Mo + (y? + 22)dip1 + y?22dpn)?
+ Y (dibo + (22 + 22)dipy + 2202 dipo)?
(y° — wz)z(y z2)
+E e = Wo t (22 + y?)dipy + 22y dypo)?
where

X = 66336 + C4x4 + czxz + co + b1z,
Y = coy® + cay® + coy® + co + boy
Z = c6z6 4424+ c222 + co + D32



Seven-dimensional Kerr-NUT-(A)dS metric

\

(2222 o (P22 =) 5 (P oa?) (R -

2 __
ds= = X % 7
2 T2 =y o T (y° + 2%)dip1 + y?22dypo)?
Y
+ > (dipo + (2 + 22)dipy + 22adipn)?
(y2 — o )Z(y z2)
+ e 2 =gy (o + @2 +yN)dyps + 2%y dyn)?
+ 2 2 ——>55(dyo + (33 + y2 4 22)dp + (2292 + y222 4 2222 dips + 22y 22 daps)?
where
X=C6$6+C4$4+62$2+Co+bl—% :
xXr

C
Y=C6y6+c4y4+czy2+00+bz—y—2,

C
Z=c6z6+c4z4+czz2+co+b3—z—2



D-dimensional Kerr-NUT-(A)dS metric

D=2n+¢€ (EZOM’

2 N~ & o 1T e [ wg, |
ds=ZQ—+ZQM 2, Auldpy| Fe oy | D AN dyy
p=1 <K  p=1 k=0 k=0
where Chen-Lu-Pope (2006)
Xu T2 2
QP‘: - T Uj.b — H (m,u, - 131,) ) X,o‘.-t — X)‘J(x#) )
U,u r=1
vE L
k
A,EL )= > mglmgz-“mgk AR = > m§1m§2 --+:r3k ’
1<) <vp <<y <n 1< << <p<n
ViF
A,ELO) = A0 =1 , ¢ = const. .
n n _1)"
D=2n Xu= Y couri” + buwp D=2n+1 Xu= Y copr* +bu+ ( 332) -
k=0 k=1 ji

This metric satisfies Einstein Eq.

Ry = —(D —1)cngap



How about higher dimensions?

A closed CKY 2-form exists. —Iecrhznalvﬁ-oiov-ezaoﬂ

Geodesic motion is completely integrable. <
Page-Kubiznak-Vasudevan-Krtous (2p07)

Algebraic type of curvature is type-D=
Hamamoto-TH-Oota-Yasui (2p07)

Hamilton-Jacobi equation is separables

Klein-Gordon equation is separable.-<
Frolov-Krtous-Kubiznak (2p07)

K-G symmetry operators exist. <

Sergyeyev, Krtous (2p08)

Dirac equation is separable. «——6Soeta-YasuiH{2908)

Dirac symmetry operators exist.<
Benn-Charlton (1996), Wu (2009)




\

There exist two “natural” (symmetric and anti-
symmetric) generalizations of (conformal)
Killing vector.

vector Killing vector conformal Killing vector

symmetric Killing-Stackel (KS) conformal Killing-Stackel (CKS)
Stackel (1895)

anti-symmetric Killing-Yano (KY) conformal Killing-Yano (CKY)
Yano (1952) Tachibana (1969), Kashiwada (1968)




Generalizations of Killing vector

——

Def. Killing-Stackel tensor (KS) is a rank-p
symmetric tensor K obeying

% (af{bl bp) T 0 Stackel (1895)

Def. Killing-Yano tensor (KY) is a rank-p
anti-symmetric tensor f obeying

Viaby )by, = O Yano (1952)



Properties of KY tensors and KS tensors

\

Prop. When f is a rank-n Killing-Yano (KY) tensor,
then rank-2 symmetric tensor K defined by

Kip=Tfa--fp™"
is a Killing-Stackel (KS) tensor.

Prop. Let K be a rank-n Killing-Stackel tensor field
and y be a geodesic with tangent p. Then

Kabc... papbpc

is constant along y.




Conformal Killing-Yano tensor
\

Def. Conformal Killing-Yano tensor (CKY) is a
rank-p anti-symmetric tensor k obeying

p—1 ,
V(akb)cl...cp_l — gabgcl---cp—l + Z (_1)$gci(a‘$b)c1...é}...cp_1
=1
h = v
wnere fcl...cp_l - D o 1V kacl...cp_l

Tachibana (1969), Kashiwada (1968)

Prop. Let k be a CKY p-form for a metric g. Then,
"k = QP*"k is a CKY p-form for the metric g = Q?g.




Subclasses of CKY tensors

for an arb’trary vector X. covariantly constant form

dh = 0 ;hisaclosed CK

0f =0 ;fisaKy

VX(d’l,b) = c X" A ’(,b
; Y is a special KY
Tachibana-Yu (1970)




Basic properties of CKY tensors

\

Prop. The Hodge star % maps CKY p-forms into

CKY (D-p)-forms. In particular, the Hodge star of a
closed CKY p-formis a KY (D-p)-form and vice versa.

Prop. When h1 and h2 is a closed CKY p-form and
g-form, respectively, then h3 = h1 A h2 is a closed
CKY (p+q)-form.




Basic properties of hidden symmetries

CKY
%
/ KY
>
rank-2 KS
*

> rank-2 CKS

\



Tower of hidden symmetries
\
CCKY(Z) i

CCKY CCKY(Z) CCKY,, CCKY (51
n(0) (1) H(2) p(n—1)
' ' ‘ v
volume KYp,) KY(p, KY (p-2n+1)
R O NTE) o (=1
Py !
metric  KS.,) K5, KS()

g 7 (1) i (2) o (n—1)



Geodesic integrability in higher dimensions
L ——_——

closed CKY 2-form A

> closed CKY 2j-form > KY (D-2j)-form > rank-2 KS tensor »> const. of motion

h(]) = hA...Nh f(]) — *h(ﬁ') K(Sf;) — f(gj)f[gj) Cj — K(gg)papb
v
= - » Killing vector » Killing vector > const. of motion
nontrivial . _ .
= Vbhba ﬂc(aj) — Kéi)ﬁb F; = ’Og,j)??a

dimension # Killing vector # KS tensor

even (D=2n) n n

odd (D=2n+1) N+1 n

Krtous-Kubiznak-Page-Frolov (2006) TH-Oota-Yasui (2007)

One further finds that such a spacetime admits §(n+¢€)-separability

structure, that is, separability of H-J equation for geodesics.
TH-Oota-Yasui (2007)



Manifolds admitting a closed CKY 2-form

_’

Theor. Suppose a Riemannian manifold (MP, g)

admits a non-degenerate closed CKY 2-form h.
Then the metric takes the form

2 2
dz? L
g= Y Wiy Z Qu Z A, )dwk] tes|S A““)dzpk] ,
pu=1 Q =1 k=0 k=0
where
X n

Qu="" Un= I Gff—ad) . |Xu= Xpulau)|, 5=A(Cn) A© = 40 =

H r=1

VFE L

Agc) = > :1;'2 :1:22 m,%k , AlR) = > :c,%1$52 : "Ing .

1<y <wo <<y <n 1<vi < << <n

Vi

TH-Oota-Yasui (2007), Krtous-Frolov-Kubiznak (2008)



Einstein metrics with a non-degenerate CKY 2-form

m—

when  X.= 3 il + b in 2n dimension
X, = zn: 2k+b +(_1)nc . . .
p= 2 ek bt o in 2n+1 dimension,

This metric satisfies Einstein Eq.

Ry =—(D —1)cngap

Then, the metric coincides with that of Kerr-NUT-(A)dS
metric. In this mean, only vacuum spacetime admitting

a non-degenerate CKY 2-formis the Kerr-NUT-(A)dS
spacetime.



In the case of degenerate CCKY tensors

It is convenient to see the eigenvalues of
by Qab — —hachcb.

-1 - 2 2 2 2 ¢2 2 2 2
V (Qab)v - {EE]_:$]_)"':mnaxﬁaglj"':&-l‘a'":§N:"':£M)9}"':Q}
2n 2mq 2m K

TH-Oota-Yasui (2008)
The D-dim. generalized Kerr-NUT-(A)dS offshell metric is

f 243 T @2 - eP)g) + (299t
' e

Where 9%is arbitrary K-dim metric and ¢
with the Kahler form ().

P = X,LL(:EM) \ SCQ
H fﬂff Hj:l(mﬁ% - EJ: -IIV=1 (3',‘ *
ZJ
N —ke2n—2k—1 (1)
A +2 3 (=" w?’=0 " We can’t determine them any

=1
: more without Einstein’s Eq.



Einstein metrics with a degenerate CKY 2-form

\

When ¢?is K-dim Einstein metric, ¢is 2m-dim
Einstein-Kahler metric with the Kahler form ) and

Xp =z / dxy x(zp)zh 2 H (33‘,%, — &)™+ duzy

N
=1

where N
x(@p) = Y az? | ag = (=1)" 1A
=0

A0 = (—1)" (&)
This metric satisfies Einstein Eq.

Ry = —(D — 1)om gup



Manifolds admitting a special KY

Theor. Let (M, g) be a compact, simply
connected manifold admitting a special KY.
Then M is either isometric to S" or M is a Sasakian,

3-Sasakian, nearly Kahler or weak G,-manifold.
Semmelmann (2002)

Example Let (M1, g, & n) be a Sasakian manifold with
Killing vector field &. Then

wy, 1= &* A (d€¥)"
is a rank-(2k+1) special KY for k =0, ..., n, which satisfies
for any vector field X and any k

Vx(dwy) = —2(k + 1)X™ A Wi




3. A generalization of

CKY symmetry




Hidden symmetry of charged BH in

e
Him

i -

Se =/R*1—%*F/\F+%F/\F/\A
- Charged rotating BH
. $2—’92 2 ’92—«%’2 2
g = % dr< + v dy
X 212 Y 212
t 5 yQ[dt + Yy dgl” + —5——5ldt + 27dg)]
1
oz pleldt + (22 + y?)do + 22y dy} — y? A1)
\/_q
Ay = 5 — ldt +y?dg] Chong-Cvetic-Lu-Pope (2005)

Known facts :

Existence of a rank-2 Killing tensor-
Davis-Kunduri-Lucietti (3005)

Existence of a GCCKY 2-form

Kubiznak-Kundri-Yasui (2009)



Generalized conformal Killing-Yano tensor

i
Def. Generalized CKY is a p-formKkif a 3-form T
exists obeying

1X*/\5Tk

1

T

Vakpyb, = Vaky, f)p_ETca[bl’l"CbQ bp]
(dTK)ayappq = (0 + 1)V fay Fapa, 4 1]
(o”Tk;)al...%__l = —V5ik o,

Note: This connection givesv'g =0,



Subclasses of GCKY tensors

d'h = 0 ; hisageneralized closed CKY

' f =0 ;fisaGKY



Basic Properties of GCKY symmetry

1) A GCKY 1-form is equal to a conformal Killing 1-

2) The Hodge star * maps GCKY p-forms into GCKY (D-p)-forms.
In particular, the Hodge star of a closed GCKY p-formis a GKY (D-p)-form
and vice versa.

3) When h1 and h2 is a closed GCKY p-form and g-form, respectively, then
h3 = h1 A h2 is a closed GCKY (p+q)-form.

4)When fis a G(C)KY p-form, then rank-2 symmetric tensor K defined by
K,,=f,...f, " is a (conformal) Killing tensor.

GCKY
ank-2 KS

rank-2 KS




Tower of hidden symmetries
\
GCCKY(Z) —

GCCKY(O)GCCKY(Z)GCCKYM) GCCKY )

7, (0) H(1) H(2) p(n—1)
| | \ |
volft(J)l?jne1 GKY(p.,y GKYp., GKY (p.3n+1)
9 £(1) (2 e p(n-1)

' ¢ ' \
metric  KS, KS,) KS(,)

g 7 (1) i (2) o (n—1)



Geodesic integrability

SA—

GCCKY 2-form h

—» GCCKY 2j-form > GKY (D-2j)-form » rank-2 Killing tensor » const. of motion

h(j) =hA...ANh f(?) — *h(J) ngg) — f(J)f[EJ) Cj — Ké.g)papb

a-.-

nst. of motion
(1)..a

» Killing vector

comments:

- Constants of motion generated from a GCCKY 2-form
are in involution, i.e., {Ci,Cj}p =0

- one doesn’t have Killing vectors.




Dirac symmetry operator

Benn-Charlton,Class.Que
TH-Kubiznak- Warnlck Yasui, arX|v 1002.3616

Th. Let w be ageneralized conformal Killing-Yano

(GCKY) p-form obeying
1 1
VXw——XJdTw I xX’AéTw=0.
p+1 n—p+1
Then the operator
— 1
L, = e%vg | P dlw — i w4 ZTw
©op+1 n—p+1 2
satisfies
_1)P —1)P
DL, = wD? + (=1) dl'wD + (=1) sTwD—A.

p+1 n—p-+1



Massless Dirac symmetry operators
\A

In the case A vanishes, Lu is an symmetry operator
for massless Dirac equation, i.e.,

DL, —L,D=0. (on-shell)

Anomaly D?,D =0

The lastterm A = A,y + A, is written explicitly as

" . d(d’w) B TATw 1
(p+2) = p—+1 n—p+1 2 1
5(51w)

n—p+1 6(p+1) 3 12 3

Ap-2) =



Massive Dirac symmetry operators

Col. Let w be ageneralized Killing-Yano (GKY) p-
form such that an anomaly A vanishes. Then there

exists an operator K, such that 5T
DKy, + (—=1)PK,D = 0 . (off-shell )

w =20

Col. Let w be ageneralized closed conformal Killing-
Yano (GCCKY) p-form such that an anomaly A
vanishes. Then there exists an operator M, such that

DM, — (—1)PM,D =0 . (offshell) 47 = 0



The symmetry operators in terms of gamma matrices

1
Lo = [wabl...b _1751...1)3;._1 + T 1)wbl...bp')’ablmbpl v,

1 brobypy MNP
+(P+ 1)2( ot bp+17 n p+ 1(
1 by.bys —p by.
24Tblbzb3wb4 .b _|_3'T 1 + 8( + 1) bleM(lb:a...b +1'T 1
(n—p—3)(p—1)
8(n—p+1)

by...b,_
6‘-‘*’)51...5 _17 1 !

"bp_+_1

brbp 1 4 (> —=1)(P~2),abe

by...by_3
24 "-“'abcbl...bp_{?’

+

ab
Ty, Wabby...b,_1 Y

_ by...b,_
Ky = wabl...bp_lﬁr 1 lva
1 by..b 1-
+2(p+ 1)2(dw)b1---bp+1"’ TPt 8(p+ I)T brba¥abz...bp 417

(p—1)p—-2)
by...bp_1 + >4 Tabcwabcbl...bp_37

by..bpt1

by...bp—3 ‘

ab
—TT by Wabbs...b,_1 Y

Mw p— wbl, ”bp,_rab]_ . ..bp va

p(n —p) by...b 1 by..b
2(n—-p+ 1)(&“)51 S gTblbzb3wb4...bp+37 Letts
p by... p(p—1)(n—p—1) by...b,_
2T by Wabs.. bpr Y Lashs 8(n—p+1) T Wabby...byy V1P



Hidden symmetry of CCLP black hole

——

- GCCKY 2-form Kubiznak-Kunduri-Yasui (2009)

R ~ _ 1
h=zx1elnel 12N Wwith T=—«F
1 + x5 7

It was shown that this 2-form produces a rank-2 Killing
tensor discovered by Davis-Kunduri-Lucietti.

- Separation of variables
H-J, K-G and Dirac equations are separable.

Davis-Kunduri-Lucietti (2005), Wu (2009)



4-dim. heterotic SUGRA

——

We consider the following theory

L = e P(R+1+ xdp Adp

1 1
— Z * F(2) A\ F(2) — 5 % H(3) AN H(3))

where

1
Foy =dAq) , H(z)=dB@)—,A41) Ndd()

This action gives an bosonic part of the low-energy
effective action of heterotic string theory.



Kerr-Sen black holes

“

ds® = "’{——(dt a sin®0dy)?
5'”29 oy 2 P2 2.0
R [adt — (72 + 2br + a®)de]? + &d*r + pipdf<} |
pb
H = —Q—Mdt/\dcpf\[('r — a?cos20) sin0dr — r A sin 20d6]
Pb
A= (dt—asun29d<p) :
Pb
O = 2In (ﬁ)
Pb
Sen (1992)
where

p? =12+ a®cos?f , p§=p2+2br, A=72—2(M—-0b)r+a°.



Hidden symmetry of Kerr-Sen black holes

Known facts: \

Algebraic properties of curvature

Burinskii (1995)

Separability of the Hamilton-Jacobi equation
Blaga-Blaga (2001)

Separability of the Klein-Gordon equation
Wu-Cai (2003)

Existence of a rank-2 Killing tensor (string frame)
Hioki-Miyamoto (2008)

Questions :

Separability of the Dirac equation?
Why does such a separation occur?



