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Introdu
tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemRedu
ed Density Matrix ElementsA measure of 
orrelations in �nite segments of quantum spin 
hains.�(redu
ed) Density Matrix Elements (DME)
1 2 3 n-1 nDn := hE1 
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Introdu
tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemredu
ed q�KZ equation un
overs the mystery( Boos et al (2004-))
Solution(Exponential formula)
ontains a trans
endental f
n !
ontains "Fermions"It explains fa
torization, appearan
e of �(2k + 1) and so on. (M. Jimbo's talk inthis 
onferen
e)
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tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemStatus of DME S = 12; T > 0DME at T > 0 (G�ohmann et al., JPA 36 (2005) )Algebrai
 part : parallel to T = 0 
ase.Trotter limit : NLIE a (Kluemper et al. (1991), Destri-de Vega , (1995) )integrations 
ontain "Fermi" (spinon) distribution fun
tions A(:= 1 + a).it 
an be expli
itly fa
torized "by hand" (Wuppertal group (2006-) )DME = "algebrai
" part + trans
endental part (! ! �nite T analogue).Exponential formulas are 
onje
tured (Wuppertal group (2006, 2007) ) andpartly proved (\Kyoto" group (2008) )
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Introdu
tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemMain Problem TodayProblemConsider the integrable isotropi
 S = 1 
hain with L sites.H = J4 LXj=1�~Sj�1 � ~Sj � (~Sj�1 � ~Sj)2�Evaluate Density Matrix Elements Dn in L!1 or its \inhomogenous"generalization Dn(�1; � � � ; �n), at any T s in a " fa
torized" form.
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Introdu
tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemAim of resear
hCommon belief is..S = 12 is fundamental. For example, 12 
 12 = 0� 1.Des
ription of S > 12 is mere a modi�
ation (at least for integrable 
ases)What I believe is..Des
ription of S > 12 using S = 12 is sometimes 
awed.Ea
h higher spins (
omposite parti
les) needs its own des
ription of theHilbert spa
e.Natural des
ription may o�er an eÆ
ient formalism in numeri
s.
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Introdu
tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemMain problem AgainTo be 
on
rete , for S = 1multiple integral formula at T = 0 XI VO (Bougourzi et al., Konno, Idzumi )I QISM (Kitanine, Degu
hi-Matsui )multiple integral formula at T > 0?fa
torization at T � 0 ?exponential formula at T > 0 ?
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torization of density matrix elements of higher spin 
hains at T > 0



Introdu
tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemQTMMain tool : QTM frameworkM. Suzuki (1985), M. Suzuki and Inoue (1987),Koma(1987), J.S. et al (1990), Kl�umper (1992)Map d-D quantum to d+ 1-D
lassi
al. (d = 1)Z1Dquantum(�; L) = Z2D(N;L)= trTQTM(u)Lu = � �NTheorem (M.Suzuki)Only the largest eigenvalue ofTQTM 
ontributes.
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Introdu
tionS > 12Fa
torized DME S > 12 Introdu
tionMain problemDME in QTM formulation at T > 0In QTM framework you do not have to solve inverse problem (G�ohmann et al.,JPA 36 )
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torization of density matrix elements of higher spin 
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Introdu
tionS > 12Fa
torized DME S > 12 thermodynami
s for S > 12multiple integral formula at T > 0Bulk thermodynami
s of S > 12Although Bethe ansatz roots
hara
terizes highest weight states(Gaudin)...
omposite states = strings1=1=highly singular
1-string

2-string

3-string

Numeri
s (Al
araz et al '88)Ground state = 2S stringEx
ited states= very
ompli
atedBetter not to deal with BAE rootsdire
tly..Other des
riptions?
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Introdu
tionS > 12Fa
torized DME S > 12 thermodynami
s for S > 12multiple integral formula at T > 0Conje
ture(Reshetikhin '91)HspinS = Hspinon �HRSOSkThermodynami
s (JS '99): 
onsistsof two pie
es.� \RSOS" pie
es. (1 � j � k � 1)yj ; Yj(:= 1 + yj)� Spinon pie
esb;B(:= 1 + b)
They are ni
e obje
ts, as1 Good analyti
ity2 They satisfy fun
tionalrelations ( Kl�umper-Pear
e transf )3 The relations among ni
eobje
ts lead to NLIE.4 NLIE yields bulk quantities(spe
i�
 heat..)
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torized DME S > 12 thermodynami
s for S > 12multiple integral formula at T > 0multiple integral formula S = 1; T � 0Not dealing with BAE roots dire
tlyGood: no need to deal with singular obje
tsNo good: problem with DMEThe algebrai
 part of 
al
ulation of DME goes parallel to S = 12 
ase:hT�1�1 (�1) � � �T�n�n (�n)i � XBAErootsf�jg[othersS(f�jg)Zeros of Q (= BAE roots f�jg) are not en
oded in B; Yj!, B(�j) 6= 0thus hard to obtain multiple integral formulas
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Introdu
tionS > 12Fa
torized DME S > 12 thermodynami
s for S > 12multiple integral formula at T > 0Still we 
anadopt narrower 
ontours separated in the upper and lower half planesimpose \subtle relations" among these 
ontoursintrodu
e one more auxiliary fun
tion f;F := 1 + fTheorem (G�ohmann et al (2010))S = 1 DME at T > 0 has the following multiple integral formulaD�1;:::;�m�1;:::;�m (�) = 2�m�n+(�)�n�(�)Q1�j<k�m(�k � �j)2[(�k � �j)2 + 4℄� pYj=1 ZC d�j2�i Fzj (�j)�� 2mYj=p+1 ZC d�j2�i F zj (�j)� det2m�(p)j;kQ1�j<k�2m(�j � �k � 2i)Junji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0



Introdu
tionS > 12Fa
torized DME S > 12 thermodynami
s for S > 12multiple integral formula at T > 0Fa
torization?Still, improvement ne
essary..multiple integrals : too 
ompli
ated to fa
torize into single loop integralsIf B(�); Y already des
ribe physi
s, only they should appearTake other routes to �nd fa
torized expressionsfusion of (already fa
torized) spin 12 DMEuse di�eren
e equations of q� KZ type at dis
rete points. (Aufgebauer et al(2012) S = 12 )
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Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0fusion of DMEThe idea is trivially simple.evaluate D2m of S = 12repla
e !�;q of S = 12 to !�;q of S = 1proper 
ombinations of D2m give Dm of S = 1 after proper normalizationThe a
tual 
al
ulation is simple, not elegant but elephant.
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tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0S = 1;m = 3 result
onevient to present S = 1 DME using SU(2) invariant proje
torDS=1m (�1; � � � ; �m) = NmX�=1 �S=1� (�1; � � � ; �m)PS=1�N2 = 3; N3 = 15:::
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torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0S = 1;m = 3 result
onevient to present S = 1 DME using SU(2) invariant proje
torDS=1m (�1; � � � ; �m) = NmX�=1 �S=1� (�1; � � � ; �m)PS=1�fa
torized solution (�� := � � i)�S=11 (�1; �2; �3) = 127 + 1N(�1)N(�2)N(�3)�
(1)1 !(��1 ; ��2 ) + 
(1)2 !(��1 ; �+1 ) + 
(1)3 !(��1 ; �+2 )+ 
(2)1 !(��1 ; �+1 )!(��2 ; ��3 ) + 
(2)2 !(��1 ; ��2 )!(�+2 ; ��3 ) + 
(2)3 !(��1 ; �+1 )!(��2 ; �+3 )+ 
(2)4 !(�+1 ; ��3 )!(��2 ; �+3 ) + 
(2)5 !(��1 ; ��2 )!(�+1 ; �+3 ) + 
(2)6 !(��2 ; �+3 )!(�+2 ; ��3 )+ 
(2)7 !(��1 ; �+1 )!(��2 ; �+2 ) + 
(2)8 !(��2 ; ��3 )!(�+2 ; �+3 ) + 
(3)1 !(��1 ; �+1 )!(��2 ; �+3 )!(�+2 ; ��3 )+ 
(3)2 !(��1 ; �+2 )!(�+1 ; ��3 )!(��2 ; �+3 ) + 
(3)3 !(��1 ; �+1 )!(��2 ; �+2 )!(��3 ; �+3 )+ 
(3)4 !(��1 ; ��2 )!(�+1 ; ��3 )!(�+2 ; �+3 ) + 
(3)5 !(��1 ; �+1 )!(��2 ; ��3 )!(�+2 ; �+3 )+ permutations and negation� Junji Suzuki Fa
torization of density matrix elements of higher spin 
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Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0N(�) 
omes form normalizationN(�) = 34 + !(��;�+)2 .
(a)j are known rational fun
tionsof ��k .! is (S = 12 )� (S = 1) obje
t!(�; �) � ddÆ ln �[1℄(�; �)jÆ=0
an be obtained only from B; Y : noneed of F µ+δ
µ

λAlmost what we want
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Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0homogeneous and T = 0 limit of S = 1 resultOne 
an takezero T limit!S=1T=0(�; �) = !S= 12T=0 (�; �) + (�� �)2 + 48 �(�� �)2 sin �2 (�� �)homogeneous limit �j ! 0All �S=1� are given by rational numbers and �2; �4:::,example 8�S=11 = 1879432 � 34971350�2 + 53135�4 � 11296637875�6Conje
ture (Kl�umper et al 2013)The 
orrelation fun
tions at T = 0 for the integrable S = 1 (integer) spin 
hainof XXX-type are des
ribed by Riemann's � fun
tions with even arguments.Junji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0



Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0homogeneous and T = 0 limit of S = 1 resultOne 
an takezero T limit!S=1T=0(�; �) = !S= 12T=0 (�; �) + (�� �)2 + 48 �(�� �)2 sin �2 (�� �)homogeneous limit �j ! 0All �S=1� are given by rational numbers and �2; �4:::,example 8�S=11 = 1879432 � 34971350�2 + 53135�4 � 11296637875�6Conje
ture (Kl�umper et al 2013)The 
orrelation fun
tions at T = 0 for the integrable S = 1 (integer) spin 
hainof XXX-type are des
ribed by Riemann's � fun
tions with even arguments.Junji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0



Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0Still unsatisfa
tory..!(�; �) is (S = 12 )� (S = 1) obje
t.for S = 12 , homogeneous limit= lim�;�!0 !(�; �)for S = 1, homogeneous limit=lim�;�!0!(�+ i; �� i): needs singularobje
t, !(�; �)� 12 = � (�� �)2 + 42i ddÆ ln �[1℄(�; �)jÆ=0Question: Any proper (S = 1)� (S = 1) obje
t, free from singular obje
ts?
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t, !(�; �)� 12 = � (�� �)2 + 42i ddÆ ln �[1℄(�; �)jÆ=0Question: Any proper (S = 1)� (S = 1) obje
t, free from singular obje
ts?The di�eren
e equation at dis
rete points (Aufgebauer et al (2012) ) gives a hint.
�4 2 fu1; � � � ; uNgJunji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0
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entrate on m = 2: D2(�1; �2) =P3�=1 �S=1� (�1; �2)P�
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e equation for S = 1; T > 0di�eren
e equation at dis
rete pointsCon
entrate on m = 2: D2(�1; �2) =P3�=1 �S=1� (�1; �2)P�
1 2 3Mu
h simpler di�eren
e equation0� 1�G�H1A = 0B� 1 0 00 � �(��6i)(��2i)(�+4i) 0� 256i(��i)3(�+2i)(��2i)2(�+4i) � �(��6i)(�2�2i��4)(��2i)2(�+2i)(�+4i) �2(��6i)(��4i)(��2i)2(�+2i)(�+4i)1CA0� 1GH1A�G = G(�1 � 2i; �2) Junji Suzuki Fa
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torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0G(�; �) � (
(� � i; �� i) + 
(�� i; �+ i) + 
(� + i; �� i) + 
(�+ i; �+ i))where 
(�; �) = 2i!(�;�)+1=2)(���)2+4 .G is expressed by a(S = 1)� (S = 1) obje
t.homogeneous limit is in thephysi
al strip of �[2℄(�; �).H satis�es di�eren
e eq whosesour
e term is G. Thus H is alsoproper (S = 1)� (S = 1) obje
t.
G(�; �) � ddÆ ln �[2℄(�; �)jÆ=0

µ+δ
µ

λJunji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0



Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0The simpli
it of m = 2 resultat T = 0 
an be understood fromG(�; �)! 0H(�; �)! 1sinh2 �2 (�� �)

Junji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0



Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0Summary and Future problemsOur question was,
an we play the same game for S > 12?multiple integral formula at T = 0 Xmultiple integral formula at T > 0 Xfa
torization at T � 0 Xmagneti
 �eld?XXZ, XYZ?exponential formula at T > 0 ?Mixed spin 
hains?s
aling limit: spa
e of operators in SUSYsG?
Junji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0



Introdu
tionS > 12Fa
torized DME S > 12 fusion of S = 12 DMEdi�eren
e equation for S = 1; T > 0Thank you for your attention.

Junji Suzuki Fa
torization of density matrix elements of higher spin 
hains at T > 0
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