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“An extraordinary book on the deep principles behind quantum theory.” 

NICOLAS GISIN, UNIVERSITY OF GENEVA

“Part quantum mechanics textbook, part original re
search contrib

ution, th
is book is 

a fascinating, audacious effort to
 ‘re

build quantum mechanics fro
m the ground up,’ 

presenting it a
s the logical consequence of simple inform

ation-theoretic postulates.  

Students wishing to learn quantum inform
ation should read it a

nd do all th
e exercises!” 

SCOTT AARONSON, M
IT 

Quantum theory is the soul of th
eoretical physics. It 

is not ju
st a theory of specific physical systems, 

but rather a new framework with universal applicability
. This book shows how we can reconstruct th

e 

theory fro
m six inform

ation-th
eoretical principles, by rebuilding the quantum rules fro

m the bottom 

up. Step by step, th
e reader w

ill l
earn how to master th

e counterintuitiv
e aspects of th

e quantum 

world, and how to efficiently reconstruct quantum inform
ation protocols fro

m first principles. Using 

intuitiv
e graphical notation to represent equations, and with shorter and more efficient derivations, th

e 

theory can be understood and assimilated with exceptional ease. Offering a radically new perspective 

on the field, th
e book contains an efficient course of quantum theory and quantum inform

ation for 

undergraduates. The book is aimed at re
searchers, professionals, students in physics, computer 

science and philosophy, a
s well a

s the curious outsider seeking a deeper understanding of th
e theory.

GIACOMO MAURO D’ARIANO is a Professor at Pavia University, 
where he teaches Quantum 

Mechanics and Foundations of Quantum Theory, a
nd leads the group QUIT. He is a Fellow of th

e 

American Physical Society and of th
e Optical Society of America, a member of th

e Academy 

Istitu
to Lombardo of Scienze e Lettere, of th

e Center fo
r P

hotonic Communication and 

Computing at Northwestern IL, and of th
e Foundational Questions Institu

te (FQXi).

GIULIO CHIRIBELLA is Associate Professor at th
e Department of Computer S

cience of  

The University of Hong Kong. He is a Visitin
g Fellow of Perimeter In

stitu
te for Theoretical 

Physics, a member of th
e Standing Committe

e of th
e International Colloquia on Group 

Theoretical M
ethods in Physics, and a member of th

e Foundational Questions 

Institu
te (FQXi). I

n 2010, he was awarded the Herm
ann Weyl Prize for applications 

of group theory in quantum inform
ation.

PAOLO PERINOTTI is
 Assistant Professor at Pavia University where he teaches 

Quantum Inform
ation Theory. His research activity is focused on foundations 

of quantum inform
ation, quantum mechanics and quantum field theory. 

He is a member of th
e Foundational Questions Institu

te (FQXi), a
nd of th

e 

International Quantum Structures Association. In
 2016 he was awarded 

the Birkhoff-v
on Neumann prize for re

search in quantum foundations.

Quantum information theory



Informational derivation

• The mathematical language of 
quantum theory: systems and 
processes

• Systems are thought of  as 
elementary memory cells in the 
first place, rather than 
elementary constituents of 
matter

An Inform
ational Approach

GIACOMO MAURO D’ARIANO

GIULIO CHIRIBELLA 

PAOLO
 PERINOTTI

QUANTUM 

THEORY 

FROM FIRST 

PRINCIPLES

9 781 1 07 043428 >

ISBN 978-1-107-04342-8

D
’A

R
IA

N
O

, 
C

H
IR

IB
ELLA

  
A

N
D

 PER
IN

O
TTI

QU
A

N
TU

M
 TH

EORY 
FROM

 FIR
ST PR

IN
CIPLES

Cover design: Andrew Ward

9781107043428: D
’A

riano, Chiribella and Perinotti: PP
C: C M

 Y K

“An extraordinary book on the deep principles behind quantum theory.” 

NICOLAS GISIN, UNIVERSITY OF GENEVA

“Part quantum mechanics textbook, part original re
search contrib

ution, th
is book is 

a fascinating, audacious effort to
 ‘re

build quantum mechanics fro
m the ground up,’ 

presenting it a
s the logical consequence of simple inform

ation-theoretic postulates.  

Students wishing to learn quantum inform
ation should read it a

nd do all th
e exercises!” 

SCOTT AARONSON, M
IT 

Quantum theory is the soul of th
eoretical physics. It 

is not ju
st a theory of specific physical systems, 

but rather a new framework with universal applicability
. This book shows how we can reconstruct th

e 

theory fro
m six inform

ation-th
eoretical principles, by rebuilding the quantum rules fro

m the bottom 

up. Step by step, th
e reader w

ill l
earn how to master th

e counterintuitiv
e aspects of th

e quantum 

world, and how to efficiently reconstruct quantum inform
ation protocols fro

m first principles. Using 

intuitiv
e graphical notation to represent equations, and with shorter and more efficient derivations, th

e 

theory can be understood and assimilated with exceptional ease. Offering a radically new perspective 

on the field, th
e book contains an efficient course of quantum theory and quantum inform

ation for 

undergraduates. The book is aimed at re
searchers, professionals, students in physics, computer 

science and philosophy, a
s well a

s the curious outsider seeking a deeper understanding of th
e theory.

GIACOMO MAURO D’ARIANO is a Professor at Pavia University, 
where he teaches Quantum 

Mechanics and Foundations of Quantum Theory, a
nd leads the group QUIT. He is a Fellow of th

e 

American Physical Society and of th
e Optical Society of America, a member of th

e Academy 

Istitu
to Lombardo of Scienze e Lettere, of th

e Center fo
r P

hotonic Communication and 

Computing at Northwestern IL, and of th
e Foundational Questions Institu

te (FQXi).

GIULIO CHIRIBELLA is Associate Professor at th
e Department of Computer S

cience of  

The University of Hong Kong. He is a Visitin
g Fellow of Perimeter In

stitu
te for Theoretical 

Physics, a member of th
e Standing Committe

e of th
e International Colloquia on Group 

Theoretical M
ethods in Physics, and a member of th

e Foundational Questions 

Institu
te (FQXi). I

n 2010, he was awarded the Herm
ann Weyl Prize for applications 

of group theory in quantum inform
ation.

PAOLO PERINOTTI is
 Assistant Professor at Pavia University where he teaches 

Quantum Inform
ation Theory. His research activity is focused on foundations 

of quantum inform
ation, quantum mechanics and quantum field theory. 

He is a member of th
e Foundational Questions Institu

te (FQXi), a
nd of th

e 

International Quantum Structures Association. In
 2016 he was awarded 

the Birkhoff-v
on Neumann prize for re

search in quantum foundations.

