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Figure 2: (a) Dense numerical bubble packing, (b) Shear response of packing depicted in (a):
the bubbles move a�nely and thus largely follow the imposed strain. (c) Bubble packing close to
jamming and its shear response (d): The bubbles exhibit non-a�ne motion and swirly flow patterns.

associated with changes in the forces between bubbles/particles, and concomittant changes in the
elastic energy, one can then immediately estimate the change in elastic energy once the interactions
between particles are known. In particular, for linear interactions with a local spring constant k,
one concludes that the shear modulus G on the order of k, just as in the a�ne picture sketched
above.

Closer to jamming, however, the number of contacts per bubbles drops, and bubbles are increas-
ingly free to deviate from the a�ne field so as to minimize the changes in elastic energy, and, as a
consequence, the shear modulus G gets smaller than would be expected from an a�ne assumption.
At the jamming point, the shear modulus vanishes for harmonically interacting particles — clearly
here the translation from local to global interaction is nontrivial! For di↵erent (e.g., power law in-
teractions such a Hertzian interactions), the shear modulus behaves di↵erent, so there is no simple
universality. However, the ratio of shear modulus to local spring constant (or equivalently, the ratio
of shear modulus to bulk modulus K) scales in a robust manner with distance to jamming: indepen-
dent of dimension and interaction potential, G/K / z�z

c

, where z
c

is the number of contacts at the
critical point (=2D). [O’Hern et al. (2003); Ellenbroek et al. (2009)]. This illustrates our earlier
point: local interactions matter, but there are universal and sometimes nontrivial mechanisms that
translate the local interactions to the global behavior.

As there is no simple way to estimate the particle motions and deformations in disordered
systems, one needs to resort to (numerical) experiments. Jamming can be seen as the avenue
that connects the results of such experiments. Jamming aims at capturing the mechanical and
geometric properties of disordered systems, building on two insights: first, that the non-a�ne
character becomes dominant near the jamming transition, and second, that disorder and non-
a�nity are not weak perturbations away from the ordered, a�ne case, but may lead to completely
new physics [Somfai et al. (2005); Mason et al. (1995); Radjai and Roux (2002); Tanguy et al.
(2002, 2004); Lemaitre and Maloney (2006); Maloney (2006)].
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2752 D. Weaire and S. Hutzler 

Figure 3. Computer simulations of a two-dimensional foam with liquid fraction djl = 0.07 
using the software PLAT (BoIton and Weaire 1991, 1992): (a) unstrained; (b) under 
extensional strain 6 = 0.23. 

liquid fraction 

Figure 4. Variation in shear modulus G with liquid fraction at constant cell area A: (o), 
data averaged over simulations of foam samples of 60, 75, 80 and 120 cells; (-), 
empirical relationship of equation (9) which might serve as a rough guide but does not 
strictly represent the data for cljl < 0.025 where the shear modulus is constant 
(Decoration Theorem) as indicated by (- - - -). 
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Counterintuitive dilatancy

system expands
or pressure increases

O. Reynolds 1885

packings:

Crosslinked networks of sti↵ filaments exhibit negative normal stress

Enrico Conti1 and Fred C. MacKintosh1, ⇤

1Division of Physics and Astronomy, Vrije Universiteit, 1081 HV Amsterdam, The Netherlands
(Dated: July 12, 2011)

Motivated by recent experiments showing that sti↵ biopolymer gels exhibit highly unusual negative
normal elastic stresses, we develop a computational model for sti↵ polymer networks subject to large
strains. In all cases, we find that such networks develop normal stresses that are both negative and
of magnitude comparable to the corresponding shear stress. We find that these normal stresses
coincide with other nonlinearities in our networks, and specifically with compressive bucking of the
individual filaments. Our results suggest that negative normal stresses are a characteristic feature
of sti↵ (bio)polymer gels that have been shown to exhibit strong nonlinear elastic properties.

