F - Theory ond Grand Unificatio

Teruhiko KAWANDO
University of Tokyo



1. Motivation
2. F - Theory

3. Partially Twisted 7-brane
Worldvolume Theory

4 . Matter Curves

5. Yukawa Couplings



1. Mgtivation

Standard Model + SUSY

|
Gauge Coupling Unification
Grand Unification

v
GUT € String Landscape ?



This iS a long-Standing problem.
The construction of MSSM and

GUTs has been tried in

Heterotic Strings
on Calabi~Nau 3 —Folds,

Intersection Branes
in Type I String Theory

and S0 on.



Heterotic h.wl:%)—. Sutfer from the modul ¢ problem
TFlux necs_vo,o.wm.fnﬂ..-mo_)w n typeIB yesolve

+he moduli Problem.
In foct, the Gulcov- Voto-Witren potential

hf!._"o.ws:.ﬂ_rpx Ga = l Ow
e

(4.0 form of

cm<0.m massesS To the Complex Structure
moduli of C¥a.



In j—vn T8, o Q«-Or.)n» unitied model | S
+he worldvolume theory on brones,

fukowo couplings ave

W ~ Faee .ﬂﬁlﬁ ﬂaMrrH\nu

stTructure Unbrolen
CconsTt. gouge group
ot breoken I
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On _v. D-branes and/or orjentitolds
give only SUtn) or SO(n) With their

representotions of ot moxs+ +wo indices
\ \ D-branes

an open string 1

( perturbative ) type IB

¢) kel m
\v m..\.:S\Qx.\OI..WI

the Structure constant of G O Eg



But, mutually non-loca|(p.3) F-branes
can be conmnected by String junctions

So that “they coan yield

spin reps ot SO(n)
anod (t.0)

Ee.7.¢ gauge group Ao.:M

o @..<m the up type Yukawa g
(1)

. h.:v‘.:b
couplings of GUT mode! s. Junction




Upon compactification of Type IB to
4 dimensions,. on a 6-dim manifold Bg,

F - theory is the Type IB theory with

T(a) = ,m“\::... a\m.wcTC
RR 0~Form di [aton

<91<..‘G over [34 . ( ue Beg w

35.9»9:% non- locel (p,§) 7-branes,
non-perturbative objects in Type IB theory,
are encoded geometrically in F-theory.



b'sﬂc._.rmo.}\ GUT s an 8- &..3.%9:&« theory
on the worldvolume of the 7- branes.

Advantages

* possible mechanism +o fix all
compl/ex Structure modul;

* available Yukawa couplings at the
classical level
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2. F - theory

F = theory may be obtained as a limit of M- theory.

As & warm-up, et us consider M-theory
compauctitied on T Bg.

Thew ., one Tinds

M/t 8¢
)2

T — dual

IB/,
H)\M.xma — \u x B¢
,P e_nac!wnn.f,.h«

.HW\W..




On the M /72, B¢ side,
+he metric \b. m.\.\ﬂs &Y
] < <
2 (dxsi+ Ldx')+ (XD

dlm = «_ (241 )0l im

M ukowst(
+ d Sg,

2 2
+ U Haa.&...do.«v + T2 dy 1
Ta

NN N

/Jk



One can see that the Juh has

area U
no_}uo_n& stHhucture T = TH+ 1T,

%)
V 1, 1_ _
/_.C

> X



V!« +he above chain of oualities,

one obtains in terms of TB stringn

. —the me+ric in the Einsten frame

A2 = — (ax)+ (axhy (™)’

I N
TS / B¢
- The ov..ToY._S RR gomye F'le)d & the dilatan

¢
ne ..fl@lﬂu = T = lﬁ.#mnﬂb

The U= o |imi+ yield 4—dim TB/ g,



I_..Yw mnsw‘s:mﬂnio: o.v this Q.Qcci.ot.._v <+o
(~ % J-V!.:F;\T.os ovey B¢ makes the compley

shucture T dependent on the local complex
coordinates (uw,v.2) of B¢ osx

T — T (uv z),
V4
A::Q @ T (P
! '
M f
— *_v 1&’1\ Wh



omd So —the 0-+Form gy e Fflelod Co omd
+ne d/laten 9B vary over B¢ as
QO —_— QO ﬁ:\crsmy

I8 — 9g (u, v, 2)

Theredore, in the U= 0o Lim+,
one obtalns 4-dim. TB/Bs with

Clo aned 9B Vvarying over B¢



Then , F - t+heory is defined as the = o Lwit

H_”W\_.Wa ™/ Co (U, v.2)

w’ ﬁ‘.qsmw

Kahler mtd

1] %

._H\Xn Q

F — theory
n.\os:_vorn‘l«“.ﬂ..ﬂn.

on an mz;j.ns:v\ fibered X

@@
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Z = M.C,VWTMYS\:SNAJ\,Y
n (3+1) dimensions

Ve

VA S musTT be

e hwor_or_u.rl/_\Pcr 4-Fold



Let us mx_v_p,.s anothey mmmn«.__u._‘..os ot the
m__mm._.mn.r:«\ 4+ibered Xs .

A 2-dimpg Torus T has anecther name —
an elliptic curve and ;s described on c*
as a constraint

v¥ = x4+ Fx + 3

with (x,yv) e C?



Tndact., since
33+ Fy3x+9 = AN!\/.:X'\;»AX'»»N

The constra/ nt means that N, /s a doubdle~
val ued funct'/on of x ;

"

Y 1 4—~N'».\~N!>hﬁhl>uw

Theredore, introduce “wo ﬂoT.‘nu of
2 -olim. mwrwtm os the doma'n To make

Y = %?: a u..,:u\n!,\s?.wo. func?ion



<+ branch — brench

S° A
omd Fuyther introduce Fwe cuts oh €ach

ot the spheve s ( branches ) o paste +hem
olong the cufs. They emd up wi+h a

.I—.-Ov\;h» as one my\‘nﬂlslh



— Jovo.chy



As can be seen From the +..h£.\0‘ when
+he yocts Ar.a.s degenerate, say, Ay = s,

one of the ore vn%n-nu of J-w novaunu.
)y

||—.¢ Occwurs m.*. oand os\,\ ' the ls..nn.o.\x..ss:.*

A = 27 9%+ 447
e 2 2
ot (A= 22) (Aa=2s3) [As- L)

van.shes,



T+ | s known that the complexy structure T
of the forus cam be given in Terms of + & 9

Via SL(2,%) modulay mvariant j ~ function

) (T) as

4 (245
PN

HS +hls I\vb:ﬂx we con '’ neeo The ole fi~+ion

\.A.ﬂs =

of the .\.0 Func+lon \.A.ﬂ\~ b u+t except
for the \GVVG Ts )imi4
—2W(T 2w(<T

J(T)~ € 4+ 744+ 0(€ )

4"'0 oo



;M..su +his Formala+tion of T, one can easily
move -to the T3 f)bvet on over Be.