Quantum information theory



Physical Semantics
How to recover it in a purely information-theoretic framework?

• No notion of space and time


• Is it possible to recover mechanical concepts?


• Is it possible to derive physical laws?


• How?



The classical universe

• CCCCCCCCC CCCCCCCCC CCC CCCCCCCCC CCCCCCCCC CCCCCCCC
We may regard the present state of the universe as the e↵ect of its past and

the cause of its future. An intellect which at a certain moment would know all
forces that set nature in motion, and all positions of all items of which nature is
composed, if this intellect were also vast enough to submit these data to analysis,
it would embrace in a single formula the movements of the greatest bodies of
the universe and those of the tiniest atom; for such an intellect nothing would
be uncertain and the future just like the past would be present before its eyes.

Pierre Simon Laplace, A Philosophical Essay on Probabilities



The classical universe

• Classical mechanics and Laplace’s clockwork universe

• World view of quantum mechanics?

We may regard the present state of the universe as the e↵ect of its past and
the cause of its future. An intellect which at a certain moment would know all
forces that set nature in motion, and all positions of all items of which nature is
composed, if this intellect were also vast enough to submit these data to analysis,
it would embrace in a single formula the movements of the greatest bodies of
the universe and those of the tiniest atom; for such an intellect nothing would
be uncertain and the future just like the past would be present before its eyes.

Pierre Simon Laplace, A Philosophical Essay on Probabilities



Digital Universe

Quantum Mechanical Computers 
By Richard P. Feynman 

Introduction 

T his work is a part of an effort to 
analyze the physical l imitations 
of computers due to the laws of 

physics. For example, Bennett 1 has 
made a careful study of the free energy 
dissipation that must accompany com-
putation. He found it to be virtually 
zero. He suggested to me the question 
of the l imitations due to quantum me-
chanics and the uncertainty pr incip le. I 
have found that, aside from the obvious 
l imitation to size if the work ing parts 
are to be made of atoms, there is no 
fundamental l imit f rom these sources 
either. 

We are here consider ing ideal ma-
chines; the effects of smal l imperfec-
tions wi l l be considered later. This study 
is one of pr incip le; our a im is to exhibit 
some Hami l tonian for a system which 
could serve as a computer. We are not 
concerned with whether we have the 
most efficient system, nor how we 
could best implement it. 

Since the laws of quantum physics 
are reversible in t ime, we shall have to 
cons ider compu t i ng engines w h i c h 
obey such reversible laws. This prob-
lem already occurred to Bennett 1 , and 
to Fredkin and Toffoli 2 , and a great deal 
of thought has been given to it. Since it 
may not be famil iar to you here, I shall 
review this, and in doing so, take the 
opportunity to review, very briefly, the 
conclusions of Bennett 2 , for we shall 
conf i rm them all when we analyze our 
quantum system. 

It is a result of computer science that 
a universal computer can be made by a 
suitably complex network of intercon-
nected primit ive elements. Fo l lowing 
the usual classical analysis we can imag-
ine the interconnections to be ideal 
wires carrying one of two standard volt-
ages representing the local 1 and 0. We 
can take the primit ive elements to be 
just two, NOT and A N D (actually just 
the one element N A N D = N O T A N D 
suffices, for if one input is set at 1 the 
output is the NOT of the other input). 
They are symbolized in Fig. 1, with the 
logical values resulting on the outgoing 
wires, result ing f rom different com-
binations of input wires. 

F rom a logical point of view, we must 
consider the wires in detail, for in other 
systems, and our quantum system in 
particular, we may not have wires as 

such. We see we really have two more 
logical primit ives, F A N OUT when two 
wires are connected to one, and E X -
C H A N G E , when wires are crossed. In 
the usual computer the N O T and N A N D 
primit ives are implemented by transis-
tors, possibly as in Fig. 2. 

What is the m in imum free energy that 
must be expended to operate an ideal 
computer made of such pr imit ives? 
Since, for example, when the A N D op-
erates the output l ine, c´ is being deter-
mined to be one of two values no matter 
what it was before the entropy change is 
ln(2) units. This represents a heat gen-
eration of kT ln(2) at temperature T. For 
many years it was thought that this rep-
resented an absolute m i n i m u m to the 
quantity of heat per pr imit ive step that 
had to be dissipated in making a cal-
culat ion. 

The question is academic at this t ime. 
In actual machines we are quite con-
cerned with the heat dissipation ques-
t ion, but the transistor system used ac-
tua l l y d iss ipa tes about 1010kT! As 
Bennett 3 has pointed out, this arises 
because to change a wire's voltage we 
dump it to ground through a resistance; 
and to bu i ld it up again we feed charge, 
again through a resistance, to the wire. 
It cou ld be greatly reduced if energy 

Richard P. Feynman is a profes-
sor of theoretical physics at Cali-
fornia Institute of Technology. 
This article is based on his ple-
nary talk presented at the C L E O / 
IQEC Meeting in 1984. 

cou ld be stored in an inductance, or 
other reactive element. 

However, it is apparently very diffi-
cult to make inductive elements on si l i-
con wafers with present techniques. 
Even Nature, in her D N A copying ma-
chine, dissipates about 100 kT per bit 
copied. Be ing, at present, so very far 
f rom this kT ln(2) figure, it seems ridic-
ulous to argue that even this is too high 
and the m in imum is really essentially 
zero. But , we are going to be even more 
r idiculous later and consider bits writ-
ten on one atom instead of the present 
1 0 " atoms. Such nonsense is very en-
tertaining to professors l ike me. I hope 
you wi l l f ind it interesting and enter-
taining also. 

What Bennett pointed out was that 
this former l imit was wrong because it 
is not necessary to use irreversible 
primit ives. Calculat ions can be done 
with reversible machines contain ing 
only reversible primit ives. If this is done 
the m in imum free energy required is 
independent of the complexity or num-
ber of logical steps in the calculat ion. If 
anything, it is kT per bit of the output 
answer. 

But even this, wh ich might be consid-
ered the free energy needed to clear the 
computer for further use, might also be 
considered as part of what you are go-
ing to do with the answer—the informa-
tion in the result if you transmit it to 
another point . This is a l im i t on ly 
achieved ideally if you compute with a 
reversible computer at inf in i tesimal 
speed. 

Computation with a 
reversible machine 

We wi l l now describe three reversible 
primit ives that cou ld be used to make a 
universal machine (Toffoli4). The first is 
the N O T which evidently loses no in-
formation, and is reversible, being re-
versed by acting again with NOT. Be-
cause the convent ional symbol is not 
symmetr ical we shall use an X on the 
wire instead (see Fig. 3a). 

