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INTRODUCTION AND MOTIVATION



• In  QCD, there are  ultraviolet fixed point and  infrared  
fixed point.

• In perturbative QCD, Banks and Zaks(1982) showed if 
the number of flavors Nf is reduced to just below 
11N/2, an infrared fixed point will appear.  And if Nf is 
reduced further, chiral symmetry breaking and 
confinement set in.

• Appelquist et al(2008) claimed in a lattice simulation 
using staggered fermion and Schrödinger functional(SF) 
scheme, that for 12≤Nf≤16 infrared behavior is 
governed by the fixed point. 



• Staggered fermion has 4 times taste degeneracy and Nf=12 
observed by Appelquist and Fodor et al (2011) may not  
correspond to effective Nf=12 of Wilson fermion. 

• Dietrich and Sannino(2007) studied two-loop β function for 
a generic non-Abelian gauge theory with fermionic matter 
in a given representation of SU(N).   In case of N=3, the 
conformal window appears for 12≤Nf≤16 . Non-
perturbative corrections  were not discussed.

• Vicinity  to the conformality is characterized by  walking 
behavior of the running coupling.

• Nakajima and S.F. (2008) observed using the 2+1 flavors  
Wilson fermion  gauge configuration of  RBC/UKQCD , the 
walking behavior.



• The walking behavior is observed also in light-front 
holography of Brodsky et al(2010) and an experimental 
analysis of JLAB group(2006).

• In infrared region, where non-perturbative effects are 
essential,  the conformal field amplitude     D(Q²) =DPT (Q²) 
acquires a correction DNP (Q²) .   Grunberg (2001)  
incorporated  a scale   parameter   ρ such that β1=ρ β0 and 
calculated  higher order terms consistent  by  taking into 
account  the cancellation of DNP (Q²) and DPT (Q²) .

The modified  Banks-Zaks fixed point predicts  4≤Nf≤6 for 

the conformal  window.    

The Nf=3 system might be not far from the window. 





• Braun and Beneke (1994) pointed out that the BLM scale 
fixing of  Q* via quark loop insertion has the same effect as 
the scale changing of Grunberg, and that the different Nf
dependence could manifest  itself.

• Fermions are expressed as spinors or Grassmann variables. 
E.Cartan(1938) showed that the Pauli spinors can be treated 
as a member of quaternions  H, whose automorphism group 
is SO(3) that rotates  i , j and k.  With a new imaginary unit  ℓ, 
H+H ℓ  makes an octonion O.  Octonion have G2 symmetry 
and the basis has the triality symmetry. 

• I study  possible roles of triality in the infrared renormalization 
effects in the QCD.



QUATERNION AND OCTONION









THE DOMAIN WALL FERMION



DWF and the mass of a quark

• Domain wall fermion has specific boundary condition 
in the 5th dimension, and could make qualitative 
difference from the boundary condition of the SF 
scheme.

• The DWF of Shamir(1993) and Narayanan and 
Neuberger(1993)  are expressed by Grassmann
variables.

• We solve the coupled differential equation in 
L³×T×L_s ×(3 color)×(4 component  spinor)  space, 
and  adopt  results at  the  middle of the L_s space to 
calculate the running coupling. ( RBC/UKQCD config.
L=16, T=32,L_s=16)   (L=24,T=64,L_s=16 is under way)







Left-Right asymmetry of the 
propagator’s amplitude





INFRARED PROBLEM IN THE QCD 
THERMODYNAMICS







CONCLUSION AND DISCUSSION



• The Dirac spinor is expressed by a quaternion.
• A quaternion  that operates on the left-handed, and another   

that operates on right-handed spinor make an octonion.
• The octonion possesses the triality symmetry.   Physical 

domainwall fermion propagator chooses one triality sector .
• In the MOM scheme,  one selects the triality sector. In the  SF 

scheme the effective number of Nf becomes 3 times larger.
• Walking behavior of the running coupling is an indication of 

the proximity of the system to the conformal window. It is 
necessary to extend the simulation to larger lattices.

• The g^6 order diagrams necessary to solve the negative 
pressure problem etc.  may be provided by the three loop 
diagram with two self-dual vectors exchange.

• Do particles in a triality sector  different from that of electrons 
in the detector behave like unparticles of Georgi(2007)? 

Thank you very much for your attention.
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