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This talk will be about exact, but not rigorous, results for

quantum quenches in integrable models.




Outline

A. Quantum Quenches in isolated systems.


B. Steady state and Generalized Gibbs Ensembles (GGE).


C. “Micro-canonical” viewpoint.


D. Integrable models and local conservation laws.


E. Failure of the “Minimal GGE” in interacting models.


F. Quasi-local conservation laws.


G. GGE for the spin-1/2 XXZ chain.




Quantum Quenches in isolated many-particle systems

A. Consider an isolated quantum system in the thermodynamic 
limit; Hamiltonian H(h) (short-ranged), h e.g. bulk magnetic field


B. Prepare the system in the ground state |ψ〉of H(h0)


C. At time t=0 change the Hamiltonian to H(h)


D. (Unitary) time evolution |ψ(t)〉= exp(-iH(h)t) |ψ〉


E. Goal: study time evolution of local (in space) observables 

〈ψ(t)|Ο(x)|ψ(t)〉,〈ψ(t)|O1(x)Ο2(y)|ψ(t)〉,〈ψ(t)|O1(x,t1)Ο2(y,t2)|ψ(t)〉




Local Relaxation

Given that we are considering an isolated system, does the 
system relax in some way ?

• It can never relax as a whole.



Given that we are considering an isolated system, does the 
system relax in some way ?

• It can never relax as a whole.

‹ψ(t)|O|ψ(t)› = A cos([E1-E2]t+φ)

Initial state |ψ› after the quench is a pure state

|ψ(t)› = exp(-iH(h)t) |ψ› = ∑n exp(-iEnt) <n|ψ› |n>. 

Can always choose observables O that never relax, e.g.

O=O†= |1›‹2|+|2›‹1|

Local Relaxation



Given that we are considering an isolated system, does the 
system relax in some way ?

• It can never relax as a whole.

• It can relax locally (in space).

A

B

• Entire System: A∪B

• Take A infinite, B finite

• Ask questions only about B: 

Expectation values 

of local ops: 〈Ψ(t)|OB(x)|Ψ(t)〉

Physical Picture: A acts like a bath for B.

Local Relaxation



Subsystems and Reduced Density Matrices

Density matrix: ρ(t)=|ψ(t)›‹ψ(t)|


Reduced density matrix: ρB(t)=trA ρ(t)

A

B

|ψ› = initial (pure) state of the entire system A∪B (A infinite)



Nonequilibrium Steady State

For the initial states we are interested in limt→∞ ρB(t)= ρB(∞) 
exists for any finite subsystem B in the thermodynamic limit.


⟺ ψ(t)|ΟB(x)|ψ(t)〉become time-independent for all 

local operators.

How to characterize the steady state?



Conservation laws

Isolated system → energy conserved

No other conserved quantities → system thermalizes
cf previous talks, 

Deutsch ’91, Srednicki ’94,….

Define a Gibbs Ensemble:

fix effective temperature:

Reduced density matrix:

Thermalization:



Further conserved quantities: system does not thermalize

Define a Generalized Gibbs Ensemble:

fix Lagrange multipliers:

Reduced density matrix:

Non-thermal Steady State:

M. Rigol et. al. ‘07

Barthel&Schollwöck ’08

Cramer, Eisert et al ’08 



“Microcanonical" viewpoint
Caux&Essler ’13

Cassidy, Clark & Rigol ’11

Construct simultaneous eigenstate |Φ〉of all Ia such that

This macro-state is described by “particle/hole” densities



Ideal Fermi gas:

Hamiltonian in mtm space:

particle/hole densities:

specific “representative state” in large, finite volume:

non-equilibrium steady state:



General integrable models:

Corresponding particle/hole densities related non-trivially:

Bound states: generally many particle species

known (model-specific) functions

Bethe Ansatz

equations

particle densities fixed by “GTBA equations”

determined by “overlaps”



Descriptions of the stationary state

For finite sub-systems B in the thermodynamic limit

Globally they are all different.

Relaxation to GGEs has been shown in integrable models that 

can be mapped to free fermions or free bosons.

What about interacting integrable models?



Local conservation laws in integrable models

Transfer matrix formulation (6-vertex model):

vertex weight

“quantum” space“auxiliary” space



Define a transfer matrix by

. . . . . .

. . . . . .

Transfer matrices commute

and generate local conservation laws



Structure:

Hamiltonian:

Lieb ’67, Sutherland ’70

Baxter ’72, …



Stationary behaviour of observables after a quantum quench in the spin-1/2
Heisenberg XXZ chain

Maurizio Fagotti and Fabian H.L. Essler
The Rudolf Peierls Centre for Theoretical Physics, Oxford University, Oxford, OX1 3NP, United Kingdom

We consider a quantum quench in the spin-1/2 Heisenberg XXZ chain. At late times after the
quench it is believed that the expectation values of local operators approach time-independent
values, that are described by a generalized Gibbs ensemble. Employing a quantum transfer matrix
approach we show how to determine short-range correlation functions in such generalized Gibbs
ensembles for a class of initial states.