For -the Jocal cpx. coordinates (u,o,z2) ot Be,

e 3
Y = X"+ F(u,;m2)Xx + Jlu.p,2)

locally describes X3 . omd one can see
+hoat “the discrim, nant A alse varies over B¢



For example | at & point u= u; of Be,
suppose that

N

Alw~ 4(u=-u;), 29Fa) ~ 1|,

+hen , one Finds +hat
a one-cycle of T2 collapses at U= Ui,
and

G (2494 % )

! ~

,\ﬁnﬂ\" paN W~WU L (w- u:i)

N — 0o .



S ]
Ince )J(T) — 0o ‘n the Ty = 00 Vimit

J (T ~ e T !
T, = oo B N
(w=-u;)
¢u<nu
T o~ =
= (u-ui)

W~ u;



Recall. \6 “+hat

9 °
OnRe can see thet
2N —_ 0
I9s = — v U=>u;
N ~d o: uil

.ﬂl}Sh\ around WU = W, d{;a \m‘*:?\»:.*\wm
IB strings 9gives a 9ood descr/ption



Furthermore, going rvund U= U,

one gets a mono olo yomy
T —= T+ N,

in other words.,

mo | m.eITZ
e T > T+N

m dCc., = N

us=u;



Since DPF-brane charge s given by

Nor = v:«.:ano .

the mono olo yromy means ~+ha+

N D7Z- branes are sAuated at u=u;,
where the *\,P&\. ~Yorus &Q%WSQ.\Q.*.D S,
N D7 ~branes —

D) @




>_MO\ \:an naSw+T9"r+

A(u,o,2) = ©

'S ho.sv_n& co-dimension 1, oamd

The solutions +o The ﬁernns\vvs..v.n* MVSS
%ll..sanxu“oxﬂ_ MVsnw ms \OVl\»S
MTDna!nT.S.n. This is Cons. stent with

+the DI brane ..Sn?.\v*w.‘dulcx of Fhe

monodoro my .



0 | 2 3 4 5$¢728 7
«— R""—> <« Bs —

v
OO0 00O S'4

Complex 2 ~dim
Aspace



More generally, going around a point p wi+h

Bs

A(p) =0, T has a monodromy
T - E NpP)=0

CT + d ’

with ﬂp vvm SL(Z, %)

c d VAN s P
S-duality of
Type IB HJJ.-GL.



ﬂowﬂs vy A~lwu‘ p° v
c d lwb )+ P3 y
(P.3 e2)

Onhe can see that
a [LP.¥] F-brane is Jocated at p € Be.

A9 (1,0]) F-brane = a PF brane v



Let us consider an example. sm:-v_voun that

vl X+ Fx + 9

where

* I > ( cons-t. ) ,
5 Nz.! A Qa.9%.. no:n.—sv»

9 ° 3ot §4 9o

W Th 2 3
27 3. + 4 4, = o

The discriminant A iS given by
A = 239+ 44

Nl

+2

~ aZ +O_mt~.

Z2~0



It means —that the Fiber degenerates
at E=0.

o]

After the shift »x —» x -
the mw:s.?.e: <~n X.*+ Fx +9 vields

2 3 2 Q N+) N7
Y lex.f.qu. + 0 (F7)

»

"

and one can find a singularity at
(x,y,2) * (0,0,0)

for N2 1.



In fact,
ﬂNX\<\mN = 0
with
& N+ N+2
Flx,y.z) = -y +x°- Fatex 5.2 0l )

hes a singularity at (x.v,2) = (0.,0.0),
because ~8~<\N» = (0,0,0) \..n Q ho-:.?,o: to

.\H"M.wﬂsﬁuumoqﬂuwulﬂﬂo.

°

T+ is a singularity not only of the fiber,
but oalso of the fotal space.



Near the L...:u:\s!..‘.v. (x,v,2)= (0.0,0),
after appropriate regcaling ond sh'¥ting
of (x.y,Z), one has

uﬂn...uv.w... NZ.I = 0.

It is known to be an AN type Singularity.



At an An Type h..:%:?.:.....%» N copies of
2-dim. Spheres ( z2-cycles) collapse into
the origin, and (ptesect each other like thia

N 2-cyclens

which corresponds +¢ An type Dynkin diagram.
- — 5

N nodes




In order +o0 sSee +h)s, let us cons/der an

A L»:&:\bﬁm.*.%
2 ] P
F = x +Yy + X

in ferms of
X = X+ Y X232 € R
M v o= o () R
Z T X3 + (yas



To See a 30:1&029 Vh..:h L.%\.n.vnx sm.* us
deform F =0 inte F =€° ;

a

€. (€5 0)

x>+ y'+ 2°
<

a 2 a a 2 a <
g+ Xat X3 T € + VYV, + VY.t VY,

XuVY)+ XayY, + Xays = 0



mwz..<s\n:+_<\ one may write

_uln._n = €+ 1yl
mo « = o .,
where R % . Y
x = Axn ’ Y © ﬁ,?v .
& Ys

At y =0, one can see a Z-dim sphere hu
ot rad/us €. So, inthelimit € = o ,
the sphere collapses




Further, with

3l
0
&l

e+ 1yl
one haos

Inl =1, pn-y = o

This i5 a 4.L.~v:::o over +he base S°.

Therefore, it containg a Z-dim. sphere

<
NS

give by y=o .



Let’'s move on +o an A: .?..G:?l.v%
2 2 S
X" + Y + Z = o

deformed into

x>+ y ' + (2-2€)Z tz+2€) =0

with € > o.

