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@ Progress on N' = 2 supersymmetric gauge theories
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'02 Nekrasov
Instanton counting and gauge theory partition function
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@ Mainly based on R*, S4...

@ Extention to other spaces:

Instanton counting on the ALE space

e [Nakajima] [Kronheimer-Nakajima] [Fucito-Morales-Poghossian]

@ AGT relation
— 2d CFT: para-Liouville/Toda (super Liouville)

@ [Belavin-Feigin] [Nishioka-Tachikawa] [Bonelli-Maruyoshi-Tanzini]
[Belavin-Belavin-Bershtein]
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ADHM construction

ADHM equation

For k-instanton configuration in SU(n) gauge theory,

[B1, Bo)+ 17 =0, [By, Bl]+ By, Bj] + I — JT7 =0

o ADHM data: (By, By, I, J)
B, By € Hom(V, V), I € Hom(W,V), J € Hom(V, W)

dim V = k: #instantons, dim W = n: gauge group rank

@ Stringy configuration: kD0 & nD4 branes

B1, By: kDO0-EDO, I: nD4-kDO, J: kD0-nD4
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ADHM construction

Instanton moduli space

Mn,k = {(BlaB27Ia J)' ADHM €q. }/U(k)

e U(k) symmetry
(BlvB27]7 J) — (gB]_g_l,ngg_l,gI, Jg_l)a g€ U(k)
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ADHM construction

Instanton moduli space

Mn,k = {(Bl,BQ,I, J)' ADHM €q. }/U(k)

e U(k) symmetry
(BlvB27I7 J) — (gBlg_l,ngg_l,gI, Jg_l)a g€ U(k)

Localization formula

The integral over the moduli space concentrates on fixed points of
the isometries (maximal torus action), up to gauge transformation.

e Isometries: U(1)2 x U(1)"~! C SO(4) x SU(n)
(B1, By, I,J) — ("' By, "By, [e~ ', gilertes) gial J)
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o Fixed points classified by n-tuple partition

=00\ o Ay |X|:Z|)\(Z)|:k
=1

@ Character of the tangent space at the fixed point

n - -
(m) | . n_, O _y(m)_
=AU+ ’\j i+1 A =g+l )‘j +1
X5 = Z E <TalmT1 T + 14, Ty T,
I,m )\
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X

@ Asymptotics of the combinatorial partition function
o limit shape, matrix model — Seiberg-Witten curve
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U(1) partition function

1 ..
Z = ZQP" H W, A @ partition

(4,9)EX

@ Plancherel measure & hook length representation

im\)?2
PGV § g

| 2
" igien "9

o hook length: n(i,j) =X\ —j+ X\ —i+1

i h2,2) =4

=

@ cf. Schur polynomial
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Orbifold and ALE space

e Orbifold: R* ~ C? — C?/I"
o I': a finite subgroup of SU(2) — ADE classification

@ Resolving the singularity — ALE spaces

e [Eguchi-Hanson] [Gibbons-Hawking] [Kronheimer]
e [Eguchi-san’s talk] [Nishinaka-san's talk]

@ eg. A
ia;

L =27, :(21,22) — (wpz1,@p22), €% — wlle

e e . 2m ;
The primitive r-th root of unity: w, = e+ "*

o cf. surface operators [Kanno-san's talk]

All the observables are F—invariant'
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o ADHM data:
(B1,Ba,1,J) — (wyB1,w,Ba, Il Wk J)

@ Torus action:

(T17T27Tal) — (er]_,(DTTQ,WflTal)

@ Character:

A A i
TalmTl T2

— P AN 4430 —ig1) A Wi
— wr ! am Ty JT2J

T-invariant sector

pml+)\(m)+j+5\§l)—i+150 (mod )

)
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[-invariant sector for U(1) theory

Numbers in boxes stand for their hook lengths A\; — j + 5\j -3+ 1.

1

3]1

42

53
gl6|2]1
10/8 (43
11/9 |5 |4 |2
1513|9 (8|6 |3

Shaded boxes are invariant under the action of I' = Z3.

Taro Kimura (U Tokyo/RIKEN)

Aug. 2011, SI2011

13 /27



@ How to extract the I'-invariant sector?
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@ How to extract the I'-invariant sector?

g-deformation I

@ Remark: 5d theory R* x S — g =e

R

e Equivaliant K-theory
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Orbifold projection

@ ¢-deformation parameter: g = e™9

1 1 1 1 _
o= — = ~— =0
1—g¢q 1—e9 1-(1l—gx+---) gz
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Orbifold projection

@ ¢-deformation parameter: g = e™9

1 1 1 1 _
e e ~— = 0(g )
1—¢q 1—e9 1-(1l—gx+---) gz

@ The root of unity limit: ¢ = w,e™9

1 1
1 — (wpe 9)® 1 —w*(1—gz+-

=)
{ 1/(1-wf) = 0(¢°) =#0 (modr)
1/(92) - O(g™Y) =0 (modr)

the root of unity limit <= orbifold projection.
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g-Nekrasov function

AD G

ﬁ (Qund™ 775 )0 (Qunt’ ™ @)oo

7 —
RO
tigeng) (Quna " =141, )y, (@t~ ,q)oo
q= eREZ, t— ¢ Ra qﬂ7 Qum = eRaim — qblm
o C?/2,

q — wrq, t — w,t

e C/Z, xC/Zs (u=r/seN)

q — Wrq, t— wst = wit
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Partition rearranged

n-tuple partition — nr-tuple partition (— r-tuple partition)

