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Equivalence formulae between physically different systems

Bulk Geometry & Algebraic properties of a system on the edge

Statistical physics: Suzuki—Trotter transformation

. ' 114 7
d—dimensional quantum system

. . 11 ' 77 1975
< (d+1)-dimensional “classical’ system

(AdS/CFT) correspondence 1997

(d+1)—dimensional General relativity on AdS space
< CFT living on the boundary of the space

Condensed matter: Edge Modes in Topological Insulators

(2+1)—dimensional Einstein—Hilbert action
< Chern—-Simons action = Virasoro algebra

1986



Target [: connection between MERA and AdS/CFT

Explore similarity and/or difference between MERA and AdS/CFT

[ MERA} - [AdS/CFT]

Quantum side: CFT Quantum side: CFT
Holography: Holography:
non—commutative graph classical AdS space
(although the tensor network Solution of Einstein eq.

seems to be discrete AdS)

Questions:

(a) How about finite—T properties between them ?
(b) Is the finite—T method numerically efficient ?



Metric of AdS space z: radial axis, z=0: boundary Do
o 12 ] |
ds®=g,,dx"*dx =?(d22+77ijdx'dx’) ds~;dz

s ~1llogz

ds’=g, dx“dx"
:d52+(5i51+@j§i—2577i,-)d x'd x’

Isometry trans. = conformal Killing equation at z—=>0

Boundary of AdS,,; = CFT,
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Gubser—Klevanov—Polyakov(GKP)-Witten relation

S ) 1
(O() Ol = 502 expl- o (¢(x)))¢_o

Ryu—Takayanagi Formula (extension of Beckenstein—Hawking)

2006 o _ J y=2llogL 2D: geodesic distance

4G

Y : area of minimal surface

Calabrese—Cardy formula

1
S="clogL
3 g

3l

C=—
2G

Brown—Henneaux central charge
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An example of tensor—network—type variational functions
In quantum many—body systems

MERA = a variant of tensor—network wave functions

S=1/2 Heisenberg Antiferromagnet (2 sites)

H=Jg, g, =%(SISZ+818§)+ JSiSs
Singlet ground state (entangled) ‘O> = %QTJ«> — ‘\LT>)

General variational function A B, C, D: Non—local
w)=ATT)+B ™ )+CHNT)+ D)

- Minimize E = <W‘H ‘w>/<w‘w>



The local approx. cannot describe the singlet.

local approximation & separable state

)= Tals)® Totls
=@M ra Vel |t ret¥)

—aTcM M)+ a [T Fat e [L )+ at 44 )

al al ¢! ¢cl:local




Vector product state

A -(as.as)
‘W> = ; a*c%|s, SZ> —> ; AS1CS2 S1 Sz> C82 _ (ij

S
Ci’

This looks local decomposition, but A and C get entangled !

Introduction of additional index that represents entanglement

v)-5| Satls)e Tesls)|

=1

— (al C: T ar Cz)‘ TT>+(a1 Ci +ar Cz)‘ TJ,>
+(a1 Ci T a2 )‘ ‘LT>+ (a1 C1 T az )‘ wl/»l/>
ai =c;=a:=ci =0 lw)=1]0) Exact fory =2!
arcs=1//2 y W
atcl=-1/vV2  A=ky)A=(zw)c :(XWXVZ}CL :{j

yZ—XW YZ—XW




Matrix Product State (MPS): DMRG optimizes MPS

MPS for open boundary cases (vectors on two edges)

wy= > {ai|Az AT At sy)|sisos0)

{s1,52:"»5n}

A A A AR A YW A AW |89) =

@@@Q@

Ajj X XX matrix, X : unphysical, artificial degree

S =T,{ physical degree

Matrix = projection of unphysical degree on physical one

l

What is unphysical degree of freedom ?

Y :product of local matrices — non—local correlation



Hierarchical Tensor Network

Multiscale Entanglement Renormalization Ansatz (MERA)

Long-range correlation

V' N
S1 So /\ . disentangler
I1 12
It I J3 )4 )i
S4 S3 \.
S1 2 S3  S4
(a) (b) ‘Holographic’
dimension
‘W> — ZT $1S05354 | 91 92 S3 S4>
$1,52,53,54,
‘ > Z Z Z Tsz Ij i, W'JZ J4U SJjSJjU Sjjsjf S1S»2 SgS4>

|1 |2 Jl J4 Siyeey



(Multiscale Entanglement Renormalization Ansatz, MERA)

A top tensor

T /

Isometry

11 . 7
disentangular

2
|

>
d 32=?(d 22+d x?)=(drlog 2)2+(2‘”'dx)2 X

MPS = decomposed into many tensors with different function
Basis change (disentangler) before renormalization



Disk Model for MERA Network

Poincare




How to evaluate entanglement entropy in holographic space ?

Close connection to ‘Ryu—Takayanagi formula’
developed in superstring theory

A
(4 ‘ :
& —

A | A | 4

o | S L] &

>

L X

S = minimal surface area in holographic space

>



Binary decomposition

}

Spatially 1D cases: 242+.--+42=2InL
\ )

|
No. of boundary points: In L

Spatially 2D cases:

4L(1+£+i2+---+ij:4L(2— 1”) > 8L
2 2 2" 2




Thermofield dynamics (TFD) for finite—T wavefunction

Purpose: finite—T MERA and its relation with AdS/CFT

Finite—T = thermal avarage
TFD form = ‘thermal vacuum’

Identity state (maximally entangled) ‘ | > = Z‘ n) ®‘ﬁ>

General representation theorem
1=-Sineli)=Yla)e|d)
0(8))=p"*|1)
OB)AO(B)) =2 (mf| oA o™ nf)
Z< | 1/2 1/2|n>§rﬁﬁ=tl’(pA)

m,n



Thermal state in TFD
V) = 3 0 )