PACS numbers: 87.16.Ka, 62.20.-x, 83.10.-y, 83.60.Df

Networks of semi-flexible polymers such as those that
make up the cytoskeleton of plant and animal cells
have been shown to have rich mechanical and rheolog-
ical properties. One of the hallmarks of their mechan-
ics is a highly nonlinear elastic response to stress and
strain[1, 2, 3, 4, 5, 6], including dramatic sti↵ening un-
der shear. A striking example of such nonlinearity has
been the recent demonstration in such systems of highly
unusual negative normal stresses—e.g., in which a sam-
ple will tend to contract along an axis perpendicular to
the direction of shear[7]. Normal stresses, in general,
are a nonlinear phenomenon, since their sign cannot de-
pend on the direction of shear, for symmetry reasons.
But, most materials tend to expand when sheared, as
has been known at least since the classic experiments
of Poynting nearly 100 years ago[8], in which he showed
that elastic rods extend axially when twisted. Another
familiar example of this is the tendency of granular ma-
terials to dilate when sheared, as can be seen by the fact
that wet sand tends to dry out around our feet when
we walk on the beach. Few materials have been found
to develop negative normal stresses. Liquid crystalline
polymers[9], nanotubes[10] and emulsions[11] are exam-
ples of such systems, which show rather weakly negative
normal stresses in a range of applied shear rates. By
contrast, semi-flexible polymer networks exhibit negative
normal stresses of comparable magnitude to the observed
shear stress, and this is observed in the elastic response
of such networks.

Here, we simulate networks of sti↵ rods and show that
these networks generally exhibit negative normal stresses
(NNS) comparable to or larger than the shear stresses,
depending on network structure and the strain applied.
It has previously been shown theoretically that entropic
e↵ects can result in such NNS e↵ects[7]. We also find such
anomalous NNS e↵ects in a purely mechanical (ather-
mal) model of sti↵ rods. We study the dependence of
both shear and normal stresses on both the density and
individual mechanical properties of the constituent fila-
ments. Although both entropic and enthalpic networks
can exhibit NNS, their predicted dependence on network

FIG. 1: A portion of a typical network strained at � ' 0.16.
Red rods (color online) are stretched segments of filaments
while blue ones are compressed. Filaments oriented around
45� are stretched while the ones at about 135� are compressed
and buckled. Horizontal boundaries are rigidly displaced ac-
cording to a macroscopic strain � while the sides are con-
nected by periodical boundary conditions.

properties such as density are opposite, providing a pos-
sible experimental way to distinguish the important roles
of entropic and enthalpic e↵ects.

We construct model networks as follows. A number
of straight filaments of fixed length L and random ori-
entation are deposited on a W ⇥W square. Every time
two filaments cross each other they are linked together
by a free hinge. Filaments that cross the upper or lower
boundary are rigidly attached to the boundary and dan-
gling ends are removed, while periodic boundary condi-
tions are applied to the left and right edges of the square.
The deposition stops as soon as the desired concentration
is reached. We characterize this concentration by the ra-
tio L/`c, where `c is the average distance between cross-
links along a filament. The network is then refined by
adding midpoints between any pair of consecutive cross-
links along the same filament. An energy functional is
associated with the position of the modeled points, both
cross-links and midpoints, in such a way as to implement
a discrete worm like chain approximation for every fila-
ment. For any consecutive pair of points we consider the
stretching energy �HSTRETCH as a function of the distance
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system contracts
or pressure decreases

networks:

Janmey et al. Nature Materials 2006
Conti & MacKintosh PRL 2008

Packings expand, 

networks contract:

Why the difference?

Weaire & Hutzler, Phil. Mag. 2003
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Dilatancy enhanced near jamming

R grows strongly with ! and shows an apparent but
unexpected divergence at ! ¼ !c ’ !J. Figure 2(b) and
its inset show a log-log plot of R vs !! ¼ !c "!. A
power-law fit to R ¼ Að!c "!Þ" yields "¼"3:3%0:1
and !c ¼ 0:841% 0:004. By contrast, !c lies in the range
0:83 & !j & 0:84, so here, !c is not distinguishable from
!J, which is also comparable to!J for systems of friction-
less 2D particles. For ! & 0:75, the system is very loose
and it does not form a percolating contact network, even
after 54% strain. Rð!Þ behavior in this case is affected by
small experimental ‘‘noise’’ effects, discussed above, and
deviates from the power-law behavior [inset of Fig. 2(b)].
We identify !S ’ 0:75, the lower limit in this system for
shear jamming.