@ [Dijkgraaf-Sutkowski]
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Partition rearranged

0 C/Zs xCJZy — (r,s) =(4,2), u=71/s=2

Fractional exclusive statistics
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Matrix model

e Partition function: (§,%) = (w,q, wt)

@ " q)
q’ 1 9)o0
Z— H 20w

Wit wg) G Qoo

o [Klemm-Sutkowski]
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Matrix model

e Partition function: (G,%) = (w,q,wyt)

e 20 (w) 5

@ T )0

z— 11 )
(wi)£(wg) (E67 755G

o [Klemm-Sutkowski]

g-Vandermonde determinant

2 () = (@i/255q)oo
Aq,t( ) 11;:[ (tl’l/l‘J, )

@ cf. Macdonald polynomial
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e Jack limit: t = ¢°

(e*;q) = =

) oo _ _ +nR

g~ 0= =T10-emm)
1H4/00 n=0 n=0
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e Jack limit: t = ¢°

-1

(€% q)

e = H0-ca=

n=0
2 (1-e)P

*};{(l‘)ﬂ

Taro Kimura (U Tokyo/RIKEN)

-1

H (1 _ €z+nR52)

n=0

[T —=2p)*

1<j

Aug. 2011, SI2011
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e Uglov limit: ¢ — wyq, t — wyq® [Uglov '98]

Bl N 5
T xri r
Az (z) — H(l——) <1+---+x;1>
i#£] J
=1 r— r— r— B=1
I | (R R R T REI s
1<J
= H(LE.L — xj)z(x — X )Q(E n/r
i<j
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@ Double root of unity limit:

q — wrgq, t — wsq”, u:=r/seN, 1<u<r

A — H[ /T+2H —w l?j

1<J
2(B8—u)/r
X (3:: 1+ —i—a:;f_l) v ]
u—1
- 1II !(a:z- — ) (o] — )0 T (-
1<j n=1

0 eg. u=r: (¢,t) = (wrq, 1)
A2 () — [[(af —25)/
1<j

o orbifold: C x C/Z, [Kanno-san’s talk]
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Matrix measure

r—1 2(8—1)/r
8% = [TIT| (e Ty (o -=57))
v=01i<j
2 R @ _ (@
X (l_? smh5 (a;2 T, )
r—1 2(8-1)/r
2 TR
X H H <Esmh7 (ml —T; >
v<W 4,5
omi 2
X ( sinh — (wiv) §w) +—(v— w))) ]
T

@ The case of 3 =1 — almost free

o cf. Chern-Simons matrix model on the lens space S3/Z,
[Aganagic-Klemm-Marifio-Vafa] [Halmagyi-Yasnov]
— ABJM matrix model [Moriyama-san’s talk]
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Relation to 2d CFT

e Instanton counting on the ALE space C2?/Z,

— 2d CFT: para-Liouville/Toda theories
[Belavin-Feigin] [Nishioka-Tachikawa] [Bonelli-Maruyoshi-Tanzini]
[Belavin-Belavin-Bershtein]  cf. [Estienne-Bernevig]

o eg. SU(2) on C?/Zy: superconformal
SU(r+1),  SUmn)F" SU(n); ® SU(n)$"
U(1) SU(n)r41 SU(n)r+1

B n(n+1) B (b+1/b)2  (Liouville)
¢=r(n-1) <1 + 7‘2Q2> ’ Q2 N { —(p— Q)Q/pq (minimal)

@ The root of unity limit of ¢-Virasoro/WV algebra?
e [Bouwknegt-Pilch]
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Summary and Outlook

@ Combinatorial instanton partition function for the ALE space
is given by the root of unity limit of g-Nekrasov function.

@ A new kind of matrix model describing 5-ensemble

e Large-N limit analysis

@ Corresponding reduction from Macdonald polynomial and
g-Virasoro/W algebra
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Summary and Outlook

@ Vortices on orbifolds — in preparation [Kimura-Nitta]

@ Relation to the wheel condition: [Feigin-Jimbo-Miwa-Mukhin]

tk:—l—lqr—l =1

o S%/Z, [Pestun]
@ Squashed lens space S?’/ZT [Hama-Hosomichi-Lee]

o Superconformal index S3/Z, x S' and 2d ¢YM
[Gadde-Rastelli-Razamat-Yan]
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Appendix: Instanton construction for C/Z, x C/Z,

e Orbifolding: C/Z, x C/Zs with v :=1/s € N

(21,22) ~ (Wrz1,Ws22)

@ Decomposition of vector spaces

4
=

r—1
w=@pw, V
1=0

e ADHM data
Bi; € Hom(V;,Viq1), Ba; € Hom(V;, Vi_y),
I; € Hom(Wi, ‘/l), J; € Hom(Vi, Wi7u+1)
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Appendix: Instanton construction for C/Z, x C/Z,
@ ADHM equation
Bii-uBo;— Bojy1B1; +Ii—yi1J; =0,

Bl,z’ABI,i,l - BI,iB1,i + B2,i+uBT

2itu B;,ZBM + Iz'ff - JZ-TJi =0

@ O
nlfa
T Wax 2 ‘”‘/‘/'Vlw LW,
' H ! T e
Bia||Bys Bys| | B
() e
Js Vs Vs I
P B. B N
B, B, Ws/;‘ NVI//B/Y ]\AWQ
lf
Wy

Figure: Quiver diagrams: (a) C?, (b) C?/Z¢ and (c) C/Z¢ x C/Zs.
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