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The inverse process of the spin-Hall effect !ISHE", conversion of a spin current into an electric
current, was observed at room temperature. A pure spin current was injected into a Pt thin film using
spin pumping, and it was observed to generate electromotive force transverse to the spin current. By
changing the spin-current polarization direction, the magnitude of this electromotive force varies
critically, consistent with the prediction of ISHE. © 2006 American Institute of Physics.
#DOI: 10.1063/1.2199473$

The manipulation of the spin current, the flow of elec-
tron spins in a solid, is the key spintronics technology that
will allow the achievement of efficient magnetic memories
and computing devices.1 In such devices, to read out the
result of a calculation and the information stored, the detec-
tion of a spin current is necessary.2 However, this crucial
operation may not be easy to realize. Here, we report the
discovery of a phenomenon that converts a spin current into
an electric-charge current, the inverse of the spin-Hall effect,
and demonstrate pure spin-current detection using this effect
in a simple metal. This conversion works at room tempera-
ture, and will thus be essential in combining spin-current
technology with conventional electronics based on charge
currents.

The spin-Hall effect !SHE" refers to the generation of a
spin current transverse to an applied electric current.3–14 Two
different mechanisms have been proposed for SHE: One is
due to asymmetry in electron scattering for up and down
spins, which is the extrinsic SHE.3–5 The other is due to
topological band structures, which is the intrinsic SHE.6,7

Both mechanisms ultimately originate from the relativistic
effect of electron motion or spin-orbit interaction. Recently,
SHE has been observed experimentally using optical
techniques.13,14 These observations are, however, restricted
to semiconductor systems, which limits investigation and the
applications of SHE.

The spin-orbit interaction responsible for SHE is also
expected to cause the inverse process of SHE !ISHE", a pro-

cess that converts spin current J̄s into electric current Jc. J̄s
carries a spin-polarization vector ! along spatial direction Js.

The existence of J̄s means that two electrons traveling in the
opposite directions along Js tend to have opposite spins: par-
allel and antiparallel to !, respectively, #see Fig. 1!b"$. The
spin-orbit interaction bends these two electrons in the same
direction3–7 and induces a charge current transverse to Js,
which is ISHE. The relation among Js, Jc, and ! is therefore
given by

Jc = DISHEJs " ! . !1"

Here, DISHC is a coefficient representing the ISHE efficiency
in a material. This equation, reminiscent of the Lorentz force
in electromagnetics, is also obtained by calculating the
charge-current density using the Keldysh Green’s function
method at the first order of the spin-orbit interaction. Har-
nessing both ISHE and SHE enables the reciprocal conver-
sion between spin and charge currents, which is essential in
harmonizing spintronics with conventional electronics. We
observed ISHE at room temperature induced by a pure spin
current in a simple metal, Pt. This demonstrates that SHE or
ISHE is not a special phenomenon limited to semiconductor
systems but is immediately adaptable to today’s metal-based
spintronics.

a"Electronic mail: eizi@rk.phys.keio.ac.jp

FIG. 1. !Color online" !a" Schematic illustration of the Ni81Fe19/Pt sample
system used in the present study. !b" Schematic illustration of the spin-
pumping effect and the inverse spin-Hall effect !ISHE" in the present sys-
tem. Js and Jc denote the spatial directions of a pure spin current generated
by spin pumping and an electric current generated by ISHE, respectively. !

is the spin-polarization vector of the spin current J̄s !J̄s#
$ =Js# ! !$, where $

is the spin index and # is the spatial-direction index". The dotted arrows in
the Pt layer describe electron motion bent by the spin-orbit interaction in the
Pt layer, a motion responsible for ISHE.
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Observation of the spin Seebeck effect
K. Uchida1, S. Takahashi2,3, K. Harii1, J. Ieda2,3, W. Koshibae4, K. Ando1, S. Maekawa2,3 & E. Saitoh1,5

