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Introduction
- T R —ILORERB . FH1E (ER1E) . FHERAT —

« GEEENYMEF . ROFAFTIVRELHODEBDFAFIVRIC
Mat) 9 HE M
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() BBGKY(Bogoliubov-Born-Green-Kirkwood-Yvon) hierarchy

for s-body distribution function (s=1,2, ,,,,),
equivqglent to Liouville eq. (time-reversible) =

Boltzmann (kinetic) equation with one-body distribution function
(time-irreversible)

Bogoliubov (1945, 1946): hierarchy of relaxation times of s-body
distribution functions. F_s (s>1)D#EFIEFREIIEFELY, F_1Mslaving
variable. $8R{EL=FRITIX. F_s (s>1) X3 X TF_1DE#,

Ref. N.N. Bogoliubov, in “Studies in Statistical Mechanics”, (J. de
Boer and G. E. Uhlenbeck, Eds.) vol2, (North-Holland, 1962)
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Introduction Continued

Separation of scales
In the time evolution of a rarefied gas

Liouville ——)> Boltzmann ——)> Fluid dyn.

Hamiltonian One'bOdy dlSt fn T’n’ uﬂ
(BBGKY hierarchy)

| ———

Slower dynamics
Fewer d.o.f

Hydrodynamics is the effective dynamics with fewer

variables of the kinetic (Boltzmann) equation in the
Infrared refime.




i) Boltzmann to hydrodynamics (Hilbert, Chapman-Enskog,Bogoliubov )

After some time, the one-body distribution function is asymptotically well
described by local temperature T(x), density n(x), and the flow velocity u ,
I.e., the hydrodynamic variables.

i) Langevin as a kinetic equation to Fokker-Planck equation

R. L. Stratonovich, “Topics in the Theory of Random Noise”, vol.1,2,
(Gordon and Breach, NY, 1963),

C. W. Gardiner, “Handbook of Stochastic Methods for Physics,,,”
(Springer, 1985),

H. Risken,” The Fokker-Planck Equation “ (Springer, 1989),

N. G. van Kampen, “Stocastic Processes in Physics and Chemistry”,
(North-Holland, 1992)

Iv) Critical dynamics: the order parmaeter becomes a soft (slow) mode,
in particlular, around a 2"d-ordr critical point; TDGL etc

One needs to construct a method to
(1) extract slow variables and the governing equations of them,
and In some cases,
(2) make a coarse graining of time, leading to time-irreversible equations.
(This is a mission physicists should do. (Hilbert)



FARIE:

H. MorilZ &k HHMRIESN =B 7D DEZE (H. Mori, 1956, 1858, 1959)
X FRErERIT SRFEMS I EMEANEERMS DI T8 1THS:

d | 1 T d
S F)t) = ~((F)(t + 1) — (F)(1)} = —f dsL(F)(t +5)
of T T Jo ds

T R RYER & B4R B0 BRI (R FNERRS) 0D ch ] 0D B .

NPFHDHRE: TERSD SHREDEFHE

Boltzmann: 3 FRIRE — 24548 DL VKR O 4 BT SE DR E I
%,

Bogoliubov (1946), ARLT#RETEFI(IH MEFOERE. 5K
J.L. Lebowitz, Physica A 194 (1993),1.
N #SET IEFEEEER% 1 (X2 2000), H7E



Geometrical image of reduction
of dynamics

n- dlmensmnal dynamical system: X
—ﬂIM) dim X =n
'S(t)
=G(s) Invariany and attractive manifold
|v| ={X|X=X(s)}

O M dmM=m<n

dims=m
eg.
In Field theory, X =(¢,,0,,..,9.)=0—>5=(5,S,,...,S,,)

renormalizable <t———=>= - Invariant manifold M dim M



The RG/flow equation

['(d,g(A),A) =T(o,g(N). A').
If we take the limit A" — A. we have

dl'(¢,g(A), A)

dA =0
which is the RG /How equation.
ar' dg  ar
dg dA—  OA

The yet unknown function ( is solved exactly and inserted into

I, which then becomes valid in a global domain of the energy
scale.



