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• Introduction : Berry phase in chiral superconductors
and motivation of this study  

• Colossal Nernst effect in chiral superconductor 
                                                 URu2Si2

• Novel mechanism of giant Nernst effect due to
  Berry phase fluctuation (chiral SC fluc.)
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Topological quantum phenomena associated with Berry phase
• Topological transport such as anomalous Hall effect, 
Spin Hall effect, etc

•  Skyrmion textures in chiral magnets, MnSi, FeCoSi

• Topological insulators, Topological superconductors

•  Weyl semi-metal,  Weyl superconductors
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Chiral superconductor (SC) with broken time-reversal symmetry

(Y. Maeno et al.)

 Topological Superconductor
Chiral px+ipy SC 

px + ipy dx2�y2 + idxy
....

Chiral dzx+idyz SC 

QPs of the heavier band do not experience the Doppler
shift. On the other hand, for Hjja, the steep increase of
!!H"=T with downward curvature above #0:2Ha

c2 up to
Ha
c2 can be interpreted as a Doppler shift effect for the QPs

due to nodes. Note that in fully gapped superconductors,
!!H"=T increases steeply only just below the upper critical
field with an upward curvature. For complete understand-
ing of the multiband effects, the quantitative description
for the crossover behavior from plateau to Doppler regimes
for Hjja is required. However, the fact that the Doppler
shift occurs only in parallel field suggests that it originates
from point nodes in the gap along the c axis as these would
not yield a Doppler shift for fields along the c axis. Line
nodes in contrast would give rise to a Doppler shift for any
field direction [15]. In this way we distinguish the node
topology in the gaps on the two bands.

The present experiments strongly suggest (i) line node in
the spherical light hole band, (ii) point nodes in the ellip-
tical heavy electron band [see Fig. 3(a)], and (iii) spin-
singlet pairing. Although the detailed Fermi surface topol-
ogy has not been fully determined, it is tempting to specu-
late on the possible gap symmetry which is consistent with
the experimental observations. The classification scheme
of even-parity Cooper pairs allows for one type of state
which has simultaneously (symmetry protected) line and
point nodes. This is a two-component order parameter
combined in a time reversal symmetry violating combina-
tion of the basic d-wave form !k / kz!kx $ iky". As the
nodal structure is different on the two types of Fermi
surfaces, it is necessary to account for the behavior of
gap in the entire Brillouin zone. For the body-centered
tetragonal crystal lattice the basic form of the gap function
with the correct periodicity in k space is given by

 ! % !0 sin
kz
2
c
!

sin
kx & ky

2
a& i sin

kx ' ky
2

a
"
; (3)

resulting from (nearest neighbor) interlayer pairing. A
schematic form of the gap structure and the Fermi pockets

in the Brillouin zone is depicted in Fig. 4 [21]. The line
nodes lie on the zone boundary on the holelike light band,
while both Fermi surfaces have point nodes along the c
axis. In avoiding a Fermi surface centered at the " point the
line node for kz % 0 does not play a role. This super-
conducting phase possesses a two-component order pa-
rameter which may give rise to interesting further
features beyond the nodal properties of the QP gap.

In summary, the charge and thermal transport measure-
ments on ultraclean URu2Si2 reveal a number of unprece-
dented superconducting properties. We provide evidence
for superconductivity with two distinct gaps having differ-
ent nodal topology. This intriguing superconducting state
adds a unique example to the list of unconventional
superconductors.

We thank H. Amitsuka, S. Fujimoto, H. Ikeda,
H. Kontani, K. Machida, K. Maki, T. Sakakibara,
P. Thalmeier and I. Vekhter for discussion.

Note added.—Recently we noticed the specific heat
study which also suggests the point nodes [22].
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FIG. 4 (color online). The schematic figure of the Fermi sur-
face (opaque) and superconducting gap structure (transparent)
inferred from the present experiments [21].
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Thermal anomalous Hall conductivity for superconductors

¼
X

i

f ~BiðrÞi@i þ i@i ~BiðrÞ þ ½@i; ~B0
iðrÞ&g;

where ~BiðrÞ and ~B0
iðrÞ are Hermitian matrices: BiðrÞ ¼

~BiðrÞ þ i ~B0
iðrÞ, and the last term of the RHS of the equation

is noting but a Hermitian matrix, so it can be absorbed into
CðrÞ. Therefore, we take BiðrÞ Hermitian. Note that the
Hamiltonians of the models mentioned above, the models of
chiral p-wave (or d-wave) superconductors and s-wave
superconductors with the Rashba SOI, are expressed in the
form Eq. (5). From the the Hamiltonian Eq. (5), we define
the velocity operator:

vi ' i½HBdG; ri&: ð6Þ

vi is Hermitian and preserves PHS: vi asa0s0 ¼ þv(i)as)a0s0 .
(Note the sign ‘‘+’’)

Next, we define the energy density operator and the
energy current operator. By using the method of integration
by parts, the Hamiltonian Ĥ can be rewritten as

Ĥ ¼
Z

ddr ĥðrÞ;

where

ĥðrÞ ' 1

2
f)ð@i¼̂ÞyðAij@j¼̂Þ þ ¼̂

yðBii@i¼̂Þ

þ ðBii@i¼̂Þy¼̂ þ ¼̂
yðC¼̂Þg

is the Hamiltonian density operator and Hermitian [i.e.,
ĥyðrÞ ¼ ĥðrÞ]. Here ð@i¼̂ÞyðAij@j¼̂Þ is the abbreviation forP

ij asa0s0ð@i¼̂asÞyfðAijÞas a0s0@j¼̂a0s0 g. A similar abbreviation is
used for other terms. Therefore, in the presence of a
gravitational field !ðrÞ,7,13) The Hamiltonian density opera-
tor and the Hamiltonian of the whole system are transformed
into

ĥ!ðrÞ ' ð1þ !ðrÞÞĥðrÞ; ð7Þ

Ĥ! '
Z

ddr ĥ!ðrÞ ¼
Z

ddr ¼̂
y
H!¼̂;

where

H!ðr; @rÞ '
1

2

"
X

ij

Aij@ið1þ !Þ@j þ
X

i

fð1þ !ÞBiðrÞi@i

þ i@ið1þ !ÞBiðrÞgþ ð1þ !ÞCðrÞ
#

:

Note the scaling relation H!j!¼0 ¼ ð1=2ÞHBdG.
Now we define the energy current operator of the system

with a gravitational field as follows,

|̂E! iðrÞ '
1

2

!
1

2
ð1þ !ðrÞÞfðvi¼̂Þyð2H!¼̂Þ þ h:c:g

) "ijk@jfð1þ !ðrÞÞ2!̂kg
"
; ð8Þ

where

!̂i '
1

8i
"ijkðvj¼̂Þyðvk¼̂Þ:

The last term of Eq. (8) is indispensable for preserving the
scaling law:7)

|̂E!iðrÞ ¼ ð1þ !ðrÞÞ2|̂EiðrÞ; ð9Þ

where

|̂EiðrÞ ' |̂E!iðrÞj!¼0

¼ 1

2

1

2
ðvi¼̂ÞyðHBdG¼̂Þ þ h:c:) "ijk@j!̂k

# $
:

We can check that the scaling law Eq. (9) actually holds by a
straightforward calculation with paying attention to

H! ¼ ð1þ !Þ 1
2
HBdG ) i

4
ð@i!Þvi:

These Hamiltonian density and energy current oper-
ators Eqs. (7) and (8) indeed satisfy the continuity
equation:

@ĥ!ðrÞ
@t

' )i½ĥ!ðrÞ; Ĥ!& ¼ )
X

i

@|̂!iðrÞ
@ri

: ð10Þ

We present a brief proof of the continuity equation Eq. (10)
in the following. By noting the equations _̂

¼ ¼ )i½¼̂; Ĥ!& ¼
)2iH!¼̂ and vi ¼ 2iAij@j ) 2Bi, we can get

_̂h! ¼ ð1þ !Þ
(

) 1

2
ðvi¼̂Þyð@iH!¼̂Þ ) ðBi@i¼̂ÞyðH!¼̂Þ

) iðC¼̂ÞyðH!¼̂Þ
)

þ h:c:

Note that the factor 2 of the RHS of the commutation
relation shown above follows from the relation of operators
¼̂asðrÞ ¼ ¼̂

y
)asðrÞ and the PHS of the Hamiltonian H! as a0s0 ¼

)H(
!)as)a0s0 .

On the other hand, by noting the equation

@ið1þ !Þvi ¼ 4i H! )
i

2
Bið1þ !Þ@i )

1

2
ð1þ !ÞC

! "
;

we get the equation:

@i|̂E! i ¼
1

4
½f@ið1þ !ðrÞÞvi¼̂gyð2H!¼̂Þ

þ ðð1þ !ðrÞÞvi¼̂Þyð@i2H!¼̂Þ& þ h:c:

¼ ð1þ !Þ
(
1

2
ðvi¼̂Þyð@iH!¼̂Þ þ ðBi@i¼̂ÞyðH!¼̂Þ

þ iðC¼̂ÞyðH!¼̂Þ
)

þ h:c:

Therefore, we obtain the continuity equation Eq. (10).
Using the energy current operator Eq. (8) satisfying the

conservation law, we calculate the thermal Hall conductivity
in the next section.

Thermal Hall conductivity—In this section, we calculate
the thermal Hall conductivity of superconductors using the
procedure which was introduced by Qin et al.,7) with a
particular attention to the symmetry of the eigenfunction
Eq. (3) and compare the result with the case of normal
metals and band insulators.

The thermal Hall conductivity is given as follows:

"trxy ¼ "Kuboxy þ 2Mz
E

TV
: ð11Þ

The first term is given by the usual Kubo formula,13) and
Mz

E is the gravitomagnetic energy (heat) magnetization,
which characterizes the circulation of the energy (heat)
flow.14)

H. SUMIYOSHI and S. FUJIMOTOJ. Phys. Soc. Jpn. 82 (2013) 023602 LETTERS
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(here, we put             .
Then, heat current is equal 
to energy current.
                               

justified for SCs)

µ = 0

From now on, we use a bra-ket notation: h f jOjgi
means

X

asa0s0

Z
ddr f !asðrÞOasa0s0 ðr; @rÞga0s0 ðrÞ:

Now we introduce new operators, which are the Fourier
transforms of the field operators, and expand them in the
operators ¼̂kn and ¼̂

y
kn:

ĥ$q %
Z

ddr e$ið$qÞrĥðrÞ ¼
X

kn k0n0
¼̂

y
kn¼̂k0n0h$q kn k0n0 ;

|̂E q i %
Z

ddr e$iqr|̂EiðrÞ ¼
X

kn k0n0
¼̂

y
kn¼̂k0n0 jE q x kn k0n0 ;

where

h$q kn k0n0 %
1

2
h fknj

HBdGe
iqr þ eiqrHBdG

2
j fk0n0 iþOðq2Þ

ðas q ! 0Þ; ð12Þ

jE q j kn k0n0 %
1

2

!
hHBdG fknje$iqrjvj fk0n0 iþ hvj fknje$iqrjHBdG fk0n0 i

2

$ 1

8i

X

i

fh@ivj fknje$iqrjvi fk0n0 i

þ hvj fknje$iqrj@ivi fk0n0 i

$ h@ivi fknje$iqrjvj fk0n0 i$ hvi fknje$iqrj@ivj fk0n0 ig
"
;

ð13Þ
which can be obtained by noting the two identi-
ties: Aij@ieiqr@j ¼ ðAij@i@jeiqr þ eiqrAij@i@jÞ=2þOðq2Þ and
e$iqrBii@iþ i@iBie

$iqr¼ fe$iqrðBii@iþ i@iBiÞþðBii@iþ i@iBiÞ(
e$iqrg=2. Note that the coefficients for the expansion,
h$q kn k0n0 and jE q j kn k0n0 , preserve the symmetries

h$q kn k0n0 ¼ $h$q$k0$n0 $k$n;

jE q j kn k0n0 ¼ $jE q j$k0$n0 $k$n; ð14Þ
which follow form HBdG as a0s0 ¼ $H!

BdG$as$a0s0 and vi asa0s0 ¼
v!i$as$a0s0 , and Eq. (3): fkn asðrÞ ¼ f !$k$n$asðrÞ.

The first term of Eq. (11) is give by

!Kuboxy ¼ 1

VT 2

Z 1

0

dt e$0thĴEy; ĴExðtÞi; ð15Þ

where
ĴEi % |̂E q ijq¼0;

hâ; b̂i % 1="

Z "

0

d#hâð$i#Þb̂i;

âðtÞ % eiĤtâe$iĤt;

and V is the volume of the system. By the formula for the
four-point correlation function Eq. (4) and the symmetry of
the coefficient Eq. (14), we get

!Kuboxy ¼ $ 1

VT 2

X

kn k0n0
ðknÞ 6¼ðk0n0Þ

f ðEknÞ $ f ðEk0n0Þ
iðEkn $ Ek0n0Þ2

( JEy kn k0n0 ðJEx k0n0 kn $ JEx$k$n$k0$n0Þ

¼ $ 2

VT 2

X

kn k0n0
ðknÞ 6¼ðk0n0Þ

f ðEknÞ $ f ðEk0n0Þ
iðEkn $ Ek0n0Þ2

JEy kn k0n0JEx k0n0 kn;

ð16Þ
where JEi kn k0n0 % jE q j kn k0n0 jq¼0. The factor 2 in front of
Eq. (16) is a result of the PHS.

Moreover, by calculating in the manner similar to Ref. 15,
we obtain

!Kuboxy ¼ 1

4TV

X

kn

Im
@ukn
@kx

# $$$$ðHBdG k þ EknÞ2
@ukn
@ky

$$$$

%
f ðEknÞ;

ð17Þ
where HBdG k % e$ikrHBdGe

ikr.
Next we calculate the gravitational magnetization Mz

E.
It is the solution of the differential equation

2Mz
E $ T

@Mz
E

@T

¼ "

2i

@

@qx
hĥ$q; |̂E q yi$

@

@qy
hĥ$q; |̂E q xi

& '$$$$
q!0

with a boundary condition limT!0 T ð@Mz
E=@T Þ ¼ 0. In order

to evaluate it, we also carry out a calculation similar to
Ref. 15, with paying attention to the last extra term of
Eq. (4) and the symmetries Eq. (14). We get

Mz
E ¼ $ 1

4

X

kn

"
1

2
Im

@ukn
@kx

# $$$$ðHBdG k þ EknÞ2
@ukn
@ky

$$$$

%
f ðEknÞ

$ 2E2
kn Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
f ðEknÞ

þ 4 Im

#
@ukn
@kx

$$$$
@ukn
@ky

% Z Ekn

0

xf ðxÞ dx
#

: ð18Þ

Note that the expressions Eqs. (17) and (18) are one half
of those in the case of normal metals or insulators [cf.
Eq. (23) of Ref. 7 and Eq. (S97) of Ref. 15]. This is due to
the factors 1/2 of Eqs. (12) and (13) [cf. Eqs. (S75) and
(S76) of Ref. 15] and 2 of Eq. (16) [cf. Eq. (S60) of
Ref. 15], which are caused by the last extra term of Eq. (4)
and the relations Eq. (14) associated with the PHS.

In the end, we obtain an expression for the thermal Hall
coefficient:

!trxy ¼ $ 1

TV

Z
dEE2

X

kn
Ekn)E

Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
f 0ðEÞ: ð19Þ

Moreover, by using the Sommerfeld expansion, we obtain an
expression in the low-temperature limit:

!trxy ¼
C1ð0Þ
2

$T

6
; ð20Þ

where C1ðEÞ is the TKNN number, which is an integer when
the energy E lies in the energy gap,1,2) and it is given by

C1ðEÞ %
X

n

Z
d2k

$
Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
!ðE$ EknÞ;

where !ðxÞ is the Heaviside step function.
It is notable that the quantization value ð1=2Þð$T=6ÞC1ð0Þ

is exactly one half of the value of the Chern insulator (or
the IQHE state). In the case of spineless chiral p-wave
superconductors, the TKNN number C1ð0Þ is equal to *1,4)

and thus, this result is in agreement with the result obtained
from the Ising CFT with central charge c ¼ 1=2 for the edge
state.5,6)

Summary—We have demonstrated that the thermal
Hall conductivity of 2D TSCs with broken time reversal
symmetry is quantized: !xy ¼ ðC1=2Þð$T=6Þ, where C1 is the
TKNN number of the BdG Hamiltonian. Our approach,
solely, relies on bulk calculations, without referring to the

H. SUMIYOSHI and S. FUJIMOTOJ. Phys. Soc. Jpn. 82 (2013) 023602 LETTERS
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|ukn� : BdG eigen functions
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X

kn k0n0
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y
kn¼̂k0n0 jE q x kn k0n0 ;

where

h$q kn k0n0 %
1

2
h fknj

HBdGe
iqr þ eiqrHBdG

2
j fk0n0 iþOðq2Þ

ðas q ! 0Þ; ð12Þ

jE q j kn k0n0 %
1

2

!
hHBdG fknje$iqrjvj fk0n0 iþ hvj fknje$iqrjHBdG fk0n0 i

2

$ 1

8i

X

i

fh@ivj fknje$iqrjvi fk0n0 i

þ hvj fknje$iqrj@ivi fk0n0 i

$ h@ivi fknje$iqrjvj fk0n0 i$ hvi fknje$iqrj@ivj fk0n0 ig
"
;

ð13Þ
which can be obtained by noting the two identi-
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e$iqrg=2. Note that the coefficients for the expansion,
h$q kn k0n0 and jE q j kn k0n0 , preserve the symmetries

h$q kn k0n0 ¼ $h$q$k0$n0 $k$n;

jE q j kn k0n0 ¼ $jE q j$k0$n0 $k$n; ð14Þ
which follow form HBdG as a0s0 ¼ $H!

BdG$as$a0s0 and vi asa0s0 ¼
v!i$as$a0s0 , and Eq. (3): fkn asðrÞ ¼ f !$k$n$asðrÞ.

The first term of Eq. (11) is give by

!Kuboxy ¼ 1

VT 2

Z 1

0

dt e$0thĴEy; ĴExðtÞi; ð15Þ

where
ĴEi % |̂E q ijq¼0;

hâ; b̂i % 1="

Z "

0

d#hâð$i#Þb̂i;

âðtÞ % eiĤtâe$iĤt;

and V is the volume of the system. By the formula for the
four-point correlation function Eq. (4) and the symmetry of
the coefficient Eq. (14), we get

!Kuboxy ¼ $ 1

VT 2

X

kn k0n0
ðknÞ 6¼ðk0n0Þ

f ðEknÞ $ f ðEk0n0Þ
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iðEkn $ Ek0n0Þ2

JEy kn k0n0JEx k0n0 kn;

ð16Þ
where JEi kn k0n0 % jE q j kn k0n0 jq¼0. The factor 2 in front of
Eq. (16) is a result of the PHS.

Moreover, by calculating in the manner similar to Ref. 15,
we obtain

!Kuboxy ¼ 1
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# $$$$ðHBdG k þ EknÞ2
@ukn
@ky

$$$$

%
f ðEknÞ;

ð17Þ
where HBdG k % e$ikrHBdGe

ikr.
Next we calculate the gravitational magnetization Mz

E.
It is the solution of the differential equation

2Mz
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@

@qy
hĥ$q; |̂E q xi

& '$$$$
q!0

with a boundary condition limT!0 T ð@Mz
E=@T Þ ¼ 0. In order

to evaluate it, we also carry out a calculation similar to
Ref. 15, with paying attention to the last extra term of
Eq. (4) and the symmetries Eq. (14). We get

Mz
E ¼ $ 1
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"
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2
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%
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#
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%
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#
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@ky

% Z Ekn

0
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#

: ð18Þ

Note that the expressions Eqs. (17) and (18) are one half
of those in the case of normal metals or insulators [cf.
Eq. (23) of Ref. 7 and Eq. (S97) of Ref. 15]. This is due to
the factors 1/2 of Eqs. (12) and (13) [cf. Eqs. (S75) and
(S76) of Ref. 15] and 2 of Eq. (16) [cf. Eq. (S60) of
Ref. 15], which are caused by the last extra term of Eq. (4)
and the relations Eq. (14) associated with the PHS.

In the end, we obtain an expression for the thermal Hall
coefficient:

!trxy ¼ $ 1

TV

Z
dEE2

X

kn
Ekn)E

Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
f 0ðEÞ: ð19Þ

Moreover, by using the Sommerfeld expansion, we obtain an
expression in the low-temperature limit:

!trxy ¼
C1ð0Þ
2

$T

6
; ð20Þ

where C1ðEÞ is the TKNN number, which is an integer when
the energy E lies in the energy gap,1,2) and it is given by

C1ðEÞ %
X

n

Z
d2k

$
Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
!ðE$ EknÞ;

where !ðxÞ is the Heaviside step function.
It is notable that the quantization value ð1=2Þð$T=6ÞC1ð0Þ

is exactly one half of the value of the Chern insulator (or
the IQHE state). In the case of spineless chiral p-wave
superconductors, the TKNN number C1ð0Þ is equal to *1,4)

and thus, this result is in agreement with the result obtained
from the Ising CFT with central charge c ¼ 1=2 for the edge
state.5,6)

Summary—We have demonstrated that the thermal
Hall conductivity of 2D TSCs with broken time reversal
symmetry is quantized: !xy ¼ ðC1=2Þð$T=6Þ, where C1 is the
TKNN number of the BdG Hamiltonian. Our approach,
solely, relies on bulk calculations, without referring to the
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             is 1st Chern number, 
when there is no gap-node. 

Thermal Hall effect due to Berry curvature (not due to magnetic field)

From now on, we use a bra-ket notation: h f jOjgi
means

X

asa0s0

Z
ddr f !asðrÞOasa0s0 ðr; @rÞga0s0 ðrÞ:

Now we introduce new operators, which are the Fourier
transforms of the field operators, and expand them in the
operators ¼̂kn and ¼̂
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which can be obtained by noting the two identi-
ties: Aij@ieiqr@j ¼ ðAij@i@jeiqr þ eiqrAij@i@jÞ=2þOðq2Þ and
e$iqrBii@iþ i@iBie

$iqr¼ fe$iqrðBii@iþ i@iBiÞþðBii@iþ i@iBiÞ(
e$iqrg=2. Note that the coefficients for the expansion,
h$q kn k0n0 and jE q j kn k0n0 , preserve the symmetries

h$q kn k0n0 ¼ $h$q$k0$n0 $k$n;

jE q j kn k0n0 ¼ $jE q j$k0$n0 $k$n; ð14Þ
which follow form HBdG as a0s0 ¼ $H!

BdG$as$a0s0 and vi asa0s0 ¼
v!i$as$a0s0 , and Eq. (3): fkn asðrÞ ¼ f !$k$n$asðrÞ.

The first term of Eq. (11) is give by

!Kuboxy ¼ 1

VT 2

Z 1

0

dt e$0thĴEy; ĴExðtÞi; ð15Þ

where
ĴEi % |̂E q ijq¼0;

hâ; b̂i % 1="

Z "

0

d#hâð$i#Þb̂i;

âðtÞ % eiĤtâe$iĤt;

and V is the volume of the system. By the formula for the
four-point correlation function Eq. (4) and the symmetry of
the coefficient Eq. (14), we get

!Kuboxy ¼ $ 1

VT 2

X

kn k0n0
ðknÞ 6¼ðk0n0Þ

f ðEknÞ $ f ðEk0n0Þ
iðEkn $ Ek0n0Þ2

( JEy kn k0n0 ðJEx k0n0 kn $ JEx$k$n$k0$n0Þ

¼ $ 2

VT 2

X

kn k0n0
ðknÞ 6¼ðk0n0Þ

f ðEknÞ $ f ðEk0n0Þ
iðEkn $ Ek0n0Þ2

JEy kn k0n0JEx k0n0 kn;

ð16Þ
where JEi kn k0n0 % jE q j kn k0n0 jq¼0. The factor 2 in front of
Eq. (16) is a result of the PHS.

Moreover, by calculating in the manner similar to Ref. 15,
we obtain

!Kuboxy ¼ 1

4TV

X
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@ukn
@kx

# $$$$ðHBdG k þ EknÞ2
@ukn
@ky

$$$$

%
f ðEknÞ;

ð17Þ
where HBdG k % e$ikrHBdGe

ikr.
Next we calculate the gravitational magnetization Mz

E.
It is the solution of the differential equation

2Mz
E $ T

@Mz
E

@T

¼ "

2i

@

@qx
hĥ$q; |̂E q yi$

@

@qy
hĥ$q; |̂E q xi

& '$$$$
q!0

with a boundary condition limT!0 T ð@Mz
E=@T Þ ¼ 0. In order

to evaluate it, we also carry out a calculation similar to
Ref. 15, with paying attention to the last extra term of
Eq. (4) and the symmetries Eq. (14). We get

Mz
E ¼ $ 1

4

X

kn

"
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# $$$$ðHBdG k þ EknÞ2
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@ky
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Note that the expressions Eqs. (17) and (18) are one half
of those in the case of normal metals or insulators [cf.
Eq. (23) of Ref. 7 and Eq. (S97) of Ref. 15]. This is due to
the factors 1/2 of Eqs. (12) and (13) [cf. Eqs. (S75) and
(S76) of Ref. 15] and 2 of Eq. (16) [cf. Eq. (S60) of
Ref. 15], which are caused by the last extra term of Eq. (4)
and the relations Eq. (14) associated with the PHS.

In the end, we obtain an expression for the thermal Hall
coefficient:

!trxy ¼ $ 1

TV

Z
dEE2

X

kn
Ekn)E

Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
f 0ðEÞ: ð19Þ

Moreover, by using the Sommerfeld expansion, we obtain an
expression in the low-temperature limit:

!trxy ¼
C1ð0Þ
2

$T

6
; ð20Þ

where C1ðEÞ is the TKNN number, which is an integer when
the energy E lies in the energy gap,1,2) and it is given by

C1ðEÞ %
X

n

Z
d2k

$
Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
!ðE$ EknÞ;

where !ðxÞ is the Heaviside step function.
It is notable that the quantization value ð1=2Þð$T=6ÞC1ð0Þ

is exactly one half of the value of the Chern insulator (or
the IQHE state). In the case of spineless chiral p-wave
superconductors, the TKNN number C1ð0Þ is equal to *1,4)

and thus, this result is in agreement with the result obtained
from the Ising CFT with central charge c ¼ 1=2 for the edge
state.5,6)

Summary—We have demonstrated that the thermal
Hall conductivity of 2D TSCs with broken time reversal
symmetry is quantized: !xy ¼ ðC1=2Þð$T=6Þ, where C1 is the
TKNN number of the BdG Hamiltonian. Our approach,
solely, relies on bulk calculations, without referring to the
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Thermal anomalous Hall conductivity for superconductors

¼
X

i

f ~BiðrÞi@i þ i@i ~BiðrÞ þ ½@i; ~B0
iðrÞ&g;

where ~BiðrÞ and ~B0
iðrÞ are Hermitian matrices: BiðrÞ ¼

~BiðrÞ þ i ~B0
iðrÞ, and the last term of the RHS of the equation

is noting but a Hermitian matrix, so it can be absorbed into
CðrÞ. Therefore, we take BiðrÞ Hermitian. Note that the
Hamiltonians of the models mentioned above, the models of
chiral p-wave (or d-wave) superconductors and s-wave
superconductors with the Rashba SOI, are expressed in the
form Eq. (5). From the the Hamiltonian Eq. (5), we define
the velocity operator:

vi ' i½HBdG; ri&: ð6Þ

vi is Hermitian and preserves PHS: vi asa0s0 ¼ þv(i)as)a0s0 .
(Note the sign ‘‘+’’)

Next, we define the energy density operator and the
energy current operator. By using the method of integration
by parts, the Hamiltonian Ĥ can be rewritten as

Ĥ ¼
Z

ddr ĥðrÞ;

where

ĥðrÞ ' 1

2
f)ð@i¼̂ÞyðAij@j¼̂Þ þ ¼̂

yðBii@i¼̂Þ

þ ðBii@i¼̂Þy¼̂ þ ¼̂
yðC¼̂Þg

is the Hamiltonian density operator and Hermitian [i.e.,
ĥyðrÞ ¼ ĥðrÞ]. Here ð@i¼̂ÞyðAij@j¼̂Þ is the abbreviation forP

ij asa0s0ð@i¼̂asÞyfðAijÞas a0s0@j¼̂a0s0 g. A similar abbreviation is
used for other terms. Therefore, in the presence of a
gravitational field !ðrÞ,7,13) The Hamiltonian density opera-
tor and the Hamiltonian of the whole system are transformed
into

ĥ!ðrÞ ' ð1þ !ðrÞÞĥðrÞ; ð7Þ

Ĥ! '
Z

ddr ĥ!ðrÞ ¼
Z

ddr ¼̂
y
H!¼̂;

where

H!ðr; @rÞ '
1

2

"
X

ij

Aij@ið1þ !Þ@j þ
X

i

fð1þ !ÞBiðrÞi@i

þ i@ið1þ !ÞBiðrÞgþ ð1þ !ÞCðrÞ
#

:

Note the scaling relation H!j!¼0 ¼ ð1=2ÞHBdG.
Now we define the energy current operator of the system

with a gravitational field as follows,

|̂E! iðrÞ '
1

2

!
1

2
ð1þ !ðrÞÞfðvi¼̂Þyð2H!¼̂Þ þ h:c:g

) "ijk@jfð1þ !ðrÞÞ2!̂kg
"
; ð8Þ

where

!̂i '
1

8i
"ijkðvj¼̂Þyðvk¼̂Þ:

The last term of Eq. (8) is indispensable for preserving the
scaling law:7)

|̂E!iðrÞ ¼ ð1þ !ðrÞÞ2|̂EiðrÞ; ð9Þ

where

|̂EiðrÞ ' |̂E!iðrÞj!¼0

¼ 1

2

1

2
ðvi¼̂ÞyðHBdG¼̂Þ þ h:c:) "ijk@j!̂k

# $
:

We can check that the scaling law Eq. (9) actually holds by a
straightforward calculation with paying attention to

H! ¼ ð1þ !Þ 1
2
HBdG ) i

4
ð@i!Þvi:

These Hamiltonian density and energy current oper-
ators Eqs. (7) and (8) indeed satisfy the continuity
equation:

@ĥ!ðrÞ
@t

' )i½ĥ!ðrÞ; Ĥ!& ¼ )
X

i

@|̂!iðrÞ
@ri

: ð10Þ

We present a brief proof of the continuity equation Eq. (10)
in the following. By noting the equations _̂

¼ ¼ )i½¼̂; Ĥ!& ¼
)2iH!¼̂ and vi ¼ 2iAij@j ) 2Bi, we can get

_̂h! ¼ ð1þ !Þ
(

) 1

2
ðvi¼̂Þyð@iH!¼̂Þ ) ðBi@i¼̂ÞyðH!¼̂Þ

) iðC¼̂ÞyðH!¼̂Þ
)

þ h:c:

Note that the factor 2 of the RHS of the commutation
relation shown above follows from the relation of operators
¼̂asðrÞ ¼ ¼̂

y
)asðrÞ and the PHS of the Hamiltonian H! as a0s0 ¼

)H(
!)as)a0s0 .

On the other hand, by noting the equation

@ið1þ !Þvi ¼ 4i H! )
i

2
Bið1þ !Þ@i )

1

2
ð1þ !ÞC

! "
;

we get the equation:

@i|̂E! i ¼
1

4
½f@ið1þ !ðrÞÞvi¼̂gyð2H!¼̂Þ

þ ðð1þ !ðrÞÞvi¼̂Þyð@i2H!¼̂Þ& þ h:c:

¼ ð1þ !Þ
(
1

2
ðvi¼̂Þyð@iH!¼̂Þ þ ðBi@i¼̂ÞyðH!¼̂Þ

þ iðC¼̂ÞyðH!¼̂Þ
)

þ h:c:

Therefore, we obtain the continuity equation Eq. (10).
Using the energy current operator Eq. (8) satisfying the

conservation law, we calculate the thermal Hall conductivity
in the next section.

Thermal Hall conductivity—In this section, we calculate
the thermal Hall conductivity of superconductors using the
procedure which was introduced by Qin et al.,7) with a
particular attention to the symmetry of the eigenfunction
Eq. (3) and compare the result with the case of normal
metals and band insulators.

The thermal Hall conductivity is given as follows:

"trxy ¼ "Kuboxy þ 2Mz
E

TV
: ð11Þ

The first term is given by the usual Kubo formula,13) and
Mz

E is the gravitomagnetic energy (heat) magnetization,
which characterizes the circulation of the energy (heat)
flow.14)

H. SUMIYOSHI and S. FUJIMOTOJ. Phys. Soc. Jpn. 82 (2013) 023602 LETTERS

023602-3 #2013 The Physical Society of Japan

(here, we put             .
Then, heat current is equal 
to energy current.
                               

justified for SCs)

µ = 0

From now on, we use a bra-ket notation: h f jOjgi
means

X

asa0s0

Z
ddr f !asðrÞOasa0s0 ðr; @rÞga0s0 ðrÞ:

Now we introduce new operators, which are the Fourier
transforms of the field operators, and expand them in the
operators ¼̂kn and ¼̂
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ð13Þ
which can be obtained by noting the two identi-
ties: Aij@ieiqr@j ¼ ðAij@i@jeiqr þ eiqrAij@i@jÞ=2þOðq2Þ and
e$iqrBii@iþ i@iBie

$iqr¼ fe$iqrðBii@iþ i@iBiÞþðBii@iþ i@iBiÞ(
e$iqrg=2. Note that the coefficients for the expansion,
h$q kn k0n0 and jE q j kn k0n0 , preserve the symmetries

h$q kn k0n0 ¼ $h$q$k0$n0 $k$n;

jE q j kn k0n0 ¼ $jE q j$k0$n0 $k$n; ð14Þ
which follow form HBdG as a0s0 ¼ $H!

BdG$as$a0s0 and vi asa0s0 ¼
v!i$as$a0s0 , and Eq. (3): fkn asðrÞ ¼ f !$k$n$asðrÞ.

The first term of Eq. (11) is give by

!Kuboxy ¼ 1
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Z 1
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dt e$0thĴEy; ĴExðtÞi; ð15Þ

where
ĴEi % |̂E q ijq¼0;

hâ; b̂i % 1="

Z "

0

d#hâð$i#Þb̂i;

âðtÞ % eiĤtâe$iĤt;

and V is the volume of the system. By the formula for the
four-point correlation function Eq. (4) and the symmetry of
the coefficient Eq. (14), we get
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ð16Þ
where JEi kn k0n0 % jE q j kn k0n0 jq¼0. The factor 2 in front of
Eq. (16) is a result of the PHS.