PACS numbers: 02.30.Ik, 05.70.Ln, 75.10.Jm, 67.85.-d

I. INTRODUCTION

Nonequilibrium dynamics in closed quantum systems, and in particular quantum quenches, have attracted much
experimental1–6 and theoretical7–41 attention in recent years. There is a growing consensus that integrable models
exhibit important di↵erences in behaviour as compared to non-integrable ones42. In particular, by now there is ample
evidence that the stationary state after a quantum quench in an integrable theory is described by a generalized Gibbs
ensemble (GGE)8 with density matrix

⇢
GGE
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1

Z
GGE
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Here H(1) is the Hamiltonian and H(l) are local21 integrals of motion

[H(m), H(n)] = 0 . (1.2)
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Here L is the size of the system under consideration. In practice it is often useful to work with a truncated GGE39,
where only the y “most local” conservation laws are retained
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(y)

l

are fixed by
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, l = 1, . . . , y. (1.6)

The full GGE is then recovered in the limit y ! 1, after the thermodynamic limit has been taken first. Assuming
that a given integrable system indeed approaches a stationary state late after a quantum quench, which is described
by a generalized Gibbs ensemble, important questions are how to construct the GGE in practice, and how to then
determine expectation values of local operators. It is these questions we aim to address for the particular case of the
spin-1/2 Heisenberg XXZ chain. A priori there are four steps:

1. Determine the local conservation laws.

GGE density matrix

Can be viewed as thermal density matrix of integrable 
Hamiltonian

H =
X

l=1

�l

�1
H(l)

Can use (Quantum Transfer Matrix) formalism developed 
for finite temperature correlators 


to study GGE expectation values!

Boos, Göhmann, 

Klümper et al ’04-’10

Boos, Miwa, Jimbo, 

Smirnov, Takeyama ’06-’09

“Minimal” GGE Fagotti&Essler ’13

cf Klümper& Sakai ‘02 



Neat trick: circumvent determining {λj} by using generating function

“Initial data” encoded in the function

1. Steady state described by system of nonlinear integral eqns.

2. Initial data enters only through Ω1/2(λ).

3. Closed form expressions for Ω1/2(λ) for various product states.

4. Numerically exact expressions for matrix-product states.

Explicit results for short-distance spin-spin 

correlation functions in “minimal GGE” Fagotti et al ’14



Comparsion to numerics (TDMRG): Fagotti, Collura, Essler &Calabrese ‘14
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Failure of the “Minimal GGE”

“Quench Action” approach to non-equilibrium 
dynamics in integrable models.

Caux&Essler ’13

stationary state for quenches from Néel and

Majumdar-Ghosh initial states.

Wouters et al ’14

Poszgay et al ’14

Results for spin-spin correlators are different from Minimal GGE!
4
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2i evaluated on the quench action
steady state (solid lines) and on the GGE (dashed lines). The
energy sum rule 2h�x
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2 i+�h�z
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z

2i = �� explains the exact
value of �1/3 at the isotropic point � = 1. Numerical errors
are 10�5 or smaller. Both sets of data are in agreement with
the finite-size computations of Ref. [19], within the numerical
precision of the latter. Inset: Relative di↵erence between the
GGE prediction and the quench action saddle-point result,
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state [69] fix ⇢
1,h unambiguously [52],

⇢Néel

1,h (�) =
⇡2a3

1

(�) sin2(2�)

⇡2a2
1

(�) sin2(2�) + cosh2(⌘)
, (16)

where a
1

was defined right after Eq. (6). This makes
the input from the chemical potentials redundant. The
densities ⇢GGE for the GGE can be found by solving the
GTBA Eqs. (13) for n � 2 [dn(�) = 0] and the Bethe
Eqs. (9) with the constraint ⇢GGE

1,h = ⇢Néel

1,h .
Discussion of results. Numerical and analytical anal-

ysis show exact agreement between ⇢
1,h predicted by the

quench action approach and ⇢Néel

1,h in Eq. (16) [52]. The
expectation values of all local conserved charges Qn are,
thus, reproduced exactly. We stress that this nontrivial
agreement constitutes strong evidence for the correctness
of the quench action prediction of the steady state.

Furthermore, the distributions of the GGE can be com-
pared with the steady-state distributions provided by the
quench action approach, see Fig. 1. The densities ⇢n for
the GGE and the quench action are clearly di↵erent, the
discrepancies becoming more pronounced as one reduces
the anisotropy towards the gapless point � = 1. We em-
phasize that all our results are obtained in the thermody-
namic limit: these di↵erences are not finite-size e↵ects.

We verified the existence of these discrepancies by an-
alytically solving the GTBA equations of the two ensem-
bles in a large-� expansion. The di↵erences between the
distributions are of order ��2, e.g., for 1- and 2-strings
(for other strings and higher orders, see Ref. [52])
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FIG. 3. (color online) (a) The same as Fig. 2 for h�z

1�
z

3i. (b)
Comparison between the quench action, the GGE prediction,
and the NLCE result close to the isotropic point. Error bars in
the NLCE data display an interval of confidence that includes
all resummation results (except for �=1.015) [58].