The merits of the Renormalization Group/Flow eq:

Owing to the very non-perturbative nature, the RG has
at least two merits:

(A) Resummation of the perturbation series
Applying the RG equation of Gell-Mann-Low type to
perturbative calculations up to first lowest orders, a
resummation in the infinite order of diagrams of some
kind can be achieved. That is, the RG method gives a
powerful resummation method.

(B) Construction of infrared effective actions
The RG of Wilson type provides us with a systematic
method for constructing low-energy effective actions
which are asymptotically valid in the low-frequency

and long-wave length limit.



Perturbative Approach:
For dynamical systems:

d
X = Fx,n,
dt Y.Kuramoto(’89)
ds .
= G(8), ,reduced dynamics on M
X = R(s); ,representation of M

Y. Kuramoto ('89)

Perturbative reduction
of dynamics

dX O

— = F(X,1),

dt ( b )

ds .

v = Go(s) +~v(s8), ,reduced dynamicson M
X = Ro(s)+ p(s); ,theinvariant manifold M

Krylov-Bogoliubov-Mitropolosky



The RG may provide a powerful method for the reduction of dynamics;

The purpose of this talk:

(1) Show that the RG as developed by lllinois group can
be reformulated to give a powerful and systematic
method for the reduction of dynamics with a coarse
graining; construction of the (coarse-grained)

attractive slow manifold and
extraction of the reduced dynamics on it

(2) Apply the method to somere examples in
nonequilibrium problems including a derivation of
the relativistic fluid dynamics from the Boltzmann
equation.

(3) An emphasis put on the relation to the classical
theory of envelopes;
the resummed solution obtained through the RG is
the envelope of the set of solutions given in the
perturbation theory.



tOE—KEKEIR

Bl iteitr=0,
x(t) = A(t) s o(t), A(t) = Aexp(—et/2), o(t) =wt +0
(w = \/1 —€2/4)

MR B R R r=1x9+ €ry +€xrg+ - --
T = Asin(t + 0)

J.(:Il — :I.‘l — T = —‘1.‘[] =-A E'L'JH(IL + 9)

BB HREN K DR T HREND LIS
T - > L o¥nE—FK
r1=—A/2 -tsin(t +0)

T i&mE!
2&@%&%

A
x(t) = Asin(t+0)— EFinll(f +0)

PRIEIE K !
+Ezi{_fg sin(t +60) —tcos(t +0)y  EEIOILE

o)
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A(t) = Aexp(—et/2), o(t) =wt + 0



References for RG method

L.Y.Chen, N. Goldenfeld and Y.Oono,

PRL.72(°95),376; Phys. Rev. E54 ('96),376.
Discovery that allowing secular terms appear, and then applying RG-
like eq gives ‘all’ basic equations of exiting asymptotic methods

« T.K. Prog. Theor. Phys. 94 ('95), 503; 95('97), 179 (envelope th.)
« T.K.,.Jpn. J. Ind. Appl. Math. 14 ('97), 51

 T.K.,Phys. Rev. D57 ('98),R2035. (Non-pert. Foundation)

« T.K. and J. Matsukidaira, Phys. Rev. E57 ('98), 4817

« S.-I. Ei, K. Fujii and T.K., Ann. Phys. 280 (2000), 236 (foundation)

« Y. Hatta and T. Kunihiro, Ann. Phys. 298 (2002), 24

« T.K.and K. Tsumura, J. Phys. A: Math. Gen. 39 (2006), 8089 (N-S)
- EEEZ, BAMEFEES 65, No.9 (2010), 683

- J\H{EZ RAFmARE 104-4 (2002), 75



A geometrical interpretation: T-K.(99)
construction of the envelope of the perturbative solutions

Let {C% }+ be a family of curves parametrized by 7 in the z-y plane;

C, :F(x y,7,C(r)) =@ S
E: The envelope of C. G(z,y) = 0. (ETO) 0 F(z,)=0

X, X
dF(xg, yp. Ti dC dF (xq, vy, 70. C(7

The envelop equation: dF/dz, =0 <==) RG eq

the solution Is inserted to F with the condition
T, =X, < the tangent point

mmp G(x y)=F(x Yy, C(x))



A simple example:resummation
and extracting slowdynamics

2 .
% + E% +z =0  the dumped oscillator!