Moreover, by calculating in the manner similar to Ref. 15,
we obtain
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where HBdG k % e$ikrHBdGe

ikr.
Next we calculate the gravitational magnetization Mz

E.
It is the solution of the differential equation
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with a boundary condition limT!0 T ð@Mz
E=@T Þ ¼ 0. In order

to evaluate it, we also carry out a calculation similar to
Ref. 15, with paying attention to the last extra term of
Eq. (4) and the symmetries Eq. (14). We get
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Note that the expressions Eqs. (17) and (18) are one half
of those in the case of normal metals or insulators [cf.
Eq. (23) of Ref. 7 and Eq. (S97) of Ref. 15]. This is due to
the factors 1/2 of Eqs. (12) and (13) [cf. Eqs. (S75) and
(S76) of Ref. 15] and 2 of Eq. (16) [cf. Eq. (S60) of
Ref. 15], which are caused by the last extra term of Eq. (4)
and the relations Eq. (14) associated with the PHS.

In the end, we obtain an expression for the thermal Hall
coefficient:
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@ky
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Moreover, by using the Sommerfeld expansion, we obtain an
expression in the low-temperature limit:

!trxy ¼
C1ð0Þ
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6
; ð20Þ

where C1ðEÞ is the TKNN number, which is an integer when
the energy E lies in the energy gap,1,2) and it is given by
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Z
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@ukn
@ky

%
!ðE$ EknÞ;

where !ðxÞ is the Heaviside step function.
It is notable that the quantization value ð1=2Þð$T=6ÞC1ð0Þ

is exactly one half of the value of the Chern insulator (or
the IQHE state). In the case of spineless chiral p-wave
superconductors, the TKNN number C1ð0Þ is equal to *1,4)

and thus, this result is in agreement with the result obtained
from the Ising CFT with central charge c ¼ 1=2 for the edge
state.5,6)

Summary—We have demonstrated that the thermal
Hall conductivity of 2D TSCs with broken time reversal
symmetry is quantized: !xy ¼ ðC1=2Þð$T=6Þ, where C1 is the
TKNN number of the BdG Hamiltonian. Our approach,
solely, relies on bulk calculations, without referring to the
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|ukn� : BdG eigen functions

In the low-T limit,

From now on, we use a bra-ket notation: h f jOjgi
means
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Z
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Now we introduce new operators, which are the Fourier
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which can be obtained by noting the two identi-
ties: Aij@ieiqr@j ¼ ðAij@i@jeiqr þ eiqrAij@i@jÞ=2þOðq2Þ and
e$iqrBii@iþ i@iBie

$iqr¼ fe$iqrðBii@iþ i@iBiÞþðBii@iþ i@iBiÞ(
e$iqrg=2. Note that the coefficients for the expansion,
h$q kn k0n0 and jE q j kn k0n0 , preserve the symmetries

h$q kn k0n0 ¼ $h$q$k0$n0 $k$n;

jE q j kn k0n0 ¼ $jE q j$k0$n0 $k$n; ð14Þ
which follow form HBdG as a0s0 ¼ $H!

BdG$as$a0s0 and vi asa0s0 ¼
v!i$as$a0s0 , and Eq. (3): fkn asðrÞ ¼ f !$k$n$asðrÞ.

The first term of Eq. (11) is give by
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and V is the volume of the system. By the formula for the
four-point correlation function Eq. (4) and the symmetry of
the coefficient Eq. (14), we get
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where JEi kn k0n0 % jE q j kn k0n0 jq¼0. The factor 2 in front of
Eq. (16) is a result of the PHS.

Moreover, by calculating in the manner similar to Ref. 15,
we obtain

!Kuboxy ¼ 1

4TV

X

kn

Im
@ukn
@kx

# $$$$ðHBdG k þ EknÞ2
@ukn
@ky

$$$$

%
f ðEknÞ;

ð17Þ
where HBdG k % e$ikrHBdGe

ikr.
Next we calculate the gravitational magnetization Mz

E.
It is the solution of the differential equation
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with a boundary condition limT!0 T ð@Mz
E=@T Þ ¼ 0. In order

to evaluate it, we also carry out a calculation similar to
Ref. 15, with paying attention to the last extra term of
Eq. (4) and the symmetries Eq. (14). We get
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Note that the expressions Eqs. (17) and (18) are one half
of those in the case of normal metals or insulators [cf.
Eq. (23) of Ref. 7 and Eq. (S97) of Ref. 15]. This is due to
the factors 1/2 of Eqs. (12) and (13) [cf. Eqs. (S75) and
(S76) of Ref. 15] and 2 of Eq. (16) [cf. Eq. (S60) of
Ref. 15], which are caused by the last extra term of Eq. (4)
and the relations Eq. (14) associated with the PHS.

In the end, we obtain an expression for the thermal Hall
coefficient:
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Moreover, by using the Sommerfeld expansion, we obtain an
expression in the low-temperature limit:

!trxy ¼
C1ð0Þ
2
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; ð20Þ

where C1ðEÞ is the TKNN number, which is an integer when
the energy E lies in the energy gap,1,2) and it is given by
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where !ðxÞ is the Heaviside step function.
It is notable that the quantization value ð1=2Þð$T=6ÞC1ð0Þ

is exactly one half of the value of the Chern insulator (or
the IQHE state). In the case of spineless chiral p-wave
superconductors, the TKNN number C1ð0Þ is equal to *1,4)

and thus, this result is in agreement with the result obtained
from the Ising CFT with central charge c ¼ 1=2 for the edge
state.5,6)

Summary—We have demonstrated that the thermal
Hall conductivity of 2D TSCs with broken time reversal
symmetry is quantized: !xy ¼ ðC1=2Þð$T=6Þ, where C1 is the
TKNN number of the BdG Hamiltonian. Our approach,
solely, relies on bulk calculations, without referring to the
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             is 1st Chern number, 
when there is no gap-node. 

Thermal Hall effect due to Berry curvature (not due to magnetic field)
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which can be obtained by noting the two identi-
ties: Aij@ieiqr@j ¼ ðAij@i@jeiqr þ eiqrAij@i@jÞ=2þOðq2Þ and
e$iqrBii@iþ i@iBie

$iqr¼ fe$iqrðBii@iþ i@iBiÞþðBii@iþ i@iBiÞ(
e$iqrg=2. Note that the coefficients for the expansion,
h$q kn k0n0 and jE q j kn k0n0 , preserve the symmetries

h$q kn k0n0 ¼ $h$q$k0$n0 $k$n;

jE q j kn k0n0 ¼ $jE q j$k0$n0 $k$n; ð14Þ
which follow form HBdG as a0s0 ¼ $H!

BdG$as$a0s0 and vi asa0s0 ¼
v!i$as$a0s0 , and Eq. (3): fkn asðrÞ ¼ f !$k$n$asðrÞ.

The first term of Eq. (11) is give by
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and V is the volume of the system. By the formula for the
four-point correlation function Eq. (4) and the symmetry of
the coefficient Eq. (14), we get
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where JEi kn k0n0 % jE q j kn k0n0 jq¼0. The factor 2 in front of
Eq. (16) is a result of the PHS.

Moreover, by calculating in the manner similar to Ref. 15,
we obtain
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where HBdG k % e$ikrHBdGe
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Next we calculate the gravitational magnetization Mz
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Eq. (4) and the symmetries Eq. (14). We get
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Note that the expressions Eqs. (17) and (18) are one half
of those in the case of normal metals or insulators [cf.
Eq. (23) of Ref. 7 and Eq. (S97) of Ref. 15]. This is due to
the factors 1/2 of Eqs. (12) and (13) [cf. Eqs. (S75) and
(S76) of Ref. 15] and 2 of Eq. (16) [cf. Eq. (S60) of
Ref. 15], which are caused by the last extra term of Eq. (4)
and the relations Eq. (14) associated with the PHS.

In the end, we obtain an expression for the thermal Hall
coefficient:
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Moreover, by using the Sommerfeld expansion, we obtain an
expression in the low-temperature limit:
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C1ð0Þ
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where C1ðEÞ is the TKNN number, which is an integer when
the energy E lies in the energy gap,1,2) and it is given by

C1ðEÞ %
X

n

Z
d2k

$
Im

#
@ukn
@kx

$$$$
@ukn
@ky

%
!ðE$ EknÞ;

where !ðxÞ is the Heaviside step function.
It is notable that the quantization value ð1=2Þð$T=6ÞC1ð0Þ

is exactly one half of the value of the Chern insulator (or
the IQHE state). In the case of spineless chiral p-wave
superconductors, the TKNN number C1ð0Þ is equal to *1,4)

and thus, this result is in agreement with the result obtained
from the Ising CFT with central charge c ¼ 1=2 for the edge
state.5,6)

Summary—We have demonstrated that the thermal
Hall conductivity of 2D TSCs with broken time reversal
symmetry is quantized: !xy ¼ ðC1=2Þð$T=6Þ, where C1 is the
TKNN number of the BdG Hamiltonian. Our approach,
solely, relies on bulk calculations, without referring to the
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Application to Sr2RuO4

(MacKenzie and Maeno, R.M.P)

to a new generation of ARPES measurements (for ex-
ample, see Damascelli et al., 2000; Ding et al., 2001).

The precise relationship of the surface reconstruction
of Matzdorf et al. (2000) to the photoemission spectra
would be relatively difficult to calculate. Its existence
strongly suggests that the observed signals are a mixture
from surface layers with inhomogeneous properties, and
the situation is further complicated by calculations sug-
gesting that the top layer might even be ferromagnetic.

Much of the need to model the behavior near the M
point was overcome by the empirical discovery of
Damascelli et al. (2000) in which they showed that they
could deliberately degrade the surface layer and appar-
ently remove its contribution to the ARPES spectra.
This was achieved by reversing the usual ‘‘good prac-
tice’’ of low-temperature cleaving, and instead cleaving
at 180 K. This might have been expected both to remove
the signal from the surface (or top layer) and at the
same time broaden or degrade the assumed ‘‘bulk’’ con-
tribution (i.e., that from lower layers). Instead, it re-
moved the former and actually sharpened the latter, re-
sulting in the ARPES-derived Fermi surface shown in
Fig. 40. This Fermi surface agrees well with that pre-
dicted by electronic structure calculations. The areas of
the ! and " sheets differ slightly from those predicted
by, for example, Oguchi (1995), but this feature is also
seen in dHvA. The ARPES work also gives angular in-
formation that cannot be obtained from dHvA in isola-
tion (for a discussion, see Bergemann et al., 2000).

That Fermi-surface data of the quality shown in Fig.
40 can be obtained from a multiband material such as
Sr2RuO4 is a testament to the advances that have been
made with ARPES. It does not, however, mean the end

to all uncertainty or controversy regarding the detail of
how to interpret ARPES data. For example, the inter-
pretation of Damascelli et al. (2000) and Puchkov et al.
(1998) that the surface-related features should be under-
stood in terms of a surface state has since undergone
some revision (Damascelli et al., 2001; Liebsch, 2001;
Shen et al., 2001). A question of more fundamental im-
portance is whether the story that has unfolded regard-
ing Sr2RuO4 (and other outstanding controversies re-
garding ARPES) will lead to the development of robust
experimental methods for separating signals genuinely
representative of the bulk from those due purely to sur-
face effects. It will be vital to develop this capability for
the community to have confidence in ARPES results on
materials for which there is no independent experimen-
tal check on bulk electronic structure from probes such
as dHvA. If it can be done, then Sr2RuO4 will have
made an important long-term contribution to the devel-
opment of a very important technique. Another area in
which we believe that Sr2RuO4 should prove useful is in
line-shape analysis. As ARPES resolution improves still
further, it will be interesting to compare line shapes from
Sr2RuO4 , where there is so much independent data
about electron correlations, with those obtained from
other materials in which ARPES is the often the pri-
mary source of such information.

APPENDIX C: THE ‘‘3-K’’ PHASE OF Sr2RuO4-Ru

As the program of crystal growth of Sr2RuO4 pro-
ceeded in the years immediately following the discovery
of superconductivity, it was observed that the ac suscep-
tibility of some growth batches occasionally appeared to
show weak diamagnetism up to temperatures as high as
3 K (Maeno et al., 1996). It was soon clear that this was
fully double the intrinsic Tc of 1.5 K expected of pure
Sr2RuO4 (Mackenzie, Haselwimmer, et al., 1998a,
1998b), raising questions about its origin. It was then
noticed that the anomalous diamagnetic signals occurred
in samples in which x-ray diffraction revealed the pres-
ence of small concentrations of Ru metal. Polishing crys-
tals from these batches showed small platelets of Ru
embedded in the Sr2RuO4 . The platelets had approxi-
mate thickness of 1 #m and length and width of 1–30
#m. The interplatelet separation was of order 10 #m,
and the region of Ru inclusion was usually at the central
portion of a cross section through the grown crystal rod.
The density of inclusions is very similar wherever they
occur, and they have no unique preferred orientation
relative to the crystal axes of the Sr2RuO4 . Spatially
resolved electron-probe analysis showed no sign of any
concentration gradient of Ru or Sr2RuO4 on the ap-
proach to an interface, nor of any resolvable oxidation
of the Ru metal.

As discussed by Maeno et al. (1998), all of the above
observations are consistent with eutectic solidification in

FIG. 40. The Fermi surface of Sr2RuO4 reported by Damas-
celli et al. (2000) after the use of a special sample preparation
technique to remove a purely surface-related feature near the
M point of the Brillouin zone.
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part of the LDA+DMFT calculation, which obviously deter-
mines largely the gross electronic structure, whereas the
DMFT part involving dynamical self-energy fluctuations in-
duces mainly modifications of energy dispersions in the vi-
cinity of the chemical potential.

DMFT k-dependent spectral functions can be compared to
ARPES data. Several ARPES measurements on URu2Si2
have been reported.65–67 Ito et al.65 and Santander-Syro et
al.67 both used a He I light source, whereas Denlinger et al.66

used tunable synchrotron radiation. Only the recent experi-
ment of Santander-Syro et al. measured quasiparticle bands
below T0. These latest measurements indicate the existence
of a narrow band just below EF in the HO phase, as well as
of an inverted parabolic band at k=0 below EF; the latter
band was attributed to a surface state.67 In our 5f-itinerant
LSDA calculation there is no such inverted parabolic band at
the ! point, but LDA localized 5f2 electron calculations do
predict such a band !see Fig. 11", as do also the recent
LDA+DMFT calculations of Haule and Kotliar.26 As photo-
emission at this energy is very surface sensitive, it could thus
be that this band stems from a 5f-localized response of ura-
nium atoms on the surface. Further investigations are there-
fore needed to definitely establish the origin of the inverse
parabolic band. A bulk, flat band just below EF at the ! point
is not predicted by our delocalized 5f LDA or LDA
+DMFT calculations. We note, however, first, that the LDA
and LDA+DMFT bands have a significant dispersion along
the kz direction and second, that the kz position in the BZ
will, in a normal-emission ARPES experiment, depend on
the energy of the used radiation. With He I radiation, a kz
position between ! and Z in the bct BZ will be probed,65

probably being closer to ! than Z. In Fig. 14 we present
computed LDA and LDA+DMFT bands for the midpoint,
"=Z /2, between ! and Z, and going to the P and N, respec-
tively, high-symmetry points in the bct BZ !see Fig. 1". The
plotted bands illustrate that a flat band exists in the P-"-N
plane, just below EF, being mostly flat near kx, ky =0. At this
point it is still too early to decide whether this computed flat
band does or does not correspond to the observed ARPES
structure.67 High-resolution ARPES measurements with tun-
able photon energy will be required to reveal the full elec-
tronic dispersions in the HO phase.

D. Fermi surface of URu2Si2

1. Nesting vectors

An appropriate description of the Fermi-surface topology
of URu2Si2 is an indispensable ingredient for unraveling the

nature of the HO phase as well as the unconventional
SC.46–48,106 Experimental information regarding he FS of
URu2Si2 has been gained from nesting vectors, identified
through inelastic neutron experiments,38,42,53,123 and through
extremal FS orbits, obtained from quantum-oscillation
experiments.36,92,105

To start our discussion, we show a side view of the FS of
PM URu2Si2, computed with the LSDA approach, in Fig. 15.
The two FS sheets reveal the existence of a nesting vector
with length c!=2# /c !i.e., half the distance from one ! point
to the next-nearest ! point". These two FS sheets have a
similar round curvature, favorable for nesting, with the ex-
ception that close to Z/2 the !-centered sheet has a more
pointed part, with only a small area that would not be favor-
able for nesting. This FS part corresponds to a small part at
the Z point in the simple tetragonal cell, which we believe to
be insignificant.24 The identified nesting vector fits accu-
rately to the antiferromagnetic wave vector QAF= !0,0 ,1" of
longitudinal spin fluctuations observed in the HO phase with
inelastic neutron-scattering experiments,38,39,53 and it is the
AF ordering vector of the LMAF phase.38,42 This nesting
vector is important for understanding the low-temperature
behavior of URu2Si2. When a coherent state emerges at tem-
peratures sufficiently below the coherence temperature T!,
the system develops a FS sustaining this nesting vector,
which is favorable for AF spin fluctuations in the HO phase
and formation of long-range AF order in the LMAF phase.
Inelastic neutron experiments38 showed that the inelastic re-
sponse at QAF in the HO phase becomes the static AF Bragg
peak of the LMAF phase.38 The thereby induced symmetry
breaking implies a folding of the bct BZ at Z/2, i.e., folding
Z to !.