Let us look at the part Z # 2€, and rescale
(x ,y) — lz-2¢ (x.v) with a shift
2 = z- €,




One find® an Ajq - Singular:+ty

a

a P 2
x*+ vy +(2)- € = 0

at (x.y, z) (0,0.-€). (2'=0)

$ 3 ‘V
ﬁm\ =




Let us see the other part 2 # -2€ , 50 that

one can rescale (x,y) = JZ+ze (x,¥y) and

Shitt+ 2z = 2+ €. One finds another

Ai-gingularity at (x,y,g) = (0,0,+€).

AN o 00

€
Az V%:r..: &..sh.i.s



More generally, at a point, Say (x.v. Z)
=(0.,0,0), where a tiber degenerates ;

D = o,
+the .+0+9\ %:Van» \onPtvs &mhﬁwmhml V\
<~ = un.w + * x + 9 R
can ln_\n\ov one of -the \w\.:&:\» riJses
An <~ = x? 4 N.z....
Dy : Y = xz + 2"
Ee - <~ = Vn.w + N&.
. 2 _ 3 3
Ey : YV = x + XZ
Es : V= x4+ 2°




Each of these .mm:,ws\nl.?.mb has the
counterpart of -+he Dynkin diagram of a
Lie algebra like An type singularities.

AN
Ez ° OumvuquOuouo

O-O~++0
Du i B0

m,..QO@QO Es- QO%@AYO@

It turns out +hat the Lie algebra

corresponds +o the one of the gauge group
of the worldvolume .Iamowv« on the ¥-branes.



To see +this, at a singularity,

pv.; L - nv:.‘_n — Wi I two-Form

()

Qm = .N > A Wy , 3—Form Jouvge field
\ n :!.;mo.vY
one - form gauge +lelds
+s_4..:u value in the Cartan Subalgebre
of the gamge group.



On an M2-brane wrapped +he i- th Z-cycle

the Chern- 3 /mons coupling
| Cs
on the worldvelume of the MZ yields
o (R W

_3@9:?.6 +rs+ ...ar.n MZ gives a particle
«)

Orswum& under A . T+ /5 a gauge boson

| ke the N boson, noﬂwmhwos.::% to
a root of 7he Lle a/gebra.

b |



In terms of strings, since

M- theory Circle

s__(_.-

an MZ

« a .2.3.:&

<

Qa ..ﬁh.‘.whs ! h+3.:h

/

s

P NS

an 7-brane Na' b~ fundamendtual :h*.:.:& = an M2

{



A (p, %) String can has its end on
a [ p.3] F-brane.

A Q -.0~0h+w..:§ = a +8:l?§@:+9_ .u.:...shw

(p,3)- strings canFform a String junction ;
@
e an (P, ﬂ.»!bxwl:.u
« 0N ( _vw\“»vvh.ﬂ.‘.,s,w

° with

_v...._v~...vwn°\
1+ 3.+ $s =0

PM (ps.32)- h+2...h



From the M-+theory point of view,

the degenerate
\ (Ps. $3)-cycle

the sn.unan}in
(P .ﬂ.»o nwﬂ_o

on a 2-cycle ¢ Xsg



.m..wl:u \.S:n.:o:\a \u Mz vwa:?qw can provide
gauge bosons corresponding to the roots
of the gauge group on the ¥=-branes.

For mx9§1- .T\ an ma QPS%Q Group,

n sin . ‘ ® --- [1,9] F-brane
.,._S,M&::ﬂ..?“. O «+- [1.-1] ¥-brane

Q”MIU\# o --- —H.._H ¥ =~ breane

—_— 1
SV (S) Uty Su(2)



The singularities can be deformed, like the
AN type singularities as

2 N+ N={

An: Yo = x®+ 2 4+ Az B + -+ oln E+ Onws
<
Y

-2

- N
Dn = x’z + Nz...%NN + ot Qan-2=-2Z¥X

L2 4
Ee: YV = X+2"+ g,x2°+ 8sx2 + £62°
+ Egx+ o2+ &2

Ez,e - = ° ° (om/#Hed )

to obtain non- collapsing Z-cycles.




Since a deformation makes a singularity milder,
it Should correspond 1o breaking of +he gauge group
on the worldvolume +theory ot 7-branes,

In fact, the deformation parameters car be given
in terms of +the VEV of an adjoint Higgs of the
gauge group, ( Katz & Morrison 91)



Let's Wrop up what we have seen o far.

F - theory compactitied on an elliptically
+ibered C4 , X3, over the base B¢ is

described by

2 3
V = x + fT(u,v.z)x+ 9luv,z).

At a point of B¢ where A = 0,
the fiber collapses, and one Tinds
7= branes There.



A solution to A = o sSpanX Complex Z- dim.
Ka hler submanifold S4 ¢ Bs, and so the
F-branes extend along (3+1)-dim. Minkowski
Space and wrap on +the cpx. Z-dim S4.

2 @2 e

'
.
!

%\sz:n\q on +*
Se:A=0—




At o Vor...m satisfying A = 0, -the total space
@m<ns v< /\p = Nu + Fx «+ 9 can odevelop onre
of the ADE type Singularities.

It corresponds +o +the gauge group in the
worldvolume ..I.mowv. of +he ¥-branews
at the L.,.:,w:?l.J\.



“The ADE u“s«8~93.+\.nu can be deformed
TY +the 0o§v~0* structure modul ( ,
and the epx. str. modul/! can be Jiven

'n terms of afFleld inthe adjeint rep

ot the corresponding gauge group.

The cpx. str moduli deforms the
.u...:u.»?:‘...«‘Y c.e., the noc*..&t\ﬂ*..cs

of F-branes, T4 sugyests that The
epx.str. modul! |5 a Hl)9ys Fleld

on The worldvelume +heory.



A h..:us_al._.v. ¥ - branes

Vo»f.*‘.c: & > Vohm..:.o:
type - > gauge group
deformation & VEV of an
A complex ;.....w:n.*ewnw D&\.o..s.% Imbwh
modul;






3. VSl.,ﬂzv\ Twisted JF- Brone
Worldvolume Theory

What i's the wor/d volume Theory
on The TFT-hbranes a+ a singular/+y ?