TK. ('95)

. € | €2
T(t) = Ae:{p{—ﬁt] sin[\ 1 — Et + ),

z(t,to) = zo(t,to) + eri(t.to) + exzalt,t0) + ...
g+ g = 0, Ipy1 + Tpyi = —In
z(to, to) = Wito).
W(to) = Wo(to) + eWi(to) + €Wa(to) + ...

To(t, to) = A(fp) sin(t + 6(fp)), Wolto) = zo(to, to) = A(to) sin(to + 0(t0)).

A
zi(t,to) = —5 - (t — to) sin(t + ), Wi(tg) = 0
L a secular term appears, invalidating P.T.



To(t) = g{{t — tn}ﬂ sin(t + @) — (t — tg) cos(t + f}]} I’Vg(tn] =0

Secular terms appear again!
Collecting the terms, we have

Tt tg) = Asin(t + #) — F%ff — tg) sin(t + #)

+EE%{[i — to)* sin(t + 0) — (t — to) cos(t + )}

WIth LC.5 yyr 40y = Wi(tg) = A(tg) sin(tg + 8(t))

parameterlzed %y the functions,
(t), (L) =1, + (L)

Let us try to Constru_ct the envelope function
of figesasuiANde W@ﬂ@@i@ﬂhﬂ:ﬂ@ﬂs}hem%

Fidﬂemet&r&éld/@pgepce in QFT!
{Cio o {z(t. tg) }e, T (t) =z(t, 1) = W(t).

dzghtu] _o th = t. ==> Altg) and #(tp)
to '




dA df €
E!T_f]]—l_EA_D ﬂf_fn-l_g_ﬂ!

2
ﬂ[tﬂ] — J-‘:I-E.‘_Ei':":lg._ E{fﬂ] — —%fﬂ + E,

Extracted the amplitude and phase equations, separately!

0 €
r (t) = z(t,t) = Wo(t) = A E:{p{—it}sinl[[l — E]t + ).

pproximate but
global solution In contr pative solutions

which have secular t
local domains.

Notice also the resummed nature!

s and//alid only in
c.f. Chen et al ('95)



JER IR F

Van der Poleq.: 9% =€l 2)3Z

dit? dt

Krylov-Bogoliubov-Mitropolsky D&%
Tr = Ip+ €xrq —|-'Eg;l'-g—|—"-
Tg+xg =10
xo(t) = Apcos(t + 6y) = ug(Ap, ¢); (=1t + 6p)
KBM Ansatz: =(t) = u(A,¢) =up(A ¢)+ p(A, o).
pl:*41 q'-li]:] — E,G1'[.r‘"1._ U} +EE.&3(*41 q'-li]:] + ey
RO EREO—ERE 0 0 uo ORI & IS h 2T

FOMIZL D THEVEpHH B EEEE (RBETHHEERBZZATIIESEL,

QED®M /N IE:IZXE I
ERGIZ—f&{ELT=3 D I&Polchinsky D EIE

dA da)
= = F(A), = = 1+ Q(A).

F(A) = eFi(A) + E€Fy+---, QA) = el(A) +EQ + .



3 3

7 Ad | A L
i +pm=(2FF — A+ T] sin ¢ + 2AL cos ¢ + TH]]] 30 = B(A. o)

dp?

AR (YT HSEH): Fredholm DX EIE

B INEAE—FZEFLELVCKFEEAHLLY) CEFERT,
2m
(ug, B;) =0, (==, By)=0. [f_g):/o do f(6)g(b).

. | At .
AESHE x(t) = A(t)coso(t) — € sin 3¢ (1)

32




CYZHREIZE DKL

itr=e(l—x)i

Let 7 (t; tg) be a local solutionaround ¢ ~ Vig

Expand: Z(t: to) = To(t: to) +exq(t; to) + €2 Fo(t; tg) + -+ -.
.C. W(tg) = i(to; to) = =(tg) ;Supposed to be an exact sol.

W (tg) = Wol(to)+e Wi(to)+e2 Wa(tg)+---.

O(°)
LT

?
[——+4Eﬁ=& Fo(t; to) = A(to) cos(t + 6(to)).

0(81) 42 ;13 fFADA
L1 =-A (1 — T) sin ¢(t) + T sin 3 o (t).

() =t + Og(to).



2 3
T1(t;tg) = (t — tn}% (1 — A?) cos ¢(t) — % sin 3 ¢(t).

FHGEDR KEEOHEEHT L, DUBHTEOITEESCBE
22T,

RG/Envelope equation:

dx 0 ~ ~ ~
- = U, T = I'n — €.
df-l] th=t ' L U 1
2
A= E% (1 — ‘%) 7 The same reduced dynamics as KBM derived
b=1 Extracted the asymptotic dynamics that

IS a slow dynamics.
An approximate but globally valid sol. as the envelope,;

3
rp(t)=x(t; t) = W(t) = A(t) cos(t +0p) — € Ag(t} sin(31 4+ 30p),

JEEE S HRIK BEICLDZHRIEDEH

(Mysterious) KBM ansatzhABHRICEHSIAT= ! !
FEEBI(ERRNBOBI ST ESHRAEDBARALGEREZEZ S,




A foundation of the RG method a la ERG. T.K. (1998); Ei, Fujii and T.K.('00)

Let us take the following n-dimensional equation;

d X
di

— F(X.1), (B-11)

where n may be infinity. Let X (t) = W{(t) be an vet unknown exact solution to
Eq.(B-11), and we try to solve the equation with the initial condition at t = Vip;

X(t =to) = W(tn). (B-12)

Then, the solution may be written as X (t; tg, W (tg)).

X (t;tg, Wi(tg)) = X (t;t5, W(tg)).

Taking the limit £ — tp, we have

dX 09X 09X dW _
diy N Aty dW dty N

Pert. Theory:
X (t;tg, W (ty)) and X (t;t;, W (t5)) may be valid only for t ~ tp and t ~ t,

th < t < t; (or &y < t < fp)

L OX AW
e W dtg

ax
dip

X
= o

-0, With 75 =¢  RG equation!

top=t

tn=t



Let X (#;fg) is an approximate solution to Eq.(B-11) around ¢ ~ to;

dxc{ﬁ; ) L (X (t:t).1).

Then, we have
dW (t) 06X (t:to) 0X (t:to)
dt 0Ot m:j Oto |4t
_ 09X (t:1o)
- ot to—t
~ F(X (t;tp), f”m:t:
— F(W(1),),

showing that our envelope function satisfies the original equation (B.11)
In the global domain uniformly.



Generic example with zero modes

S.Ei, K. Fujii & T.K.('00)

du = Au+ eF(u) ld<1
u(t: to) = uo(t; to) + eus(t; to) + e ua(t; to) + - - -

W (to) = Wolto) + eW1(to) + € Wa(ty) + - - -,

= Wo(to) + p(to),
{'ai o A}“D — ﬂ:
(0 — A)uy = F(uy).
(0 — A)ug = F'(up)uy



When A has semi-simple zero eigenvalues.
AU, =0. (i=1.2,....m).
We suppose that other eigenvalues have negative real parts;
AU, =AU,, (a=m+1,m+2,---,n),

where ReA, < 0. One may assume without loss of generality
that U,’s and U, 's are linearly independent.

The adjoint operator A" has the same eigenvalues as A
has:

AU, =0, (i=1,2,...,m),
Aiﬁa:.l;ﬁa, (a=m+1,m+2,---,n).

Def. P the projection onto the kernel ker A

P+Q=1



Since we are interested in the asymptotic state as t — oo,
we may assume that the lowest-order initial value belongs to

ker A:
{tn}:i (to)U; = Wo[C). G M,
Wt

u(t;to) = e MWo(to) = £ Ci(to) Us.
Parameterized with Mvariables, C= YC.Cy,---,Cp)
Instead of o

wi(t; to) = e Wi(to) + A 'QF(Wo(to))]
+(t — tg) PF(Wy(tg)) — A™'QF(Wo(tp)).