The generation of electric voltage by placing a conductor in a
temperature gradient is called the Seebeck effect1,2. Its efficiency
is represented by the Seebeck coefficient, S, which is defined as the
ratio of the generated electric voltage to the temperature differ-
ence, and is determined by the scattering rate and the density of
the conduction electrons. The effect can be exploited, for example,
in thermal electric-power generators and for temperature sensing,
by connecting two conductors with different Seebeck coefficients,
a device called a thermocouple1,2. Here we report the observation
of the thermal generation of driving power, or voltage, for electron
spin: the spin Seebeck effect. Using a recently developed spin-
detection technique that involves the spin Hall effect3–14, we mea-
sure the spin voltage generated from a temperature gradient in a
metallic magnet. This thermally induced spin voltage persists even
at distances far from the sample ends, and spins can be extracted
from every position on the magnet simply by attaching a metal.
The spin Seebeck effect observed here is directly applicable to the
production of spin-voltage generators, which are crucial for driv-
ing spintronic15–18 devices. The spin Seebeck effect allows us to
pass a pure spin current19, a flow of electron spins without electric
currents, over a long distance. These innovative capabilities will
invigorate spintronics research.

The spin Seebeck effect refers to the generation of spin ‘voltage’ as a
result of a temperature gradient. We define spin voltage as the spin-
current potential, which is represented by m"2m#, where m" and m#
respectively denote the electrochemical potentials for spin-up and
spin-down electrons14,20; a gradient in the spin voltage drives a spin
current. In a metallic magnet, spin-up and spin-down conduction
electrons notably have different scattering rates and densities16, and
thus have different Seebeck coefficients, as if two conductors with
different S values were inherently present in one magnet (Fig. 1b).
When a metallic magnet is subjected to a temperature gradient,
therefore, it should generate different driving powers of electrons
in different spin channels along the temperature gradient21–24. This
is the proposed scenario for the spin Seebeck effect: in the spin sector,
a magnet works in the same way as a thermocouple (Fig. 1a, b). This
driving power of electrons generates differing amounts of flow in the
two spin channels, that is, a spin current. To be more specific, we
consider a magnet with uniform magnetization subject to a uniform
temperature gradient. In this case, and when the length of themagnet
along the temperature gradient is much greater than the spin-
diffusion length25 of the magnet, the above scenario and thermody-
namic arguments26 predict the spatial distribution of m" and m# along
the temperature gradient shown in Fig. 2a.

However, this spin Seebeck effect remains to be observed. The
recently discovered inverse-spin-Hall effect10–14 (ISHE) is a powerful
tool for detecting spin voltage, and we use it to investigate the spin
Seebeck effect in the present study. The ISHE converts a spin current
into an electromotive force ESHE bymeans of spin–orbit scattering. A
spin current carries a spin-polarization vector s along a spatial

direction JS. The relation between ESHE, JS and s is given by the
following vector product:

ESHE~DISHEJS|s ð1Þ
The ISHE efficiencyDISHE is enhanced in noble metals, such as Pt. By
measuring ESHE, the ISHE can be used to detect a spin current10–14.

Figure 2b shows an illustration of the sample system used in the
present study. The sample consists of a 20-nm-thick, soft ferromag-
netic Ni81Fe19 film with a Pt wire attached to one end. The Ni81Fe19
layer was deposited on a sapphire substrate by electron-beam eva-
poration in a high vacuum, and the Pt layer was then sputtered in
an Ar atmosphere. Immediately before the sputtering, the surface of
the Ni81Fe19 layer was cleaned by Ar ion etching. The length, the width
and the thickness of the Pt wire are respectively LPt5 4mm, 100mm,
and dPt5 10nm. We apply an in-plane external magnetic field, H,
along the x direction (Fig. 2d), except when collecting a set of angle-
dependent data (discussed below). The coercive force, HC, of the
Ni81Fe19 layer is around 15Oe at 300K, and the magnetization is
aligned along the external magnetic field direction when jHj.HC.
A temperature gradient=T is applied along the x direction by generat-
ing a temperature difference DT between the ends of the layer. Owing
to the direction of the temperature gradient (parallel or antiparallel to

1Department of Applied Physics and Physico-Informatics, Keio University, Yokohama 223-8522, Japan. 2Institute forMaterials Research, Tohoku University, Sendai 980-8577, Japan.
3CREST, Japan Science and TechnologyAgency, Sanbancho, Tokyo 102-0075, Japan. 4Cross-CorrelatedMaterials Research Group, RIKEN,Wako, Saitama 351-0198, Japan. 5PRESTO,
Japan Science and Technology Agency, Sanbancho, Tokyo 102-0075, Japan.
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Figure 1 | The spin Seebeck effect. a, Illustration of a thermocouple. A
thermocouple consists of two conductors (metals A and B) connected to
each other. They have different Seebeck coefficients and, thus, the voltage V
between the output terminals is proportional to the temperature difference
T12T2 between the ends of the couple. b, Illustration of the spin Seebeck
effect. In a metallic magnet, spin-up (") and spin-down (#) conduction
electrons have different Seebeck coefficients.When a temperature gradient is
applied, a spin voltage m"2 m# proportional to the temperature difference
appears; a magnet functions just like a thermocouple, but in the spin sector.

Vol 455 |9 October 2008 |doi:10.1038/nature07321

778
 ©2008 Macmillan Publishers Limited. All rights reserved

LETTERS

Observation of the spin Seebeck effect
K. Uchida1, S. Takahashi2,3, K. Harii1, J. Ieda2,3, W. Koshibae4, K. Ando1, S. Maekawa2,3 & E. Saitoh1,5

The generation of electric voltage by placing a conductor in a
temperature gradient is called the Seebeck effect1,2. Its efficiency
is represented by the Seebeck coefficient, S, which is defined as the
ratio of the generated electric voltage to the temperature differ-
ence, and is determined by the scattering rate and the density of
the conduction electrons. The effect can be exploited, for example,
in thermal electric-power generators and for temperature sensing,
by connecting two conductors with different Seebeck coefficients,
a device called a thermocouple1,2. Here we report the observation
of the thermal generation of driving power, or voltage, for electron
spin: the spin Seebeck effect. Using a recently developed spin-
detection technique that involves the spin Hall effect3–14, we mea-
sure the spin voltage generated from a temperature gradient in a
metallic magnet. This thermally induced spin voltage persists even
at distances far from the sample ends, and spins can be extracted
from every position on the magnet simply by attaching a metal.
The spin Seebeck effect observed here is directly applicable to the
production of spin-voltage generators, which are crucial for driv-
ing spintronic15–18 devices. The spin Seebeck effect allows us to
pass a pure spin current19, a flow of electron spins without electric
currents, over a long distance. These innovative capabilities will
invigorate spintronics research.

The spin Seebeck effect refers to the generation of spin ‘voltage’ as a
result of a temperature gradient. We define spin voltage as the spin-
current potential, which is represented by m"2m#, where m" and m#
respectively denote the electrochemical potentials for spin-up and
spin-down electrons14,20; a gradient in the spin voltage drives a spin
current. In a metallic magnet, spin-up and spin-down conduction
electrons notably have different scattering rates and densities16, and
thus have different Seebeck coefficients, as if two conductors with
different S values were inherently present in one magnet (Fig. 1b).
When a metallic magnet is subjected to a temperature gradient,
therefore, it should generate different driving powers of electrons
in different spin channels along the temperature gradient21–24. This
is the proposed scenario for the spin Seebeck effect: in the spin sector,
a magnet works in the same way as a thermocouple (Fig. 1a, b). This
driving power of electrons generates differing amounts of flow in the
two spin channels, that is, a spin current. To be more specific, we
consider a magnet with uniform magnetization subject to a uniform
temperature gradient. In this case, and when the length of themagnet
along the temperature gradient is much greater than the spin-
diffusion length25 of the magnet, the above scenario and thermody-
namic arguments26 predict the spatial distribution of m" and m# along
the temperature gradient shown in Fig. 2a.