ZQ }s<n Seen ~+h ot lt.n Mn.)bo U.‘OSV
““ &‘I*Qo\s..sﬂ's *% +*be +<v¢ 0* l‘v’ﬂ

M.,SUSTP?....T\.



The world volume +heory ow Dp-braves
is Jo-dim N=1 Supersymme-ir/c
J\ﬂxbcxu:m theory dimens/onally

yeduced to (p+1) dlmensions.

Following +his, letus o mensionally
reduce |+ by 2 dlmenSions o u..<n
(F+1)oim. S\TM,

T+ has the 9lobel symm. SO (1.77 x Ul))3,
where SO0 C1.T) s (Z+))-cd/m. Lorent2
group and Ol1),]s R~symmetry



m,_Sﬂm “‘Tgnw are 7.191100_ on 2 Q,:Sﬂ m\n_..
one needs the Kaluza—Klein reduction of
the (F+ - dim. STH onte S.

menO MA..M (- § mnsnln Km;i!‘ gnﬂu—»
-the holonomy group ot S s Uarc SOl

The K-K. reduction reduces The Loventz
group SO(),¥) as
So(1,v9 — Soi1,3) x SO(4)

omd embeds the holonemy group Ul2)
into +this SO0 (a).



m._30a “he supercharge Q of 10 dim. N = |
S M Yromsforms as The 16 —dim. rep. under
+he Lorewmtz group So (V9] omdl

under the u_ori_ symm . So (w71 > Uy,

os (8- . +1)® (R+,-%)>

one can see Hwt under the global Symm.

SO('.3) X Sow) ¥ Uly
"2 12

:mc.v:h. x SO@Ig SVl2) ¢ SU(2) g

the supercharge Q. +ranstorms as



(%-,3)
S5 (2.1 L2t n2i20:3)

(3+.-%)
. J
- (2.1520;-2)0 01,2312 =)

m._.aﬂn The f—o_osoga\ group V)= SUI2) ¥yPv)
is 1denti¥ied with the subgroup of Sol4)

(1 3
V(2)2 SUR)x U) €< SUE@Lx Ulng

N

A SO0(4) = Svla) x ﬂc_hvwv SV (2)q



oll “+the ﬁoSvo:Ql.u o+ +he wcvownrnvhn Q
are non-trivial TﬂV?ﬂhGSlTDIT.OSM of the

holonomy group U(2), ond no unbiroken
WCVqusz:n\*inm remain upon the usuol
K- K. reduction.

However, 't contradicts with the fact
thot +he compactiticotion onve CTs
MmMus+ /\un_a_ N =1 Supersymmeiry n

(3+1) dimensions,



Instead of the usual K.-K. veduction,
one can idewt ¥y The holonomy group

SU2) x Uty as SVUIL x Ul)te

% a - "sn.‘
Combinetion

3
SV@IL ¥ UMme ¥ Dinsg

N
SVbLin
fll\Ij\‘ B,
SOo(»)
<o um<n M“Su.n... u:woworo.Gnu under

the holonomy greup Ul2).



m.sv_vlu..su_,\ enough, the liner combinotion
of UlIgr omd UlNg is uniguely determined
up to the convewtional choices and yields

N = | supersymmetry m (3+1) dimensions.

This procedure is called partially Fwisting

w“v’:ﬂ‘—\_z\ +o I?OVO~OQ..NQ- ls-e(..nnsd.ths

“+h:s twistinyg alse changyes spins of
the field contents but only along the

“, "
internal space N.



jo dim.

Uy - 9omge fleld (M =0,0..9)

XN : gaugino (Majorem- Wey | spinor
e with 16 real nos.wcs!%_.nv

S odim.
Us . gauge field C I = 0,1, ,F)

14

a no.slnx Scalar

P - |_.w_.u.«='.vlmq_wv

A mn‘unxo (weyl u*..:ow with

w ﬁO?W—OK ﬂOS)TO’D’I—vM V



S dim (3+1) dim .

U1 > Upzo,1.2,3 - 9auge field
/ A N.u .I_laqb.lmqu

V2

where

AN— .NN& . —oﬂ!— n0§v~ﬂx ﬂcc—\m.._)ﬁna..mn
of N4



>a
Y
N~
> | £ >
T R 3/
s' ’ .« ®
QU QU
™ M G
™ b §
M °

3

wip 8

WP (I+4€)



One +thas obtains
o goamge vector multiplet

ﬂ cvs- ’ > w »
® 8)9.IQV ﬂ\:';\ §$~¢J‘V\Q.$
A >m ’ {\-ﬂﬁ v»

( Yoo, Xwna ),

oll of which +ransform as ad;. rep.
uhder the gouge +ramsformation.



Introducing  aux;luary fields

U y ﬂ ™ &Mﬂ ’ I-!S &N!\; ENS\
one can form Superfields as

V(%,8,8) =-06"8 Uulx)=ip 0 Alx)
2 2

+70°0- X0+ £+ 06 D x)
Am (Y. 0) = Am ) +JZ 0-Y$miv)+ 0 Fi (v,

Born(¥.0) = Pon (V4 JT 0 Xmma 0+ 8" Hpp (v

LyF = x"- {pec"0)



Tn order to obtain the worldvolume
oction, owe compuctifies (F+1)-dim.
SYH owte M3.) x S by the K- L.
redact/,om and Further “w/sts the
fields of +the +heory.

Tnfact. t+he actlon s U".\nr by
A= \1{&\&~NL»M§ +r L
FU\&,‘eK.w\&uez.v\o\%ﬂ






Le+ us now have a closer look at the relation of
o Singularity with the gauge Symmetry breaking.

>|¢ an >: ..-)\%n hm:.ws\n.w..n?Y\ sSay (x,Y,2)~ «o‘ o,0),
2

/\ux.w...%x.vu

&ﬂwﬂxn‘!ns.ﬂ\« ~.8Jro
3 Y n+ )
Y= x + Z ,
at+ter Nhitting and rescaliny, a5 Seen betore .

Tt canrbe deformed an

2

y's x* 4 det (2- ¢)
by an adjoint Hlggs P



Let us now olemonstrate That P /snet a sealar,
but

$ e Ks ﬁﬂa::o!..nns bund/e o:h&v.

Tothis end, let us beyin with +he C-T.
condition of 4-dime Xp wh/ch reguires
AAJ ov !._”owaa Dx o-m X~ o Vﬂ Q J..T\.—l‘n\ /l/ine .r\\.
xw..,:nn\ for local coord / nates (z' ) of >—L+\

oaxad
Ay ~ 2 vn, ~H.~> dE'AdZ]

and _
2 -
dz'a dZ ¢ K s



+he C=Y. cond/Fion repuresr That
dX A dZ
Y

€ Kg.

I+ means that %,y 2z Fake values in Some
powers of Ky ; ;. e.

»

(x.y,2 )¢ (Kg,Ke, ke )

ond the constra/nt
_H = NP + v\h." Z

ne)

+
also takes value in Kuis

F e Ko



d..}n.wn.ﬁo.ww\ one &ﬂn&ﬁ +wo cond !+ ons

2a = 2b = (mw+ryc = 7
and
lvh\alm aA=—b+C
,\lmw.. = a-b+c =/
40 ,M.‘(n
nel n+
-]

(x ,y,z)¢€ (Ks, ki, Ke ).
*Nﬂhﬂ\\\\.sw ;N &01\073&\ Qﬂxair’s.v-.‘!

XL+ <k+ mm.r\N'ﬂ\ =0 .



One can conclude +tha+
€ Kgs.

\Q‘:.h s.nﬂ an s.—v..vo.....\d.!.‘v V\Ql..n.*\ox ow the
+lelo content of +he wor /o Valume Theory.
I+ says that +here musT exist an ad,.

Hi 995 taking value in K& on Ay, ’.e.

(2.0 )~Fform Field on N4

The Fwisted Ttheory /5 consistent wthThi,
because we certalnly ge7, in Jhe theory,

n%fs EN!\, QNS (& \As—-



In order +o obtain ch yral modters of GUT groups,

there are +wo OVII.OSL. one canr n&oohnh one |3
the use of instanton SoluFrions on S, The other

;s +o inFroduce another set of F-branes °7

.N!lm!@ \M:\ \Y.\.Q\L.Qn*\: 'y with The F-branes or A
To ,f._\m rise 1o new d.o.f. at the mtersection
San’

We begin with +the former choice.



TIn the worldvolume Theory, one has
+he D-term condi/F/om

Q!ﬂ - ORQ Q Hn*!t;@ﬂ.ﬂ“\

and “+he F --term conditionn

A solution fo them gives a SuperSymmetric
background.



A simple solution is given by
an m:#ﬁbnﬂ.?.:h brane VPnr.m.vo.:.& s

.HG-’S\ ‘ﬂNu "G\

with "
D'Pam = o

Then, the gauge field A® can be trivial
Am = ©

or anti-self dual (ASH) instanten
Solutions hPA...h*f.su

Fmn = Fine = o, msuﬁsu = 9



In the ASD instanton back ground A )
Juppose That +he Sol/ution Am Fotes value
in Ginst ¢ G, where G /s the gauge group of
the "“Fu/ste Theory. The gauge group Gis
broken by +hi/s inte Hc G ;

G — H

The ad;. rep. ad; (G) of G I/~ decomposed
Unodler H & Giust into

adj. (G) = ® (R: v:).



..:..n PD&;SQ..SS o* nz.w -\ﬁ)..f.o.:,n .*..ﬂ\&.a.
13 &...\n by
L = iDXeno" X5 99" DA o A
—_— -

. ol 1.3
Vvar{\.sq <\:01W 1 aleny sn.

& EEEE AN TS O - L

kone & = « wk g _ @ ~ &
+ 9™ 9" ¥l Di v+ 9 g g Putn,
N !scsh
maxs terms A4

*we! the ~k+~\0\..!. l‘.:»othhs
peiut ot view



Tn terms of the form notation on Sa4,
G = 4T
X =
A

)
> XI
\l

and -the covariant derivative Hor a p-form
- - P
Dé = 3d + g (And-(-)PAA),

with

A= As T dE"



+he maxssless mocJes ot the fermlons

are Q..cﬁ! as the BO\S{..‘OSQ e

DA = o, DA = o,
m{\"o\ WC\ = o
mMHo\ W.‘.m s e

n o.l.ov words, AN s:-v.:o:.... .ho\r!.- of

W on of _W.ﬂ



IOh...:.:.w. < G
Vool

The 2ero modes for ( R; Vv:) are given by
0

AN € H; (&, vi),

¢ € 3 (5, v:) ,

X e Im (5, V).
and their comple x Conjugetes by

A € I” (s, ,\T,

¢ € M. (&, vi)

X € H, (s S:.‘



h.m:nn I»v (5, <M.~ ' & dual as a vecter

Apace <o Iwh (¥, ve), i.e.,

P ¥ P v

Ha (5. v:) = Hs (s vi) )
dua/

4&4 nq.:s-\nx. nos\.s%a*wsw 8-#% be re wr enw am

0
A€ Hj (s ve)

r ( v
V e Hsy (s, vi) .,

X e IW?ﬁ <».v<



Q\\Qﬂ.\‘v..s,w on _Y “+he \ﬂ.ﬁ-w !f!: Ln& ..u.\NS orsS

amoeny Them, one obtaimns
v

A € Im.~>_.\<.; ,

¢ € H; (s, v:) ,
)

v

X € Hj; (s, vo)

Since +he adj.rep. ad;.(G) of G is real,
the decompo 5/t omn undes H x Gwr yives

+
The V. Frep. ag we/ll as Tthe V. rep. .



* » ,
Therefore, (R:. Ve)® (R, V: ) yields

the 2ervo mode s ;
v

A € Im.:..<.;

)

/
the Y e H3 (s, vi), —

V: X € H(s v:),
rep.

The
e H; (5 v V2,

A
h..\\( TQW

—

/
€ Hg (&, v.'),

Ny 2 y
XmI..QP«\U.



:.m/\eﬂm?»
T_'Tm <v® I|.h<V6I ?a<v

ond |¢rn /\e _‘.n_;.
T_N ﬂu <rv ® Ilah /\.‘ve I ﬁsn. <»

gives the net nuwber of generations

Ty, T #( Virepa.) - # »<w reps. )

_...;\<,U + h(8.vi) *+ h (5, V)
h° (S, Vi) = h'(s,vi) = b (s, Vi)

where

P .oyt : P v
hi(s.vi)=dimH3(8.Vi)=dim H3 (£. Vi),



I+ may be rewritten as
Tyi = H&.:‘ <.m\ - h(svi)+ &»2\53 H_

¢
=L s ver- h'ta,vir+ b :.s;....

X (s,V5) - X(85,V:).

The combination

X(x, vi)= h*(avir-h (s vir+h (v

'S the Euler character of the vector bundle
Vi over A Aﬂsm.a.».



The Euler character X (£.,V) can be calcu |ated
_u< the index formula

X(§, V)= gu ch(v) Td (5,

where ch(V) is the Chern character, and
Td (8)is +he Todd class.

They may be given in Ferms of the Chern classes;
C(v)

ull

det (1 + 3¢ F)

Ky
|

+ C/(v) + Ca(v) +

with T a connection of the vector bundle V.



In fact,

Ch(v) = rank (V) + n.afw
+|W. [ci(vi=caW]+---,

Td(S) = 1 + = Ci(T5)
e

+ 7z _.v n;n_.b.W-v C: AJ.D.\H......»

/

ond

nk (V) 2
Kﬁhs<v"\ ﬁ Tﬂ-N\ Hn.ﬁn_-u» + n.ﬂ ﬁn—-hvu
N
......_Nu Ci(v)C,(T¥)

+IMW_“O.A<VN| Nﬂ~»<vg aud .



Shmsu the fact
M ﬂ.a/\*w = = Ci(v),
Cz(V*)

OU ﬁ/\b ’

one +inds +he net number o @msn;.:a:h

%
Ty: = X(5,Vi)- X (8,Vi)
Nl&h Citvy) C,(TX).



WNDm\mvC Heckman, and VVafa have arqued that
the limit where N4 s contracted into a point
inside Be corresponds to +the 1nno£v::,w Jimit
of gravity.

The contractivity reguires a complex surface
S4 to be the Hirzebruch surface TF or
+he del Pezzo surface dP, .



For Fn and dPa,

H: (S,V) = o,

and further With a non-trivial irreducible
Tn_uwn;.ns.?ﬂ-.'..o: V,

Imgu\<» 0

Then , the generation number i+self i5 given by
+he Euler chavacter

Nvi

hs (S,vi) = = X (5. Vi),
Ny:

e
hs (S, Vi) = = X (S, Vi),



Returning to a generic complex surface N4,
one can obtoin Yukawa couplings among The
zero modesS by substituting their Solutions
into the Ssuperpotential.

W=-9"9" 4t [ Frs Buor ]
- \ -
dn At - dAr +i19 [ A, A7)

= ...I-@@ b 4-1_H>3 , !wu”—



Thus, the Yukawa coupling constants are given

in termgs of

+he Structure congtants of G

oand
the overlaps of +he 2Zero mode Solutions.

<
For Fn or dPn, however, Since H3z (S5.V) = 0,

+here are no zero mode ,solutions of D ma,

and thus, no Yukawa couplings are available.



N*. Iﬂ.&.ﬂv‘ m:-\—\n\q

Another chojce +o obtasn chiral matters 17
Fo use intersectin 9 F=branes.
Generically, 2 =N~ 8 in
one comp/ex ol /mensionel.
and on A, /1t /» described
locally by
X(Z1,2s) = 0
Be With the local coord /nates
(2),22) of AN.



For Nxa!\\n , Suppose that An type

Sin gu |a _l..*& e

X*+ Y+ N:t«moim..mlv =°

|8 Supported on A.
Since  on X inside N,
R(&, 2) = o0,
one can See that the An L.\ahs\sv:.*%
enhances +o Apsmer Tvpe 5‘:%:\:3{.\ ar

N+Fqms+

X.p+ <~,+M = 0
on XL .



In the &8 -dim. worldvolume Theory,
on 2 € 5, the gauye 9roup AU(N+)) /a

enhanced anms
Oln+yr) —> UVin+rm+2 )

I+ s. s afam/ \ Jar In The » .*n\&.mo.?r% D-brane

Senario, b:& The evhance men Onn:i due 7o
0\08 %*Y\t& bn! .\::\!!034-.\%
, \(JA:*:
) T

), (ms,,
A Open 3\3&%



.m..Sn e X(Z1,2.) co rres pon Js Fo the ln.\.\!:..?.ea
aramefer compley STru cTfure !c-\s\m \»
P pley

+he Hi99am fleld Pmn in the wor/d volume
theory ik yivenby

\ e...fwsi /
/ o:.q...h.». /

. QA”Q.”\ \\

(Y=

V\m:k..:& The qawge group

Uln+wme+z) —> Uln+rr) X Ulmer)

4 2

on A os&.\



In the background <P..>, one canFind
new magwless d.o.f. local/i2zed near Z.
Inorder-te see +he d.e.t., lets look
ot the e.o.m, o the fermions ’n the

worldyolume *\.Qow\ N

¢ i "DuXmat iFIL Yuu, 2T+ Dutha=Da¥m = 0,
- b - e el -
e iT"Du AT D299 9 [Yur.Ysi] = 0,

i "D YR D A-2099""[ 9si, 1-28Duxs; = o .



The background

0

)

hP.?.h.._"..nh the F- term and D-term no:e:.._.mosh.s
i+

"

>m.ﬂ\.ﬂ!"°. Y2

d o
o S — 0 s 0.
wm- ngosmﬂv ~ > AN-sN*&



.HS&&..?.._.P.:.G the background into the e.0.m. of
fermions, one can see that the Zero modes are
the solutions to

y °~Q~'U»{f‘. =0,

e Drg, + Di¥. =209 9., %551,

'
"

mwﬁmﬂﬂ‘ ﬂN&“—s
(9 [ 950, 4,1,

. th.!
- P, Ww

"

~?

where we assume thot Imn = Imin
ond A = 0,

)



Meore specifically, let us take
X (Z),2.) = I» Z)

Nith M a mase parameter.

Let ws recall that ot Z1 ¥ 0,
the gauge group Ulntm+Z) iS5 breken
to U(nvr) x U(m+1).



‘M.s.s ce +r~ .\W‘:ﬂ.o:b JrTn..sw*o.v! ol

adj [ U(n+m+a)) = adj (Uln+1)) @ ad; ( VIim+1) )

® (0,0)e (O0,0),
2 (i
UVinty Vimtr )

letuw hoave a loosk a?t Fhe (0.0 ) compenerts
oF them 1 +he/r 0.0.m.