A second, incommensurate nesting vector of URu2Si2 has
been detected at Q1= !1$0.4,0 ,0".38,42,53 This nesting vec-
tor has been observed in both the HO and LMAF phases.38 In
Fig. 16 we show a cross section of the LMAF and PM Fermi
surfaces in the z=0 plane. To draw comparison, both FS
cross sections are plotted in the simple tetragonal unit cell of
the LMAF phase. As was reported recently,24 a clear nesting
occurs !depicted by the dashed arrow" at 0.4a! !a!=2# /a",
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FIG. 15. !Color online" Side view of the Fermi surface of PM
URu2Si2 along the kx or ky axis of the bct BZ !see Fig. 1". The
arrows indicate the AF nesting vector !with length 2# /c" connect-
ing the two FS sheets. Note that two smaller FS sheets !one
Z-centered ellipsoid and one small !-centered ellipsoid" are not
seen here.
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part of the LDA+DMFT calculation, which obviously deter-
mines largely the gross electronic structure, whereas the
DMFT part involving dynamical self-energy fluctuations in-
duces mainly modifications of energy dispersions in the vi-
cinity of the chemical potential.

DMFT k-dependent spectral functions can be compared to
ARPES data. Several ARPES measurements on URu2Si2
have been reported.65–67 Ito et al.65 and Santander-Syro et
al.67 both used a He I light source, whereas Denlinger et al.66

used tunable synchrotron radiation. Only the recent experi-
ment of Santander-Syro et al. measured quasiparticle bands
below T0. These latest measurements indicate the existence
of a narrow band just below EF in the HO phase, as well as
of an inverted parabolic band at k=0 below EF; the latter
band was attributed to a surface state.67 In our 5f-itinerant
LSDA calculation there is no such inverted parabolic band at
the ! point, but LDA localized 5f2 electron calculations do
predict such a band !see Fig. 11", as do also the recent
LDA+DMFT calculations of Haule and Kotliar.26 As photo-
emission at this energy is very surface sensitive, it could thus
be that this band stems from a 5f-localized response of ura-
nium atoms on the surface. Further investigations are there-
fore needed to definitely establish the origin of the inverse
parabolic band. A bulk, flat band just below EF at the ! point
is not predicted by our delocalized 5f LDA or LDA
+DMFT calculations. We note, however, first, that the LDA
and LDA+DMFT bands have a significant dispersion along
the kz direction and second, that the kz position in the BZ
will, in a normal-emission ARPES experiment, depend on
the energy of the used radiation. With He I radiation, a kz
position between ! and Z in the bct BZ will be probed,65

probably being closer to ! than Z. In Fig. 14 we present
computed LDA and LDA+DMFT bands for the midpoint,
"=Z /2, between ! and Z, and going to the P and N, respec-
tively, high-symmetry points in the bct BZ !see Fig. 1". The
plotted bands illustrate that a flat band exists in the P-"-N
plane, just below EF, being mostly flat near kx, ky =0. At this
point it is still too early to decide whether this computed flat
band does or does not correspond to the observed ARPES
structure.67 High-resolution ARPES measurements with tun-
able photon energy will be required to reveal the full elec-
tronic dispersions in the HO phase.

D. Fermi surface of URu2Si2

1. Nesting vectors

An appropriate description of the Fermi-surface topology
of URu2Si2 is an indispensable ingredient for unraveling the

nature of the HO phase as well as the unconventional
SC.46–48,106 Experimental information regarding he FS of
URu2Si2 has been gained from nesting vectors, identified
through inelastic neutron experiments,38,42,53,123 and through
extremal FS orbits, obtained from quantum-oscillation
experiments.36,92,105

To start our discussion, we show a side view of the FS of
PM URu2Si2, computed with the LSDA approach, in Fig. 15.
The two FS sheets reveal the existence of a nesting vector
with length c!=2# /c !i.e., half the distance from one ! point
to the next-nearest ! point". These two FS sheets have a
similar round curvature, favorable for nesting, with the ex-
ception that close to Z/2 the !-centered sheet has a more
pointed part, with only a small area that would not be favor-
able for nesting. This FS part corresponds to a small part at
the Z point in the simple tetragonal cell, which we believe to
be insignificant.24 The identified nesting vector fits accu-
rately to the antiferromagnetic wave vector QAF= !0,0 ,1" of
longitudinal spin fluctuations observed in the HO phase with
inelastic neutron-scattering experiments,38,39,53 and it is the
AF ordering vector of the LMAF phase.38,42 This nesting
vector is important for understanding the low-temperature
behavior of URu2Si2. When a coherent state emerges at tem-
peratures sufficiently below the coherence temperature T!,
the system develops a FS sustaining this nesting vector,
which is favorable for AF spin fluctuations in the HO phase
and formation of long-range AF order in the LMAF phase.
Inelastic neutron experiments38 showed that the inelastic re-
sponse at QAF in the HO phase becomes the static AF Bragg
peak of the LMAF phase.38 The thereby induced symmetry
breaking implies a folding of the bct BZ at Z/2, i.e., folding
Z to !.

A second, incommensurate nesting vector of URu2Si2 has
been detected at Q1= !1$0.4,0 ,0".38,42,53 This nesting vec-
tor has been observed in both the HO and LMAF phases.38 In
Fig. 16 we show a cross section of the LMAF and PM Fermi
surfaces in the z=0 plane. To draw comparison, both FS
cross sections are plotted in the simple tetragonal unit cell of
the LMAF phase. As was reported recently,24 a clear nesting
occurs !depicted by the dashed arrow" at 0.4a! !a!=2# /a",
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Strong superconducting fluctuations in URu2Si2

Flux line lattice melting         strong SC fluc.

fluctuations. Therefore, it is natural to consider that the
cusp temperature of !=T corresponds to the mean-field
transition temperature Tc!H". The decrease of !=T below
Tc!H" indicates that ‘ remains short under magnetic fields,
which shows a clear contrast to the enhanced !=T below
Tc!H" in, e.g., CeCoIn5 [14]. Further lowering the tem-
perature brings a second anomaly below which !=T be-
comes bigger than that extrapolated from high
temperatures. This second anomaly is located close to Tm
(solid arrows) but far from Tc!H", indicating that the QP
scattering is dramatically changed at #Tm, which will be
discussed later.

In Fig. 1, Tc!H" determined by the thermal conductivity
is shown by dashed arrows. It is obvious that "!T" shows
only a gradual decrease near Tc!H", while a sudden drop
occurs at Tm well below Tc!H". We note that the difference
between Tm and Tc!H" becomes more pronounced at
higher fields and exceeds 20% of Tc at 7 T [see
Fig. 3(f)]. The features of the resistive transition of
URu2Si2 bear striking resemblance to that of clean
YBa2Cu3O7, in which the sharp drop of the resistivity is
observed in a linear scale at the melting transition without a
sharp anomaly at Tc!H" and the E-J characteristics become
strongly non-Ohmic below Tm [7]. Based on these results,
we conclude that the melting transition takes place at Tm
[17].

The fundamental parameter which governs the strength
of the thermal fluctuations is the Ginzburg parameter,Gi $
%#kBTc=Hc!0"2$3

a&2=2, which measures the relative size
of the thermal energy kBTc and the condensation energy
within the coherence volume [19,20]. Here Hc $
!0=2

!!!
2
p
%&a$a is the thermodynamic critical field, and

&a and $a are penetration and coherence lengths in the
basal plane at T $ 0 K, respectively. In zero field, the
critical region where Gaussian fluctuation breaks down is
given by jT ' Tcj=Tc < Gi. Such a region is extremely
small even in high-Tc cuprates. However, in magnetic
fields sufficiently strong, the superconducting fluctuations
acquire an effective one-dimensional (1D) character along
the field direction. This reduction of the effective dimen-
sionality increases the importance of fluctuations, resulting
in a serious broadening of the resistive transition around
Tc!H", particularly in superconductors with large Gi [21].
Large Gi also leads to the reduction of Tm, extending the
FL liquid region. The thermodynamic melting line for the
3D system is determined by

 Tm ' Tc!H" $ 2y
" H

~Hc2!0"

#
2=3 !!!!!!!!!!!!!

Gi=#23
q

Tc!H" (1)

with y ( '7 [20]. Here ~Hc2!0" is a linear extrapolation of
the initial slope of Hc2!T" at Tc0 to T ! 0 K.

Let us now quantitatively compare URu2Si2 with other
systems. In conventional low-Tc superconductors, Gi
ranges from 10'11 to 10'7, while in YBa2Cu3O7 Gi is as
large as #10'2 [19]. Now, the penetration depth of

URu2Si2 is unusually long (&a # 1 'm according to
'SR [22]), giving rise to a large Gi # 3) 10'4. Such a
long penetration depth is a natural consequence of the
combination of a small Fermi surface (i.e., a low carrier
density) with a large effective mass. Both these features are
directly inferred from de Haas–van Alphen measurements
[3] and are confirmed by a host of converging experimental
evidence [5]. Thus, Gi is roughly increased by 5 orders of
magnitude, leading to a sizable separation of Tm and Tc!H"
over a large portion of the phase diagram (see Fig. 4), as is
the case in the high-Tc cuprates.

The solid lines in Figs. 4(a) and 4(b) represent the
melting curves obtained from Eq. (1) with a single fitting
parameter Gi $ 3:8) 10'4. This value is very close to the
above estimate. These results lead us to conclude that the
exceptionally large thermal fluctuations play an important
role in URu2Si2 even at sub-Kelvin temperatures.

We here point out several unique features in URu2Si2.
First, in high-Tc cuprates, the 2D pancake vortices are

µ
µ

β

FIG. 4 (color online). H-T phase diagram of URu2Si2 deter-
mined by the present study for (a) H k c and (b) H k a. Open
symbols represent the mean-field Hc2 lines. At low temperatures,
this line becomes first order (open squares) [4]. The dashed lines
are guides for the eyes. The solid squares represent the melting
transition which is fitted by Eq. (1) (solid line). The FL liquid
phase occupies a large portion in the H-T diagram for both field
directions. The inset of (b) shows an expanded view of Hm!T"
near Tc0 for H k a. The dash-dotted line is a fit to Hm / !Tc '
T"( with ( $ 1:4. This (-value is consistent with that in
YBa2Cu3O7 [7].
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flux line

!=T increases with decreasing T and more rapidly below
Tc0. The Wiedemann-Franz ratio L in the normal state near
Tc is very close to the Sommerfeld value L0 expected for
the electronic contribution. Moreover, the phonon contri-
bution !ph=T is reported to be less than 0:3 W=K2 m
around 0.8 K [13], which is much smaller than the observed
!=T. These indicate that in this temperature range, the
electron contribution well dominates over the phonon con-
tribution. The electronic heat conduction is described by
!=T ! N"0#vF‘, where N"0#, vF, and ‘ are the QP density
of states, Fermi velocity, and QP mean free path, respec-
tively. The enhancement of !=T below Tc0 is caused by a
striking enhancement of ‘ due to the gap formation, which
overcomes the reduction of N"0# in the superconducting
state, as observed in several strongly correlated electron
systems [14,15]. This is a natural consequence of the more
rapid reduction of the QP scattering rate than the N"0#
reduction, since the number of QPs and the number of QP

scatters are both reduced below Tc0 in the electron-electron
scattering. Under a magnetic field, however, !=T begins to
decrease below a distinct cusp (dashed arrows) as the
temperature is lowered. This is an indication that N"0#
decreases below this cusp temperature. Indeed, according
to recent theories [16], thermal conductivity has no fluc-
tuation correction, in contrast to the resistivity, magnetic
susceptibility, and specific heat which are subject to the
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FIG. 1 (color online). Temperature dependence of the resistiv-
ity for (a) H k c and (b) H k a. The very large magnetoresis-
tance in the normal state stems from the compensation, i.e.,
essentially equal number of electrons and holes, ne $ nh [4].
The solid arrows indicate the melting transition Tm, which is
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!=T increases with decreasing T and more rapidly below
Tc0. The Wiedemann-Franz ratio L in the normal state near
Tc is very close to the Sommerfeld value L0 expected for
the electronic contribution. Moreover, the phonon contri-
bution !ph=T is reported to be less than 0:3 W=K2 m
around 0.8 K [13], which is much smaller than the observed
!=T. These indicate that in this temperature range, the
electron contribution well dominates over the phonon con-
tribution. The electronic heat conduction is described by
!=T ! N"0#vF‘, where N"0#, vF, and ‘ are the QP density
of states, Fermi velocity, and QP mean free path, respec-
tively. The enhancement of !=T below Tc0 is caused by a
striking enhancement of ‘ due to the gap formation, which
overcomes the reduction of N"0# in the superconducting
state, as observed in several strongly correlated electron
systems [14,15]. This is a natural consequence of the more
rapid reduction of the QP scattering rate than the N"0#
reduction, since the number of QPs and the number of QP

scatters are both reduced below Tc0 in the electron-electron
scattering. Under a magnetic field, however, !=T begins to
decrease below a distinct cusp (dashed arrows) as the
temperature is lowered. This is an indication that N"0#
decreases below this cusp temperature. Indeed, according
to recent theories [16], thermal conductivity has no fluc-
tuation correction, in contrast to the resistivity, magnetic
susceptibility, and specific heat which are subject to the
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(a) and in magnetic fields H k a (b)–(f). The resistivity data at
corresponding fields are also shown (solid lines). The dashed
arrows indicate the temperature at which !=T shows cusps,
which correspond to the mean field Tc"H#. The solid arrows
mark the melting temperature Tm [inset of Fig. 1(b)]. Below
!Tm, !=T becomes bigger than extrapolated values.
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fluctuations. Therefore, it is natural to consider that the
cusp temperature of !=T corresponds to the mean-field
transition temperature Tc!H". The decrease of !=T below
Tc!H" indicates that ‘ remains short under magnetic fields,
which shows a clear contrast to the enhanced !=T below
Tc!H" in, e.g., CeCoIn5 [14]. Further lowering the tem-
perature brings a second anomaly below which !=T be-
comes bigger than that extrapolated from high
temperatures. This second anomaly is located close to Tm
(solid arrows) but far from Tc!H", indicating that the QP
scattering is dramatically changed at #Tm, which will be
discussed later.

In Fig. 1, Tc!H" determined by the thermal conductivity
is shown by dashed arrows. It is obvious that "!T" shows
only a gradual decrease near Tc!H", while a sudden drop
occurs at Tm well below Tc!H". We note that the difference
between Tm and Tc!H" becomes more pronounced at
higher fields and exceeds 20% of Tc at 7 T [see
Fig. 3(f)]. The features of the resistive transition of
URu2Si2 bear striking resemblance to that of clean
YBa2Cu3O7, in which the sharp drop of the resistivity is
observed in a linear scale at the melting transition without a
sharp anomaly at Tc!H" and the E-J characteristics become
strongly non-Ohmic below Tm [7]. Based on these results,
we conclude that the melting transition takes place at Tm
[17].

The fundamental parameter which governs the strength
of the thermal fluctuations is the Ginzburg parameter,Gi $
%#kBTc=Hc!0"2$3

a&2=2, which measures the relative size
of the thermal energy kBTc and the condensation energy
within the coherence volume [19,20]. Here Hc $
!0=2

!!!
2
p
%&a$a is the thermodynamic critical field, and

&a and $a are penetration and coherence lengths in the
basal plane at T $ 0 K, respectively. In zero field, the
critical region where Gaussian fluctuation breaks down is
given by jT ' Tcj=Tc < Gi. Such a region is extremely
small even in high-Tc cuprates. However, in magnetic
fields sufficiently strong, the superconducting fluctuations
acquire an effective one-dimensional (1D) character along
the field direction. This reduction of the effective dimen-
sionality increases the importance of fluctuations, resulting
in a serious broadening of the resistive transition around
Tc!H", particularly in superconductors with large Gi [21].
Large Gi also leads to the reduction of Tm, extending the
FL liquid region. The thermodynamic melting line for the
3D system is determined by

 Tm ' Tc!H" $ 2y
" H

~Hc2!0"

#
2=3 !!!!!!!!!!!!!

Gi=#23
q

Tc!H" (1)

with y ( '7 [20]. Here ~Hc2!0" is a linear extrapolation of
the initial slope of Hc2!T" at Tc0 to T ! 0 K.

Let us now quantitatively compare URu2Si2 with other
systems. In conventional low-Tc superconductors, Gi
ranges from 10'11 to 10'7, while in YBa2Cu3O7 Gi is as
large as #10'2 [19]. Now, the penetration depth of

URu2Si2 is unusually long (&a # 1 'm according to
'SR [22]), giving rise to a large Gi # 3) 10'4. Such a
long penetration depth is a natural consequence of the
combination of a small Fermi surface (i.e., a low carrier
density) with a large effective mass. Both these features are
directly inferred from de Haas–van Alphen measurements
[3] and are confirmed by a host of converging experimental
evidence [5]. Thus, Gi is roughly increased by 5 orders of
magnitude, leading to a sizable separation of Tm and Tc!H"
over a large portion of the phase diagram (see Fig. 4), as is
the case in the high-Tc cuprates.

The solid lines in Figs. 4(a) and 4(b) represent the
melting curves obtained from Eq. (1) with a single fitting
parameter Gi $ 3:8) 10'4. This value is very close to the
above estimate. These results lead us to conclude that the
exceptionally large thermal fluctuations play an important
role in URu2Si2 even at sub-Kelvin temperatures.