However, this spin Seebeck effect remains to be observed. The
recently discovered inverse-spin-Hall effect10–14 (ISHE) is a powerful
tool for detecting spin voltage, and we use it to investigate the spin
Seebeck effect in the present study. The ISHE converts a spin current
into an electromotive force ESHE bymeans of spin–orbit scattering. A
spin current carries a spin-polarization vector s along a spatial

direction JS. The relation between ESHE, JS and s is given by the
following vector product:

ESHE~DISHEJS|s ð1Þ
The ISHE efficiencyDISHE is enhanced in noble metals, such as Pt. By
measuring ESHE, the ISHE can be used to detect a spin current10–14.

Figure 2b shows an illustration of the sample system used in the
present study. The sample consists of a 20-nm-thick, soft ferromag-
netic Ni81Fe19 film with a Pt wire attached to one end. The Ni81Fe19
layer was deposited on a sapphire substrate by electron-beam eva-
poration in a high vacuum, and the Pt layer was then sputtered in
an Ar atmosphere. Immediately before the sputtering, the surface of
the Ni81Fe19 layer was cleaned by Ar ion etching. The length, the width
and the thickness of the Pt wire are respectively LPt5 4mm, 100mm,
and dPt5 10nm. We apply an in-plane external magnetic field, H,
along the x direction (Fig. 2d), except when collecting a set of angle-
dependent data (discussed below). The coercive force, HC, of the
Ni81Fe19 layer is around 15Oe at 300K, and the magnetization is
aligned along the external magnetic field direction when jHj.HC.
A temperature gradient=T is applied along the x direction by generat-
ing a temperature difference DT between the ends of the layer. Owing
to the direction of the temperature gradient (parallel or antiparallel to

1Department of Applied Physics and Physico-Informatics, Keio University, Yokohama 223-8522, Japan. 2Institute forMaterials Research, Tohoku University, Sendai 980-8577, Japan.
3CREST, Japan Science and TechnologyAgency, Sanbancho, Tokyo 102-0075, Japan. 4Cross-CorrelatedMaterials Research Group, RIKEN,Wako, Saitama 351-0198, Japan. 5PRESTO,
Japan Science and Technology Agency, Sanbancho, Tokyo 102-0075, Japan.

V

Sp in Seebeck effect

Meta llic magnet

b

T2

T1

a Thermocoup le Meta l A

Meta l B

∇T

E

E

T2

T1

∇T

m↑ – m↓

Figure 1 | The spin Seebeck effect. a, Illustration of a thermocouple. A
thermocouple consists of two conductors (metals A and B) connected to
each other. They have different Seebeck coefficients and, thus, the voltage V
between the output terminals is proportional to the temperature difference
T12T2 between the ends of the couple. b, Illustration of the spin Seebeck
effect. In a metallic magnet, spin-up (") and spin-down (#) conduction
electrons have different Seebeck coefficients.When a temperature gradient is
applied, a spin voltage m"2 m# proportional to the temperature difference
appears; a magnet functions just like a thermocouple, but in the spin sector.

Vol 455 |9 October 2008 |doi:10.1038/nature07321

778
 ©2008 Macmillan Publishers Limited. All rights reserved

Spinmotive force

Barnes-Maekawa PRL(2007)

Hai et al., Nature (2009)

LETTERS

Electromotive force and huge magnetoresistance in
magnetic tunnel junctions
Pham Nam Hai1, Shinobu Ohya1,2, Masaaki Tanaka1,2, Stewart E. Barnes3,4 & Sadamichi Maekawa5,6

The electromotive force (e.m.f.) predicted by Faraday’s law reflects
the forces acting on the charge, –e, of an electronmoving through a
device or circuit, and is proportional to the time derivative of the
magnetic field. This conventional e.m.f. is usually absent for
stationary circuits and static magnetic fields. There are also forces
that act on the spin of an electron; it has been recently predicted1,2

that, for circuits that are inpart composedof ferromagneticmaterials,
there arises an e.m.f. of spin origin even for a static magnetic field.
This e.m.f. can be attributed to a time-varying magnetization of the
host material, such as the motion of magnetic domains in a static
magnetic field, and reflects the conversion of magnetic to electrical
energy. Here we show that such an e.m.f. can indeed be induced by a
static magnetic field in magnetic tunnel junctions containing zinc-
blende-structured MnAs quantum nanomagnets. The observed
e.m.f. operates on a timescale of approximately 102–103 seconds
and results from the conversion of the magnetic energy of the super-
paramagnetic MnAs nanomagnets into electrical energy when these
magnets undergomagnetic quantum tunnelling. As a consequence, a
huge magnetoresistance of up to 100,000 per cent is observed for
certain bias voltages. Our results strongly support the contention
that, in magnetic nanostructures, Faraday’s law of induction must
be generalized to account for forces of purely spin origin. The huge
magnetoresistance and e.m.f. may find potential applications in high
sensitivity magnetic sensors, as well as in new active devices such as
‘spin batteries’.

Three ingredients are important to the observation of a large spin-
derived e.m.f. The first is an ensemble of superparamagnetic nanometre-
sizedmagnets with a large spin S< 200. Owing to a very large magnetic
anisotropy, themagneticmomentm is aligned along the z directionwith
a componentSz56Sof the spin in this direction.A staticmagnetic field
H5Hz splits these two ground states (with Sz56S) by an energy
2mH5 2SgmBH (where g is the g-factor and mB is the Bohr magneton).
It is this appreciable energy difference that drives the e.m.f. Second, these
nanomagnets constitute an essential conductive path through ourmag-
netic tunnel junctions (MTJs), but have such a small capacitance C that
the Coulomb energy U5 e2/(2C) for adding or removing electrons
exceeds the thermal energy kBT, effectively blocking sequential electrical
conduction3. However, as is commonplace, there are spin-flip channels
of many-body origin that conduct under this ‘Coulomb blockade’.
Third, for a temperature T5 3K, an S< 200 nanomagnet would not
usually relax within our ten-minute timescale. However, the spin-flip
channels mix Sz52Swith2S11 and ultimately the two ground states
Sz56S. With the conduction of a single electron, relaxation –S R S
occurs, the electron gains an energy 2SgmBH, and for an ensemble this
results in a steady current driven by an e.m.f. E5 2SgmBH/e.

Normally an MTJ consists of metallic thin-film ferromagnetic
electrodes and a thin tunnel barrier made of an insulator. The MTJs
in this study are unique (Fig. 1a); they consist of zinc-blende-structured

MnAs nanoparticles as a bottom electrode, a 2.1-nm-thick AlAs tunnel
barrierwith a 1-nm-thickGaAs spacer, anda top electrode comprising a
20-nm-thick hexagonal NiAs-structure MnAs thin film. Zinc-blende
MnAs thin films are difficult to fabricate because the bulk phase is not
stable4. However, using phase separation techniques5–8, a GaMnAs
alloy ferromagnetic semiconductor layer, when annealed at ,480 uC,
generates self-assembled zinc-blende MnAs nanoparticles of diameter
2–3nm. Figure 1b shows a transmission electron microscopy lattice
image of our typical MTJ. Dark areas indicated by white circles
correspond to zinc-blende MnAs nanoparticles in which Mn atoms
have precipitated in the zinc-blende crystal structure. Spin-dependent
tunnelling processes occur between these MnAs nanoparticles and the
top NiAs-structured MnAs film through the AlAs tunnel barrier.

Figure 2a shows current–voltage (I–V) characteristics of a round,
200-mm-diameter MTJ, measured at 3K; data are shown for zero

1Department of Electrical Engineering and Information Systems, The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-8656, Japan. 2Japan Science and Technology Agency,
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de Oliveira - Tiomno, Nuovo Cimento (1962)

Gravitational field in Schwarzschild spacetime without electromagnetic field: 
      e.g. Obukhov, Phys. Rev. Lett. (2000), Silenko-Teryaev, Phys. Rev. D (2007)

Low energy limit



Flat space-time (inertial frame)

   
γ µ ∂µ − i q


Aµ

⎛
⎝⎜

⎞
⎠⎟
+ mc


⎡

⎣
⎢

⎤

⎦
⎥ψ = 0

γ µ ,γ ν{ } = 2gµν

Dirac eq. with E-M fields

E-M and gravitational fields can be included by introducing “covariant derivatives.”

How to derive SOI?