Singular value decomposition

C{mj}{ﬁj} _ Z Agmj}Agﬁj}

o=1

a :event horizon = black hole entropy
= maximally entanglement entropy

Imagine Penrose diagrams ---



T=0

Layer 4

Layer 3

Layer 2 ‘

Layer O 12192 t







Finite— T MERA Network and AdS Black Hole

T>0 [1]2]3 L

1123 L
> X

Vertical axis = energy scale, temperature scale
Wave function approach at finite—T = thermofield dynamics
—> Connection between original and tilde spaces




Temperature of MERA Network

Truncation of upper MERA layers = AdS black hole
Bond dim.: m

’Z'H .................................
A
r
11213 L z=2°
—> X
. L . .
Area of interface: - = A Total dim. at interface: y =m"
Beckenstein—Hawking entropy & Calabrese—Cardy formula:
L
sy = Alnm=—1Inm 3 1 1
ZH kg T =| —Inm oc
Cr ZH ZH

Scrr = i In (ﬁ sinh (ED
3 \7ze [



Banados—Teitelboim—Zanelli (BTZ) metric: black hole solution

Exact solution of Einstein eq. in (2+1)D % Schwarzschild solution
with negative cosmological term in (3+1)D flat spacetime
a
1 f(z)=1——
RW—EgWR+gwA:O z
1
d52=—2(— f(2)dt*+ dzz+dx2]
; f(2)
, 2
Event horizon: Z = 74 f(z)=1- [—j
ZH

f(z)=1 = anti—de Sitter (AdS) spacetime

ds? = %(— dt?+ dz® + dx’)



Maximally—extension of BTZ spacetime

Coordinate transformation

1
dsz=v—5(—-f(2)dt2+
Z

dz’ + dxzj

J jHZIn(ZZHj
g
€ : UV cut—off
ds®=—h(j)dt®>+d(jIn7)*+g(j)dx>

' a=]- ]y ﬁzZe‘jHi
E

ds®>=dea’+ (cosh o ¥ dp°

f(2)
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Summary

Finite—T MERA network

* Truncation of the network at the IR region

- T ~ (layer number for a particular coordinate)™
= consistency with field—theoretical treatment

* Numerical application



Target II: information geometry of quantum states
Statistical model: H(X)=> 0“F, (X)
M
Ex. transverse Ising model: X = {gf,gf , gﬁ,aé,...}

- e=p),0°=ph
76i 7z  z X
i F1=Zm Gi+11F2:ZGi

H =D oiol.Hth

Microscopic (quantum) data

(x:0) = itr M (%) Parameter space (classical)
PR &)= z ~ “phase diagram”

Fisher metric
_ 07 (X;0) 0y(x;0)
g, (0)= jx dxp(x; 0) 5o op

[, dxp(x;0) =1 »(x;6)=—In p(x;6)




Functionality of Fisher metric

Gaussian distribution (exponential family)

v

(i)
Xi - i
p(x;0) = expy =2 = :
i O

1
(Vozo) | |

' 0=(6"0%....0"") =1ty p1y0000r 11, )

AdS space (exact solution of vacuum Einstein equation)

2
Zdﬂi +2ndo” 4, : imaginary time
9,.,(0)=- ;

O

1
RW—EgWR+gwA=O A<O



Natural parameter representation

p(X;0)

X—p)

1 (
- exp- —
N27mo p{ 257

= exp< — + =2
20° o

20

( A
:exp{ﬂ, 1

No 257 )

|

X

X

2

)

Za 27m)}

4 ‘9)} w(0) = In(\/ﬂﬁ)-F i

6=(6"0>) F(x) = (F 1 )j

p(x; ) = exp{g*

y(x;0)=

F.(X)

F . (9)_ W(H)}

w(0)-0"F,.(6)

0.0,7(x,0)=08,0,v(0)

2

O



Riemannian tensor and Hessian geometry
(O) = IX dxp(x; 8)O(x;0)
S =—[ dxp(x;6)In p(x;0) = [ dxp(x;0)y(x;0) =(y)
9,,=(8.70.7)=(0,0.7) (8,7)=0

1 4
Ff,vz—ggl Tﬂv/’t T,uv/”t:<au7/av7677/>:_ayavér’7y(6)

Ruv = gm gpg (T suc 1 pve T por T gﬂV)

Ruv % 0, ¥(0)3,(0)+---

y(x;6)=w(0)-6"F,.(9)



R % 0.¥(0)0,w(0)+

1 .
L=>9 ? 0.w(0)o,w(0)

oL
“" (0, w

T,uv:g )av‘//_gwl—

1
G,uV: R,uv_EgluvRocT,uv
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Information geometry for spin glass model

N

P(Jij):\/i\] eXp<_(‘]iJ’2_‘J‘zO) [ H=—ZJijGiGj

=%I{H d J, P& .,)}exp(ﬂZJuZm J,J

~(6.67)-0.30) 15 od)em
1 a
() [4(53) v 2P vxv] Wt
W 2 Z,B‘J V xy Vx
X = « ) Of
(FM to sG) A =1 _;m; )
- AdS metric after appropriate Y ‘%‘WZ“ °

basis transformation

HM and Y. Hashizume, in preparation



Summary

Model parameter space defined by the Fisher metric

- Einstein equation © equation of states (?)
Jacobson, Verlinde, ---

= Is this information—geometrical approach equivalent to
AdS/CFT correspondence ?
(dimension of classical side is not d+1 in general cases)