Given steady-state distributions, one can compute
physical observables [Eq. (11)]. Nonvanishing di↵erences
between distributions will generally be reflected in those
expectation values, even in simple ones such as few-point
spin-spin correlation functions. We have implemented
an adapted version of the Hellmann-Feynman theorem
to compute the expectation value h�z

1

�z
2

i from the dis-
tributions ⇢ [58, 70]. The nearest-neighbor two-point
correlator is predicted di↵erently by the quench action
steady state and the GGE (see Fig. 2). The NLCE re-
sults (not shown) are consistent with those predictions
but cannot resolve their di↵erence since it is too small
(. 2%, as shown in the inset in Fig. 2). It should be
noted that the magnitude of di↵erences between distri-
butions in Eqs. (17) does not directly translate into a
similar di↵erence for physical observables. Expanding for
large anisotropy, we obtain a discrepancy of order ��6,

h�z
1

�z
2

i
GGE

� h�z
1

�z
2

i
sp

=
9

16�6

+O(��7) . (18)

We also calculate the next-nearest-neighbor correlator
h�z

1

�z
3

i by means of the method of Ref. [70], see Fig. 3.
In the inset in Fig. 3(a) one can see that, as � ! 1, the
di↵erences between the predictions of the quench action
approach and the GGE become of the order of 10%. Fig-
ure 3(b) provides a closer look of h�z

1

�z
3

i in that regime.
There, we also report our NLCE results [58]. The lat-
ter are consistent with the quench action predictions and
inconsistent with the GGE results. Hence, our NLCE cal-
culations support the correctness of the QA approach for
describing observables after relaxation and the inability
of the GGE constructed here to do so.
Conclusions. We used the quench action method to

obtain an exact description of the steady state following
a quench from the ground state of the Ising model to an
XXZ spin-1/2 chain with anisotropy � � 1. We were
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Given steady-state distributions, one can compute
physical observables [Eq. (11)]. Nonvanishing di↵erences
between distributions will generally be reflected in those
expectation values, even in simple ones such as few-point
spin-spin correlation functions. We have implemented
an adapted version of the Hellmann-Feynman theorem
to compute the expectation value h�z
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steady state and the GGE (see Fig. 2). The NLCE re-
sults (not shown) are consistent with those predictions
but cannot resolve their di↵erence since it is too small
(. 2%, as shown in the inset in Fig. 2). It should be
noted that the magnitude of di↵erences between distri-
butions in Eqs. (17) does not directly translate into a
similar di↵erence for physical observables. Expanding for
large anisotropy, we obtain a discrepancy of order ��6,

h�z
1

�z
2

i
GGE

� h�z
1

�z
2

i
sp

=
9

16�6

+O(��7) . (18)

We also calculate the next-nearest-neighbor correlator
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In the inset in Fig. 3(a) one can see that, as � ! 1, the
di↵erences between the predictions of the quench action
approach and the GGE become of the order of 10%. Fig-
ure 3(b) provides a closer look of h�z
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There, we also report our NLCE results [58]. The lat-
ter are consistent with the quench action predictions and
inconsistent with the GGE results. Hence, our NLCE cal-
culations support the correctness of the QA approach for
describing observables after relaxation and the inability
of the GGE constructed here to do so.
Conclusions. We used the quench action method to

obtain an exact description of the steady state following
a quench from the ground state of the Ising model to an
XXZ spin-1/2 chain with anisotropy � � 1. We were



‣ There must be additional conservation laws!

‣ GGE concept fails!

What is going on?

FHLE
several groups



Quasi-local conservation laws

Commuting family of transfer matrices is in fact much larger:

where now Sα act on a spin-s representation of SU(2)q

s=1/2 reduces to previously considered case.



Define a 2-parameter family of transfer matrices by

. . . . . .

. . . . . .

Transfer matrices commute

Generating function for conservation laws:



Conservation laws:

For s=1/2 these are local in the sense previously defined.

For s>1/2 these are quasi-local:

decay sufficiently fast with k s.t. 
conservation laws are extensive



Recall that our Hilbert space has dimension 2N

Inner product on the space of operators:

An operator Q is quasi-local if

(1)

(2) asymptotically independent of N for all Bk that

act non-trivially only on k sites



“Complete” Generalized Gibbs Ensemble

Density matrix:

λs,n fixed by initial conditions



We have shown that

1. Initial conditions fix a unique steady state

(H(n)s with higher s fix hole densities of longer strings)

Set of conservation laws is complete!

2. Explicit determination of the steady state requires

At the moment possible for simple (low entanglement) initial 
states and s not too large (say 100 for product states).



3. For simple initial states we can calculate short-distance

   spin-spin correlation functions in the steady-state to

   extremely high precision.



Conclusions

1. Have constructed the GGE describing the steady state after a 
quench to an interacting, integrable model, the XXZ chain.


2. Involves quasi-local conservation laws (QLCL).


3. There are many more QLCL than the “traditional” local ones.


4. Construction readily generalizable to other integrable models.


5. Notion of “truncated GGE” appears to remain viable.

Fagotti&Essler ’13



“Diagonal Ensemble”

energy eigenstates:

density matrix:


