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Example 2: Segregation/Mixing

... previous talk Nico Gray

Overview

Introduction

Contact models

Many particle simulation
Global/local coarse graining
Continuum Theory

... Anisotropy+Dilatancy

... Time-scales+Memory
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Tabletting -> tension-test

kz/k2=1/2

Continuum theory

: Jd 0
mass conservation: —p+—(pu,)=0
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How to understand clustering ?
Goldhirsch, Zanetti 1993, ...

Higher density
More dissipation
Lower Pressure
etc.

... why ?
dissipation = energy loss (irreversible)

Freely cooling system

homogeneous steady state: ai =0 g =u=0
X

i

mass & momentum conservation — OK

energy balance: %(%pzﬂ):_l Iocp(l—rz)v3

v 1

v, 1+a(l-r)o
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mean field (MF) solution:




Freely cooling system (HCS)
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Kinetic theory with Coulomb friction
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Kinetic theory with Coulomb friction
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... possible, but serious hard work ...

NO shortcut

Collision rate — time scale

collision rate (1/s)
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Pressure (Equation of State — 2D)
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phase transition
at critical density
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Pressure (Equation of State — 3D)
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Pressure (Equation of State — 3D)
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Freely cooling system

homogeneous steady state: ai =0 g =u=0
X,

1

mass & momentum conservation — OK

energy balance: %(%pvz):—[ IS p(l_rz)vs

v 1
v, 1+a(l-r o,
E 1
Ev (1+a(i-r)os)

mean field (MF) solution:

... dissipation rate
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... heat-conductivity

K=K(g,(v))

UNIVERSITY OF TWENTE.

... heat-conductivity
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... shear-viscosity

n=n(g,,(v))?

UNIVERSITY OF TWENTE.

Global equations of state (2D)
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Structure formation
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Structure formation
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Low density -> linear velocity profile
High density -> shear localization
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rl(x/nO

shear “viscosity” (2D)
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S. Luding, Nonlinearity, Dec. 2009

Shear (viscosity at high density)
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Shear (viscosity at high density)
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R. Garcia-Rojo, S. Luding, J. 1. Brey, PRE 2006

Shear viscosity divergence: power -1
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Approach to jamming

Which power law is it? ... really -1?

n*

-3
otz =1.1x10
-4
mti=1.1x10
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oty =1.1x10
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ey =1.1x10
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TN Ny
8

CIA

o ™
Neol
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Otsuki, Hayakawa -> -3 11l

P*

Approach to jamming

 Which power Iaw(‘j;,s it? ... really -1?

» control parameter -> dim.less. dissip.rate
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Approach to jamming

 Which power law is it? ... really -1?

€ I ot =1.1x10"

1.0 : 10° mc=1.4x10"

i i Simed n* Otc=1.1x10:2

| 58 - 0= 1110
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OH! 10° . :\\
0 1 Q

dy () 10" 10° 10°

M. Otsuki, H. Hayakawa, S. Luding, JTP, 2010

Time-scales

» Time between collisions, tn

» Inverse compression/shear rate
» Contact duration tc (softness)
 Inverse dissipation rate
 (gravity = 0, up to now)

» (pressure ~ tn)
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Freely cooling system (HCS->TC-HCS)
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Multi-particle contacts (hard & soft!)
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Kinetic theory for multi-particle contacts

» Higher density 000 T T T
» Multiple, static contac
» Smaller dissipation 100 |
LEP
53]
[ >Iexp(-ar) o
1
0.01 0.1 10 100 1000

Static vs. dynamic

another order parameter?

TC model allows to define
» “potential” energy
» “static” contacts

go beyond the limits of
hard sphere model validity ...

t
T =-=>1:

n

TC

t

n

+ dynamic

t.
< <1:

static

collisional
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Force-chains
experiments - simulations

P SIS SRR T

8 Se, o el E, 0|
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Cohesive contact

f

transition to
stiffness: &,

3. re-loading

elastic un/re-loading
stiffness: &,

4, tensile failure
max. tensile
force

0




\ Tangential contact model
///_' . Sliding contact points:

/)//6 \ - static Coulomb friction

- dynamic Coulomb friction

/
\

/ o | - objectivity
/"‘ j///; | Sliding/Rolling/Torsion

t ~ . .
(vl. —v].) +n><(al.(z), +aja)/) sliding
v, = aijnx(a)i - a)j) rolling

0,k (0 —,)

Flow with friction & rolling resistance

t= 0,200 s

t= 0,100 s

UNIVERSITY OF TWENTE.
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3D — Density vs. friction ...
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3D — Density vs. rolling-resistance
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... details of interaction

Attraction + Dissipation = Agglomeration

| / \ (Random) Fluctuations
[ /?/A - thermostat?

\ /6 \ - Brownian dynamics
\/‘ o , -

| oo

[/ \ | - Hydrodynamics

: /‘ —~ J / ~ eee
/| \ / - electric fields
D - temperature

\:\
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Sintering — Temperature dependence

Vibration test

Biaxial box element test

e Top wall: strain controlled
Zy — %

zZ(H) =z, + (1+cosar)

» Right wall: stress controlled

p =const. -

e Evolution with time ... ?

23



Element test simulations

= 103

»=20000

gy b L L

T 1 0 ' e s 6
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Bi-axial box (stress chains)

o]

-8
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Bi-axial box (stress chains)
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Bi-axial box (kinetic energy)

ezz = 0,0000 exx = 0
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Bi-axial box (rotations)

o

Bi-axial box (rotations)

ezz =__0,0000
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Multiple micro-mechanisms

o
esas

*0 00090

o

u.;_?o..

A

Bi-axial compression with p,=const.
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Microscopic interpretation: memory?

a. overconsolidated
b. critically consolidated
c. underconsolidated

[

strain
- T
Measure yield locus
b
a. overconsolidated
b. critically consolidated
,LG c. underconsolidated
. = ) stra}n
/ t?

strain c
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Yield loci

A

T effective yield locus

yield loci

A 4

Hvorslev diagram (-50 years) <-> jamming diagram

Consolidation line

€ ——

porosity = 1 - volume fraction
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Consolidation and Failure Surfaces

Micro-macro for cohesion
k,/k,=0,1/2,1,2,and 4
hys 80 T T T T
ks
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./ / 104
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kJk,
. . -k, /k
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1+ k2 /kc
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Micro-macro for friction

0.7 T T T ¥ T T
: prepared 1=0
06 /8 .
03 1 prepared 4=0.5
o 04F 5 / .
= 3 .
S o03F2, /"= . b
02 [£* / | steady-state shear
W S
I 01t peak stress O )
0 ; stleady—sltate L'
0 02 04 06 038 1
micro tion u macro friction-angle u

What is relevant?

1 — critical state 3 | | ';,f »
2 — anisotropy ... o e
2 /{\ -;-‘MVIL%iW‘E

o/p

i i 0 005 01 015 02
How to find a simple g,

constitutive model?
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Micro-macro for anisotropy — rheology
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Anisotropy <~ Shear ?

» Simple shear

Rotation + symmetric shear
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Anisotropy < Shear ?

» Simple shear

0 2¢& 0 & 0 ¢
£= = +
0 O -£ 0 g 0

Rotation + symmetric shear
» Rotate symmetric shear tensor by 45 degrees

R O gs RT _ gs O
. &, 0 s 0 —&,

« Biaxial “shear”: +

An-isotropy in stress

T
7z
3 F XX o

o

- b "
8 fkf\ﬂ, |
AT T

o/p

5 '-:_.;(.'

0 0.05 01 015 02
E

77
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An-isotropy (Stress)

o Stress: Isotropic: tr o, and deviatoric: dev o = 0,,-0,,

* Minimal eigenvalue: o,
» Maximal eigenvalue: g,,
» Dev. Stress fraction s, =devo/tro

d
ESD:ﬁs (Smax_SD) %

» Exponential approach to peak
1_SD/Smax = eXp(_ﬂsgD)

B, (p.p. 1)

o

An-isotropy (Stress)

_SD :ﬂs (Smax _SD)

o€,
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tre” /2p

Stress (homog.)