Next is what we shall cal l the C O N -
T R O L L E D N O T (see F ig. 3b). There are 
two entering l ines, a and b and two 
exiting l ines, a ´and b´. The a ´ is always 
the same as a, wh ich is the contro l l ine. 
If the control is activated a = 1 then the 
out b´ is the N O T of b. Otherwise b is 
unchanged, b´ = b. The table of values 

OPTICS NEWS February 11 

I want to talk about the possibility that there is to be an exact 
simulation, that the computer will do exactly the same as nature.

R. Feynman, Int. J. Theo. Ph. 21, 467 (1982)
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OPTICS NEWS February 11 

I want to talk about the possibility that there is to be an exact 
simulation, that the computer will do exactly the same as nature.

Physical law Algorithm

R. Feynman, Int. J. Theo. Ph. 21, 467 (1982)



Cellular Automata

Conway’s game of life

J. Von Neumann and A. W. Burks, “Theory of self-reproducing automata” 1966

http://web.stanford.edu/~cdebs/GameOfLife/
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Quantum cellular automata

B. Schumacher and R. F.  Werner, arXiv:quant-ph/0405174 (2004).



• Operational language


• Probabilistic structure


• Examples


• Main properties


• Causality


• Local discriminability


• Purification
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Operational Language

• Operational theory: tests with composition rules

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)
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Sequential composition
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>
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i 2 I, j 2 J, ) (i, j) 2 I ⇥ J



Sequential composition

• PPPPPPPPPP

• AAAAAAAAAAAAA

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B <latexit sha1_base64="zPHxYGbRr5Nql2kQ9Rd4UcEGxJ4="></latexit>

{Bj} =
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C<latexit sha1_base64="0TAiZpUKHyMsEdansZPrDXqYoXI="></latexit>

{BjAi}

=
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D<latexit sha1_base64="0TAiZpUKHyMsEdansZPrDXqYoXI="></latexit>

{BjAi}
<latexit sha1_base64="eSHKGO/FuHsYOApNtF/NXfcd+1M="></latexit>

{Ck}
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A <latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="tX6UL0oRPZGOh+QfRUjG+vUeWPE="></latexit>

{CkBj}
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="zPHxYGbRr5Nql2kQ9Rd4UcEGxJ4="></latexit>

{Bj}
<latexit sha1_base64="eSHKGO/FuHsYOApNtF/NXfcd+1M="></latexit>

{Ck}=

<latexit sha1_base64="QBqBTjiR3GBE0iQvp3e2E3lK1xA="></latexit>

i 2 I, j 2 J, ) (i, j) 2 I ⇥ J



Sequential composition

• Properties

• Associativity 
 

• Unit

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B <latexit sha1_base64="zPHxYGbRr5Nql2kQ9Rd4UcEGxJ4="></latexit>

{Bj} =
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C<latexit sha1_base64="0TAiZpUKHyMsEdansZPrDXqYoXI="></latexit>

{BjAi}

=
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D<latexit sha1_base64="0TAiZpUKHyMsEdansZPrDXqYoXI="></latexit>

{BjAi}
<latexit sha1_base64="eSHKGO/FuHsYOApNtF/NXfcd+1M="></latexit>

{Ck}
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A <latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="tX6UL0oRPZGOh+QfRUjG+vUeWPE="></latexit>

{CkBj}
<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="zPHxYGbRr5Nql2kQ9Rd4UcEGxJ4="></latexit>

{Bj}
<latexit sha1_base64="eSHKGO/FuHsYOApNtF/NXfcd+1M="></latexit>

{Ck}=

=
A B B A B

=
A BA<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}
<latexit sha1_base64="4hUlXcsbjiAUftzIkIfJc7gd/VY="></latexit>

{IB}
<latexit sha1_base64="PimSBe45QnbSapTycIAzG2ti6jk="></latexit>

{IA}

<latexit sha1_base64="QBqBTjiR3GBE0iQvp3e2E3lK1xA="></latexit>

i 2 I, j 2 J, ) (i, j) 2 I ⇥ J



Events

• Properties


• Associativity 
 

• Unit

Reversible event: U �1

<latexit sha1_base64="3e/8m57T2TNF1CaJLxfsSpbt/UU="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

U �1

<latexit sha1_base64="3e/8m57T2TNF1CaJLxfsSpbt/UU="></latexit>

U

<latexit sha1_base64="FxvDNXrmU9WQmxANKoQagbA3Hh0="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

=

<latexit sha1_base64="ylPx/EJiSfKUmnB4wewWYRZBqJQ="></latexit>

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

=
<latexit sha1_base64="0ErzwxkqqkuVQSQQfkZw5t+1NWQ="></latexit>

BA

<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D<latexit sha1_base64="3SyKaYFPSDqqAE9xhAGlc4qbOBk="></latexit>

C
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A <latexit sha1_base64="Od1iNkOanB7dgDYVlf778GFPMl0="></latexit>

C B
<latexit sha1_base64="MHd1Xcr/px4gkayodjdz/YoSVNA="></latexit>

A

<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A <latexit sha1_base64="3SyKaYFPSDqqAE9xhAGlc4qbOBk="></latexit>

C
<latexit sha1_base64="7OPTfS7fKtXM4n8KkZtUQLEFXxU="></latexit>

D
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="MHd1Xcr/px4gkayodjdz/YoSVNA="></latexit>

A
<latexit sha1_base64="Chiuze92drQkZmaTCMy772FPavs="></latexit>

B=

=
A B B A B

=
A BA

IA

<latexit sha1_base64="9WoNHTmfc8liIt6VfCkeQAhUalY="></latexit>

IB

<latexit sha1_base64="5hFOfHVuUgs3+d/s2Ojyn7C3Smw="></latexit>

<latexit sha1_base64="MHd1Xcr/px4gkayodjdz/YoSVNA="></latexit>

A
<latexit sha1_base64="MHd1Xcr/px4gkayodjdz/YoSVNA="></latexit>

A
<latexit sha1_base64="MHd1Xcr/px4gkayodjdz/YoSVNA="></latexit>

A

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="MHd1Xcr/px4gkayodjdz/YoSVNA="></latexit>

A

<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B
<latexit sha1_base64="Chiuze92drQkZmaTCMy772FPavs="></latexit>

B =
<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A <latexit sha1_base64="0ErzwxkqqkuVQSQQfkZw5t+1NWQ="></latexit>

BA

<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C



Parallel composition

• Systems:


• Associativity 
 
 