¢ wsfﬂwtm»fsne\
- - _ ) s =
I FEA TE N = -2/9M 2, ra ,

* dmXii T LIME; Y



One can verity That
- -Ja9 M l2))

2

X7s = T(z:) e - U (x")
ony 9:.3.!»..0\. Function (3+1)-dim.

— _ Apinor

¢, = (Ja Xi:

r\\» $ 0

<-.ﬁ \& a L-Q\:*\.Ox +G 4*‘ Q”:’I\\.Osbw.
The solation /s inoleed Jocalrted
om L C A . The intersection T Jx called

a matler curve wn causde o* extra maters.



Io.\n wnsnw..no :vf the .w?:bw b?e:%h ms_.

and Ga’ are fupported, \n&\nl?n\S on A and A/
and on L <€ Sn b.“ Since ~the b\‘:ws\h!{.x

s.sn NS?QSQQ&\ O\ﬁ ) 4 Q\Q\ '8 9\‘0 N!?Dtn’\ e

+he correspondiny 9ouye JroUp Gz o L,

QH UQL.XQE\ :

Be¢



The adj. rep. ad) (Gr) /s decomposed
wuhder Qsﬂ » m\.s inte “their irreda cible reps,

(¥
ad; (Gz) = ad; (Gx)® od; (Gas’)

@® (R:, RY).

¢t
Dl\. (Gus) and ad, (Ga’) are the d.o. 1. of
The worldvolume +heory, respectively.

orn & and A (Ri, Ri) in the d.o.F.
localized on = ¢ TaS. B.HYV. call

Them " bi- fandamental e:.....tn\s».



The effecthive P@Rd,,s: describ/ny The
locali2ed bi=Ffundamental matters on L

Should be obtained by hcrﬁ*\.n‘ﬂ*\.c
The zero mode Solutions w.+h the vnnk%wo::&

< Q.Y inte the worldvolume Theory.
(CCH.V. 10)

Instead of 1+, B.H.V. d/scussed an
alternative procedure 1o give the
Lograngian of the bi- Fundamental
maters on J_ .



Nuch a Lagrangian should be a Supersymmedric

+leld theory in ~N..u x 2-dim Z

7
(3¢+1)~dim. Minkowsk( Space

7:..+>o.»4 any gauge frelds.

I+ uniguely spec/t/es a cand: date Theory.
E~dim. S persymmetric T/eld theor /e
hecessar/ly ineclude §auge tlelda for
N 2 2. |t /eadS us #o conis/der
hypermultiplets in 6~dim. N=1 SUSY
Theory.



tsh2

The L-:\mwn\s;\%ul O o* 6-clim. N=|
SUSY +heories are SUER) I@.oﬁn:»!?ni v.\..sowz. )

4. . v
(@)'T° = ( OJ._.m\.h Ce

Chorge conjugation

% .—!ﬂoe = + Qe SU2) mv. tensor

ond transform under the SU(2)R transFormation
in the fundamentul representation. (i =1,2)

The bosonic part of the super Poincaré algebreis
SO(1,5) = SUl2)g

with tronslotion.



Since L is asSumed to be a Kahler manifold,
The \3\0363‘ %\o:% ) A QN:.

:VOS -—‘rm Rﬂrxmﬁi R\Q..S Snlxn.?.os o+ .I.ﬂ 6-dim.
theory onto 1 |
SO (1,5)x SUZ)r = SO(1.3)x U1y xSU(R)n

and the holonomy group Ul1) js usually
tdentitied with Ul1)g,



S'ince the sSupercharge Q isin the (4+.2)
rep. ot SO (1.5) x SU(z)r. and is decompose o

under SO(1.3)x Ul1)g x SULZ)IR into

oL
(2,1 ; +3,2)0 (125-3.2),

A
SU(ar, "Sulae

—
or3)

the holonomy group Ul1) of Z breaks

all the Supersymmetries.



.._lxm.ww.ﬁowns \m.\ US consider the Vnﬁ.}.’\ ‘w/ st
of the .I:-elx 4o obtain L.:\w?h.&.a!o.w?vx.

Once 9%9..: , up +t+o the Oos<n8+~.oxl~ 0>c\.nm>q~

The twisting |5 :8..*:0? detferminesd .

Jl?ﬂ *QES\.\J.SQ 4\-1@7% \.SL. Kﬁ!l\,. \z\v"\
Supersymme+tr/ ey,



Tothis end , One may mlwx*\.ﬁvs The bo lonomy
greup Ul ank a \\.QWS\ combinat/on of .\:~Q
and Ulhig ¢ SUr21a To me\l L.s.!%\miv

h:ﬁnwn\.nﬁh es under (t

SU(2)r

U
Ul x U (e

a linear combination

Ul) identitied with the helonemy.



A b-dim. hypermultiplet connintn of

P: ;: scalarField and a doublet of AUl2)n

and o .
Q ’ ZQY\ Apiner (v ¢ = yg) and a&mglet

:‘os the K=K, reduction o te L, renam ..S,M

~-

*
H= &¢,, H= ¢

and asruming that
b, € (R:, NM\V of Ga x Gu’,

( ;. m » may be rewr/Hew in Terms of Ao m.
N = L.t‘?v.\.‘.mxknw.



H(y o) = Hiy)+J 8:-X(y)+ 0 Frv)
e (R, k)
m?}:n D::.LH?M::., %ﬂu?:

/

€ Anw\ R:)
(Y= %"~ ;pa"s ).
(~) () (+)

The \D.v.*..ﬂ\ .‘§~h+..c reguires \I X, F)

To be chiral Spiners on 2-oim. T
Thus, llemvs Fake values i» Q\AN



The Lagrangian i givew by
Ly = ) o% K(u i, v 7Y

+ ] N F [T N RY

wit+h , ,
+ 29V -39V ~4 YV o v»«<u

K=+H[H'e He +He He

w=ITHD;H

where

P H nMMIf.me\)n Iv&Iﬁﬂm»)w

(2 ml._ﬂrax...:.x...w )



No+te “+ha+t “+here are no ao&ﬁ?.:&»v wit+h P,
in the Pﬂb.d.s.h..a: Lz, becausSe +the Vsz.v?.nﬁ-
Q* “he N!uhc\.s W!s owTo H ) &5 .*T...\,.’:Y 2er0 ,

P ze A « v@!.v °.