   
H = βmc2 + cα ⋅ p + eA( ) + eA0

Curved space-time (non-inertial frame)

γ µ x( ) ,γ ν x( ){ } = 2gµν x( )
   
γ µ x( ) ∂µ − Γµ g x( )⎡⎣ ⎤⎦ − i

q


Aµ

⎛
⎝⎜

⎞
⎠⎟
+ mc


⎡

⎣
⎢

⎤

⎦
⎥ψ = 0

Dirac eq. with E-M & gravitational fields

  
g00 = −1+Ω2r 2 / c2 , gij = δ ij , g0i = gi0 = Ω× r / c( )i

HO 1/m( )
Z = µBσ ⋅B

 
HO 1/m2( )

SOI =
−eλ


σ ⋅ p + A( ) × E⎡⎣ ⎤⎦

Foldy-Wouthuysen 1950
Tani 1951



CoriolisCoulomb & Lorentz
E

e- e-

B + 2 m / e( )Ω
H =

1
2m

p + eA( )2 + eφ −L ⋅Ω

Coriolis
Coulomb 
& Lorentz

Zeeman

−µBσ ⋅ B + m / e( )Ω( )
Barnett
Einstein-de Haas

B + m / e( )!
e-

S

Zeeman
Barnett
Einstein-de Haas

Pauli-Schrödinger eq. in rotating frame

Inertial Spin Orbit Int.

 
+
λ

σ ⋅ p + eA( ) × (−e) E + Ω × r( ) × B( )⎡⎣ ⎤⎦

NEW! ？

Low energy limit of Dirac eq. in rotating frame



B

Spin Hall Effect in rotating frame

 

d
dt
r = v − eλ


σ × E + Ω × r( ) × B( )

Erot = Ω⋅ B( )r

r

 
+
λ

σ ⋅ p + eA( ) × (−e) E + Ω × r( ) × B( )⎡⎣ ⎤⎦

Spin current generated 
in azimuthal direction

e-

e-

e-

e-

e-

e-

B
Ω

±Azimuthal ±z

e- e-

RadialErot

Ω



Spin current from mechanical rotation
Inertial spin Hall effect - “general relativistic effect in matter”

Pt (Ballistic case)
r = 0.1m
B = 1T,  Omega = 1kHz

→Js=108A/m2

   
Js
Ω⋅B r( ) = 2neλkF

2 Ω
ε F

× eB
m*

× r
B

Erot = !" B( )r

re- e-

!

Ref.   
(Ballistic regime) MM, J. Ieda, E. Saitoh, and S. Maekawa, Phys. Rev. Lett. 106, 076601(2011)
(Diffusive regime) MM, J. Ieda, E. Saitoh, and S. Maekawa, Appl. Phys. Lett. 98, 242501(2011)

e-

e-

e-

e-

e-

e-

B
Ω

Js



Summary

？

Enhancement of SOI in matter

e-

e-

e-

e-

e-

e-

B
Ω

Ea = m / e( )a
Hehl-Ni PRD1990

 
+
λ

σ ⋅ p + eA( ) × −e( ) E + Ea + EΩ,B( )⎡⎣ ⎤⎦

MM, Ieda, Saitoh, Maekawa PRL2011

EΩ,B = Ω × r( ) × B

“Spin-mechatronics” 
MM, Ieda, Saitoh, Maekawa, arXiv:1106.0366 (to appear in PRB)

Spin current generation from mechanical rotation



Ultra high speed rotor in JAEA

M. Ono et al, 
Rev. Sci. Instrum. 80, 082908 (2009)

On going experiment
for generation/detection 
of spin current due to 
mechanical rotation!

e-

e-

e-

e-

e-

e-

B
Ω

turbine

rotor

vacuum chamber

melting sample ejector



Backup Slides



from Dirac to Effective theory

Dirac eq. 

Pauli-Schrödinger eq. 