• Unit =
A

I

<latexit sha1_base64="Q+4ESD6Ca37vZAw2i8bdr77nqCE="></latexit>

A

I

<latexit sha1_base64="Q+4ESD6Ca37vZAw2i8bdr77nqCE="></latexit>

= A

=

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A

<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B

<latexit sha1_base64="SCSD3nGQDFP8ugBesizdLsV8/VA="></latexit>

AB

<latexit sha1_base64="SCSD3nGQDFP8ugBesizdLsV8/VA="></latexit>

AB

<latexit sha1_base64="Txcy4+ga8Pxt/qujk5kQ1/3M5sQ="></latexit>

C
<latexit sha1_base64="+Ee6cCBhKyg4kvwaAp+4wZg1iBg="></latexit>

BC

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A

=



Parallel composition

• Tests: 
 
 

• Associativity 
 
 
 

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}

<latexit sha1_base64="zPHxYGbRr5Nql2kQ9Rd4UcEGxJ4="></latexit>

{Bj}
<latexit sha1_base64="wMEhfRBQVd51t0qEDkg1udn3LNs="></latexit>

C
<latexit sha1_base64="kDBncjq/AtDsBrR11ooVIs+AQaE="></latexit>

D
=

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B

<latexit sha1_base64="wMEhfRBQVd51t0qEDkg1udn3LNs="></latexit>

C
<latexit sha1_base64="kDBncjq/AtDsBrR11ooVIs+AQaE="></latexit>

D

<latexit sha1_base64="3Nhsu8EYMu+NLj8VdV8ufrbQBwQ="></latexit>

{Ai ⇥ Bj}

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B

<latexit sha1_base64="wMEhfRBQVd51t0qEDkg1udn3LNs="></latexit>

C
<latexit sha1_base64="kDBncjq/AtDsBrR11ooVIs+AQaE="></latexit>

D

<latexit sha1_base64="3Nhsu8EYMu+NLj8VdV8ufrbQBwQ="></latexit>

{Ai ⇥ Bj}

<latexit sha1_base64="eSHKGO/FuHsYOApNtF/NXfcd+1M="></latexit>

{Ck}
<latexit sha1_base64="cpd/PxLiUdS8mO039xSnsb58TBQ="></latexit>

E
<latexit sha1_base64="NeGroHgeUZ32kCIMfcI9cqtCaUw="></latexit>

F

=

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}

<latexit sha1_base64="wMEhfRBQVd51t0qEDkg1udn3LNs="></latexit>

C
<latexit sha1_base64="kDBncjq/AtDsBrR11ooVIs+AQaE="></latexit>

D

<latexit sha1_base64="cpd/PxLiUdS8mO039xSnsb58TBQ="></latexit>

E
<latexit sha1_base64="NeGroHgeUZ32kCIMfcI9cqtCaUw="></latexit>

F

<latexit sha1_base64="2w7Air1/vh4dCQ7tpAxeauEcPt4="></latexit>

{Bj ⇥ Ck}
=

<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="wlYL/mTPqZhcDbrNmnZaVHIK5mo="></latexit>

{Ai}

<latexit sha1_base64="zPHxYGbRr5Nql2kQ9Rd4UcEGxJ4="></latexit>

{Bj}
<latexit sha1_base64="wMEhfRBQVd51t0qEDkg1udn3LNs="></latexit>

C
<latexit sha1_base64="kDBncjq/AtDsBrR11ooVIs+AQaE="></latexit>

D

<latexit sha1_base64="eSHKGO/FuHsYOApNtF/NXfcd+1M="></latexit>

{Ck}
<latexit sha1_base64="cpd/PxLiUdS8mO039xSnsb58TBQ="></latexit>

E
<latexit sha1_base64="NeGroHgeUZ32kCIMfcI9cqtCaUw="></latexit>

F



Monoidal structure

• MMMM MMMMMMMMM MMMMM =

(A ⌦ B)(C ⌦ D) = (A C )⌦ (BD)
<latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit><latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit><latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit><latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit>

B. Coecke, AIP Conf. Proc. 810, 81 (2006)



Monoidal structure

• Most important rule:

• Consequence:

=

=

(A ⌦ B)(C ⌦ D) = (A C )⌦ (BD)
<latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit><latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit><latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit><latexit sha1_base64="TLDfKxwfq5sjjkfs/h1oa/OksO4="></latexit>

B. Coecke, AIP Conf. Proc. 810, 81 (2006)



Braiding

• EEEEE EEEEEEEEE EEEEEE EE EE EEEEEEEEEE EE EE
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wires:

As it is clear from the diagram above, the input-output direc-
tion is conventionally represented as going from left to right.

One requires that every test with, say, output system B,
can be sequentially composed with any other test having B as
input. This operation represents the consecutive occurrence of
two physical processes. That is, for all A, B, C ∈ Sys(!) and
all T1 ∈ Event(A→B),T2 ∈ Event(B→C), there exists an
associative map ◦, called sequential composition, and an event
T2T1 := T2 ◦ T1 ∈ Event(A→C), such that the sequential
composition of two tests TA→B

X , T′B→C
Y is defined as

(T′T)A→C
X×Y ≡ T′B→C

Y TA→B
X := {T ′

y ◦ Tx}(x,y)∈X×Y.

Sequential composition is pictorially represented by the hori-
zontal juxtaposition of boxes from left to right, connecting the
two consecutive input and output wires which carry the same
label:

Moreover, for all S ∈ Sys(!) there exists a (unique) singleton
test, denoted by IS→S

" = {IS} and called the identity of S,
satisfying, for all systems A and B, the following property:

IBTx = Tx = TxIA, ∀ TA→B
X , ∀ Tx ∈ TA→B

X . (1)

In the following, we will denote the identity family also by us-
ing the symbol I . Identity processes are equivalent to doing
nothing, and can be then conveniently represented just as an
extended wire carrying the respective system’s label:

One can compose two systems A and B to make the
new composite system AB. Correspondingly, any two arbi-
trary events T1 ∈ Event(A→B), T2 ∈ Event(C→D) can
be composed in parallel. This operation corresponds to an
associative map !, called parallel composition, that produces
the composite event T1 ! T2 ∈ Event(AC→BD). The par-
allel composition of tests is then straightforwardly defined as

(T ! T′)AC→BD
X×Y ≡ TA→B

X ! T′C→D
Y := {Tx ! T ′

y }(x,y)∈X×Y.

This can be thought as a composite test which is completely
described by two single tests performed in different labo-
ratories. Parallel composition is pictorially represented by
vertically juxtaposing transformations from top to bottom:

Moreover, the following properties are required for all
A, B, C, D, E, F ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
Event(B→C), T3 ∈ Event(D→E), T4 ∈ Event(E→F):

(2)

(3)

Equation (2) asserts that the parallel composition of the iden-
tities IA and IB is the identity IAB of the compound system
AB. Property (3) states that the operations of sequential and
parallel composition commute.