D-dimensional heteotic SUGRA

S

We consider the ‘naive’ generalization of heterotic
supergravity

Lp = 6(’0\/(D_2)/2{R x 1 — % x dp N\ dp — *F(Z) A F(Q)

1
—5 * H(3) 7AN H(3)}

where
Foy = dAqy » Hz) =dB) — Ay NdA)y-

This kind of action gives a bosonic part of supergravity
such as heterotic supergravity compactified on a torus
in each dimension.



Higher-dimensional Kerr-Sen black holes

n o da2 . 2Nys? . 5 2Nys? 5
ap = Z ”—i‘ E Qu(Au Z HU Av)+eS(A - Z HU Av)
Z. 2Npsc
InH , Ay = Ay,
¢ = (1) = E HU, H
2N, 52
B2y = ( Z( 1)*er—p—1dupy, + e Edipn) A ( Z ", W)
r=1 =
n—1 (k) n . nooN 32 1—
where 4, =S aAPay,, A=Y AWay,, H=14+ > | Ny=mual~",
k=0 k=0 p=1 Uy‘
n—1 _1ynzx
Q#=% v Up= H(iﬂ —23) . Xu= Y, Ck$§k+2Nﬁ+E( 12) “L =1,
1 v=1 k=0 T
VN
AP = 3 w2 a2, AW = > a2 a2, A =40 =1
lgvl-{;(vkgn 1< <-<p<n
ViF [
S = A(Cn), c¢=const., s=sinhd, c¢=coshd .

Cvetic-Youm (1996), Chow (2008)



Hidden symmetry of Kerr-Sen black holes

s

Known facts : Chow (2008)

Hamilton-Jacobi equation is separable.
Rank-2 Killing tensors exist.

KU) = > AJ&j)(e‘““e'u + efel) 4 £A() 00
p=1

Questions :

Does the separation of the K-G equation occurs?

How about the Dirac equation?

If separable, where does such a structure come from?



Hidden symmetry of Kerr-Sen black holes

- GCCKY 2-form

\

mn
h= )Y zpel net with T=H

p=1

TH-Kubiznak-Warnick-Yasui (2010)

- Separation of variables
Okai (1994), Blaga, et al. (2001), Wu-Cai (2003), Hioki-Miyamoto(2008)

Chow (2008), HKWY (2010)

frame
Einstein string
H-J separable separable
K-G separable X
Dirac* X separable

- Symmetry operators

TH-Kubiznak-Warnick-Yasui (2010)

For the torsion T=H, one can produce the symmetry operators
for the Laplacian and the modified Dirac operator D'53.



4. Summary & Outlook




We have studied properties of spacetimes admitting a
conformal Killing-Yano symmetry and its generalization.
Especially, a rank-2 CCKY and GCCKY 2-form.

If the torsion is absent, we have shown that such
symmetry characterizes vacuum black hole solutions
with spherical horizon topology.

If the torsion is persent, we have shown that such
symmetry are seen in the solutions of supergravities
such as 5-dim. minimal SUGRA and heterotic
supergravity.



Exact solutions of 5-dim. U(1)3 SUGRA

* Cvetic-Youm (1996)

a=2b * Galt’sov-Sherbluk (2008)
) CVEtiC"EU'POP)e = O * Mei-Pope (2007)
2004
01 = 0o
minimal SUGRA’Che %‘ifg eral s '0”
(msea _
((51:52253 4 ~ 03 =0
* Chong-Cvetic- Lu -Pope - Chong-Cvetic-Lu-Pope
(2005) (2005)
l susy limit SUS%limit * Chow (2007)

* Gauntlett-Gutowski S
(2003) * Kunduri-Lucietti-Reall

(2006)




Manifolds with special holonomy

—

Type-lIB supergravity ) ‘
on AdS, X X5 correspondence

N =1 SCFT

(Examples of Sasaki-Einstein) S5 T

It is known that Sasaki-Einstein and Calabi-Yau metrics are
derived from vacuum rotating BH by taking a limit.