NI

p=20
p=40
p=100
p=200
p=400
p=500

Fe b = B + »

0 002 004 0.06 008 0.1

€

77

1_SD/Smax = exp(_lBsgD)

04
0.2 |
0.1

0.04
0.02
0.01

0.004 -
0.002

C"/k

Stiffness tensor

Different moduli:
* against shear
 perpendicular
» one shear modulus
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An-isotropy (Structure)

» Structure changes with deformation
Different stiffness:

» More stiffness against shear

* Less stiffness perpendicular

One (only?) shear modulus

» Anisotropy 4 = (', - (', evolution
0
A = ﬂF (Amax _A)
o€,

Exponential approach to maximal anisotropy

... see Calvetti et al. 1997

Fabl'iC 5 4= (Amax _A)

02 L e

0.15 &

devF/tr F

0.1 (o . s .

% p=40 o
p=100 -
0.05 P=200 5 =
p=400 o
3 L]
0
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An-isotropy (Stress & Structure)

An-isotropy (Stress & Structure)

Modulus

/ Friction
0 /

_SD :ﬂs (Smax _SD)

o€,

0
A=p. (A —A
agD ﬁ/- ( max )

38



Constitutive model
scalar! (in the biaxial box eigen-system)

Isotropic stress O0p =00, =2Be, + ASdy

Deviatoric stress o0t =060, = Ag, +2GSdy

stress-isotropy S=1- G/ may = 1= SD/n
GD SD

Isotropic|deviatoric strain increment €, ldy

B ... Bulk-, G ... Shear-, A ... Anisotropy-Modulus

Constitutive model — isotropic mat.
scalar! (in the biaxial box eigen-system)

Isotropic stress oo, =2Beg,
Deviatoric stress 5t =2GSdy
Anisotropy A=0

stress-isotropy S :1—‘7% i :1_% N
(O Sh

Isotropic|deviatoric strain increment €, |dy

B ... Bulk-, G ... Shear-, A ... Anisotropy-Modulus
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Constitutive model — scalar

0 0002 0004 0006 0008 0.01

€p

Constitutive model
various deformation modes

Mode 0: Isotropic dy =0
Mode 1: Uni-axial
Mode 2: Deviatoric g, =0

Mode 3: Bi-axial (side-stress controlled)
Mode 4: Bi-axial (isobaric, p-contolled)
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Constitutive model — isotropic (mode 0)
scalar! (in the biaxial box eigen-system)

Isotropic stress 0o, =2Be,
Deviatoric stress ot = Ag,
Anisotropy SA=0

Isotropic|deviatoric strain increment €, |dy

B ... Bulk-, G ... Shear-, A ... Anisotropy-Modulus

Mode 0 — Isotropic - Setup

* DEM: Frictionless polydisperse spherical particles ‘ -

» Cube shape volume, periodic boundary conditions

* Linear visco-elastic contact force

¥ :m05=k5+7/5.
(D)

compression of the granular gas ===~
relaxation =========

) ) isotrolpic de1ormatiz|)n ,
60 80 100 120 140
time [ms]
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Simulation parameters

F. Goncu and S. Luding, CRAS, 2010

Parameter Value Description

N 1000—9261 [ Number of particles

(r) 1 [mm)] Average radius

w 1-5 [ Polydispersity parameter w = ryax/Tmin
p 2000 [kg/m?3)  Density

kn, 10® [kg/s?]  Stiffness—normal spring

kt 2x107 [kg/s?]  Stiffness—tangential spring

w 0—100 [] Coefficient of friction

Tn 1 [kg/s] Viscous dissipation-normal direction

Yt 0.2 [kg/s] Viscous dissipation—tangential direction
Vir 0.01 [kg/s] Background damping—Translation

Yot 0.002 [kg/s] Background damping—Rotation

Te 0.64 [us] Duration of a normal collision for an average

size particle

Evolution of energy during preparation

0.65
0.60
0.55
0.50
0.45
0.40
0.35
0.30

1ty

Dens

Energy [u]]

0

400 600 800 1000
Time [us]
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Evolution of energy during

0.76

0.74

0.72

0.70

Density

0.68

0.66

0.64

compression/decompression

A%
Ekin

200 400
Time [us]

Energy [uJ]

Coordination number

N : Total number of particles
Ny := Ng>4 : Number of particles with at least 4 contacts
M : Total number of contacts
My := Mc>4 : Total number of contacts of particles with at least 4 contacts
.M
Cr = N Coordination number (classical definition)
m _ My - . .
C:=C"= ¥ Coordination number (modified definition)
My C
Cri=— = : Corrected coordination number
N, 1—4,
N — N.
O 1= i 1 (Number) fraction of rattlers
! V, : Vol fracti f icl
v v Z » © Volume fraction of particles
) pEN
vVii=v - = v Z Vp : Volume fraction of particles excluding rattlers
PEN,

: Volume fraction of rattlers

43



Coordination number — Fraction of rattlers
¢ (V) = deexp [fcbu (Vi - 1)}

1 -
0.8 ¢
0.6 | SO0t
-
04 +
0.01¢ ) i i . L
. 064 0.66 0.68 0.70 0.72 0.74
U2 \\V\S
064 066 068 070 0.72 0.74

1%

C<4

Ve =0.6648
v, =0.6636

Coordination number
Effect of System size ) )_¢,+c (1 _ 1)“

= N=1000

9
3 N=5000 e, gt B 5T &5

- N=10000 Jpee |
> ?E’Mf;’/ T T

g

4 % f 8

i
3 3 *
2 o |
1 8 _j ‘ | |
0 - J L 0.6§ | 0.7? |
064 066 068 0.7 072 0.74

(&

C<4 g?%%

Vyy1o00 = 0.6650
Yy s = 0.6647
Yy o000 = 0.6652
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Coordination number — Effect of

polydispersity
* Uniform radius distribution * W =V min
=k
e

Coordination number — Effect of
polydispersity

—a— W:l

10 |
g8l i
v, =0.649

5 1v,.,=0.658
4 ¢ 1V,.;=0.671
2 L
0 B sall O i ‘ ‘ ‘ ‘

0.6 0.7 0.8 0. —
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Coordination number — Effect of

loading rate = _. D=T /T

O - NN W hH OO © ©

=====

—— 064 066 068 0.7 072 0.74
\4

Coordination number
Effect of loading rate

0.68 mm—
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Coordination number — Effect of
Ioading rate

C*

e 0.66 0.68 0.7 0.72 0.74 —

Coordination number — Analytical model

Assumption: neighbor particles are identical with radius <r>

Solid angle
() = 20 ( S EIDE <r>)
c0) = g

C = /OOO C(r)f(r)dr
— dmes / T/

Compacity ¢ (total
fraction of shielded
surface) is constant

Shaebani et al. PRE 2012 and references therein
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Distribution of contacts and Compacity

Average Nr. of contacts

0506070809 1 1112131415

ri<r>
0.8 ¢
0.7 cx
0.6

v=0.6755

L L e Bl A W g™

02t
0506070809 1 1112131415
ri<r>

w14 | g* 4
812t M g
=4 P

810} P 1
S g w@”fw
;Z_, 6 MM

- b v=0.7385

g af
z 2

0506070809 1 1112131415
ri<r>

0.8 =

0.7 cx

0.6
< 0.5

04 v=0.7385

0.3

0.2
0506070809 1 1112131415

ri<r>

Trace of fabric

CI
F = (FP) = % Zw{’/V”ZnC(@nc
c=1

peEV

I A OO

3 3 - [eS) 9
T sy / [ (r)/Q)] dr

t(F) = (1/V) Y V,C,y

L= Byt Cy+ (Bs—209) 10 4 ¢y 1)
- PTG T )20
° )
1+Cs {W — 1}

peV
= (N/V) /O V(O £ (r)

=g3vC

az = Q((r))/(4m) = 5 (1 - 3/2),

Bg = \/5/24(],27 and
Cy = By(B2 — 5/6)
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Trace of fabric

12 T T T

w
11+ 1 a
2
10 3 o
L3
9 4
5 X
8F crystal o]
Tk
£ o
B | ;
4L 5
©
3, p
21
lr 1 23456 7 8 A
0 1 1 1 Il L Il 1 1 1 L

Il Il
o 1 2 3 4 5 6 7 8 9 10 11 12 13

gsvC I
Constitutive model for Pressure
Micromechanical stress tensor for a particle
CP
oP — 1 Z [pe e 17¢ = (1, — 0./2)0 . Branch vector
Y f — L fr¢ = k,0.n . Contact force
—_ )
tr(o?) = —= ) 6. (7“ C)
VZD c=1 : 2
1
tr(o) = v Vp tr(o?P)
peV
N Chp Cp
k., 1 )
= V Z (Tp 50 - 5 56 5
p=1 c=1 c=1
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Constitutive model for Pressure

Average pressure in a packing:
N

C C
Bk 1 L
tr(o) = —471'(7“3) NZ (rp;(sc ~3 ;50)

p=1

)
_ 3kn vC(d). (6%).
- A7 <7"3> (<Tp¢p> - 2<5>C>
Normalized contact force
bp = fo/ (fp)s With f, = 3257 k4,

=M= kS, O (= Secns, 0

Constitutive model for Pressure

Dimensionless pressure

p = p({A)e) = —vC(A). (20, — b(A).) |

47
I B IV C)
9=y V= TaEy Ay

1 o0
%= /0 EH(E)R(E) dE  else
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Constitutive model for Pressure

Linking particle overlap and macroscopic deformation

ds = n;dl; = (r) nu; n; Assumption:
for small overlaps the
length of the branch

1 vector is equal to the
Cij = 5(“73»3' +uji) average particle radius

d(A). = De,

ey = tr(e;j)

Off diagonal terms of strain tensor vanish because

isotropic deformation and contact distribution
14

(A), =D | & =D =Dl (%)

Constitutive model for Pressure

vC
P = Po
v,

(—ev) [1 = vp(—ev)]

B = -V (0p/dV) = 0p/I(—ey) = vOp/Ov
dp  _ poly
a(*5v) g3 Ve

81n(FV)

B = 1 —2yp(—¢ev) + (—&v) [1 = 7p(—ev)] (—¢y)

Fy = tr(F) = gsvC
Evolution Equation(s):

dp = B(—dey)

oC

dFy = Fy (1 + l/@) (—d5V>
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Isotropic compression — Pressure

p=p (el =pe)] P =T = py(—ey) [1 (=)
x10®
. , . 14
L w J w
021, 1 fj 12r - 1
2 2
0151 + 3 07 . 3 |
© S 8t S
] 01 L *Q 2 'X10-3
L 1 E
0.05 - \
21 0
0 ol l , 0 ‘ 0 0015 003
05 06 07 08 09 0 01 02 03
v -&
Isotropic compression — Effect of friction
102
1 X
00 u=0.0 +
u=0.01 x
80 | u=0.1 o
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Isotropic compression — Effect of friction
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Effect of friction — Rattlers
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Isotropic compression
Effect of friction — Coordination number

9
8 L
7 L
*
© : p=00 +
6| 0% u=0.01 x
099 ° u=0.1 ®
5 o [J,=05 o
p=1
u=10 o]
4 .
— 0.60 0.65 0.70 0.75 —

Constitutive model — isotropic (mode 0)
scalar! (in the biaxial box eigen-system)

Isotropic stress oo, =2Beg,
Deviatoric stress ot = Ag,
Anisotropy SA=0

Isotropic|deviatoric strain increment €, 1dy

B ... Bulk-, G ... Shear-, A ... Anisotropy-Modulus
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Constitutive model

various deformation modes

Mode 0: Isotropic
Mode 1: Uni-axial
Mode 2: Deviatoric

dy =0

g, =0

Mode 3: Bi-axial (side-stress controlled)

Mode 4: Bi-axial (isobaric, p-contolled)

Sample preparation

Isotropic Compressior

0.9

-& 0 0 e
0.8 S, -
= 0 —gO O max /
0 0 _80 0.7 - Ve / b
/ 4
> 06 —\vo .
A B C
05 &
04 .
03 1 1 1
0 200 400 600 800
Time[ms]

1000

O. I. Imole et al., KONA, 2013
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Deformation Modes

0 0 O
UNI En =0 0 0
|0 0 —¢g
(e, 0 0
DEV 2 gfof_l -1l0 0 0
_0 0 —¢
[1/2, 0 0
DEV 3 eRna=| 0 12g 0
L0 0 -¢g

ISO

DEV

Movie time!
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Microscopic quantities — Coordination Number

Uniaxial
. M
10 ¢ =—
N
9.5 ]
c" =—M4
e
2 1 N
g
z. 8° il . M,
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g 8 iy N,
N
g o
= 75 — " v
8 C(v)=C,+C| —-1
S 7 — 2
6.5 -
e [~ m *
AR A | | | | | | | (C =C )< C
0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84
V
F. Goncii et al. C.R. Mecanique 338:10-11 (2010)
Microscopic quantities — Coordination Number
DEV2
"Node - ' ' ' ' C*:_M4
v=0772 X N,
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Microscopic quantities — Coordination Number

All modes
: M,
10 T T T T T T T T T C -,
UNI + N,
95 _'g;eoryUN, i
Theoryp, o
9 - 3 - * \%
Theoryps C (v)= Co + Cl —=1
ISO v
8.5 Theory,go - ¢
. - Deviatoric deformation
75 1 reduce the jamming point
7L 1 |  of adense packing
1
6.5 60.66 067 068 069 - ISO leads to higher
v Jjamming point after
0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84 unioading
v
ISO > UNI > DEV
Fraction of Rattlers
1 F T T T T T T T T -
Theoryun — v
D2 YUNI ¢r (V) = ¢c eXp - ¢v — _1
Theoryp, Ve |
L D3
b Theoryps ——
01 F %% S 1 - Strongest difference at
higher volume fraction
=
-Lower during isotropic
unloading
0.01 | 3
' -Higher during uniaxial
unloading (almost 20% at
the end of unloading)
000 1 | 1 | 1 1

\Y

1 | 1
0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84
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Macroscopic quantities
1 1 cyc
Static Stress Tensor o, = ;Z il

celV

0.+0,+0,
Pressure = -
_2<r> ;
Non-Dimensional Pressure P~ r(o)
_ (o, —crw)2 +(o,-0.) +(o,, -o.)
Deviatoric Stress ~ %é = 5

2

2 2
Deviatoric Strain ¢, = J (€. —€,) + (& _2‘9”) +(e, —¢€.)

Non-Dimensional Pressure
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Non-Dimensional Pressure

0.12

T T T T T T T T
UNI +
Theoryyn,
D2

0.1 | Theoryp,
D3

Theorypg ——
0.08 -1SO

0.06 -

0.04

0.02

of

1 1 1 1

0 =a 1
0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8 0.82 0.84

- Data collapse on a
unigue law at high
volume fraction

- Slight divergence at low
volume fraction due to
difference in the critical
volume fraction

v
* pv _

Scaled Pressure p = ch —po(—fv)[l—n(—é‘v)]
X1 0.3 T T T T

UNI -
L Theoryyp, _

D2
| Theoryp, |

D3

Theorypg ——
-1SO 1
| Theoryiso - Data collapse on a

unique law at low volume
i fraction
-At high volume fraction,

i ‘ ISO > UNI > DEV
LA 4

‘*@' 1 1 1 1
0 0.05 0.1 0.15 0.2 0.25

£ g, =—In —
v
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Table of Parameters RN

(:1 a Ve
1SOq 8.0 = 0.5 0.58 = 0.05 | 066 = 0.01
1SO 8.2720 0.5814 0.6646
UNI 8.3700 0.5998 0.6625
D2 7.9219 0.5769 0.6601
D3 7.9289 0.5764 0.6603
o, @ bv
IS0, 0.13 = 0.03 15+ 2
1SO 0.1216 15.8950
UNI 0.1507 15.6835
D2 0.1363 15.0010
D3 0.1327 14.6813
P Po Ye Ve
IS0, 0.04180 0.11000 0.6660
1S0 0.04172 0.06228 0.6649
UNI 0.04006 0.03270 (.6619
D2 0.03886 0.03219 0.6581
D3 0.03899 0.02819 0.6583

0. I. Imole et al., KONA, 2013

Qualitatively and quantitatively:

Isotropic quantities are controlled by isotropic strain
Deviatoric quantities (see below) by deviatoric strain

Jamming density is a state variable!
dependent on the deformation mode

Scales all isotropic data ©




Theory

Macroscopic Evolution Equations

Sdev

0.25 LI T T T

0.2

0.15 i
0.1 B
0.05 B
0.671

0.695 X

Y 0.728 +

0 1 1 1 1 1 1 1 1
0 005 0.1 015 0.2 025 0.3 0.35 0.4 0.

€gev

0.2

+ +
I
0.671
0.695 x
0.728  +
O 1 1 1 1 1 1 1
0 005 0.1 0.15 02 025 0.3 0.35 04 045

dev

O. I. Imole et al., KONA, 2013

Calibration DEV2
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Deviatoric Fabric

0.2 E— T T T T T T

0.14 T T T T T

Ko v

% X

X Ko X }& REXX X
XX 4 X

g -+ ﬂg&ﬁﬁr‘* . _GE
+
® } ‘ . S sttt T
et gy ‘B&t
0.671 82;; i
0.695 x - x
o . 0728 ¢ " . 0728+
0 005 01 015 02 025 03 0.35 04 045 0 0015 o003 g-045 0.06 0075 0.09
8dev dev
0. I. Imole et al., KONA, 2013 Calibration DEV2

The Anisotropy Model

Generalized for a D —dimensional system

6P = DBde, + ASO€yey,
80 4oy = ASe€, + DG SSe 4y,
8A = B ,sign (S€gey) (A — A)S€gey-

S = (1~ Sgev/SGov Stress-Isotropy

Ba is the growth rate of A

A" represents the maximum anisotropy

G°¢t is octahedral shear modulus

Luding and Perdahcioglu CIT (2011), Magnanimo and Luding GM (2011), Imole et al. KONA (2013)




Reduced Theoretical Model

- Model parameters as functions of v from various deviatoric simulations

Assumptions :

» Macroscopic field A is proportional to the microscopic rank-two
deviatoric fabric F
dev BF — BA

+ Both 4 and sy, approach their limit states exponentially fast

* Only one anisotropy modulus A is sufficient (valid in 2D,
questionable in 3D, possibly two moduli 4; and A, are needed)

Reduced Theoretical Model

Deviatoric Stress

Sdey = gmax _ (Smax

0 —B€d
dev dev Sdev)e s-aev,

— 59, and sT3 represent the initial and maximum values of s,

— B, is its growth rate

Deviatoric Fabric

__ pmax max 0 —B €
Fdev - Fdev - ( dev — Fdev)e Predey

max

—FY., and F12* represent the initial and maximum (saturation)
values of the deviatoric fabric

Pv? aok

—B Is its rate of change A= aOFdev(\,_—vc) ~ vaFdev
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Calibration of model parameters - 54,
022 T T T T T 90 T T T T
‘ b3 »
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3 o
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n"'"y 30 - T
0.12 L L L L 1 20 1 I | !
A% AY)
Evolution Qunax Q, o
Parameters
S 0.1137 0.09166 7.916
B 30.76 57.00 16.86

0.22
02 - 80
0.18 70 |
0.16  ° b 60 |- -
3 3014 - ) - L“50 L
o
2042} . 40 |
0.1 4 30 F
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0.06 : b 10
] ! | I

0.04 L
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Calibration of model parameters - Fy,
— 90 —

0 1
0.66 0.69 0.72

84

72 0.75 0.78 0.81 0.84 0.75 0.78 0.81 0.
\% v
Evolution Qnax Q, a
Parameters
Flnax 0 0.1694 4.562
Br 0 57.89 5.366
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Prediction: Uniaxial
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Prediction: Cyclic Shear

Cyclic Pure Shear

01s

dev

-0z .
015 01 005 ] 005 01 015 0z 025

1210
1200
1190
1180
170

=, 1180
1150
1140

1130

1120

D ! n L s L L .
-0z 015 01 -005 o 005 01 01s 02 025 Tz 05 -0 005 [ 005 01 015 0z 025




Prediction (improved model) — Cyclic Shear
Cyclic Pure Shear

o1s

- ke o, okt 4

Conclusions

- Corrected coordination number (without rattlers)
well predicted by an analytical equation

- Jamming volume fraction depends on deformation mode!
(Over-compression leads to higher volume fraction.
Differences pronounced at lower volume fractions.)

- Scaled pressure linear in strain!!! + perturbation. Uniaxial and
deviatoric data deviate from isotropic only at large strain.

- Uniaxial and cyclic modes well predicted by the
anisotropy model calibrated with D2 and D3 modes.
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