Furthermore, one requires the possibility to consider phys-
ical processes having no input or output. The corresponding
tests are those where the experimenter disregards everything
that, from the viewpoint of the input-output direction, has
occurred before or, respectively, will occur after, the physical
process considered. In order to capture this notion, there exists
a (unique) system I, called the trivial system, satisfying IA =
A = AI for all A ∈ Sys(!). Also, the parallel composition
of any test with the identity of I amounts to doing nothing.
Indeed, one can conveniently omit an explicit diagrammatic
representation of both I and II, leaving blank spaces. Ac-
cordingly, events ρ ∈ Event(I→A), a ∈ Event(A→ I) will
be represented, respectively, as

Such events are called, respectively, preparations and
observations.

Finally, we introduce one last relevant feature. One can
think to each system as being controlled by an agent. Ac-
cordingly, one also requires the possibility of exchanging
systems between agents. This operation is captured by the
notion of braiding, namely, a family S of invertible singleton
tests defined in the following way. For any two systems X, Y,
the braiding S contains two tests, SXY→YX

" = {SX,Y} and its
inverse (S−1

" )YX→XY = {S −1
X,Y}, whose associated events will

be denoted as follows:

The above graphical representation as a twisting of systems
is due to the fact that the braiding is required to obey, for
all A, B, C, D ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
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wires:

As it is clear from the diagram above, the input-output direc-
tion is conventionally represented as going from left to right.

One requires that every test with, say, output system B,
can be sequentially composed with any other test having B as
input. This operation represents the consecutive occurrence of
two physical processes. That is, for all A, B, C ∈ Sys(!) and
all T1 ∈ Event(A→B),T2 ∈ Event(B→C), there exists an
associative map ◦, called sequential composition, and an event
T2T1 := T2 ◦ T1 ∈ Event(A→C), such that the sequential
composition of two tests TA→B

X , T′B→C
Y is defined as

(T′T)A→C
X×Y ≡ T′B→C

Y TA→B
X := {T ′

y ◦ Tx}(x,y)∈X×Y.

Sequential composition is pictorially represented by the hori-
zontal juxtaposition of boxes from left to right, connecting the
two consecutive input and output wires which carry the same
label:

Moreover, for all S ∈ Sys(!) there exists a (unique) singleton
test, denoted by IS→S

" = {IS} and called the identity of S,
satisfying, for all systems A and B, the following property:

IBTx = Tx = TxIA, ∀ TA→B
X , ∀ Tx ∈ TA→B

X . (1)

In the following, we will denote the identity family also by us-
ing the symbol I . Identity processes are equivalent to doing
nothing, and can be then conveniently represented just as an
extended wire carrying the respective system’s label:

One can compose two systems A and B to make the
new composite system AB. Correspondingly, any two arbi-
trary events T1 ∈ Event(A→B), T2 ∈ Event(C→D) can
be composed in parallel. This operation corresponds to an
associative map !, called parallel composition, that produces
the composite event T1 ! T2 ∈ Event(AC→BD). The par-
allel composition of tests is then straightforwardly defined as

(T ! T′)AC→BD
X×Y ≡ TA→B

X ! T′C→D
Y := {Tx ! T ′

y }(x,y)∈X×Y.

This can be thought as a composite test which is completely
described by two single tests performed in different labo-
ratories. Parallel composition is pictorially represented by
vertically juxtaposing transformations from top to bottom:

Moreover, the following properties are required for all
A, B, C, D, E, F ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
Event(B→C), T3 ∈ Event(D→E), T4 ∈ Event(E→F):

(2)

(3)

Equation (2) asserts that the parallel composition of the iden-
tities IA and IB is the identity IAB of the compound system
AB. Property (3) states that the operations of sequential and
parallel composition commute.

Furthermore, one requires the possibility to consider phys-
ical processes having no input or output. The corresponding
tests are those where the experimenter disregards everything
that, from the viewpoint of the input-output direction, has
occurred before or, respectively, will occur after, the physical
process considered. In order to capture this notion, there exists
a (unique) system I, called the trivial system, satisfying IA =
A = AI for all A ∈ Sys(!). Also, the parallel composition
of any test with the identity of I amounts to doing nothing.
Indeed, one can conveniently omit an explicit diagrammatic
representation of both I and II, leaving blank spaces. Ac-
cordingly, events ρ ∈ Event(I→A), a ∈ Event(A→ I) will
be represented, respectively, as

Such events are called, respectively, preparations and
observations.

Finally, we introduce one last relevant feature. One can
think to each system as being controlled by an agent. Ac-
cordingly, one also requires the possibility of exchanging
systems between agents. This operation is captured by the
notion of braiding, namely, a family S of invertible singleton
tests defined in the following way. For any two systems X, Y,
the braiding S contains two tests, SXY→YX

" = {SX,Y} and its
inverse (S−1

" )YX→XY = {S −1
X,Y}, whose associated events will

be denoted as follows:

The above graphical representation as a twisting of systems
is due to the fact that the braiding is required to obey, for
all A, B, C, D ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
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As it is clear from the diagram above, the input-output direc-
tion is conventionally represented as going from left to right.

One requires that every test with, say, output system B,
can be sequentially composed with any other test having B as
input. This operation represents the consecutive occurrence of
two physical processes. That is, for all A, B, C ∈ Sys(!) and
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X . (1)

In the following, we will denote the identity family also by us-
ing the symbol I . Identity processes are equivalent to doing
nothing, and can be then conveniently represented just as an
extended wire carrying the respective system’s label:
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trary events T1 ∈ Event(A→B), T2 ∈ Event(C→D) can
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X ! T′C→D
Y := {Tx ! T ′
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This can be thought as a composite test which is completely
described by two single tests performed in different labo-
ratories. Parallel composition is pictorially represented by
vertically juxtaposing transformations from top to bottom:

Moreover, the following properties are required for all
A, B, C, D, E, F ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
Event(B→C), T3 ∈ Event(D→E), T4 ∈ Event(E→F):

(2)
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Equation (2) asserts that the parallel composition of the iden-
tities IA and IB is the identity IAB of the compound system
AB. Property (3) states that the operations of sequential and
parallel composition commute.