. limit even (alabi-Yau
vacuum rotating BH -

odd Sasaki-Einstein

Ex)

5-dim. Kerr-(A)dS — Sasaki-Einstein YPd [abc

6-dim. Kerr-NUT-(A)dS — resolved Calabi-Yau cone



Even Dimensions

o

Space admitting

a CCKY 2-form
—

_ Kahler manifold admitting
a Hamiltonian 2-form

vacuum rotatinﬂ

| 3 GCCKY 2-form

@d rota@

TH, Oota, Yasui (2008)
Krtous, Frolov, Kubiznak (2008)

M

Space admitting

limit

@Yau manifol

Apostolov et al (2002)

M

KT manifold admitting a
- Hamiltonian 2-form with
torsion

HKWY (2010)

limit

@-Vau with @




Spacetimes admitting a GCCKY 2-form

\

* assumption

g = g(2)dz%dz" - D-dim metric

h = %hab(z)dza A dzb SGCCKY 2-form

. 1
l.E€. vZ;hbc = gabsc — Jacsh §a = D _ 1vahba



B —

introduce canonical basis

Orthonoramal frame {e%} = {e", e/}

n n
St. g= 3 (elet 4 efiel), h=3 zyel A
u=1 u=1

non-degenerate: xyu 7 Zu

* the form of &

n
§ = Z /Que where Q, is an arbitrary fn.
1

M:






\

[[eAaeB]aeC] + [[eBaeC]aeA] + [[GC,E’,A],GB] =0

MHyKy — O
ey(K}u) —_ QU Ku 5 ea(K“) = O )
:t:# — 2
Qu 2my$V\/QMVQV
L Ly — My My, — , ep(Lp) =0,
eu( [.L) 3’:# $2 priVivip (xﬁ — xg)g ey( .u)
211/
ev(Muy) = (mzy ju LV) Muw , ep(Muy) =0,
G —

2w/ Qu Tuy/ Qu
ev(Mpp) = («’Bﬁ a2 + o2 — a2 Mpp — MuvMyp ,  ep(Mpup) =0 .

Z A~ o~

o5 = 0 (v, p: different) .



* the only components 7,5

i

— oM 7 %
I'=T,;pe" Ne"Ne

* local multi-Hermitian structure
for each ¢ = (€1, ,en) With ¢, = %1
3 Je(eu) — —GMeﬁ . Je(eﬁ) — Eueu

s.t. Ne(X,Y) =[JeX, J&Y] - [X, Y]
— Je[X, JGY] — Je[JeX, Y] =0

(1) For each g, Je is complex structure.

(2) gis Hermitian: ¢g(X,Y) = g(X, JY)




* Bismut torsion \g

B=—dQ(JX,JY,JZ)
where Q(X,Y) =g¢(X,JY)
s.t. VBg=0, vVBs=0, VBEQ =0

% (M, g, J, Q,B) is called Kahler with torsion (KT) manifond.
When B=0, then it becomes Kahler manifold.

* relationship b/w the torsion T of GCCKY 2-form
and the Bismut torsion B

T — Z QEM\/@

e“NetNe”+ B .
N#V GHSCM—I_EL/CCV




* 3 types of solutions: Ku=0. Muv=0,

(These doesn’t exist when T=o0. )

(1) Ku=0 type: special solution
Ly = —8M/Q7“+8”(InH— fj |nfu)\/67,u ,
v=1

fu 2x
My = . (3:2 _sz + 9y In H) \/@ :




(2) Muv=0. we have general s

i

U
sz__“? Luz\/Qu Z > 2+hu )
2 p?&uw —

where 8,h, =es(h,) =0 for u# v

2% \/Qu
T="> 2“ e
p#ty L

e Net A er

(3) Mixed. for simplicity, in 4 dimensions

1
K]_:——(.TL'%—:L'%), K2=O )
1 o
L1=( 5 Q-I-hl)\/Q , L2=( 5 2+h2)\/Q ,

Mqo = exp (/hzdfﬂz) x (23 —23)73/2 + f1(z1) , Mz =0.



‘ e construction of metrics \a-

() Ku=0; <= 05 = R4 =)

_ Xu(zp) _ Yu(zp) Y. 2
Where Qy, —_ = Uu ’ Ry. - U,_L ) X,J, - fﬂ(wli) .
n—1 n
A=Y APap,  qa=3s 2N u, on
k=0 pu=1 f“
(This includes Kerr-Sen black holes)
. dx - dy
2)Muv=0-. et = L et= 2L
(2) My 0. R
where Qu — Xu(wuayu), RM — Yu(xuayu) .
U, U,

(3) Mixed. not yet