We here point out several unique features in URu2Si2.
First, in high-Tc cuprates, the 2D pancake vortices are

µ
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FIG. 4 (color online). H-T phase diagram of URu2Si2 deter-
mined by the present study for (a) H k c and (b) H k a. Open
symbols represent the mean-field Hc2 lines. At low temperatures,
this line becomes first order (open squares) [4]. The dashed lines
are guides for the eyes. The solid squares represent the melting
transition which is fitted by Eq. (1) (solid line). The FL liquid
phase occupies a large portion in the H-T diagram for both field
directions. The inset of (b) shows an expanded view of Hm!T"
near Tc0 for H k a. The dash-dotted line is a fit to Hm / !Tc '
T"( with ( $ 1:4. This (-value is consistent with that in
YBa2Cu3O7 [7].
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fluctuations. Therefore, it is natural to consider that the
cusp temperature of !=T corresponds to the mean-field
transition temperature Tc!H". The decrease of !=T below
Tc!H" indicates that ‘ remains short under magnetic fields,
which shows a clear contrast to the enhanced !=T below
Tc!H" in, e.g., CeCoIn5 [14]. Further lowering the tem-
perature brings a second anomaly below which !=T be-
comes bigger than that extrapolated from high
temperatures. This second anomaly is located close to Tm
(solid arrows) but far from Tc!H", indicating that the QP
scattering is dramatically changed at #Tm, which will be
discussed later.

In Fig. 1, Tc!H" determined by the thermal conductivity
is shown by dashed arrows. It is obvious that "!T" shows
only a gradual decrease near Tc!H", while a sudden drop
occurs at Tm well below Tc!H". We note that the difference
between Tm and Tc!H" becomes more pronounced at
higher fields and exceeds 20% of Tc at 7 T [see
Fig. 3(f)]. The features of the resistive transition of
URu2Si2 bear striking resemblance to that of clean
YBa2Cu3O7, in which the sharp drop of the resistivity is
observed in a linear scale at the melting transition without a
sharp anomaly at Tc!H" and the E-J characteristics become
strongly non-Ohmic below Tm [7]. Based on these results,
we conclude that the melting transition takes place at Tm
[17].

The fundamental parameter which governs the strength
of the thermal fluctuations is the Ginzburg parameter,Gi $
%#kBTc=Hc!0"2$3

a&2=2, which measures the relative size
of the thermal energy kBTc and the condensation energy
within the coherence volume [19,20]. Here Hc $
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&a and $a are penetration and coherence lengths in the
basal plane at T $ 0 K, respectively. In zero field, the
critical region where Gaussian fluctuation breaks down is
given by jT ' Tcj=Tc < Gi. Such a region is extremely
small even in high-Tc cuprates. However, in magnetic
fields sufficiently strong, the superconducting fluctuations
acquire an effective one-dimensional (1D) character along
the field direction. This reduction of the effective dimen-
sionality increases the importance of fluctuations, resulting
in a serious broadening of the resistive transition around
Tc!H", particularly in superconductors with large Gi [21].
Large Gi also leads to the reduction of Tm, extending the
FL liquid region. The thermodynamic melting line for the
3D system is determined by
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with y ( '7 [20]. Here ~Hc2!0" is a linear extrapolation of
the initial slope of Hc2!T" at Tc0 to T ! 0 K.

Let us now quantitatively compare URu2Si2 with other
systems. In conventional low-Tc superconductors, Gi
ranges from 10'11 to 10'7, while in YBa2Cu3O7 Gi is as
large as #10'2 [19]. Now, the penetration depth of

URu2Si2 is unusually long (&a # 1 'm according to
'SR [22]), giving rise to a large Gi # 3) 10'4. Such a
long penetration depth is a natural consequence of the
combination of a small Fermi surface (i.e., a low carrier
density) with a large effective mass. Both these features are
directly inferred from de Haas–van Alphen measurements
[3] and are confirmed by a host of converging experimental
evidence [5]. Thus, Gi is roughly increased by 5 orders of
magnitude, leading to a sizable separation of Tm and Tc!H"
over a large portion of the phase diagram (see Fig. 4), as is
the case in the high-Tc cuprates.

The solid lines in Figs. 4(a) and 4(b) represent the
melting curves obtained from Eq. (1) with a single fitting
parameter Gi $ 3:8) 10'4. This value is very close to the
above estimate. These results lead us to conclude that the
exceptionally large thermal fluctuations play an important
role in URu2Si2 even at sub-Kelvin temperatures.

We here point out several unique features in URu2Si2.
First, in high-Tc cuprates, the 2D pancake vortices are
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FIG. 4 (color online). H-T phase diagram of URu2Si2 deter-
mined by the present study for (a) H k c and (b) H k a. Open
symbols represent the mean-field Hc2 lines. At low temperatures,
this line becomes first order (open squares) [4]. The dashed lines
are guides for the eyes. The solid squares represent the melting
transition which is fitted by Eq. (1) (solid line). The FL liquid
phase occupies a large portion in the H-T diagram for both field
directions. The inset of (b) shows an expanded view of Hm!T"
near Tc0 for H k a. The dash-dotted line is a fit to Hm / !Tc '
T"( with ( $ 1:4. This (-value is consistent with that in
YBa2Cu3O7 [7].
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fluctuations. Therefore, it is natural to consider that the
cusp temperature of !=T corresponds to the mean-field
transition temperature Tc!H". The decrease of !=T below
Tc!H" indicates that ‘ remains short under magnetic fields,
which shows a clear contrast to the enhanced !=T below
Tc!H" in, e.g., CeCoIn5 [14]. Further lowering the tem-
perature brings a second anomaly below which !=T be-
comes bigger than that extrapolated from high
temperatures. This second anomaly is located close to Tm
(solid arrows) but far from Tc!H", indicating that the QP
scattering is dramatically changed at #Tm, which will be
discussed later.

In Fig. 1, Tc!H" determined by the thermal conductivity
is shown by dashed arrows. It is obvious that "!T" shows
only a gradual decrease near Tc!H", while a sudden drop
occurs at Tm well below Tc!H". We note that the difference
between Tm and Tc!H" becomes more pronounced at
higher fields and exceeds 20% of Tc at 7 T [see
Fig. 3(f)]. The features of the resistive transition of
URu2Si2 bear striking resemblance to that of clean
YBa2Cu3O7, in which the sharp drop of the resistivity is
observed in a linear scale at the melting transition without a
sharp anomaly at Tc!H" and the E-J characteristics become
strongly non-Ohmic below Tm [7]. Based on these results,
we conclude that the melting transition takes place at Tm
[17].

The fundamental parameter which governs the strength
of the thermal fluctuations is the Ginzburg parameter,Gi $
%#kBTc=Hc!0"2$3

a&2=2, which measures the relative size
of the thermal energy kBTc and the condensation energy
within the coherence volume [19,20]. Here Hc $
!0=2
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2
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%&a$a is the thermodynamic critical field, and

&a and $a are penetration and coherence lengths in the
basal plane at T $ 0 K, respectively. In zero field, the
critical region where Gaussian fluctuation breaks down is
given by jT ' Tcj=Tc < Gi. Such a region is extremely
small even in high-Tc cuprates. However, in magnetic
fields sufficiently strong, the superconducting fluctuations
acquire an effective one-dimensional (1D) character along
the field direction. This reduction of the effective dimen-
sionality increases the importance of fluctuations, resulting
in a serious broadening of the resistive transition around
Tc!H", particularly in superconductors with large Gi [21].
Large Gi also leads to the reduction of Tm, extending the
FL liquid region. The thermodynamic melting line for the
3D system is determined by

 Tm ' Tc!H" $ 2y
" H

~Hc2!0"
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with y ( '7 [20]. Here ~Hc2!0" is a linear extrapolation of
the initial slope of Hc2!T" at Tc0 to T ! 0 K.

Let us now quantitatively compare URu2Si2 with other
systems. In conventional low-Tc superconductors, Gi
ranges from 10'11 to 10'7, while in YBa2Cu3O7 Gi is as
large as #10'2 [19]. Now, the penetration depth of

URu2Si2 is unusually long (&a # 1 'm according to
'SR [22]), giving rise to a large Gi # 3) 10'4. Such a
long penetration depth is a natural consequence of the
combination of a small Fermi surface (i.e., a low carrier
density) with a large effective mass. Both these features are
directly inferred from de Haas–van Alphen measurements
[3] and are confirmed by a host of converging experimental
evidence [5]. Thus, Gi is roughly increased by 5 orders of
magnitude, leading to a sizable separation of Tm and Tc!H"
over a large portion of the phase diagram (see Fig. 4), as is
the case in the high-Tc cuprates.

The solid lines in Figs. 4(a) and 4(b) represent the
melting curves obtained from Eq. (1) with a single fitting
parameter Gi $ 3:8) 10'4. This value is very close to the
above estimate. These results lead us to conclude that the
exceptionally large thermal fluctuations play an important
role in URu2Si2 even at sub-Kelvin temperatures.

We here point out several unique features in URu2Si2.
First, in high-Tc cuprates, the 2D pancake vortices are
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FIG. 4 (color online). H-T phase diagram of URu2Si2 deter-
mined by the present study for (a) H k c and (b) H k a. Open
symbols represent the mean-field Hc2 lines. At low temperatures,
this line becomes first order (open squares) [4]. The dashed lines
are guides for the eyes. The solid squares represent the melting
transition which is fitted by Eq. (1) (solid line). The FL liquid
phase occupies a large portion in the H-T diagram for both field
directions. The inset of (b) shows an expanded view of Hm!T"
near Tc0 for H k a. The dash-dotted line is a fit to Hm / !Tc '
T"( with ( $ 1:4. This (-value is consistent with that in
YBa2Cu3O7 [7].
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fluctuations. Therefore, it is natural to consider that the
cusp temperature of !=T corresponds to the mean-field
transition temperature Tc!H". The decrease of !=T below
Tc!H" indicates that ‘ remains short under magnetic fields,
which shows a clear contrast to the enhanced !=T below
Tc!H" in, e.g., CeCoIn5 [14]. Further lowering the tem-
perature brings a second anomaly below which !=T be-
comes bigger than that extrapolated from high
temperatures. This second anomaly is located close to Tm
(solid arrows) but far from Tc!H", indicating that the QP
scattering is dramatically changed at #Tm, which will be
discussed later.

In Fig. 1, Tc!H" determined by the thermal conductivity
is shown by dashed arrows. It is obvious that "!T" shows
only a gradual decrease near Tc!H", while a sudden drop
occurs at Tm well below Tc!H". We note that the difference
between Tm and Tc!H" becomes more pronounced at
higher fields and exceeds 20% of Tc at 7 T [see
Fig. 3(f)]. The features of the resistive transition of
URu2Si2 bear striking resemblance to that of clean
YBa2Cu3O7, in which the sharp drop of the resistivity is
observed in a linear scale at the melting transition without a
sharp anomaly at Tc!H" and the E-J characteristics become
strongly non-Ohmic below Tm [7]. Based on these results,
we conclude that the melting transition takes place at Tm
[17].

The fundamental parameter which governs the strength
of the thermal fluctuations is the Ginzburg parameter,Gi $
%#kBTc=Hc!0"2$3

a&2=2, which measures the relative size
of the thermal energy kBTc and the condensation energy
within the coherence volume [19,20]. Here Hc $
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%&a$a is the thermodynamic critical field, and

&a and $a are penetration and coherence lengths in the
basal plane at T $ 0 K, respectively. In zero field, the
critical region where Gaussian fluctuation breaks down is
given by jT ' Tcj=Tc < Gi. Such a region is extremely
small even in high-Tc cuprates. However, in magnetic
fields sufficiently strong, the superconducting fluctuations
acquire an effective one-dimensional (1D) character along
the field direction. This reduction of the effective dimen-
sionality increases the importance of fluctuations, resulting
in a serious broadening of the resistive transition around
Tc!H", particularly in superconductors with large Gi [21].
Large Gi also leads to the reduction of Tm, extending the
FL liquid region. The thermodynamic melting line for the
3D system is determined by
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with y ( '7 [20]. Here ~Hc2!0" is a linear extrapolation of
the initial slope of Hc2!T" at Tc0 to T ! 0 K.

Let us now quantitatively compare URu2Si2 with other
systems. In conventional low-Tc superconductors, Gi
ranges from 10'11 to 10'7, while in YBa2Cu3O7 Gi is as
large as #10'2 [19]. Now, the penetration depth of

URu2Si2 is unusually long (&a # 1 'm according to
'SR [22]), giving rise to a large Gi # 3) 10'4. Such a
long penetration depth is a natural consequence of the
combination of a small Fermi surface (i.e., a low carrier
density) with a large effective mass. Both these features are
directly inferred from de Haas–van Alphen measurements
[3] and are confirmed by a host of converging experimental
evidence [5]. Thus, Gi is roughly increased by 5 orders of
magnitude, leading to a sizable separation of Tm and Tc!H"
over a large portion of the phase diagram (see Fig. 4), as is
the case in the high-Tc cuprates.

The solid lines in Figs. 4(a) and 4(b) represent the
melting curves obtained from Eq. (1) with a single fitting
parameter Gi $ 3:8) 10'4. This value is very close to the
above estimate. These results lead us to conclude that the
exceptionally large thermal fluctuations play an important
role in URu2Si2 even at sub-Kelvin temperatures.

We here point out several unique features in URu2Si2.
First, in high-Tc cuprates, the 2D pancake vortices are
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FIG. 4 (color online). H-T phase diagram of URu2Si2 deter-
mined by the present study for (a) H k c and (b) H k a. Open
symbols represent the mean-field Hc2 lines. At low temperatures,
this line becomes first order (open squares) [4]. The dashed lines
are guides for the eyes. The solid squares represent the melting
transition which is fitted by Eq. (1) (solid line). The FL liquid
phase occupies a large portion in the H-T diagram for both field
directions. The inset of (b) shows an expanded view of Hm!T"
near Tc0 for H k a. The dash-dotted line is a fit to Hm / !Tc '
T"( with ( $ 1:4. This (-value is consistent with that in
YBa2Cu3O7 [7].
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Heavy fermion superconductor with chiral SC order, URu2Si2  is 
suitable for investigation of Berry phase fluctuation phenomena
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Figure 1 Nernst signal from sample 1. a,b, The Nernst signal (N ) as a function of
magnetic field for temperatures ranging from 0.19 K to 5.8 K, for sample 1 with
Tc = 0.165 K as detected by its resistive transition. A finite Nernst signal is present
for T > Tc. With increasing temperature, this signal decreases in magnitude and
becomes more field linear. c, The Nernst coefficient, ν = N/B, for the same sample
as a function of magnetic field in a log–log scale. Note that, except for the lowest
temperatures, the Nernst coefficient is constant at low magnetic field.

the Hall angle (tan θ = RH/ρxx , where RH is the Hall coefficient
and ρxx is the longitudinal resistivity). As seen in Fig. 2, in the
entire range of our measurements, the Nernst coefficient, ν, is three
orders of magnitude larger than Stan θ. In a multi-band metal, the
contribution of carriers with different signs to Stan θ cancel out and
its overall value could become smaller than ν (ref. 17), but such a
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Figure 2 Nernst signal from sample 2. a,b, The temperature dependence of the
Nernst coefficient (a) and the resistivity (b). The Nernst coefficient, which exceeds
the measured value of S tan θ at 2 T multiplied by 2,000, cannot be attributed to the
normal-state quasi-particles. c, The evolution of the Nernst signal with temperature
in sample 2 on a semi-log plot. The thick grey curve marks the onset of
superconductivity. Note the evolution of the Nernst signal across the critical
temperature. The large Nernst signal below Tc is caused by vortex movement due to
the thermal gradient and the reduction of the signal at lower fields for T = 0.25 K is
due to vortex pinning in the low-temperature-low-field region of the (B,T ) plane.

possibility can be easily ruled out here. The hypothetical existence
of two very small Fermi surface pockets hosting carriers of opposite
sign with long mean-free-path seems implausible. The small value
of tan θ ≈ 2 × 10−5 simply reflects an extremely short electronic
mean-free-path (of the order of interatomic distance ∼0.25 nm)
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Figure 1 Nernst signal from sample 1. a,b, The Nernst signal (N ) as a function of
magnetic field for temperatures ranging from 0.19 K to 5.8 K, for sample 1 with
Tc = 0.165 K as detected by its resistive transition. A finite Nernst signal is present
for T > Tc. With increasing temperature, this signal decreases in magnitude and
becomes more field linear. c, The Nernst coefficient, ν = N/B, for the same sample
as a function of magnetic field in a log–log scale. Note that, except for the lowest
temperatures, the Nernst coefficient is constant at low magnetic field.

the Hall angle (tan θ = RH/ρxx , where RH is the Hall coefficient
and ρxx is the longitudinal resistivity). As seen in Fig. 2, in the
entire range of our measurements, the Nernst coefficient, ν, is three
orders of magnitude larger than Stan θ. In a multi-band metal, the
contribution of carriers with different signs to Stan θ cancel out and
its overall value could become smaller than ν (ref. 17), but such a
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Figure 2 Nernst signal from sample 2. a,b, The temperature dependence of the
Nernst coefficient (a) and the resistivity (b). The Nernst coefficient, which exceeds
the measured value of S tan θ at 2 T multiplied by 2,000, cannot be attributed to the
normal-state quasi-particles. c, The evolution of the Nernst signal with temperature
in sample 2 on a semi-log plot. The thick grey curve marks the onset of
superconductivity. Note the evolution of the Nernst signal across the critical
temperature. The large Nernst signal below Tc is caused by vortex movement due to
the thermal gradient and the reduction of the signal at lower fields for T = 0.25 K is
due to vortex pinning in the low-temperature-low-field region of the (B,T ) plane.