Furthermore, one requires the possibility to consider phys-
ical processes having no input or output. The corresponding
tests are those where the experimenter disregards everything
that, from the viewpoint of the input-output direction, has
occurred before or, respectively, will occur after, the physical
process considered. In order to capture this notion, there exists
a (unique) system I, called the trivial system, satisfying IA =
A = AI for all A ∈ Sys(!). Also, the parallel composition
of any test with the identity of I amounts to doing nothing.
Indeed, one can conveniently omit an explicit diagrammatic
representation of both I and II, leaving blank spaces. Ac-
cordingly, events ρ ∈ Event(I→A), a ∈ Event(A→ I) will
be represented, respectively, as

Such events are called, respectively, preparations and
observations.

Finally, we introduce one last relevant feature. One can
think to each system as being controlled by an agent. Ac-
cordingly, one also requires the possibility of exchanging
systems between agents. This operation is captured by the
notion of braiding, namely, a family S of invertible singleton
tests defined in the following way. For any two systems X, Y,
the braiding S contains two tests, SXY→YX

" = {SX,Y} and its
inverse (S−1

" )YX→XY = {S −1
X,Y}, whose associated events will

be denoted as follows:

The above graphical representation as a twisting of systems
is due to the fact that the braiding is required to obey, for
all A, B, C, D ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
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Equation (2) asserts that the parallel composition of the iden-
tities IA and IB is the identity IAB of the compound system
AB. Property (3) states that the operations of sequential and
parallel composition commute.

Furthermore, one requires the possibility to consider phys-
ical processes having no input or output. The corresponding
tests are those where the experimenter disregards everything
that, from the viewpoint of the input-output direction, has
occurred before or, respectively, will occur after, the physical
process considered. In order to capture this notion, there exists
a (unique) system I, called the trivial system, satisfying IA =
A = AI for all A ∈ Sys(!). Also, the parallel composition
of any test with the identity of I amounts to doing nothing.
Indeed, one can conveniently omit an explicit diagrammatic
representation of both I and II, leaving blank spaces. Ac-
cordingly, events ρ ∈ Event(I→A), a ∈ Event(A→ I) will
be represented, respectively, as

Such events are called, respectively, preparations and
observations.

Finally, we introduce one last relevant feature. One can
think to each system as being controlled by an agent. Ac-
cordingly, one also requires the possibility of exchanging
systems between agents. This operation is captured by the
notion of braiding, namely, a family S of invertible singleton
tests defined in the following way. For any two systems X, Y,
the braiding S contains two tests, SXY→YX

" = {SX,Y} and its
inverse (S−1

" )YX→XY = {S −1
X,Y}, whose associated events will

be denoted as follows:

The above graphical representation as a twisting of systems
is due to the fact that the braiding is required to obey, for
all A, B, C, D ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
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Event(C→D), to the following “sliding property”:

(4)

In the following, we will denote a braiding also by using
the symbol S , identifying it with the family of events that
defines S. In the case where the members of the braiding sat-
isfy S −1

A,B = SB,A for all A, B ∈ Sys(!), the OPT is called
symmetric. Notice that all the theories developed so far are
symmetric. In analogy to the cases of CT and QT, symmetric-
ity has been assumed in the literature, for both physical and
process theories.

B. Probabilistic structure: Linear properties of a theory

Tests PX = {px}x∈X ∈ Test(I→ I) are probability distribu-
tions. For all p ∈ Event(I→ I) and all T ∈ Event(A→B),
one can define an operation, called multiplication by a scalar,
as follows:

(5)

Notice that the equality can be shown to hold using the prop-
erties of parallel composition and of the trivial system. In the
case of preparations ρ and observations a, one can also show
that p ! ρ = ρ ◦ p and p ! a = p ◦ a. On the other hand, the
following is required:

p ! q := pq, ∀ p, q ∈ Event(I→ I), (6)

where pq is the usual multiplication on real numbers. More-
over, an experimenter is allowed to perform a test TA→B

X
disregarding the different outcomes within an arbitrary sub-
set Y ⊆ X. This amounts to merging the events in Y into a
single event. Such a possibility is captured by the notion of
coarse graining. The probability of the coarse-grained event
Y amounts to the sum of the probabilities of all the outcomes
in the subset Y. Then, for each test TA→B

X and every subset
Y ⊆ X, there exists a coarse-grained event formally given by

TY :=
∑

y∈Y

Ty, (7)

where sequential and parallel composition distribute over
sums. The coarse-graining operation (7) clearly boils down
to the usual sum over real when A = I = B.

Now, let ! be an OPT. For all systems A, B ∈
Sys(!), we define the following equivalence relation for
every T1,T2 ∈ Event(A→B): T1 ∼ T2 if for all E ∈
Sys(!), ρ ∈ Event(I→AE), a ∈ Event(BE→ I) one has

(8)

The members of the quotient class

Transf(A→B) := Event(A→B)/ ∼

are called the transformations from A to B. Quotient classes of
preparations St(A) := Transf(I→A) are called the states of
A, while those of observations Eff(A) := Transf(A→ I) the
effects of A. Finally, equivalence classes of tests are called
instruments, and are collected by the quotient class Instr(!).
We will often denote the states of A as |ρ)A, and the effects
of A as (a|A. In the case of the parallel composition of states
or effects, we will safely omit the symbol ! without loss of
clarity, simply writing |ρ1)A1 |ρ2)A2 or (a1|A1 (a2|A2 , while the
sequential composition between a state and an effect will be
given by the pairing (a|ρ)A := (a|A ◦ |ρ)A ∈ [0, 1].

Remark 1. We observe that an arbitrary transformation
T ∈ Transf(A→B) is indeed defined by the entire class of
transformations {T ! IE}E∈Sys(!). This means that, given
two transformations T1,T2 ∈ Transf(A→B), the following
holds:

T1 = T2 ⇐⇒ T1 ! IE = T2 ! IE, ∀ E ∈ Sys(!).
(9)

Remark 2. Two tests associated with the same probability
distribution in every possible experiment are said to be op-
erationally equivalent. Importantly, in the construction and
characterization of an OPT, one is interested in equivalence
classes of tests, namely, in instruments. Thus, as it will be
explicitly shown in Secs. V and VI, an OPT can be defined
by specifying (i) the systems Sys(!), (ii) a parallel compo-
sition rule ! for systems and states, and (iii) the instruments
Instr(!) and their parallel composition !.

Now, say that we have a preparation with output system
A, an observation with input system B, and in-between a test
from A to B: this scenario corresponds to a joint probability
distribution of the events that may occur in the experiment.
More generally, the goal of a physical theory is to associate a
probability with each event of a composite test as the above-
described one. In particular,

(10)

where ρx,Ty, az are transformations of, respectively, the in-
struments ρI→A

X , TA→B
Y , aB→I

Z . The above definition shows the
parametric dependence of the joint probability distribution of
outcomes on the whole closed circuit representing a test I→ I.
Along with condition (6), Eq. (10) amounts to say that discon-
nected circuits represent statistically independent processes or
experiments.

By virtue of Eq. (8), effects separate states and, vice versa,
states separate effects. This means that, for every pair of
states |ρ)A, |σ )A ∈ St(A) such that |ρ)A *= |σ )A, there exists
an effect (a|A ∈ Eff(A) such that (a|ρ)A *= (a|σ )A (and vice
versa for every pair of different effects). The latter amounts
to say that, given two different states (or effects), there exists
an experiment producing different statistics for them. States
(effects) can be seen as functionals from effects (states) to
probabilities. Consequently, in the light of definitions (5), (6),
and (7), one can take linear combinations of them. In particu-
lar, the pairing between states and effects defines a complete
class of linearly independent vectors in St(A), spanning a
real vector space StR(A) := SpanRSt(A). Similarly, Eff(A)
is a class of non-negative linear functionals on St(A), and
spans the dual space EffR(A) := SpanREff(A) = StR(A)∨.
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wires:

As it is clear from the diagram above, the input-output direc-
tion is conventionally represented as going from left to right.

One requires that every test with, say, output system B,
can be sequentially composed with any other test having B as
input. This operation represents the consecutive occurrence of
two physical processes. That is, for all A, B, C ∈ Sys(!) and
all T1 ∈ Event(A→B),T2 ∈ Event(B→C), there exists an
associative map ◦, called sequential composition, and an event
T2T1 := T2 ◦ T1 ∈ Event(A→C), such that the sequential
composition of two tests TA→B

X , T′B→C
Y is defined as

(T′T)A→C
X×Y ≡ T′B→C

Y TA→B
X := {T ′

y ◦ Tx}(x,y)∈X×Y.

Sequential composition is pictorially represented by the hori-
zontal juxtaposition of boxes from left to right, connecting the
two consecutive input and output wires which carry the same
label:

Moreover, for all S ∈ Sys(!) there exists a (unique) singleton
test, denoted by IS→S

" = {IS} and called the identity of S,
satisfying, for all systems A and B, the following property:

IBTx = Tx = TxIA, ∀ TA→B
X , ∀ Tx ∈ TA→B

X . (1)

In the following, we will denote the identity family also by us-
ing the symbol I . Identity processes are equivalent to doing
nothing, and can be then conveniently represented just as an
extended wire carrying the respective system’s label:

One can compose two systems A and B to make the
new composite system AB. Correspondingly, any two arbi-
trary events T1 ∈ Event(A→B), T2 ∈ Event(C→D) can
be composed in parallel. This operation corresponds to an
associative map !, called parallel composition, that produces
the composite event T1 ! T2 ∈ Event(AC→BD). The par-
allel composition of tests is then straightforwardly defined as

(T ! T′)AC→BD
X×Y ≡ TA→B

X ! T′C→D
Y := {Tx ! T ′

y }(x,y)∈X×Y.

This can be thought as a composite test which is completely
described by two single tests performed in different labo-
ratories. Parallel composition is pictorially represented by
vertically juxtaposing transformations from top to bottom:

Moreover, the following properties are required for all
A, B, C, D, E, F ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
Event(B→C), T3 ∈ Event(D→E), T4 ∈ Event(E→F):

(2)

(3)

Equation (2) asserts that the parallel composition of the iden-
tities IA and IB is the identity IAB of the compound system
AB. Property (3) states that the operations of sequential and
parallel composition commute.

Furthermore, one requires the possibility to consider phys-
ical processes having no input or output. The corresponding
tests are those where the experimenter disregards everything
that, from the viewpoint of the input-output direction, has
occurred before or, respectively, will occur after, the physical
process considered. In order to capture this notion, there exists
a (unique) system I, called the trivial system, satisfying IA =
A = AI for all A ∈ Sys(!). Also, the parallel composition
of any test with the identity of I amounts to doing nothing.
Indeed, one can conveniently omit an explicit diagrammatic
representation of both I and II, leaving blank spaces. Ac-
cordingly, events ρ ∈ Event(I→A), a ∈ Event(A→ I) will
be represented, respectively, as

Such events are called, respectively, preparations and
observations.

Finally, we introduce one last relevant feature. One can
think to each system as being controlled by an agent. Ac-
cordingly, one also requires the possibility of exchanging
systems between agents. This operation is captured by the
notion of braiding, namely, a family S of invertible singleton
tests defined in the following way. For any two systems X, Y,
the braiding S contains two tests, SXY→YX

" = {SX,Y} and its
inverse (S−1

" )YX→XY = {S −1
X,Y}, whose associated events will

be denoted as follows:

The above graphical representation as a twisting of systems
is due to the fact that the braiding is required to obey, for
all A, B, C, D ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈
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Event(B→C), T3 ∈ Event(D→E), T4 ∈ Event(E→F):
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Equation (2) asserts that the parallel composition of the iden-
tities IA and IB is the identity IAB of the compound system
AB. Property (3) states that the operations of sequential and
parallel composition commute.

Furthermore, one requires the possibility to consider phys-
ical processes having no input or output. The corresponding
tests are those where the experimenter disregards everything
that, from the viewpoint of the input-output direction, has
occurred before or, respectively, will occur after, the physical
process considered. In order to capture this notion, there exists
a (unique) system I, called the trivial system, satisfying IA =
A = AI for all A ∈ Sys(!). Also, the parallel composition
of any test with the identity of I amounts to doing nothing.
Indeed, one can conveniently omit an explicit diagrammatic
representation of both I and II, leaving blank spaces. Ac-
cordingly, events ρ ∈ Event(I→A), a ∈ Event(A→ I) will
be represented, respectively, as

Such events are called, respectively, preparations and
observations.

Finally, we introduce one last relevant feature. One can
think to each system as being controlled by an agent. Ac-
cordingly, one also requires the possibility of exchanging
systems between agents. This operation is captured by the
notion of braiding, namely, a family S of invertible singleton
tests defined in the following way. For any two systems X, Y,
the braiding S contains two tests, SXY→YX

" = {SX,Y} and its
inverse (S−1

" )YX→XY = {S −1
X,Y}, whose associated events will

be denoted as follows:

The above graphical representation as a twisting of systems
is due to the fact that the braiding is required to obey, for
all A, B, C, D ∈ Sys(!) and all T1 ∈ Event(A→B), T2 ∈

052216-3

D’ARIANO, ERBA, AND PERINOTTI PHYSICAL REVIEW A 102, 052216 (2020)

Event(C→D), to the following “sliding property”:

(4)

In the following, we will denote a braiding also by using
the symbol S , identifying it with the family of events that
defines S. In the case where the members of the braiding sat-
isfy S −1

A,B = SB,A for all A, B ∈ Sys(!), the OPT is called
symmetric. Notice that all the theories developed so far are
symmetric. In analogy to the cases of CT and QT, symmetric-
ity has been assumed in the literature, for both physical and
process theories.