The would-be rapidly changing terms can be eliminated by the
cholce; Wy (tg) = —A~'QF (Wy(to)), PW(tg) =0

Then, the secular term appears only the P space;

: — [+ _ Y a deformation of
llll[t,tn} N {t tD}PF A QF§the manifold O



Deformed (invariant) slow manifold:M; = {uju = Wy — eA‘lQF{W{,}}
u(t; ty) = Wy + €{(t — to) PF — A~'QF}
A set of locally divergent functions parameterized by
The RG/E quQa%ion au/ato‘tozt —0 gives the envelope, which is

globally valid: Wy(t) = ePF(Wy(t)),

which is reduced to an m-dimensional coupled equation,

Ci(t) = e, F(Wo[C])), (i=1,2,---.m)

=

The global soluti he |
u(t) =ult;to =t) = ZGE JU

We have derived the mvarlant manlfold and the

on the manifold by the RG method. o
Extension; (@ A Is not semi-simple. (2) Higher orders. (El,Fujii and T.K.

Layered pulse dynamics for TDGL and nLgnn-Phys.(00))

lant manifod):

WiC])
w dynamics



The RG/E equation au/aty|, =0
gives the envelope, which is globally valid:
Wi(t) = ePF(W(t)),
which is reduced to an m-dimensional coupled equation,
Ci(t) = e(U;, F(Wy[C])), (i=1,2,---,m).

The global solution (the invariant manifod):

u(t) = u(t;to = 1) = 3. Ci(t)Ui  eA™ QF (Wo[C]),

i—1

Y
W,[C] p(C)

c.f. Polchinski theorem
In renormalization theory
In QFT.



We have derived the invariant manifold and the slow dynamics
on the manifold by the RG method.

Extension:

a) A Isnotsemi-simple.(P3/L7 U #ifa%E{FEDHE) b) Higher orders.

c) PD equations;
Layered pulse dynamics for TDGL and Non-lin.Schroedinger.

d) Reduction of stocastic equation with several variables

S. Ei, K. Fujii and T.K. , Ann.Phys.(’00)
Y. Hatta and T.K. Ann. Phys. (2002)



FERERAZER FH Y 3 )L 2 Vil Z D155 D F

KAV AR L5V Y Fr-v U ks VHEERT
Otu + 6udzru + Eﬁu = 0. Owu = Flul, Flu] =0, — 6ud,u — @fu.

orv/c(xr — ct
u(x, t) = %sechz[v A 12 - ]] = p(x — ct, c)

KAl 6 ICHBWT, HDDEN TN z,(k) (i =4, 2) ICH B LT B,
u(z,t) = @(z — z1(to); ) + ¢(z — 2a(to); ¢) + v(z,t)

SIBHAE T A= F'lp] = c0. — 82 — 6(0.0 + ©0.)
AlZTa)LFURaZED: AU, =0 AU, =U, U =08.0, Uy= .0

RGi%IZ& S (new) reduced dynamics(Ei, Fujii and T.K.):
z1 = _Cl{tj — 2866_"’5(32_:”? C‘l — 1665fge—ﬁ{32—u}

C 1%/HEL T,
zy = 1672 Velza—a) Zg = 165/2e~Velza—21) (Ei-Ohta, 1994)



Hydrodynamic limit of Boltzmann equation
---RG method---




The separation of scales
In the relativistic heavy-ion collisions

Liouville ——)> Boltzmann ——)>

Hamiltonian /\ / /\

Fluid dyn.

Navier—Stokes eq.

| //

_

Slowey, dynam| s

on the basis o] the R¢/method; chq |-Goldenfeld-Oono('95),T.K.('95)
C.f. Y. Hatta and T.K. (02), K.Tsumura and TK ('05)

Hydrodynamics is the effective dynamics of
the kinetic (Boltzmann) equation in the infrared refime.



Geometrical image of reduction
of dynamics

X
= F(X)
l dim X =n
B S(t
=G(s) ( ) Invariany and attractive manifold
M ={X|X =X(s)}
0 M dimM=m<n

eq. dims=m

X = f(r,p) ; distribution function in the phase space (infinite dimensions)

s={u“,T,n}: the hydrodinamic quantities (5 dimensions), conserved guantities.



Relativistic Boltzmann equation
2 a.u fp( ) = C[f]r-'(i’}a
Collision integraks), () = Z Z Z <, p11P2, 1) (F5a(2) fu (@) — 1p(2) Fu (),

Symm. property of the transition probability:

w(p, pipa, p3) = w(pa, palp, pr) = wlpr, pips, pa) = wlps, malpr, ) — (1)
Energy-mom. conservation; «(®.p: P-z-PsI'154'P+P1—Fz—ﬁ:ﬂ -- (2)
Owingto (1), 3 @l =5 X 55 3 5 X 5 3 04{
w(P, pilp2, p3) ({,-me + ¢p1(2) = Ppa() — ()
(fpo{ £) fpa () — fp(-.wfplu-))]. (3)
Collision Invariant #»(=): ) Tp z) C[flp(x) = 0,

Eq.’s (3) and (2) tell us that

the general form of a collision invariant; ¥p(Z) = alx) + p" Bu(z),
which can be x-dependent!



Local equilibrium distribution

1,
The entropy current;  S*(z) =) oo P Jp(@) (I fy(z) — 1)
P
OuSH(z) =~ ) iDC[f]p(I) In f,(z).

Pp

Conservation of entropy  ——  In f,(z) = a(z) + p" Bu(z).

i w@) —Fu@]
()= g exp[ T@ ]:qu(x)

l.e., the local equilibrium distribution fn;

(Maxwell-Juettner dist. fn.)
Remark:
Owing to the energy-momentum conservation,
the collision integral also vanishes for the local equilibrium distribution fn.;

CLf,*]1(x) = 0.



Typical hydrodynamic equations for a viscous fluid
--- Choice of the frame and ambiguities in the form ---

Fluid dynamics = a system of balance equations
*|o, v —0, a,N*—0. |€nergy—momentum: TH” | number: | N#

W T = euvu’ —pA" + ci]‘"*” N¥ = nu” 4+ dNK

S nDissipative part
‘ Eckart eq. lno dissipation in the number flow;E5) Describing the flow of matter

STH = T\ (% VYT — Du”) +u*T A (% VAT — Du*)

E' i I — LEF
(T“u”+7%‘ — AV LAY with D=u ﬂ“ V= A" G,

+ 2=
2 v v _— v
dN* = 0. --- Involving time-like derivative ---. A7 =gt —ute” = A%,
I Landau—Lifshits lno dissipation in energy flow ==»describing the energy flow.
) 9 v No dissipative
oI = 2ng (w”’” VIl = g ATV “) +CAMV — oT""u, =0, energy-density
nT +1 1 nor energy-flov
aNt = X P (T VHET — c+p ?“P) u é‘N,U — O NO d|SS|pat|Ve
--- Involving only space-like derivatives --- particle density
. . ¢ ; Bulk viscocity, T]; Shear viscocity
with transport coefficients:

;Heat conductivity



Previous attempts to derive the dissipative
hydrodynamics as a reduction of the dynamics

N.G. van Kampen, J. Stat. Phys. 46(1987), 709
unigque but non-covariant form and hence not

| andau either Eckart! Cf. Chapman-Enskog method to
derive Landau and Eckart eq.’s;

Here see, eg, de Groot et al (‘80)

In the covariant formalism,
In a unified way and systematically
derive dissipative rel. hydrodynamics at once!




Derivation of the relativistic hydrodynamic equation
from the rel. Boltzmann eq. --- an RG-reduction of the dynamics

K. Tsumura, T.K. K. Ohnishi; Phys. Lett. B646 (2007) 134-140

c.f. Non-rel. Y.Hatta and T.K., Ann. Phys. 298 (’02), 24; T.K. and K. Tsumura, J.Phys. A:39 (2006), 8089

Ansatz of the origin of the dissipation= the spatial inhomogeneity,
leading to Navier-Stokes in the non-rel. case .

af’“ would become a macro flow-velocity === Coarse graining of space-time
a;; may not be #

— M aba;
T=O T ot = | g" — zQP)xv—A“V z, xt e 71 o
0 1 p
o 1 N P 9 ) | o
or a2 Ou =D, time-like derivative ~ A* 5oy — Ap" 0, = V" space-like derivative

Rewrite the Boltzmann equation as,

0 1 1
> g hlmo= va, P VR0

L perturbation

Only spatial inhomogeneity leads to dissipation.

RG gives a resummed distribution function, from which 7#” and N* are obtained.



Solution by the perturbation theory

1

af(o):—c[f]p

p-ap

f=f0©

S|OW{” fo)—O =)

1

p-ap

=0
f—F(0)

.:l) (0) ’T o ; ’To (27T) exp [#(05 TOC)F(_UZ?“T:SL(UE TO)] — ;q(o; ’To)
=) /) - /o T

written in terms of the hydrodynamic variables.
Asymptotically, the solution can be written solely
In terms of the hydrodynamic variables.

Clflp

» | Eive conserved quantities 75 1), p(o; 7o), ua(o; 7o)

reduced degrees of freedom m=5 u(o; 10)uy(o; 1) =1

*| 0oth invariant manifold /3" (r0, o) = f5%(c; )
ﬁ = V() =

Local equilibrium




DR S A, O 1 E,

or-?
q
Evolutionop. : A, = ic[ fl : -
M= pea, of, P e inhomogeneous -
Iy = — ! p -V
p-ap

[] [ - _1
‘ Collision operator l Ly, = ;"7 Apg 1
“poay 2 Z Z Z []“*L” pilpz ; ps) fp) (t‘qu +0p1g — Opaq — 5:13@}

The lin. op. L'has good properties:

LFJ':I

| 1 e
Def. inner product: (¢, ) = Z E (p-ap) Jo op p

p

] <<p,L¢>=<LsD,¢> Self-adjoint
@ <<,0, Lgf)) < 0 for all @ Semi—negative definite
@Lwa*oa}@gp{p S

m o=4

L has 5 zero modes. other eigenvalues are negative.



1. Proof of self-adjointness

\ 1 .
(¢, L) = Zﬁ(ﬂ‘ﬂp] p P Lpg g
pg |
1
= _E-T []ZTZTZT”rP pi|p2 . ps)
p2 P2 gy B3

eq a T, N — L al) g — qh
.-F 111 ("r’p + P T oo *Fp:u) (t.‘;l'.l ?'.‘;I'.l1 E.*]J-: ?'.‘;I'.l:])

= (L, ).

2. Semi-negativeness of the L

| , 1 1 ‘ 2
te.Le) = —75 L ;,{n L L P j—]{-rwip-snl;ﬂz-.pa‘l fo for (Tp+ Pp1 — Ppa — #m)
3
Pa

0 for ﬂll 0
3.Zero modes
P a=p €N-Mmom.

K
Pop - P+, =@, +¢
! m o=41 Particle # R P Py P2 P3
Collision invariants!

or conserved quantities.



Def. Projection operators:

,
[P’QD} EZ‘:‘DOpnaﬁ<ng:¢>:
g P a3
Q=1-P.
\ oy
. afl — a0 naﬁ ’ Zn n’Yﬁ_
metric | 8 = (pg, ¢f)
o0 ~

.:r> f 1)( ) (’T T0)A

—

f<1>(70)+A'1QF}+ (1—10)PF—A'QF.

P = [eap et
Q = [9QU
f;ng;?qépq

fast motion
to be avoided

The initial value yet not determined

=—> () =(r—m)PF-A'QF

eliminated by the choice

*| Modification of the manifold ©  f®) (7)) — _ 4 QF




Second order solutions

o - ] | | )
O = A with [, = p-V[A'lQF}

S— f(z)(*r) — e(7—70)A {f(Q)('To) JrA_lQI} +(r—1)PI—AQI

‘ The initial value not yet determined /l :
fast motion I

=) FAM) =(r—-m)PI-AQI

eliminated by the choice

®| Modification of the invariant i\
manifold in the 2"9 order; @ () = -A7QT,




Application of RG/E equation to derive slow dynamics

Collecting all the terms, we have;

® | Invariant manifold (hydro dynamical coordinates) as the initial value:

[(ro) = [ +e (= AMQF) +22 (- A1 QI) +0(),

B | The perturbative solution with secular terms:
f('r) = f 1 4¢ ((’T - ’T())PF—A_lQF>
+ &2 ((’T — 7o) PI - A QI) + 0(£?).

d -

_fp(T y O3 Tﬂ':]

= ().
dmy '

RG/E equation

To—T

The meaningof Top — T :> found to be the coarse graining condition

The novel feature in the relativistic case;
Choice of the flow a,g’ a,g‘ — u*  Unique! (Tsumura, T.K. (2012))



&Piﬂfﬂ — u.l,

J#,.f:.m_z pwu,,{ - [A7QF]} = Jh" + Age,

I8 =, wph ol f5°

AJHE = — Z Fﬁpﬂpup [A 11’;IF] —> produce the dissipative terms!

The distribution function:

flo) = f9 - A'QF - A?QH - A" QI

Notice that the distribution function as the solution is represented
solely by the hydrodynamic quantities!



Evaluation of the dissipative term

ANQE| — YL,
q

HX

ther a] forces

Q__ﬂl

X,

l The microscopic representation of the dissipative flow: l

bulk pressure HpE(i ~ ) p-u)?+{(y—1)Th—~T}(p-u)— émi‘

3

heat flow b= —{(p-u) —Th}A™p,

stress tensor

e4+nT
nT Reduced enthalpy

=
e, 218
Il

v = 1422 43h— (h—1)2]"

=Cy/C, Ratio of specific

heats

Z

2 v g
3 A A ) p,p,

(27) 2 drmPeT [z_l Kg(z)]

o

m

T

}{3(2)
Ko(z)

o

de Groot et al ‘

All quantities are functions of the hydrodynamic variables,

T, and U”



AR W - .
A J’I—"ﬂ:{ CAT A F2nAT =V N satisfies the Landau constraints

—TAzh1x® a = 4.
uuoT” =0,uA, 6T* =0

. _ u,oN*=0
X, =V,InT —h'V,In(nT),
1 2
I_r_‘_:_.- — E (.I'I:'L_r_i_jg Ilﬁ-|:.-'-'_'.|' +-&_r_i..:r -I':I'I-[..-p - E&#p .I':I'l._lg.g) ?pua

T =eutu” — (p+ CX) AMY 4+ 2 XMV
n’l’
€+p

Landau frame

NHE — nut — ) XH and Landau eq.!



with the microscopic expressions for the transport coefficients;

Bulk viscosity = Z —_r“ql'l a1
. l l
Heat conductivity A= ~3 73 Ff;‘qr;};f ENQM,
rg
Shear viscosit 11 T |
y 1= 107 2 ol T Laall
Py

1 1 1 i i .
C.f. Lps= 21 > P Z Z wip, pr |3'5"-’- + P3) fp! (‘jw + Op1g — Opag — ﬂ'pzq:]
ap o Ps
(a," =6,")

F' Pzp

In a Kubo-type form;

¢ = 7 [ as(100), E))

V= —pgm [ 4s(Q40), Que))eg
n = IDTf ds { [I*¥(0) , Hm,{s}}

C.f. Bulk viscosity may play arole in determining the acceleration
of the expansion of the universe, and hence the dark energy!



Brief Summary and concluding remarks

(1) The RG v.s. the envelop equation

(2) The RG eq. gives the reduction of dynamics and
the invariant manifold.

(3) The RG eq. was applied to reduce the Boltzmann
ed. to the fluid dynamics in the limit of a small
space variation.

Other applications:
a. the elimination of the rapid variable from Focker-
Planck eq.
b. Derivation of Boltzmann eq. from Liouvill eq.
c. Derivation of the slow dynamics around bifurcations
and so on.

See for the details,
Y.Hatta and T.K., Ann. Phys. 298(2002),24