Limit cycles.—To characterize the evolution, reproduc-
ibility, and relaxation of the stresses, we carried out mul-
tiple shear cycles. This also allowed us to determineR for!
closer to !J, where shear strains are limited due to buck-
ling; we obtain good statistics by many smaller-amplitude
strain cycles. The oscillatory shear experiments were
started from initially stress-free states for !’s in the shear
jamming regime,!S & ! & !J. In a cycle, we sheared by
strain steps of 0.45% up to #max in the ‘‘forward direction,’’
followed by a shear strain decrease (" 0:45% per step) to a
smaller strain, #min. For symmetric shear cycles, #min ¼
"#max, and, for asymmetric shear cycles, #min ! "#max.

For symmetric cycles, P was symmetric about # ¼ 0,
approximately quadratic in #, and virtually reproducible
over many cycles, as shown in Fig. 3(a). However, details
of the network were generally not reproducible from cycle
to cycle. The Reynolds coefficient Rð!Þ followed the same
trend as in the forward shear tests [Fig. 2(b)], further
confirming the Reynolds effect. After transients, the shear
stress $ also followed a reproducible path over cycles but,
unlike P, $ was strongly hysteretic, with nonzero values at
# ¼ 0. There were #’s for which $ ¼ 0 but P ! 0, for

example, in Figs. 3(a) and 3(b) at # ' 1%. However, in
such cases, $ coarse grained at smaller scales than the
system size was locally nonzero, even though the global
$ was 0 (e.g., because of spatial variations of the principal
stress orientations). Because of length limitations, we con-
sider only the dynamics exhibited by P and we will present
the full stress dynamics elsewhere.
The evolution of Pð#Þ for asymmetric shear cycles

differed from the symmetric case. Here, Pð#Þ was initially
asymmetric but evolved toward a symmetric shape cen-
tered around the mean strain, "#, after many cycles. Thus,
the long-term P" # dynamics was a limit cycle. The
system relaxed quickly (slowly) to the limit cycle if
sheared symmetrically (asymmetrically). Figure 3(c)
shows an example of slow evolution, where a limit cycle
was reached after about 28 cycles. In this case, Pð#Þ
evolved to a symmetric shape, similar to the forward shear
experiment, except for a shift; i.e., the system did not reach
a completely stress-free state at the midpoint of strain.
However, a long-term limit cycle was still reached with
the same Reynolds coefficient for the given density,
! ¼ 0:825.
Slow relaxation.—For asymmetric strain cycles,

!PðnÞ ¼ Pð#maxÞ " Pð#minÞ was initially nonzero but it
decreased and ultimately vanished, within fluctuations, for
n ¼ n0. When the limit cycle was reached, P was sym-
metric about "# ¼ ð#max þ #minÞ=2. The slow relaxation of
!P for asymmetric shear shows striking and novel scaling
behavior, which we characterize in terms of !, "#, and the
shear amplitude #A. Experiments to characterize this re-
laxation spanned!’s from above!S to just below isotropic
jamming !J:0:780 & ! & 0:828; strain amplitudes of
#A ¼ 6:75%, 4.5%, 3%, and 1.5%; and a range of starting
strains 0 & "# & 21:35%. Experiments were 100–500
cycles long; for convenience, we measured G2 only at

FIG. 2 (color online). (a) Reynolds pressure Pð#2Þ observed
in forward shear (see the text) tests for ! ¼ 0:691–0:816.
(b) Reynolds coefficient R extracted from linear fitting, obtained
from up to 54% forward shear (red squares), up to 27% forward
shear (blue dots), and cyclic shear tests under limit cycle
behavior (black triangles). The inset shows the same data on
double logarithmic scales with !c ¼ 0:841% 0:004. The error
bar is smaller than the size of the symbols unless marked. The
dashed line shows a fit to a power law. A line corresponding to an
exponent "3:3 is also shown for reference.

FIG. 3 (color online). (a) P vs # for a symmetric cyclic shear
run with ! ¼ 0:825, which started from # ¼ 0 and sheared
between #max ¼ 2:25% and #min ¼ "2:25%. Only cycles 1, 2,
28, and 29 are shown in the plot. (b) $ vs # for the same run and
the same shear cycles. (c) P vs # at cycles 1, 2, 28, and 29 for a
nonsymmetric cyclic shear run (#max ¼ 4:5%, #min ¼ 0) with
the same density.
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the system, in contrast to wall-driven shear. The base of the
apparatus consists of narrow, parallel, horizontal, and
transparent slats. Shear is applied by deforming the slats
and boundary uniformly in the y direction, keeping the
x dimension fixed at L, to provide uniform simple shear
strain ! ¼ !y=L at constant packing fraction" [Fig. 1(a)].
On the slats rest "1000 bidisperse photoelastic particles
(Vishay PSM-4) of diameters 12.7 and 15.9 mm; the slat
width is of the order of the particle size. The relative
numbers of large to small particles is set to 1:3:3, in order
to prevent crystallization. Before each experiment, we
prepare a stress-free packing by rearranging the particles
(gently tapping or pushing particles) until no visual pho-
toelastic response is visible. This bottom-assisted shear
induces a linear shear profile, suppressing shear bands and
the usual inhomogeneities. It is reminiscent of the SLLOD
and related algorithms [5] for enforcing uniform shear in
molecular dynamics simulations. It bears some resem-
blance to 3D experiments by Mueggenburg [6] but with a
key difference: In the Mueggenburg experiments, a slat
geometrywas used, but the slotmotionwas not coordinated,
and sustained uniform shear did not occur. We note that a
small background pressure of "0:5 N=m is detected, even
in the absence of shear. This is due in roughly equal amounts
to small experimental errors in force determinations, our
ability to completely relax all interparticle forces, and weak
friction between the particles and the slats.

The experiment is illuminated from below by circularly
polarized uniform white light and from above by a less
intense UV light. A 22 megapixel camera above the
experiment records views with and without a circular
polarizer. We apply quasistatic shear strain in small steps.
After each step, we pause and record three views of the
system that respectively yield particle positions, photoelas-
tic responses, and rotations. Without crossed polarizers, the
edges of the particles are visible [Fig. 1(b), upper panel],

and we use a circular Hough-transform technique [7] to
determine particle centers with an accuracy of "0:02d.
With a circular polarizer in front of the camera, we image
the photoelastic pattern of colored or shaded fringes within
each particle, which encode the contact forces acting on
each particle [Fig. 1(b), middle panel]. To determine the
particle orientations, each disk ismarked diametricallywith
a line of fluorescent dye, visible under UV light with the
white light turned off [Fig. 1(b), lower panel]. Changes in
the bar orientations give particle rotations. The complete
process of multiple strain steps, followed by imaging after
each step, is fully automated, and we record up to 500 shear
cycles per run.We extract the local particle stress by either a
pattern-fitting approach [1,8], yielding the complete contact
network, particle forces, and stress tensor (e.g., P and #),
or, via G2, the local squared intensity gradient of the
photoelastic response, averaged on each particle [9,10].
G2 is a one-to-one function of P on the particle level,
providing an efficient measure for P. For small (large)
data sets, we use the former (latter) approach.
Reynolds effect.—As noted, a striking aspect of applying

shear strain to a stress-free state for "S # " # "J is the
generation of nonzero P and #, as in the shear jamming
experiments of Bi et al. [2]. In the present experiments, we
go well beyond Bi et al. to probe the evolution of shear
jammed states, first by forward shearing the system and
then by shearing cyclically. Regarding forward shear, we
prepared packings in a stress-free initial state, for 0:691 #
" # 0:816, where "J ¼ 0:835$ 0:005 and "S % 0:75.
We then quasistatically shear the system by 200 small
strain steps of 0.27%, up to a total strain of ! ¼ 54%
[11]. These experiments show shear jamming [2], as
expected, but, unlike previous experiments, particle track-
ing data [Fig. 1(c)] show that the shear is effectively linear
and homogeneous across the entire system. Particle dis-
placements and rotations relative to the uniform shear
background are small. The locally coarse-grained density
field [12,13] [Fig. 1(d)] shows no sign of a shear band or
permanent inhomogeneities.
For the larger "’s considered here, we could not apply

the full 54% strain because P became so large that the layer
was unstable to out-of-plane buckling. If buckling
occurred, we terminated the forward shear experiment.
The forward shear results, Fig. 2(a), indicate that the
shear-induced Reynolds pressure increases roughly as !2

with a density-dependent prefactor that we characterize by
the Reynolds coefficient,

R ¼ ð@2P=@!2
j"Þ=2: (1)

For linear isotropic elastic materials, no coupling between
shear strain and pressure is expected. But, as we apply
shear, the system becomes increasingly anisotropic, so a
P( ! coupling might be possible, as expressed by @P=@!.
In our system, this derivative grows roughly as !, and
linear elasticity is not a particularly useful concept.

FIG. 1 (color online). (a) Setup schematics. (b) The three
close-up images that the camera captures at each step: particle
positions (upper), force response under polariscope (middle),
and particle orientation images under UV light (lower). (c) The x
and y displacements of particles vs their horizontal positions in
the system. (d) The coarse-grained [12,13] density profile after
27% linear shear.
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Figure 2: (a) Dense numerical bubble packing, (b) Shear response of packing depicted in (a):
the bubbles move a�nely and thus largely follow the imposed strain. (c) Bubble packing close to
jamming and its shear response (d): The bubbles exhibit non-a�ne motion and swirly flow patterns.

associated with changes in the forces between bubbles/particles, and concomittant changes in the
elastic energy, one can then immediately estimate the change in elastic energy once the interactions
between particles are known. In particular, for linear interactions with a local spring constant k,
one concludes that the shear modulus G on the order of k, just as in the a�ne picture sketched
above.

Closer to jamming, however, the number of contacts per bubbles drops, and bubbles are increas-
ingly free to deviate from the a�ne field so as to minimize the changes in elastic energy, and, as a
consequence, the shear modulus G gets smaller than would be expected from an a�ne assumption.
At the jamming point, the shear modulus vanishes for harmonically interacting particles — clearly
here the translation from local to global interaction is nontrivial! For di↵erent (e.g., power law in-
teractions such a Hertzian interactions), the shear modulus behaves di↵erent, so there is no simple
universality. However, the ratio of shear modulus to local spring constant (or equivalently, the ratio
of shear modulus to bulk modulus K) scales in a robust manner with distance to jamming: indepen-
dent of dimension and interaction potential, G/K / z�z

c

, where z
c

is the number of contacts at the
critical point (=2D). [O’Hern et al. (2003); Ellenbroek et al. (2009)]. This illustrates our earlier
point: local interactions matter, but there are universal and sometimes nontrivial mechanisms that
translate the local interactions to the global behavior.