K.p perturbation 

Low energy limit + Projection

e.g. 8x8 Kane model

Projection to cond. band

 
HPauli =

1
2m

p + eA( )2 + eφ + µBσ ⋅B +
eλ

σ ⋅ p + eA( ) × E

HDirac = βmc2 + c p + eA( ) ⋅α + eφ

 
H eff =

1
2m

p + eA( )2 + eφ + µBσ ⋅B +
eλ

σ ⋅ p + eA( ) × EEffective theory for 

conduction electron

HKane = ...

e-

e+

2mc2

 
λ / λ =

P2

3
1
E0
2 −

1
E0 + Δ0( )2

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
/  / 4m2c2( )

E0

Δ0

cond.

HH
LH
SO

matter

vacuum
R. Winkler, “Spin-orbit coupling effects in two-

dimensional electron and hole systems”, Springer, 2006



E-M field in rotating frame

B

Erot = Ω⋅ B( )r

r

Ω

general coordinate tr.

Lorentz tr.

Rotation

Erot ≈ Erest + Ω × r( ) × Brest

Brot ≈ Brest

⎧
⎨
⎩

rotating frame( )

⇑general coordinate tr. byvelocityΩ × r
Erest

Brest

⎧
⎨
⎩

rest frame( )

Rotation (non-inertial frame) asymmetry of E/c & B

   

E '/ c = γ E / c + β × B( ) − γ 2

γ +1
β ⋅E / c( )β

B ' = γ B − β × E / c( ) − γ 2

γ +1
β ⋅B( )β

⎧

⎨
⎪
⎪

⎩
⎪
⎪

⇑Lorentz tr. by β = v / c γ = 1 / 1− β 2( )
E
B
⎧
⎨
⎩

rest frame( )

Lorentz tr. (inertial frame) symmetry of E/c & B

 
HSOI =

λ

σ ⋅ p − qA( )× q E + Ω × r( )× B( )⎡⎣ ⎤⎦

e.g. MM, Ieda, Saitoh, Maekawa, arXiv:1106.0366, Appendix C



GENERAL COORDINATE 
TRANSFORMATION 

dt '
dx '
dy '
dz '

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

∂t '/ ∂t ∂t '/ ∂x ∂t '/ ∂y ∂t '/ ∂z
∂x '/ ∂t ∂x '/ ∂x ∂x '/ ∂y ∂x '/ ∂z
∂y '/ ∂t ∂y '/ ∂x ∂y '/ ∂y ∂y '/ ∂z
∂z '/ ∂t ∂z '/ ∂x ∂z '/ ∂y ∂z '/ ∂z

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

dt
dx
dy
dz

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

t '
x '
y '
z '

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

1 0 0 0
0 cosΩt − sinΩt 0
0 sinΩt cosΩt 0
0 0 0 1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

t
x
y
z

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

dt '
dx '
dy '
dz '

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

=

1 0 0 0
−Ωy cosΩt − sinΩt 0
Ωx sinΩt cosΩt 0
0 0 0 1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

dt
dx
dy
dz

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

R =

1 0 0 0
−Ωy cosΩt − sinΩt 0
Ωx sinΩt cosΩt 0
0 0 0 1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟



GENERAL COORDINATE 
TRANSFORMATION

Fµν =

0 Ex Ey Ez

−Ex 0 −Bz By

−Ey Bz 0 −Bx

−Ez −By Bx 0

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

F ' = RTFR

⇒
E ' ≈ E + Ω× r( )× B
B ' ≈ B

⎧
⎨
⎩

R =

1 0 0 0
−Ωy cosΩt − sinΩt 0
Ωx sinΩt cosΩt 0
0 0 0 1

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟



SOI & ELECTROMAGNETIC FIELD 
IN ROTATING FRAME

Erot = Ω × r( )× Brest
rotating frame( )

Ω  B, E = 0 rest frame( )

Ω

Erot r

B

Erot ≈ Erest + Ω× r( )× Brest

Brot ≈ Brest

⎧
⎨
⎩

rotating frame( )
⇑general coordinate transformation

byvelocityΩ× r
Erest

Brest

⎧
⎨
⎩

rest frame( )

 
HSOI =

λ

σ ⋅ p − qA( )× q E + Ω × r( )× B( )⎡⎣ ⎤⎦


