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Fra. 3. The form of the condensed mode: (a) for the ideal gas; (b) for the interacting
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[EEMHNFEITHAORET, ERBEENEREE(VC)ZBALEERERENFE
L%y,

numerical cal. of time-dependent-Gross-Pitaevskii equation(=NLS) in 2D

UV > Ve Disk (obstacle)
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Introduction 3/3(#25&): bifurcation theory

Dynamical scaling

/ regime

Non-stationary

dissipative state
Vc V

Stationary
Superfluid state

Conventional theory of Equilibrium phase
transition does not apply to the transition from
V<Vc to V>Vc.

But bifurcation theory is useful to describe the
transition from a stationary state to a non-stationary

State



Model (1/2): Gross-Pitaevskii theory (1961) weakly-interacting, zero
temperature

We start with the following (dimensionless) Hamiltonian:

H = / [ V(e V‘if(r)—i—({.,?(?‘)—;x)‘ifi(r)‘ii('r‘)] +é/d?“i’('r)‘ifi(*r‘)ki!('r)lif(r)

Kinetic term One-body potential, chemical potential Two-body (contact type ) repulsion

where () is a Bosonic field operator.
Heisenberg Equation of Motion for ¥(r.¢) is given by

OU(r.t) i .
_ — * 1),
— {111(? )H]

1 52 . - . R
= —§V2‘I’(T'.I‘-) H(Ur) = p) (e t) + U (e, )0 (r, )T (r, t)

Most particles are assumed to condense. Field operator can then be treated as a c-
number.

al

W(r. t) — Y(r, t)  (Gross-Pitaevskii approximation).



Model (2/2): Gross-Pitaevskii theory (1961) in conventional dimensional

form
OU(r, h2V? ,
ih Eh‘ ) = - U(r,t)+ (U(r) — p)¥(r.t) + g/¥(r, f)|2‘~II(r. t)
( I
Kinetic term One-body Two-body potential
potential,chemical
potential

It describes weakly interacting Bosons in condensed phase at zero
temperature.

\If(’l"'j t) — \/)0(?"j t)e?iap(?‘,t) . Condensate wave function

h
v(r,t) = EV@(T’ t) : Gradient of phase ¢ Superfluid velocity

1

% dr - v(r) = — X integer
m
Quantization of vorticies(Onsager-Feynman)



Breakdown of SF by vortex-emission
Confirmed by numerical cal. of time-dependent-Gross-Pitaevskii equation

2D problem; Vc for flow around a disk

Direction of superflow v
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U < Ve Disk
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Critical velocity in Cold atoms

In reality, ve¢ < Vc,Landau, ; vortex creation in Cold Atoms
Ve (Vc,Landau=4.8mm/s)

stirring condensate by laser beam
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Simpler Analogue of vortex-emission instability
one-dimensional superflow in the presence of potential barrier

(1D Gross-Pitaevskii eq.) (2D Gross-Pitaevskii eq.)
vV Vv , Yy XFvvrn /\
(@) \ ik \\\-//
. e\ s
/\ I/ /I\ | W (X) | Gl )
\ X

condenh

Potential barrier

Josephson-like system

m( ‘*’f-ﬂ) current-phase relation
“Lw(0) v 5
Vc //'*
G

s

w4 w2 Imi4



Critical Velocity / sound velocity

Stability of one-dimensional superflow in the presence of

potential barrier (1D Gross-Pitaevskii eq.)
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Dynamical scaling above critical velocity

Vortex-emission rate(Huepe-Brachet 2002)

vortices

024 , fsido 20
@ 020 ,O'KO L ll \[ <— 17
*§ J.OJ - -~ 10
c 016 o [~ -]
o - @
G - ‘l ~‘ B ) ® . @ @ ’
2 o Txd2 - i -
= - -10
L . |
I'_‘ - - -15
'9' J 1 1 1 1 -20
0.008 F -80 -60 -40 -20 (o} 20
o2 o005 008 (Huepe-Brachet 2002)
— (Ix — Txé)/{x;
Soliton-emission rate(Pham-Brachet 2002) . |
120 | < gray soliton ]
E 100 | ¢ . e ~
S, el B Toc(g—ge)2 1 phonon
c d o T 2
S _ _
2 60 ; ?ﬁ:% / :
0 _ AN i
UEJ i % e oo ! Time
20 ¢ -
{E--ﬂdﬁr“‘@ﬁ
o [Eea@ o

g height of potentlal barrler




Bifurcation theory

=theory of parameter dependence of existence and stability of
stationary solutions of dynamical nonlinear systems (equations)

EX. i = fle,pu) =p—x°, oz real

ey ] =0 | S Stationary solutions

AN

Bifurcation point

! <0 No stationary solutions
n=0 a(t)=0
p>0 () ==xu

<—— Dynamical scaling regime?