In the presence of the matter curve I, The D- and
the F - Term cond/tions are med)tied to

me 'h u

c 9" Fuz- 19979 [Bos, 85
+ \(4.( delta Funetion
<y (HH H)8r < Furrorted o,

b X
9™ Ds @.....:l,:: «..% H q\
* Fas = o,

o~ -
*, DiH = o,

[ MI

-
-

e

The matter carve gives source 7ermns (Purface
operators) teo the bu/k +heory on il



To give rise fo chiral mattera from matter carves,

one can use the anti-self dual instanton back ground As,
which fakes value (n Gust € Ggsand breaks Ga o5

QLIV Hs .

Auppose that therep. R of Gu is decomponed
under Hao x CGinet in-to

Ri =@ (Rij, vi).



Then, for +the hypermul+ipled (H, H ) owl  JSince
H e (R, RY)

N

of mp\m\\
Im«k..*\NH\» g g

+:w< are \nno!%o\nk Und er Hs x Ginst x m\\ﬁ

ms*ﬁ
»

H € w@«k..\.\s.\.\. R:)

v t S /
H € wQA Ri; ,Vi /. Ri).



Foo_nms& at the fermionic part
|

"t [ XDz x ]
of the F-term on L
= Jao +r[FAdzn],

one can see that The masses of I\ H

Qre %n(ﬂs r‘ l‘vwﬁﬂ W.-.“@! <’\‘Q 0* wm! .



Iﬁ}ﬂ?ﬂ.ﬁo re, +he Zero §oosu So \c—.I.c na of

~

Is:& I are b,..\w: rY

n
X ¢ Hy (x Kz ® Vi),

-~ L fe
X € Hilz, kKio v/
N2 (Serre ouali+y )
) L v
H; (2, kzo Vi)



Thus,
NwH

# (+he 2ero modes of H )
dim HY (T, Kz @ Vi)
TGaH\ RWQ <p.s.Vs

"

"

N

3.& = # ( the 2eromedes of H )
= r.\H\ NMO V:; ) ,

w..<n +he net number of hu:QYsLJ.es s in
Terms of +he Euler chavacter X an

Nu=-ng = h°(z, ki@ Vi)-h'(I, KEo V)

T X (x.Kie V).



The Euwler character may be calculated by

x;.xms<¢; n\ ch( Ko Vi) Td ()

H%

Ta:rﬂﬂ%S Vi;) \ Vv

\\.TWN.N.-,H\V

+ n;xwe v:;)

= ~.!u~*s:w:n.m0 <..\.~+\ P«RMQ <..\.v
T

Z>OTG &N C, AJ..HN = > tb&
" The genus of Z



In the matter carve -I.wo.Js on L , one can

obta/n Yukawa noe{u\..s,u)q from +he .\H!n\nv..s
on L

& oo+ [ AbeH]

-
-

Es Jeon[AacH + Firaz T ]

r_.lﬂuiﬁm\»mx + XX AfF + HX ¥&
+ A x - Fx-vi-HeER |




5, Yukawa ﬁoswr,xbh

ﬂ..:s:.\\ let us Fouch on the third Source
+o obtain the Mukawa ﬂcsw?,xh\- &Y

no:h»&?l.s& +he coll/ ¥iomn of Fwe

mater curves H.b!& P at a Wo..rnv P on )




From the viewpoint of B¢, i+ could be
sgeen For ﬂX?!V\n\ as




One of the h...:%\nh.* nxa!‘\m\. of Saach watler
curve coll.slens I8 given by the Singularity
x> + y*+ 2" (2-ui(2z-v) = o

r ot
2 ¥

w!th The dlscrimi nant

A~ Z(z-w(z-v).

One can see +the locations of the ¥-branes ,

N 7-branes on A ° Z= 0,
A “'v:lﬁ onm sh.- wmsngwc

1 ¥- brere ow A. 12,200,



and the matHer curves

i = SaA ¥y ¢ Zs Uu-=o,

.MN = M\J Na . 2 s U= o0,
awd

T - S,n A ;o U= V.

The deformation of +the .u..:h:.?...?-.v, K
given by the Higgs

_e..Js
0
N |
.

{Y.> =




At the Vo..tns. V“ M.DHP.. 2= U= U - O\
4&0 %gbn %We:v .‘L 03&98«0& 7o Qms.wh».

O: H_

V

D(nt2a) = Uln+ry) x V),

Ow Za | Un2) = Uinny » C\?»»

ond

Ow A , Utln+rrx DD ~

/ / \
U (n+1) x Ul

/
UDin) x V) xVID



Since
adj. (U(n+27 )

, /
= ad; (U(n)) ® ad; (VD)) ® ad) (vnrs )

-

® (n,1,0)® (n,-1,o) on L
® (n,o,1) ® A‘..V\oxi.v ow 22

)
® (1. n-n1® (1,-n. n) on I

b{ - furdamental s Nscn.x:mw& Sﬂtn\i\



p o)

intersecting

“the 2¢ro ,
mode golutionk

p

P f"’ﬂ v..ﬂnfsﬂn M‘ﬂcv.oQUv

oY 0405

—> +he Yukawa
ﬂo.»*:ru




“The Zevro modes on a matter carve L take
+he form | 1 ke

X5 S QPlu,o0) Y()

(VO

U;y = (& 9P (wv) $(x")

o

“the Same G—dm. %\\30?

where Q (u.o) han a Gaussian W\oqﬂ\\ﬁ alony H.s

P TRAR



.M\Svn.?..»:.?d the Zero modes jnto the
mv&...s. worldvolume action, One would

+ind that the T-+term
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More generically, the gauge groups
m_v at P > Gzi*x U0) on L;
> GsxUl)xVO) on 8

give hypermultiplets (H:, H: ) on each Z:

and the Yukawa couplings at P

o the Structure constunts of G,.



More hn:ﬂ.l.n no:.ﬁ‘,wc—\n.r.e:t of 7= branes

could also lead Ffo The Yukawe ness‘\....&\..