As there is no simple way to estimate the particle motions and deformations in disordered
systems, one needs to resort to (numerical) experiments. Jamming can be seen as the avenue
that connects the results of such experiments. Jamming aims at capturing the mechanical and
geometric properties of disordered systems, building on two insights: first, that the non-a�ne
character becomes dominant near the jamming transition, and second, that disorder and non-
a�nity are not weak perturbations away from the ordered, a�ne case, but may lead to completely
new physics [Somfai et al. (2005); Mason et al. (1995); Radjai and Roux (2002); Tanguy et al.
(2002, 2004); Lemaitre and Maloney (2006); Maloney (2006)].
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Packings expand: 
verified in model foams
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%.Y Hencky strain E, 
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Figure 9. Variations in (a) stress and (b) osn~otic pressure with strain for a foam sample of 
75 bubbles using the softivare PLAT. Stress and osmotic pressure are normalized by 
n / ( y / R )  where R is the radius of an undefortned bubble and y is the surface tension. 
Stress is fitted to a linear up to ~ l 1 , ~  = 0.08, corresponding to the yield strain of 
this sample. Osmotic pressure is fitted to a quadratic up to the yield strain. 
Averaging I7 for strain 6 > q~,,. gives n,,,,,, as required for the evaluation of the 
maximum static dilatancy j3(al). 
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Figure 2: (a) Dense numerical bubble packing, (b) Shear response of packing depicted in (a):
the bubbles move a�nely and thus largely follow the imposed strain. (c) Bubble packing close to
jamming and its shear response (d): The bubbles exhibit non-a�ne motion and swirly flow patterns.

associated with changes in the forces between bubbles/particles, and concomittant changes in the
elastic energy, one can then immediately estimate the change in elastic energy once the interactions
between particles are known. In particular, for linear interactions with a local spring constant k,
one concludes that the shear modulus G on the order of k, just as in the a�ne picture sketched
above.

Closer to jamming, however, the number of contacts per bubbles drops, and bubbles are increas-
ingly free to deviate from the a�ne field so as to minimize the changes in elastic energy, and, as a
consequence, the shear modulus G gets smaller than would be expected from an a�ne assumption.
At the jamming point, the shear modulus vanishes for harmonically interacting particles — clearly
here the translation from local to global interaction is nontrivial! For di↵erent (e.g., power law in-
teractions such a Hertzian interactions), the shear modulus behaves di↵erent, so there is no simple
universality. However, the ratio of shear modulus to local spring constant (or equivalently, the ratio
of shear modulus to bulk modulus K) scales in a robust manner with distance to jamming: indepen-
dent of dimension and interaction potential, G/K / z�z

c

, where z
c

is the number of contacts at the
critical point (=2D). [O’Hern et al. (2003); Ellenbroek et al. (2009)]. This illustrates our earlier
point: local interactions matter, but there are universal and sometimes nontrivial mechanisms that
translate the local interactions to the global behavior.

As there is no simple way to estimate the particle motions and deformations in disordered
systems, one needs to resort to (numerical) experiments. Jamming can be seen as the avenue
that connects the results of such experiments. Jamming aims at capturing the mechanical and
geometric properties of disordered systems, building on two insights: first, that the non-a�ne
character becomes dominant near the jamming transition, and second, that disorder and non-
a�nity are not weak perturbations away from the ordered, a�ne case, but may lead to completely
new physics [Somfai et al. (2005); Mason et al. (1995); Radjai and Roux (2002); Tanguy et al.
(2002, 2004); Lemaitre and Maloney (2006); Maloney (2006)].
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Manipulating marginal matter
Brown et al, 
PNAS 2010
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jamming transition
as a switch
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Critical scaling
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constant normal stress:

constant volume:

Rp ⇠ 1/G

RV ⇠ const
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Intuiting dilatancy near jamming
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Rp ' @G

@p
> 0

packings 
expand

Rp ⇠ @G
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Relating networks and packings

G / �z

r
1� const · p

�z2

stability:

�z � const · p1/2
G > 0

higher pressure = more contacts

Jamming and geometry of two-dimensional foams

Fig. 2: (Color online) Contact number Z of packings vs. their
packing fraction φ. Grey scatter: data for every individual
image. Circles: data averaged over experimental run at approx-
imately constant packing fraction. The solid line is fit to
Z = 4+Z0(φ−φc)β , with Z0 = 4.02± 0.20, φc = 0.842± 0.002
and β = 0.50± 0.02. Upper inset: same data on log-log scale.
Lower inset: Z vs. experimentally determined packing fraction
φexp. The fit has a power law exponent of 0.70.

Note, however, that the range of packing fractions we
can scan over, extends to a surprisingly large value of
φ= 1.06. This is due to a striking discrepancy between
the manner in which φ is calculated in simulations and in
experiments. In simulations, the area or volume of spheres
is fixed, and if one knows the number of particles in
the periodic box, φ is readily calculated. In experiments,
however, φ can only be inferred from experimental images.
This difference results in the following: if particles overlap,
the overlapping area of the two particles is counted twice
in simulations, while it is only counted once in our
experiment. This doubly counted area scales with the
overlap ξ as Aov ∼ ξ3/2, which stems from the fact that
the deformed area scales as rc× ξ =

√
ξ× ξ [11]. Since

ξ ∼ (φ−φc) [4], the conversion between a packing fraction
extracted from a simulation φth and its experimentally
accessible counterpart φexp should read:

φexp = φth−C(φth−φc)3/2. (1)

We calculate both φexp and φth from numerically gener-
ated packings, and determine the pre-factor C = 0.95. We
then invert eq. (1) and calculate the φth corresponding to
our φexp.
When plotting our data against φth as in fig. 2, we excel-

lently match simulations, while we find an apparent scaling
exponent β = 0.70 if we plot Z as a function of the exper-
imentally determined φexp, see lower inset of fig. 2, owing
to the non-trivial relation in ∆φ between φth and φexp.
We are not the the first to experimentally inves-

tigate the scaling of Z with φ. Majmudar et al. [9]
have extracted the same quantities from images of two-
dimensional, frictional, photoelastic discs and compared

Fig. 3: (Color online) Fractions of bubbles in the foam with n
contacts as a function of Z. Solid lines: solutions to eqs. (2)–(5)
for the species listed at the top of the graph.

these to predictions from simulations. From their data it
appears the prefactor Z0 ≈ 16, inconsistent with simula-
tions. Our results do allow for a direct comparison with
frictionless jamming predictions, which can be seen from
the excellent agreement between parameters.

Local contact fractions. – Besides the average
contact number per packing Z we can also extract the
fraction xz of bubbles in each image that has z contacts.
We average these fractions over all images that correspond
to a global packing fraction (and contact number Z )
cf. the black circles in fig. 2. We plot these fractions
versus the average Z in fig. 3: we see clear trends in the
abundance of contacts at the particle level, to which we
apply a very recent model [16].
This model predicts the fractions of 4 species

{xn, . . . , xn+3} in a packing, given the global Z and the
variance σ2 =

∑n+3
i=n xi(Z − i)2. This constraint, together

with the trivial normalization constraints
∑n+3
i=n xi = 1,∑n+3

i=n ixi =Z and the ill-understood, but empirically
observed1 constraint that the number of particles with
odd and even contacts is equal, leads to a set of of
equations, the solution of which is:

xn =
(
(Z − (n+2))2+σ2− 1/2

)
/4, (2)

xn+1 =
(
−(Z − (n+1))2−σ2+5/2

)
/4, (3)

xn+2 =
(
−(Z − (n+2))2−σ2+5/2

)
/4, (4)

xn+3 =
(
(Z − (n+1))2+σ2− 1/2

)
/4. (5)

Since we know Z and σ2(= 0.75) from the data we
can obtain the fractions xi without any free parameters.
However, we measure non-negligible fractions of not 4,
but 5 species. We therefore apply the model for n= 3 to
4<Z < 4.75, where x7 ≈ 0 and for n= 4 to 4.97<Z < 6
1Both in [16] and this work.

34002-p3
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Katgert & Van Hecke, EPL 2010

G ⇠ p1/2

cf. Wyart et al, PRE 2005



Dilatancy and strain stiffening

G(�z, p, �) = G0(�z, p) f(�/�⇤)Ansatz:

dilatant strain

strain �

y

= x

ϵ L
γ L

✏ = R�2/2

�⇤ = 2/R
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Nonlinear bulk modulus
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c.f. Sheinman, Broedersz, MacKintosh, PRE 2012
Wyart, Liang, Kabla, Mahadevan, PRL 2008
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