possibility can be easily ruled out here. The hypothetical existence
of two very small Fermi surface pockets hosting carriers of opposite
sign with long mean-free-path seems implausible. The small value
of tan θ ≈ 2 × 10−5 simply reflects an extremely short electronic
mean-free-path (of the order of interatomic distance ∼0.25 nm)
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with the chirality C = +1 (−1), and each channel breaks
TRS. However, we concentrate on transport phenomena
above Tc, in fluctuation regime, where two channels are
degenerate, and therefore TRS is not spontaneously bro-
ken.
Nernst and Hall Effects — Generally, to induce trans-

verse transport phenomena such as the Nernst and Hall
effects, it is necessary to break TRS. In fluctuation regime
above Tc, TRS is not spontaneously broken, and then
a magnetic field is necessary to break TRS. Due to a
magnetic field, the Lorentz force on quasiparticles and
fluctuating Cooper pairs is generated and causes conven-
tional transverse transport phenomena [28]. In addition,
in the case of chiral superconductors, the magnetic field
also causes “polarization” of chirality due to a magnetic
field-chirality (MC) coupling; i.e. the difference in the
weights of two superconducting fluctuation channels is
induced. The chirality-polarized superconducting fluc-
tuations give rise to asymmetric scattering of electrons
resulting in the anomalous Nernst and Hall effects (ANE
and AHE) without Lorentz force, which are the main
subjects of this letter (See Eqs.(4), (5), and (6) below,
which constitute the main results).
First, we discuss the chirality polarization by evaluat-

ing the superconducting fluctuation propagator. Under
a uniform magnetic field H = (0, 0, H), the fluctuation
propagators of chiral dzx ± idzy-channels (correspond to
C = ±1, respectively) is given by [29]:

L̃−1
C (x,y,ωq;H) = −δ(x− y)

g
+ Π̃C(x,y,ωq;H), (2)

where Π̃C(x, y,ωq;H) is the bare particle-particle sus-
ceptibility (BPS), which is decomposed into the chirality-
independent term (the first term of Eq.(3)) and the
chirality-dependent term (the second term of (3));

Π̃C(x, y,ωq;H) = e−i2eΦ(x,y)

×
[
Π(x− y,ωq;H)− C

5eH

4k2F
Π′(x− y,ωq;H)

]
,(3)

where Π and Π′ are “core” bare BPSs which preserve
translation, gauge, and c-axis rotation invariances [30–
32], ωq is the bosonic Matsubara frequency, and the
phase, Φ(x,y) =

∫ y
x A(r)dr, is defined as an integral

of the vector potential along a straight line. The pre-
cise expressions of Π and Π′ are given in [29]. Note that
this expression (3) is applicable to arbitrary magnitude
of magnetic fields and for any gauge conditions. The re-
markable point of (3) is that the amplitude of the BPS is
changed by the MC-coupling via the chirality-dependent
term, −C(5eH/4k2F )Π

′. As a result, the MC-coupling
raises (lowers) the transition temperature of the C = −1
(+1) state, which has orbital magnetic moment paral-
lel (antiparallel) to the c-axis, in contrast to the phase
Φ, which reflects the orbital depairing effect, and always

lowers the transition temperature [33]. Moreover, the
MC-coupling induces paramagnetism discussed later.

Using the fluctuation propagator, Eq. (2), we calcu-
late the Nernst and Hall conductivities. Note that up
to the linear order in H, we can systematically sepa-
rate whole contributions into two parts: one correspond-
ing to the conventional contribution due to Lorentz force
on quasiparticles and fluctuating Cooper pairs, and the
other one associated with the ANE and AHE caused by
asymmetric scattering due to CSF. As will be shown be-
low, the latter contribution dominates over the former
one for clean samples. Thus, we focus on the latter in the
following. We sketch briefly a basic idea of the derivation
for the Nernst and Hall conductivities. (see [29] for the
details) It is found that the three diagrams which give
leading-order contributions in conventional theories, i.e.
the Aslamazov-Larkin (AL), Maki-Thompson (MT), and
density-of-states (DOS) diagrams (upper panel in Fig. 1)
[28], do not contribute in the absence of Lorentz force,
and generally, all contributions from diagrams belonging
to the classes of the lower panel in Fig. 1 are zero. The
reason is that the cancellation of skew-scattering occurs
between electrons and holes [29]. The lowest order di-
agrams which do not belong to these classes and give
nonzero contributions are depicted in Fig. 2. In these
diagrams, scattering processes due to electron-electron
interaction represented by a renormalized four-point ver-
tex, W (k,ωj) (double line), which disturb the above-
mentioned cancellation of skew-scattering, are included.
To carry out calculations explicitly, we postulate a simple
model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interaction
mediated via a short-range antiferromagnetic spin fluc-
tuation, where W0 is a constant and Γ is the energy scale
of spin fluctuations. In fact, for URu2Si2, a short-range
antiferromagnetic spin fluctuation exists in the hidden
order phase as clarified by inelastic neutron scattering
measurements [34, 35]. Thus, the above assumption for
W (k,ωj) is legitimate. However, we stress that our final
results are qualitatively not changed by specific form of
W (k,ωj), as will be discussed later.

Then, we obtain the Kubo terms of the Nernst and Hall
conductivities in clean limit, near Tc, and in the linear
order of H [29]:
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Here, ε = log T/Tc, vF is the Fermi velocity, ξ =√
−ψ′′(1/2)/6(vF /4πT ) is the coherence length, ψ is

the digamma function, τ is the electron scattering time
due to impurities and electron-electron scattering, Λ is
the cutoff of the momentum of superconducting fluctu-
ation propagator, which is the same order as 1/ξ, and
f(2πT/Γ) is a dimensionless function, whose definition
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with the chirality C = +1 (−1), and each channel breaks
TRS. However, we concentrate on transport phenomena
above Tc, in fluctuation regime, where two channels are
degenerate, and therefore TRS is not spontaneously bro-
ken.
Nernst and Hall Effects — Generally, to induce trans-

verse transport phenomena such as the Nernst and Hall
effects, it is necessary to break TRS. In fluctuation regime
above Tc, TRS is not spontaneously broken, and then
a magnetic field is necessary to break TRS. Due to a
magnetic field, the Lorentz force on quasiparticles and
fluctuating Cooper pairs is generated and causes conven-
tional transverse transport phenomena [28]. In addition,
in the case of chiral superconductors, the magnetic field
also causes “polarization” of chirality due to a magnetic
field-chirality (MC) coupling; i.e. the difference in the
weights of two superconducting fluctuation channels is
induced. The chirality-polarized superconducting fluc-
tuations give rise to asymmetric scattering of electrons
resulting in the anomalous Nernst and Hall effects (ANE
and AHE) without Lorentz force, which are the main
subjects of this letter (See Eqs.(4), (5), and (6) below,
which constitute the main results).
First, we discuss the chirality polarization by evaluat-

ing the superconducting fluctuation propagator. Under
a uniform magnetic field H = (0, 0, H), the fluctuation
propagators of chiral dzx ± idzy-channels (correspond to
C = ±1, respectively) is given by [29]:

L̃−1
C (x,y,ωq;H) = −δ(x− y)

g
+ Π̃C(x,y,ωq;H), (2)

where Π̃C(x, y,ωq;H) is the bare particle-particle sus-
ceptibility (BPS), which is decomposed into the chirality-
independent term (the first term of Eq.(3)) and the
chirality-dependent term (the second term of (3));

Π̃C(x, y,ωq;H) = e−i2eΦ(x,y)

×
[
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4k2F
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]
,(3)

where Π and Π′ are “core” bare BPSs which preserve
translation, gauge, and c-axis rotation invariances [30–
32], ωq is the bosonic Matsubara frequency, and the
phase, Φ(x,y) =

∫ y
x A(r)dr, is defined as an integral

of the vector potential along a straight line. The pre-
cise expressions of Π and Π′ are given in [29]. Note that
this expression (3) is applicable to arbitrary magnitude
of magnetic fields and for any gauge conditions. The re-
markable point of (3) is that the amplitude of the BPS is
changed by the MC-coupling via the chirality-dependent
term, −C(5eH/4k2F )Π

′. As a result, the MC-coupling
raises (lowers) the transition temperature of the C = −1
(+1) state, which has orbital magnetic moment paral-
lel (antiparallel) to the c-axis, in contrast to the phase
Φ, which reflects the orbital depairing effect, and always

lowers the transition temperature [33]. Moreover, the
MC-coupling induces paramagnetism discussed later.

Using the fluctuation propagator, Eq. (2), we calcu-
late the Nernst and Hall conductivities. Note that up
to the linear order in H, we can systematically sepa-
rate whole contributions into two parts: one correspond-
ing to the conventional contribution due to Lorentz force
on quasiparticles and fluctuating Cooper pairs, and the
other one associated with the ANE and AHE caused by
asymmetric scattering due to CSF. As will be shown be-
low, the latter contribution dominates over the former
one for clean samples. Thus, we focus on the latter in the
following. We sketch briefly a basic idea of the derivation
for the Nernst and Hall conductivities. (see [29] for the
details) It is found that the three diagrams which give
leading-order contributions in conventional theories, i.e.
the Aslamazov-Larkin (AL), Maki-Thompson (MT), and
density-of-states (DOS) diagrams (upper panel in Fig. 1)
[28], do not contribute in the absence of Lorentz force,
and generally, all contributions from diagrams belonging
to the classes of the lower panel in Fig. 1 are zero. The
reason is that the cancellation of skew-scattering occurs
between electrons and holes [29]. The lowest order di-
agrams which do not belong to these classes and give
nonzero contributions are depicted in Fig. 2. In these
diagrams, scattering processes due to electron-electron
interaction represented by a renormalized four-point ver-
tex, W (k,ωj) (double line), which disturb the above-
mentioned cancellation of skew-scattering, are included.
To carry out calculations explicitly, we postulate a simple
model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interaction
mediated via a short-range antiferromagnetic spin fluc-
tuation, where W0 is a constant and Γ is the energy scale
of spin fluctuations. In fact, for URu2Si2, a short-range
antiferromagnetic spin fluctuation exists in the hidden
order phase as clarified by inelastic neutron scattering
measurements [34, 35]. Thus, the above assumption for
W (k,ωj) is legitimate. However, we stress that our final
results are qualitatively not changed by specific form of
W (k,ωj), as will be discussed later.

Then, we obtain the Kubo terms of the Nernst and Hall
conductivities in clean limit, near Tc, and in the linear
order of H [29]:
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due to impurities and electron-electron scattering, Λ is
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ation propagator, which is the same order as 1/ξ, and
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with the chirality C = +1 (−1), and each channel breaks
TRS. However, we concentrate on transport phenomena
above Tc, in fluctuation regime, where two channels are
degenerate, and therefore TRS is not spontaneously bro-
ken.
Nernst and Hall Effects — Generally, to induce trans-

verse transport phenomena such as the Nernst and Hall
effects, it is necessary to break TRS. In fluctuation regime
above Tc, TRS is not spontaneously broken, and then
a magnetic field is necessary to break TRS. Due to a
magnetic field, the Lorentz force on quasiparticles and
fluctuating Cooper pairs is generated and causes conven-
tional transverse transport phenomena [28]. In addition,
in the case of chiral superconductors, the magnetic field
also causes “polarization” of chirality due to a magnetic
field-chirality (MC) coupling; i.e. the difference in the
weights of two superconducting fluctuation channels is
induced. The chirality-polarized superconducting fluc-
tuations give rise to asymmetric scattering of electrons
resulting in the anomalous Nernst and Hall effects (ANE
and AHE) without Lorentz force, which are the main
subjects of this letter (See Eqs.(4), (5), and (6) below,
which constitute the main results).
First, we discuss the chirality polarization by evaluat-

ing the superconducting fluctuation propagator. Under
a uniform magnetic field H = (0, 0, H), the fluctuation
propagators of chiral dzx ± idzy-channels (correspond to
C = ±1, respectively) is given by [29]:

L̃−1
C (x,y,ωq;H) = −δ(x− y)

g
+ Π̃C(x,y,ωq;H), (2)

where Π̃C(x, y,ωq;H) is the bare particle-particle sus-
ceptibility (BPS), which is decomposed into the chirality-
independent term (the first term of Eq.(3)) and the
chirality-dependent term (the second term of (3));

Π̃C(x, y,ωq;H) = e−i2eΦ(x,y)

×
[
Π(x− y,ωq;H)− C

5eH

4k2F
Π′(x− y,ωq;H)

]
,(3)

where Π and Π′ are “core” bare BPSs which preserve
translation, gauge, and c-axis rotation invariances [30–
32], ωq is the bosonic Matsubara frequency, and the
phase, Φ(x,y) =

∫ y
x A(r)dr, is defined as an integral

of the vector potential along a straight line. The pre-
cise expressions of Π and Π′ are given in [29]. Note that
this expression (3) is applicable to arbitrary magnitude
of magnetic fields and for any gauge conditions. The re-
markable point of (3) is that the amplitude of the BPS is
changed by the MC-coupling via the chirality-dependent
term, −C(5eH/4k2F )Π

′. As a result, the MC-coupling
raises (lowers) the transition temperature of the C = −1
(+1) state, which has orbital magnetic moment paral-
lel (antiparallel) to the c-axis, in contrast to the phase
Φ, which reflects the orbital depairing effect, and always

lowers the transition temperature [33]. Moreover, the
MC-coupling induces paramagnetism discussed later.

Using the fluctuation propagator, Eq. (2), we calcu-
late the Nernst and Hall conductivities. Note that up
to the linear order in H, we can systematically sepa-
rate whole contributions into two parts: one correspond-
ing to the conventional contribution due to Lorentz force
on quasiparticles and fluctuating Cooper pairs, and the
other one associated with the ANE and AHE caused by
asymmetric scattering due to CSF. As will be shown be-
low, the latter contribution dominates over the former
one for clean samples. Thus, we focus on the latter in the
following. We sketch briefly a basic idea of the derivation
for the Nernst and Hall conductivities. (see [29] for the
details) It is found that the three diagrams which give
leading-order contributions in conventional theories, i.e.
the Aslamazov-Larkin (AL), Maki-Thompson (MT), and
density-of-states (DOS) diagrams (upper panel in Fig. 1)
[28], do not contribute in the absence of Lorentz force,
and generally, all contributions from diagrams belonging
to the classes of the lower panel in Fig. 1 are zero. The
reason is that the cancellation of skew-scattering occurs
between electrons and holes [29]. The lowest order di-
agrams which do not belong to these classes and give
nonzero contributions are depicted in Fig. 2. In these
diagrams, scattering processes due to electron-electron
interaction represented by a renormalized four-point ver-
tex, W (k,ωj) (double line), which disturb the above-
mentioned cancellation of skew-scattering, are included.
To carry out calculations explicitly, we postulate a simple
model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interaction
mediated via a short-range antiferromagnetic spin fluc-
tuation, where W0 is a constant and Γ is the energy scale
of spin fluctuations. In fact, for URu2Si2, a short-range
antiferromagnetic spin fluctuation exists in the hidden
order phase as clarified by inelastic neutron scattering
measurements [34, 35]. Thus, the above assumption for
W (k,ωj) is legitimate. However, we stress that our final
results are qualitatively not changed by specific form of
W (k,ωj), as will be discussed later.

Then, we obtain the Kubo terms of the Nernst and Hall
conductivities in clean limit, near Tc, and in the linear
order of H [29]:
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with the chirality C = +1 (−1), and each channel breaks
TRS. However, we concentrate on transport phenomena
above Tc, in fluctuation regime, where two channels are
degenerate, and therefore TRS is not spontaneously bro-
ken.
Nernst and Hall Effects — Generally, to induce trans-

verse transport phenomena such as the Nernst and Hall
effects, it is necessary to break TRS. In fluctuation regime
above Tc, TRS is not spontaneously broken, and then
a magnetic field is necessary to break TRS. Due to a
magnetic field, the Lorentz force on quasiparticles and
fluctuating Cooper pairs is generated and causes conven-
tional transverse transport phenomena [28]. In addition,
in the case of chiral superconductors, the magnetic field
also causes “polarization” of chirality due to a magnetic
field-chirality (MC) coupling; i.e. the difference in the
weights of two superconducting fluctuation channels is
induced. The chirality-polarized superconducting fluc-
tuations give rise to asymmetric scattering of electrons
resulting in the anomalous Nernst and Hall effects (ANE
and AHE) without Lorentz force, which are the main
subjects of this letter (See Eqs.(4), (5), and (6) below,
which constitute the main results).
First, we discuss the chirality polarization by evaluat-

ing the superconducting fluctuation propagator. Under
a uniform magnetic field H = (0, 0, H), the fluctuation
propagators of chiral dzx ± idzy-channels (correspond to
C = ±1, respectively) is given by [29]:

L̃−1
C (x,y,ωq;H) = −δ(x− y)
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+ Π̃C(x,y,ωq;H), (2)

where Π̃C(x, y,ωq;H) is the bare particle-particle sus-
ceptibility (BPS), which is decomposed into the chirality-
independent term (the first term of Eq.(3)) and the
chirality-dependent term (the second term of (3));
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×
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where Π and Π′ are “core” bare BPSs which preserve
translation, gauge, and c-axis rotation invariances [30–
32], ωq is the bosonic Matsubara frequency, and the
phase, Φ(x,y) =

∫ y
x A(r)dr, is defined as an integral

of the vector potential along a straight line. The pre-
cise expressions of Π and Π′ are given in [29]. Note that
this expression (3) is applicable to arbitrary magnitude
of magnetic fields and for any gauge conditions. The re-
markable point of (3) is that the amplitude of the BPS is
changed by the MC-coupling via the chirality-dependent
term, −C(5eH/4k2F )Π

′. As a result, the MC-coupling
raises (lowers) the transition temperature of the C = −1
(+1) state, which has orbital magnetic moment paral-
lel (antiparallel) to the c-axis, in contrast to the phase
Φ, which reflects the orbital depairing effect, and always

lowers the transition temperature [33]. Moreover, the
MC-coupling induces paramagnetism discussed later.