Stationary Solutions exits No stationary solutions

<

>0 u=>0 (<0



Stability analysis

= f(r.pu) =p— $2, I, v real
stationary solutions: (%) = + \/ﬁ >0 unstable
1 >0

Linear stability analysis around stationary
solutions.

dx(t) = F2/ox(t) + O((6x(t))*)

dx(t) = exp(F2,/ut) x constant

stable

ﬁharacteristic time (inverse of growth rate or converging rate )
scales as

~

1
" ox M_i Dynamical scaling regime !
A stable stationary solution _ _
+ an unstable stationary solution exist No stationary solutions
<
\ >0 [=>0 (<0 -




Saddle-node bifurcation

A stable stationary solution
+ an unstable stationary solution exist

No stationary solutions

VcC V

This type of bifurcation is called saddle-node bifurcation.

Soliton-emission instability = saddle-node bifurcation(Hakim 97)

Josephson (current-phase )relation

V Vv V :
— = Vv ﬁ V<Vc a stable and an unstable
N BT C stk solutions exist
; V>VC no stationary solution
X i \ exists

, V=Vc, stable and unstable
stable sol. ' unstable sol. ~ solutions are degenerate.

i L i {P

w4 w2 Imid Fid

Further, Vortex-emission instability = saddle-node bifurcation
(Pomeau 93,Rica 01)

Dynamical scaling of vortex-emission and soliton emission is due to
= | saddle-node bifurcation




Dynamical density fluctuation

 Slightly below the critical velocity of
soliton-emission instabllity, the dynamical
density fluctuation is enhanced.

Dynamical scaling

/ regime

Non-stationary
dissipative state

Stationary
Superfluid state

VcC V



Model (1/4): Classical analogue of Bogoliubov equation

We express W(r,t) asthe sum of the stationary solution of GP equation
and the fluctuation around fit.

U(r,t) = Wo(r)+ oV(r,t)
Equation linearized w. r. t. W (r, t) is given by

95U (r 1)
Y

with [ = 9?4+ (U(r) — ) + 205 (r) Uo(r)

= KoW(r,t) + U3(r)6W* (r,t) «uveye

fj(?‘)e_iﬁt - t'r(?‘)eiﬁt
Resultant two-component Equation for (u,v) is given by

u(r) \ u(r) B K —U? . .
Ej( vj{r) ) = £( b{(r) ) . L= ( )2 —KO ) Bogoliubov equation

General solution to % is given by j; index of normal mode

oV (r,t) = Z (uj(r) exp(—iejt) — vi(r) exp(ie;t))

jS.t.Ree>0

Normal mode is given in the form of 5111(“ t) =



Model (2/4):
Bogoliubov theory (Bogoliubov1947) weakly interacting, zero temperature

Quantum fluctuation around a stationary condensate is taken into account as follows:

1}(ar_f_) = Wo(r) + 51]}(13 t) with

oW (r,t) = Z (“j("’)ffj exp(—ie;t) — 'E';f('r)f.aj e:{p(iejt))

jS.t.e; >0

where .ﬂ; {} .

; are bosonic creation and annihilation operators, respectively.

Orthonormal condition for (u,v) is given by

fd‘f‘(“;“j — ULU;) = Op; fd*r(u;;t'j — ;) =0

Diagonal representation of Hamiltonian is given by

H = Eg + Z Ej(};fij + O(6TTST2, (50 T)25W)
J



Model (3/4) In the spatially uniform case, solution to Bogoliubov equation is

given by
. _
2 —3 ~ ~2
ug(r) \ _ (g5 —1) " [ |50+ (5
Vg(T 2() [
q(T) (0
q2
where Q denotes volume and £ = 5 + 1
Excitation energy is given by Eq — g‘é —1
Eq Bogoliubov excitation

—

Free bose gas
(shown as a reference)

b=

- — 1)% eld™

bo | =

< — 1)% el

Bogoliubov spectrum was
found in experiments of cold
atoms (Stamper-Kurn 1999)
via probe detecting density
fluctuation S(q,w).S(Q)

Gapless spectrum is a sign
for Bogoliubov excitation
being a Nambu-Goldstone
mode(phase fluctuation?)




Model (4/4): Phase fluctuation, density fluctuation, and Bogoliubov

excitation
U(r t) — S5o(r. 1)e000T.0) i
(r,t) po+op(r,te When =1, pg =1 and
dop(r,t) 2 adso(r,t) | _—
% —V<b(r,t), o5 = (—EV + l) dp(r,t)

Solution is given by

dp(r,t) . ' |
so(r.t) | exp(i(g -r —wt)) | Density fluc. and phase fluc. couples

— 1
. q*
with w=q\/1+ y

w—q, q—0 dp < b

In low energy, phase fluc. Dominates
(~NambuGoldstone mode)

w—q¢*/2, q— o0 8p ~ 00




How to measure density fluctuations?

Dynamical structure factor S(qg,w) is not useful in the
spatially inhomogeneous systems.

We thus introduce the spectral function of local density:
/ , N
ZI ' (r)y(r)|g)|"6(0— E; + E)

g; ground state (energy Eq) |; excited state (energy E

@ Fourier Transform

El)
/
4 autocorrelation function of local density: A

C'(r,t) = (n(r.t)n(r,0) +n(r,0)n(r, t)) /2 — (n(r. [l))2

o0
= / dwp(r,w) cos wt
0

\_ /




@) y\ d{?;{:‘:ﬁwb

x,w dependence of spectral -
function (U(x)=U d(x)) .

N

Watabe Thesis



w dependence of spectral function at X=0 for soliton-emission instability

Blue curves for V=0, Black for 0<V<Vc, Red for V=Vc

Watabe Thesis

d=1 d=2 d=3
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Note: the power of w changes discontinuously at Vc
The exponent does not depend on X
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Numerical confirmation
of Scaling relation

Red: (Vc-V)/Vc=6x10~
Blue: (Vc-V)/Vc=1x103
Green: (Vc-V)/Vc=1x10"

Enhancement of
fluctuation is due to
saddle-node bifurcation




Stability criterion of superfluidity

/ N
) JB A7 < LT 7 — T

w—0, pro) — ( ((Ud) with B < d when I =T
O(@") when IV < VL

) J

ﬁ Fourier Transform

6(1"_. t) = (a(r.t)n(r.0) + n(r. 0)a(r. 1)) /2 — (i(r.0))> \

X
= / dwp(r,w) cos wt
0

(r,t) — O(1/t*1) with  for °r, v =1,
| O(1/t+1) for 'r, v < v,




Zero mode of Bogoliubov equation

For V=Vc
E— D u(r) = ¥ (r) A zero mode(Goldstone mode)
v(r) T (r) Fetter 1972
For V=Vc
0 u(z) \ i V(z;p) Another zero mode
£ — U(:c) - dp _\p*(x; 99) Pham-Brachet 2002 Takahashi-Kato2009
Josephson (current-phase )relation Cf analogous to elementary diff. eq.
\" i
' d d
P (dw 71 dzx 72
| \ y=exp(era), explezz) for ¢ # ¢
stable sol. —'— unstable sol. | y = expl(p1a), 86}{5(@133) for 1 = 9
' | ¥1
i w2 in/4 :"r'g'f:|

At v=vc, stable and unstable
solutions are degenerate.



Spectral function of local density

p(r,m) = ZUV(F)WI)Q%(@EJWL%)
/
p(r,m) = [W(r)u; (r) —¥* (r)v;(r)*s(w — &)

I

Fetter’s solution (Goldstone mode)
U(T) - Qij(’r’) f ¥ . f L . _ -
= . —> W (r)u; (r) —¥*(rh;(r) =0  does not couple to density
v(r) U™ (r) fluctuation
The other zero mode

v() e \ —W*(z; )

At V=Vc, density fluctuation occurs at low energy

Localized density fluc.
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Spatial dependence near Vc

Each curve represents the results for
each V(red curve for Vc)
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Discussion: Why is density fluctuation enhanced near critical
velocity?

Near critical velocity, the state changes Near critical velocity, the state changes
drastically with change V—-V+38V drastically with change Uo— Uo+dUo

/ |

1 BRI Near critical velocity, the density
fluctuation would be enhanced

R L IR VNI

Uy



summary

« dynamical density fluctuation at low w and
autocorrelation of the local density at long time
difference are enhanced near critical velocity in a
soliton-emission instability.

« Enhancement of fluctuation at critical velocity is due to
appearance of the zero mode that couples to density
fluctuation.

« Our result suggests that superfluidity requires BEC with
finite compressibility and suppressed dynamical density
fluctuations.