Using the fluctuation propagator, Eq. (2), we calcu-
late the Nernst and Hall conductivities. Note that up
to the linear order in H, we can systematically sepa-
rate whole contributions into two parts: one correspond-
ing to the conventional contribution due to Lorentz force
on quasiparticles and fluctuating Cooper pairs, and the
other one associated with the ANE and AHE caused by
asymmetric scattering due to CSF. As will be shown be-
low, the latter contribution dominates over the former
one for clean samples. Thus, we focus on the latter in the
following. We sketch briefly a basic idea of the derivation
for the Nernst and Hall conductivities. (see [29] for the
details) It is found that the three diagrams which give
leading-order contributions in conventional theories, i.e.
the Aslamazov-Larkin (AL), Maki-Thompson (MT), and
density-of-states (DOS) diagrams (upper panel in Fig. 1)
[28], do not contribute in the absence of Lorentz force,
and generally, all contributions from diagrams belonging
to the classes of the lower panel in Fig. 1 are zero. The
reason is that the cancellation of skew-scattering occurs
between electrons and holes [29]. The lowest order di-
agrams which do not belong to these classes and give
nonzero contributions are depicted in Fig. 2. In these
diagrams, scattering processes due to electron-electron
interaction represented by a renormalized four-point ver-
tex, W (k,ωj) (double line), which disturb the above-
mentioned cancellation of skew-scattering, are included.
To carry out calculations explicitly, we postulate a simple
model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interaction
mediated via a short-range antiferromagnetic spin fluc-
tuation, where W0 is a constant and Γ is the energy scale
of spin fluctuations. In fact, for URu2Si2, a short-range
antiferromagnetic spin fluctuation exists in the hidden
order phase as clarified by inelastic neutron scattering
measurements [34, 35]. Thus, the above assumption for
W (k,ωj) is legitimate. However, we stress that our final
results are qualitatively not changed by specific form of
W (k,ωj), as will be discussed later.

Then, we obtain the Kubo terms of the Nernst and Hall
conductivities in clean limit, near Tc, and in the linear
order of H [29]:
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the digamma function, τ is the electron scattering time
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the cutoff of the momentum of superconducting fluctu-
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f(2πT/Γ) is a dimensionless function, whose definition
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and AHE) without Lorentz force, which are the main
subjects of this letter (See Eqs.(4), (5), and (6) below,
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and generally, all contributions from diagrams belonging
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reason is that the cancellation of skew-scattering occurs
between electrons and holes [29]. The lowest order di-
agrams which do not belong to these classes and give
nonzero contributions are depicted in Fig. 2. In these
diagrams, scattering processes due to electron-electron
interaction represented by a renormalized four-point ver-
tex, W (k,ωj) (double line), which disturb the above-
mentioned cancellation of skew-scattering, are included.
To carry out calculations explicitly, we postulate a simple
model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interaction
mediated via a short-range antiferromagnetic spin fluc-
tuation, where W0 is a constant and Γ is the energy scale
of spin fluctuations. In fact, for URu2Si2, a short-range
antiferromagnetic spin fluctuation exists in the hidden
order phase as clarified by inelastic neutron scattering
measurements [34, 35]. Thus, the above assumption for
W (k,ωj) is legitimate. However, we stress that our final
results are qualitatively not changed by specific form of
W (k,ωj), as will be discussed later.

Then, we obtain the Kubo terms of the Nernst and Hall
conductivities in clean limit, near Tc, and in the linear
order of H [29]:

αKubo
xy chiral

H
=

f
(
2πT
Γ

)

2304

τ2e2W0v4FΛ

ξ4gk2FT
2

(
1− 3π

4

√
ε

ξΛ

)
, (4)

σxy chiral

H
=

5f
(
2πT
Γ

)

1152

τ2e3W0v3FΛ

ξ4gk3FT

(
1− 3π

4

√
ε

ξΛ

)
.(5)

Here, ε = log T/Tc, vF is the Fermi velocity, ξ =√
−ψ′′(1/2)/6(vF /4πT ) is the coherence length, ψ is

the digamma function, τ is the electron scattering time
due to impurities and electron-electron scattering, Λ is
the cutoff of the momentum of superconducting fluctu-
ation propagator, which is the same order as 1/ξ, and
f(2πT/Γ) is a dimensionless function, whose definition

2

with the chirality C = +1 (−1), and each channel breaks
TRS. However, we concentrate on transport phenomena
above Tc, in fluctuation regime, where two channels are
degenerate, and therefore TRS is not spontaneously bro-
ken.
Nernst and Hall Effects — Generally, to induce trans-

verse transport phenomena such as the Nernst and Hall
effects, it is necessary to break TRS. In fluctuation regime
above Tc, TRS is not spontaneously broken, and then
a magnetic field is necessary to break TRS. Due to a
magnetic field, the Lorentz force on quasiparticles and
fluctuating Cooper pairs is generated and causes conven-
tional transverse transport phenomena [28]. In addition,
in the case of chiral superconductors, the magnetic field
also causes “polarization” of chirality due to a magnetic
field-chirality (MC) coupling; i.e. the difference in the
weights of two superconducting fluctuation channels is
induced. The chirality-polarized superconducting fluc-
tuations give rise to asymmetric scattering of electrons
resulting in the anomalous Nernst and Hall effects (ANE
and AHE) without Lorentz force, which are the main
subjects of this letter (See Eqs.(4), (5), and (6) below,
which constitute the main results).
First, we discuss the chirality polarization by evaluat-

ing the superconducting fluctuation propagator. Under
a uniform magnetic field H = (0, 0, H), the fluctuation
propagators of chiral dzx ± idzy-channels (correspond to
C = ±1, respectively) is given by [29]:

L̃−1
C (x,y,ωq;H) = −δ(x− y)

g
+ Π̃C(x,y,ωq;H), (2)

where Π̃C(x, y,ωq;H) is the bare particle-particle sus-
ceptibility (BPS), which is decomposed into the chirality-
independent term (the first term of Eq.(3)) and the
chirality-dependent term (the second term of (3));

Π̃C(x, y,ωq;H) = e−i2eΦ(x,y)

×
[
Π(x− y,ωq;H)− C

5eH

4k2F
Π′(x− y,ωq;H)

]
,(3)

where Π and Π′ are “core” bare BPSs which preserve
translation, gauge, and c-axis rotation invariances [30–
32], ωq is the bosonic Matsubara frequency, and the
phase, Φ(x,y) =

∫ y
x A(r)dr, is defined as an integral

of the vector potential along a straight line. The pre-
cise expressions of Π and Π′ are given in [29]. Note that
this expression (3) is applicable to arbitrary magnitude
of magnetic fields and for any gauge conditions. The re-
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Φ, which reflects the orbital depairing effect, and always

lowers the transition temperature [33]. Moreover, the
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rate whole contributions into two parts: one correspond-
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on quasiparticles and fluctuating Cooper pairs, and the
other one associated with the ANE and AHE caused by
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low, the latter contribution dominates over the former
one for clean samples. Thus, we focus on the latter in the
following. We sketch briefly a basic idea of the derivation
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leading-order contributions in conventional theories, i.e.
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[28], do not contribute in the absence of Lorentz force,
and generally, all contributions from diagrams belonging
to the classes of the lower panel in Fig. 1 are zero. The
reason is that the cancellation of skew-scattering occurs
between electrons and holes [29]. The lowest order di-
agrams which do not belong to these classes and give
nonzero contributions are depicted in Fig. 2. In these
diagrams, scattering processes due to electron-electron
interaction represented by a renormalized four-point ver-
tex, W (k,ωj) (double line), which disturb the above-
mentioned cancellation of skew-scattering, are included.
To carry out calculations explicitly, we postulate a simple
model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interaction
mediated via a short-range antiferromagnetic spin fluc-
tuation, where W0 is a constant and Γ is the energy scale
of spin fluctuations. In fact, for URu2Si2, a short-range
antiferromagnetic spin fluctuation exists in the hidden
order phase as clarified by inelastic neutron scattering
measurements [34, 35]. Thus, the above assumption for
W (k,ωj) is legitimate. However, we stress that our final
results are qualitatively not changed by specific form of
W (k,ωj), as will be discussed later.

Then, we obtain the Kubo terms of the Nernst and Hall
conductivities in clean limit, near Tc, and in the linear
order of H [29]:
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where, for simplicity, we take a spherical Fermi sur-
face, ξk = k2/2m − µ, and V (k, k′) = 15(kzkxk′

zk
′
x +

kzkyk′
zk

′
y)/k4

F is the effective pairing interaction in the
dzx and dyz channels. It is the model for the chiral
dzx ± idzy superconducting state. In the chiral super-
conducting phase, TRS is spontaneously broken and the
gap function takes the form ∆(k) ∝ kz(kx + iky) (or
kz(kx − iky)), which is caused by an effective attrac-
tive interaction, V +(k, k′) = φ(k)φ†(k′) (or V −(k, k′) =
φ†(k)φ(k′)), where the pairing symmetry function reads
φ(k) =

√
15/2kz(kx + iky)/k2

F . Note that V (k,k′) =
V +(k, k′) + V −(k, k′). The channel V +(−) is associated
with the chirality C = +1 (−1), and each channel breaks
TRS. However, we concentrate on transport phenomena
above Tc, in fluctuation regime, where two channels are
degenerate, and therefore TRS is not spontaneously bro-
ken.

III. NERNST AND HALL EFFECTS

Generally, to induce transverse transport phenomena
such as the Nernst and Hall effects, it is necessary to
break TRS. In fluctuation regime above Tc, TRS is not
spontaneously broken, and then a magnetic field is neces-
sary to break TRS. Due to a magnetic field, the Lorentz
force on quasiparticles and fluctuating Cooper pairs is
generated and causes conventional transverse transport
phenomena.30 In addition, in the case of chiral super-
conductors, the magnetic field also causes “polarization”
of chirality due to a magnetic field-chirality (MC) cou-
pling; i.e. the difference in the weights of two supercon-
ducting fluctuation channels is induced. The chirality-
polarized superconducting fluctuations give rise to asym-
metric scattering of electrons resulting in the anomalous
Nernst and Hall effects (ANE and AHE) without Lorentz
force, which are the main subjects of this paper (See
Eqs.(4), (5), and (6) below, which constitute the main
results).

First, we discuss the chirality polarization by evaluat-
ing the superconducting fluctuation propagator. Under
a uniform magnetic field H = (0, 0,H), the fluctuation
propagators of chiral dzx ± idzy-channels (correspond to
C = ±1, respectively) is given by (the derivation is de-
scribed in Sec. A of Appendix) :

L̃−1
C (x, y,ωq;H) = −δ(x − y)

g
+ Π̃C(x,y,ωq; H), (2)

where Π̃C(x, y,ωq; H) is the bare particle-particle sus-
ceptibility (BPS), which is decomposed into the chirality-
independent term (the first term of Eq.(3)) and the

chirality-dependent term (the second term of (3));

Π̃C(x, y,ωq; H) = e−i2eΦ(x,y)

×
[
Π(x − y,ωq;H) − C

5eH

4k2
F

Π′(x − y,ωq;H)
]

,(3)

where Π and Π′ are “core” bare BPSs which preserve
translation, gauge, and c-axis rotation invariances,31–33
ωq is the bosonic Matsubara frequency, and the phase,
Φ(x, y) =

∫ y
x A(r)dr, is defined as an integral of the

vector potential along a straight line. The precise ex-
pressions of Π and Π′ are given in Sec. A of Appendix.
Note that this expression (3) is applicable to arbitrary
magnitude of magnetic fields and for any gauge condi-
tions. The remarkable point of (3) is that the ampli-
tude of the BPS is changed by the MC-coupling via the
chirality-dependent term, −C(5eH/4k2

F )Π′. As a result,
the MC-coupling raises (lowers) the transition tempera-
ture of the C = −1 (+1) state, which has orbital mag-
netic moment parallel (antiparallel) to the c-axis, in con-
trast to the phase Φ, which reflects the orbital depairing
effect, and always lowers the transition temperature.34
Moreover, the MC-coupling induces paramagnetism dis-
cussed later.

Using the fluctuation propagator, Eq. (2), we calcu-
late the Nernst and Hall conductivities. Note that up
to the linear order in H, we can systematically sepa-
rate whole contributions into two parts: one correspond-
ing to the conventional contribution due to Lorentz force
on quasiparticles and fluctuating Cooper pairs, and the
other one associated with the ANE and AHE caused by
asymmetric scattering due to CSF. As will be shown be-
low, the latter contribution dominates over the former
one for clean samples. Thus, we focus on the latter
in the following. We sketch briefly a basic idea of the
derivation for the Nernst and Hall conductivities. (see
Sec. B of Appendix for the details) It is found that the
three diagrams which give leading-order contributions in
conventional theories, i.e. the Aslamazov-Larkin (AL),
Maki-Thompson (MT), and density-of-states (DOS) di-
agrams (upper panel in Fig. 1),30 do not contribute in
the absence of Lorentz force, and generally, all contri-
butions from diagrams belonging to the classes of the
lower panel in Fig. 1 are zero. The reason is that the
cancellation of skew-scattering occurs between electrons
and holes (the details in Sec. B). The lowest order di-
agrams which do not belong to these classes and give
nonzero contributions are depicted in Fig. 2. In these
diagrams, scattering processes due to electron-electron
interaction represented by a renormalized four-point ver-
tex, W (k,ωj) (double line), which disturb the above-
mentioned cancellation of skew-scattering, are included.
To carry out calculations explicitly, we postulate a sim-
ple model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interac-
tion mediated via a short-range antiferromagnetic spin
fluctuation, where W0 is a constant and Γ is the en-
ergy scale of spin fluctuations. In fact, for URu2Si2, a
short-range antiferromagnetic spin fluctuation exists in
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results).
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agrams (upper panel in Fig. 1),30 do not contribute in
the absence of Lorentz force, and generally, all contri-
butions from diagrams belonging to the classes of the
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To carry out calculations explicitly, we postulate a sim-
ple model: W (k,ωj) = W0/(1 + |ωj |/Γ), i.e. an interac-
tion mediated via a short-range antiferromagnetic spin
fluctuation, where W0 is a constant and Γ is the en-
ergy scale of spin fluctuations. In fact, for URu2Si2, a
short-range antiferromagnetic spin fluctuation exists in

3

FIG. 1: Upper panel: AL, MT, and DOS diagrams. The AL
and DOS diagrams have the mirror image counterparts. Wavy
lines and curly lines with crossed circles represent the fluctu-
ation propagator in zero magnetic field, L, and the chirality-
polarized one, L̃′

C , respectively, where their definitions are
given in Sec. B. Solid lines with arrows are the one-particle
Green functions. Open circles represents electric current ver-
tex, and bullets represent energy current vertex (electric cur-
rent vertex), for αxy (σxy). Lower panel: Diagrams in which
the information of the chirality disappears. Shaded circles
represent any diagrams without fluctuation propagators and
the two current vertices are inserted into any propagators.

the hidden order phase as clarified by inelastic neutron
scattering measurements.35,36 Thus, the above assump-
tion for W (k,ωj) is legitimate. However, we stress that
our final results are qualitatively not changed by specific
form of W (k,ωj), as will be discussed later.

Then, we obtain the Kubo terms of the Nernst and Hall
conductivities in clean limit, near Tc, and in the linear
order of H (the details of the calculation is described in
Sec. B of Appendix):

αKubo
xy chiral

H
=

f
(

2πT
Γ

)

2304
τ2e2W0v4

F Λ
ξ4gk2

F T 2

(
1 − 3π

4

√
ε

ξΛ

)
, (4)

σxy chiral

H
=

5f
(

2πT
Γ

)

1152
τ2e3W0v3

F Λ
ξ4gk3

F T

(
1 − 3π

4

√
ε

ξΛ

)
.(5)

Here, ε = log T/Tc, vF is the Fermi velocity, ξ =√
−ψ′′(1/2)/6(vF /4πT ) is the coherence length, ψ is

the digamma function, τ is the electron scattering time
due to impurities and electron-electron scattering, Λ is
the cutoff of the momentum of superconducting fluctu-
ation propagator, which is the same order as 1/ξ, and
f(2πT/Γ) is a dimensionless function, whose definition
and numerical estimations are given in Sec. D of Ap-
pendix.

Now, we discuss the magnetization contribution. The
magnetization due to chirality-polarized superconduct-
ing fluctuations is of interest not only because of its
contribution to the Nernst effect, but also because of
its unique magnetic property; i.e. the polarization of
CSF causes paramagnetism in contrast to diamagnetism
due to fluctuating Meissner currents observed in gen-
eral superconductors.30 The calculation is performed
with the free energy of chiral superconductors above

FIG. 2: Diagrams which contribute to the ANE and AHE
raised by the CSF mechanism. The double lines represent
the renormalized four-point vertex, W (k, ωj).

Tc: F [H] = T
∑
ωq,C=±1 Trln(− ˆ̃L−1

C (ωq; H)), where
ˆ̃L−1

C (ωq;H) is the matrix whose indices are spatial coor-
dinates, x and y, and matrix elements are given by Eq.
(2). From this free energy, we obtain the magnetic sus-
ceptibility χ = χdia + χchiral (Sec. E), where χdia is the
diamagnetic term due to fluctuating Meissner currents
observed in general superconductors,30,37 and χchiral is
the paramagnetism term mentioned above. Then, the
magnetization current contribution inherent in chiral su-
perconductors is

αmag
xy chiral

H
=

χchiral

T
=

25e2

64πk4
F ξ

3(N(0)g)2ε1/2
. (6)

The total anomalous Nernst conductivity due to CSF is
given by sum of Eqs. (4) and (6), which constitute our
main results.

IV. DISCUSSIONS ON EQS. (4), (5), AND (6)

We now discuss several important features of Eqs.
(4) and (6). The critical behavior of the magnetiza-
tion current contribution, (6), given by ∝ (T − Tc)−1/2,
is the same as that of the AL term of the Nernst
conductivity.5,38 On the other hand, the critical be-
havior of the Kubo contribution, (4), is less singular,
∝ (const. −

√
T − Tc). However, we note that the de-

pendence on scattering time τ of Eq. (4), which is pro-
portional to τ2, is quite distinct from any fluctuation-
induced corrections to the Nernst coefficient previously
studied so far. For instance, there is no τ -dependence in
the contribution to αxy obtained by dynamics of boson
fields (i.e. fields of Cooper pairs), such as the scenarios of
short-lived Cooper pairs5 and the vortex motion.6 This
is simply because that dynamics of bosons do not involve
quasiparticle scattering time. Also, it is known that con-
tributions from electron dynamics influenced by the fluc-
tuation boson field, including the MT and DOS terms,
do not yield τ -dependent αxy.39,40 Thus, for sufficiently
clean samples with large τ , the Kubo term αKubo

xy chiral of
the CSF mechanism significantly dominates over the con-
ventional Nernst conductivity raised by Lorentz force.
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Result

4

for sufficiently small magnetic fields eH/k2FN(0)g ! ε.
Here, we neglected quantum fluctuations keeping only
terms with ωk = 0. Note that the contribution to the
Nernst coefficient from paramagnetism raised by Berry-
phase fluctuations exhibits the same critical behavior as
that of diamagnetism induced by fluctuating Meissner
current in three dimensions, ∝ (T − Tc)−1/2. The total
Nernst conductivity due to Berry-phase fluctuations is
given by sum of Eqs. (6) and (9), which constitute our
main results.
We now discuss several important features of Eqs. (6)

and (9). The critical behavior of the magnetization cur-
rent contribution, (9), given by ∝ (T − Tc)−1/2, is the
same as that of the AL term of the Nernst conductivity,
which is also obtained from a time-dependent Ginzburg-
Landau equation [4, 37]. On the other hand, the criti-
cal behavior of the Kubo contribution, (6), is less singu-
lar, ∝ (const. −

√
T − Tc). However, we note that the

dependence on scattering time τ of Eq. (6), which is
proportional to τ2, is quite distinct from any conven-
tional fluctuation-induced corrections to the Nernst co-
efficient previously studied so far. For instance, there
is no τ -dependence in the contribution to αxy that ob-
tained by dynamics of boson fields (i.e. fields of Cooper
pairs), such as the scenarios of short-lived Cooper pairs
(i.e. the conventional AL term) [4] and the vortex mo-
tion [5]. This is simply because that dynamics of bosons
do not involve quasiparticle scattering time. Also, it is
known that contributions from electron dynamics influ-
enced by the fluctuation boson field, including the MT
and DOS terms, do not yield τ -dependent αxy [38]. Thus,
for sufficiently clean samples with large τ , the Kubo term
αKubo
xy of the Berry-phase fluctuation mechanism signif-

icantly dominates over contributions from the AL, MT,
and DOS terms of the Nernst conductivity raised by con-
ventional Lorentz force. Furthermore, because of the τ -
dependence, the Kubo term αKubo

xy is also much more
enhanced than the magnetization term (9) for cleaner
samples. Thus, the leading term of the Nernst conduc-
tivity for clean chiral superconductors is given by αKubo

xy .

The unusual τ -dependence of αKubo
xy combined with in-

creasing behavior for T ↘ Tc as shown in Eq. (6) charac-
terizes the distinct feature of the Berry-phase fluctuation
mechanism. In Fig 3, we plot typical temperature depen-
dences of Eq. (6) for several values of τ parametrizing
the residual resistivity ratio (RRR) of samples. Here, we
used material parameters of URu2Si2 [39], and the cal-
culation was achieved by using an approximation scheme
explained in the supplemental material. As discussed
above, αKubo

xy exhibits remarkably strong enhancement
as T ↘ Tc for cleaner systems. It is an intriguing feature
issue to test our theory for real materials.
We briefly comment on the Hall conductivity σxy

given by Eq. (7). It has the same characteristic τ -
dependence, ∝ τ2, as αKubo

xy , and, moreover, it is nonzero
even when the electronic band is particle-hole symmetric.
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FIG. 3: (Color online). αxy raised by the Berry-phase fluctu-
ation mechanism versus T/Tc for several values of RRR. The
magnitudes of αxy are normalized by the value of the most
clean one at Tc, ᾱxy := αxy(Tc; RRR = 1000). We used the
martial parameters of URu2Si2 [39].

This point is quite different from conventional contribu-
tions derived from TDGL equation or, equivalently, the
AL term, which requires particle-hole band asymmetry:
∂Tc/∂µ &= 0 (equivalently ∂N(0)/∂µ &= 0 or ∂g/∂µ &= 0)
[40]. However, it would be rather more difficult to detect
the Hall effect than the Nernst effect, because normal
Hall currents of conventional Fermi-liquid quasiparticles
dominates for charge transport.

Implications for experiments— We discuss the impli-
cation of our results for experiments. The Nernst effect
is observed by measuring the Nernst coefficient which is
the ratio of an induced transverse electric field (E ‖ ŷ)
to product of temperature gradient (∇T ‖ x̂) and an ap-
plied magnetic field (H ‖ ẑ): νNE = Ey/(−∇xT )H =
(αxyσxx − αxxσxy)/(σ2

xx + σ2
xy)H . Usually, the longitu-

dinal conductivity is dominated by contributions from
conventional quasiparticles of the Fermi liquid rather
than that from the superconducting fluctuations, i.e.
σn
xx ) σFluc

xx . Also, for URu2Si2, as verified experimen-
tally, αxy/σxx ) S tanΘH , where S is the Seebeck con-
stant and ΘH is the Hall angle [41]. Thus, the Nernst
coefficient is approximated as νNE ≈ νNE n + νNE Fluc,
where νNE n is the usual Fermi liquid contribution, and
νNE Fluc = αFluc

xy /σn
xxH with αFluc

xy the superconducting
fluctuation term (note that what appears in the denomi-
nator is not σFluc

xx but σn
xx). As mentioned above, αxy due

to conventional fluctuation mechanism does not depend
on τ , and thus, νNE Fluc ∝ τ−1 for non-chiral super-
conductors, which implies that this effect is suppressed
for cleaner samples with larger τ [42]. In contrast, the
Berry-phase fluctuation mechanism gives νNE Fluc ∝ τ1

and, therefore, it is more enhanced for cleaner samples.

Recently, the measurement of the Nernst effect for
clean samples of URu2Si2 with different values of RRRs
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This material is a strongly correlated system with spin
fluctuations.45 Therefore, also in this material, we can
expect that our mechanism works. Moreover, as shown
in Sec.G, the contribution to αxy due to this mechanism
is proportional to 1/(T − Tc) in the vicinity of Tc, where
this critical behavior is the same as that due to the AL
mechanism in two-dimensional superconductors.5 How-
ever, it is noted that the Ginzburg parameter of Sr2RuO4,
GSr2RuO4

i , is one order smaller than that of URu2Si2. In
fact, we have GSr2RuO4

i = 7ζ(3)
32π3kF ξ

∼ 10−5, where we
have used kF ∼ 0.75 Å−1 of the γ band and ξ ∼ 660 Å.15
On the other hand, the Ginzburg parameter of URu2Si2
is GURu2Si2

i ∼ 10−4.24 Thus, the temperature range for
which fluctuation effects are prominent may be narrower
for Sr2RuO4, compared to URu2Si2. Furthermore,the
magnitudes of αxy and σxy due to the chirality fluc-
tuation depend on the strength of electron correlation
expressed by W (k,ωj), and electron correlation effects
in Sr2RuO4 may be weaker than that of the f -electron
based heavy fermion system URu2Si2, in which effective
mass enhancement measured from the specific heat coef-
ficient is much larger. Thus, the experimental detection
of the ANE and AHE of our scenario for Sr2RuO4 may
be more difficult than the case of URu2Si2.

VII. QUANTITATIVE ESTIMATION OF THE
CSF-INDUCED PARAMAGNETISM

In this section, we comment on the possibility of the
observation of the CSF-induced paramagnetism, χchiral.
We focus on UR2Si2 and Sr2RuO4. For these chiral su-
perconductors, the ratios of χchiral to χdia are, respec-
tively, given by

∣∣∣∣∣
χURu2Si2

chiral

χ3D
dia

∣∣∣∣∣ ∼
4

(kF ξ)3
Tc

kF vF

1
(N(0)g)2

< 10−3,

∣∣∣∣∣
χSr2RuO4

chiral

χ2D
dia

∣∣∣∣∣ ∼
1

(kF ξab)4(N(0)g)2
< 10−8. (7)

To derive these relations, we used the ex-
pressions for fluctuation-induced diamagnetism,
χ3D

dia ∼ −e2vF /(4π2ε1/2) and χ2D
dia ∼ −e2T ξ2ab/εac,30

and that for the paramagnetism for the two-
dimensional chiral-px ± ipy-superconductor:
χSr2RuO4

chiral ∼ e2T/(k4
F ξ

2
ab(N(0)g)2εac), which can be

obtain by calculations similar to that for derivation of
Eq. (6). Here ξab is the ab-plane coherence length and
ac is the interlayer spacing. We also used the material
parameters, kF , vF , ξ, ξab, and Tc, of URu2Si2 and
Sr2RuO4,15,46 and assumed that the value of N(0)g
is larger than that of typical weak-coupling BCS-type
superconductors: N(0)g > 0.1.47

As seen from the above estimations, in both materi-
als, it is difficult to detect the divergent paramagnetism,
χchiral, because it is overwhelmed by the diamagnetism
with the same critical behavior. However, as seen in Eq.

(7), we expect that, in other chiral superconductors with
shorter coherence length and smaller Fermi energy, this
magnetism can be observed.

VIII. SUMMARY

We elucidate the mechanism of the anomalous Nernst
and Hall effects raised not by the Lorentz force, but by
asymmetric scatterings due to CSF above Tc in chiral su-
perconductors. These effects can be gigantic for cleaner
samples, which makes sharp contrast to convetional
mechanisms of fluctuation-induced tranverse transport
phenomena. We propose that our theory can be promis-
ingly tested for URu2Si2, which is believed to be a chiral
d + id superconductor with strong superconducting fluc-
tuations near and above Tc.
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APPENDIX A: BPS UNDER MAGNETIC FIELD

In this section, we derive the expression of the BPS,
Eq. (3) in the main text, under a homogeneous magnetic
field (0, 0, H).

The interaction term of the Hamiltonian (1) for the
chirality C = +1 channel can be rewritten in real-space
representation as:

Hint

= −g

∫
dr

[
V +

(
−i(∂1 − ∂2)

2
,
−i(∂′1 − ∂′2)

2

)

c∗↑(r1)c∗↓(r2)c↓(r′
2)c↑(r

′
1)
]
r1,r2,r′

1,r′
2→r

= −g

∫
dr

[
φ

(
−i(∂1 − ∂2)

2

)
φ†
(
−i(∂′1 − ∂′2)

2

)

c∗↑(r1)c∗↓(r2)c↓(r′
2)c↑(r

′
1)
]
r1,r2,r′
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cable to any chiral superconductors with electron cor-
relation. In this section, we consider the application
to Sr2RuO4, which is a candidate for a chiral p + ip
superconductor[11]. This material is a strongly cor-
related system with spin fluctuations [12]. Therefore,
also in this material, we can expect that our mecha-
nism works. Moreover, as shown in Sec.G, the contri-
bution to αxy due to this mechanism is proportional to
1/(T −Tc) in the vicinity of Tc, where this critical behav-
ior is the same as that due to the AL mechanism in two-
dimensional superconductors [13]. However, it is noted
that the Ginzburg parameter of Sr2RuO4, G

Sr2RuO4
i , is

one order smaller than that of URu2Si2. In fact, we
have GSr2RuO4

i = 7ζ(3)
32π3kF ξ

∼ 10−5, where we have used

kF ∼ 0.75 Å−1 of the γ band and ξ ∼ 660 Å [11]. On
the other hand, the Ginzburg parameter of URu2Si2 is
∼ 10−4 [14]. Thus, the temperature range for which
fluctuation effects are prominent may be narrower for
Sr2RuO4, compared to URu2Si2. Furthermore,the mag-
nitudes of αxy and σxy due to the chirality fluctuation
depend on the strength of electron correlation expressed
by W (k,ωj), and electron correlation effects in Sr2RuO4

may be weaker than that of the f -electron based heavy
fermion system URu2Si2, in which effective mass en-
hancement measured from the specific heat coefficient
is much larger. Thus, the experimental detection of the
ANE and AHE of our scenario for Sr2RuO4 may be more
difficult than the case of URu2Si2.

I. Berry Phase Fluctuation

In this section, we discuss a possible relation
between the chirality-fluctuation-induced anomalous
Nernst (Hall) effect and the Berry phase. Chiral super-
conductors generally possess the non-zero Berry curva-
ture below Tc. Because of the non-zero Berry curvature,
Sr2RuO4, which is believed to be a quasi-2D p + ip su-
perconductor, is regarded as a candidate of a class D
topological superconductor, and also, URu2Si2, which is
supposed to be a 3D d + id superconductor, is a candi-
date of a Weyl superconductor. We speculate that the
ANE and AHE considered in this paper may be deeply
related to the Berry phase inherent in chiral supercon-
ductors. In fact, the chiral superconducting order pa-
rameters should always accompany the nonzero Berry
curvature, which implies that even above Tc, chiral su-
perconducting fluctuations are related to the Berry cur-
vature fluctuation. Furthermore, our scenario is also ap-
plicable to the Rashba s-wave superconductor with the
strong Zeeman field, in which the superconducting order
parameter is non-chiral, but the nonzero Berry curvature
exists below Tc [15]. This implies that the most impor-
tant factor of our mechanism of the ANE and AHE is
not chiral superconducting fluctuation, but rather, the
non-triviality of fluctuations associated with the Berry
curvature, which may be referred to as “Berry phase fluc-
tuation”. In the following subsections, we discuss these

points.

1. Berry Curvature of Chiral Superconductors in the
vicinity of Tc

In this subsection, we discuss the relation between the
Berry curvature and chiral superconducting fluctuations.
For simplicity, we consider a 2D spinless chiral p + ip
superconductor, the Bogoliubov-de-Gennes Hamiltonian
of which is given by

Hp+ip =

(
ξk ∆(kx − iky)

∆(kx + iky) −ξk

)
, (S.103)

where ∆|k| is the gap amplitude, and ξk = |k|2
2m −µ. The

Berry curvature of this system in the momentum space
Ωkxky is

Ωkxky =
ξk∆2

2(ξ2k +∆2|k|2)3/2
. (S.104)

Although this expression is applicable only to the mean-
field Hamiltonian without fluctuation below Tc, we, for-
mally, put ∆ = ∆0 + δ∆ with ∆0 a static part and δ∆ a
fluctuating part in Eq.(S.104), and consider the limit of
∆0 → 0. Then, for small δ∆ and k away from the Fermi
surface, we have,

Ωkxky =
(δ∆)2

2ξ2k
. (S.105)

Note that the right-hand side of Eq.(S.105) is nonzero
even above Tc when there is a gaussian superconduct-
ing fluctuation 〈(δ∆)2〉 &= 0. It should be cautioned that
Eq.(S.105) does not mean the nonzero Berry curvature
above Tc. In fact, the static Berry curvature is zero above
Tc. We, rather, call the quantity defined by Eq.(S.105)
the Berry phase (or curvature) fluctuation. The above
relation implies that the chiral superconducting fluctua-
tion may induce the Berry phase fluctuation even above
Tc. This indicates a possible relation between the Berry
phase fluctuation and the anomalous Nernst (Hall) effect
raised by chiral superconducting fluctuation.

2. Relation between Rashba s-wave Superconductor and
Chiral p+ ip Superconductor

In this subsection, we, first, prove that the Rashba s-
wave superconductor is mapped to the chiral px + ipy-
wave superconductor when the Zeeman field is suffi-
ciently large.

The model of the Rashba s-wave superconductor with
the gauge filed Aµ and gravitational field φg, which
causes the thermal current, is given by:

HRashba
φg,Aµ

=

∫
d2r(1 + φg)

[
ψ†
(
−∇2

2m
− µ− eA0

−iλσ ·∇− µBHzσ
z)ψ − gψ†

↑ψ
†
↓ψ↓ψ↑

]
, (S.106)
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