B. Probabilistic structure: Linear properties of a theory

Tests PX = {px}x∈X ∈ Test(I→ I) are probability distribu-
tions. For all p ∈ Event(I→ I) and all T ∈ Event(A→B),
one can define an operation, called multiplication by a scalar,
as follows:

(5)

Notice that the equality can be shown to hold using the prop-
erties of parallel composition and of the trivial system. In the
case of preparations ρ and observations a, one can also show
that p ! ρ = ρ ◦ p and p ! a = p ◦ a. On the other hand, the
following is required:

p ! q := pq, ∀ p, q ∈ Event(I→ I), (6)

where pq is the usual multiplication on real numbers. More-
over, an experimenter is allowed to perform a test TA→B

X
disregarding the different outcomes within an arbitrary sub-
set Y ⊆ X. This amounts to merging the events in Y into a
single event. Such a possibility is captured by the notion of
coarse graining. The probability of the coarse-grained event
Y amounts to the sum of the probabilities of all the outcomes
in the subset Y. Then, for each test TA→B

X and every subset
Y ⊆ X, there exists a coarse-grained event formally given by

TY :=
∑

y∈Y

Ty, (7)

where sequential and parallel composition distribute over
sums. The coarse-graining operation (7) clearly boils down
to the usual sum over real when A = I = B.

Now, let ! be an OPT. For all systems A, B ∈
Sys(!), we define the following equivalence relation for
every T1,T2 ∈ Event(A→B): T1 ∼ T2 if for all E ∈
Sys(!), ρ ∈ Event(I→AE), a ∈ Event(BE→ I) one has

(8)

The members of the quotient class

Transf(A→B) := Event(A→B)/ ∼

are called the transformations from A to B. Quotient classes of
preparations St(A) := Transf(I→A) are called the states of
A, while those of observations Eff(A) := Transf(A→ I) the
effects of A. Finally, equivalence classes of tests are called
instruments, and are collected by the quotient class Instr(!).
We will often denote the states of A as |ρ)A, and the effects
of A as (a|A. In the case of the parallel composition of states
or effects, we will safely omit the symbol ! without loss of
clarity, simply writing |ρ1)A1 |ρ2)A2 or (a1|A1 (a2|A2 , while the
sequential composition between a state and an effect will be
given by the pairing (a|ρ)A := (a|A ◦ |ρ)A ∈ [0, 1].

Remark 1. We observe that an arbitrary transformation
T ∈ Transf(A→B) is indeed defined by the entire class of
transformations {T ! IE}E∈Sys(!). This means that, given
two transformations T1,T2 ∈ Transf(A→B), the following
holds:

T1 = T2 ⇐⇒ T1 ! IE = T2 ! IE, ∀ E ∈ Sys(!).
(9)

Remark 2. Two tests associated with the same probability
distribution in every possible experiment are said to be op-
erationally equivalent. Importantly, in the construction and
characterization of an OPT, one is interested in equivalence
classes of tests, namely, in instruments. Thus, as it will be
explicitly shown in Secs. V and VI, an OPT can be defined
by specifying (i) the systems Sys(!), (ii) a parallel compo-
sition rule ! for systems and states, and (iii) the instruments
Instr(!) and their parallel composition !.

Now, say that we have a preparation with output system
A, an observation with input system B, and in-between a test
from A to B: this scenario corresponds to a joint probability
distribution of the events that may occur in the experiment.
More generally, the goal of a physical theory is to associate a
probability with each event of a composite test as the above-
described one. In particular,

(10)

where ρx,Ty, az are transformations of, respectively, the in-
struments ρI→A

X , TA→B
Y , aB→I

Z . The above definition shows the
parametric dependence of the joint probability distribution of
outcomes on the whole closed circuit representing a test I→ I.
Along with condition (6), Eq. (10) amounts to say that discon-
nected circuits represent statistically independent processes or
experiments.

By virtue of Eq. (8), effects separate states and, vice versa,
states separate effects. This means that, for every pair of
states |ρ)A, |σ )A ∈ St(A) such that |ρ)A *= |σ )A, there exists
an effect (a|A ∈ Eff(A) such that (a|ρ)A *= (a|σ )A (and vice
versa for every pair of different effects). The latter amounts
to say that, given two different states (or effects), there exists
an experiment producing different statistics for them. States
(effects) can be seen as functionals from effects (states) to
probabilities. Consequently, in the light of definitions (5), (6),
and (7), one can take linear combinations of them. In particu-
lar, the pairing between states and effects defines a complete
class of linearly independent vectors in St(A), spanning a
real vector space StR(A) := SpanRSt(A). Similarly, Eff(A)
is a class of non-negative linear functionals on St(A), and
spans the dual space EffR(A) := SpanREff(A) = StR(A)∨.
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that the identity test IA is a singleton: IA = {IA}, and
IBT = T IA for every event T 2 [[A ! B]]. Sim-
ilarly, for SAB = {SAB} and S⇤AB = {S ⇤

AB} we have
S ⇤

BASAB = SBAS ⇤
AB = IAB. The collection of events

of an operational theory ⇥ will be denoted by Ev(⇥).
The above requirements make the collections Test(⇥) and
Ev(⇥) the families of morphisms of two braided monoidal
categories with the same objects—system types Sys(⇥).

An operational theory is an OPT if the tests hhI ! Iii
are probability distributions: 1 � Ti = pi � 0, so thatP

i2X pi = 1, and given two tests SX,TY 2 hhI ! Iii with
Si = pi and Ti = qi, the following identities hold

Si ⌦ Tj = SiTj := piqj ,

TXj
:=

X

i2Xj

pi,

meaning that events in the same test are mutually ex-
clusive and events in di↵erent tests of system I are inde-
pendent. While it is immediate that 1 2 [[I ! I]]—since
{1}⇤ = {II} is the only singleton test—we will assume
that 0 2 [[I ! I]]. This means that we can consider
e.g. tests of the form {1, 0, 0}.

Events in [[A ! B]] are called transformations. As a
consequence of the above definitions, every set [[A]] :=
[[I ! A]] can be viewed as a set of functionals on [[Ā]]. As
such, it can be viewed as a spanning subset of the real
vector space [[A]]R of linear funcitonals on [[Ā]]. On the
other hand [[Ā]] := [[A ! I]] is a separating set of positive
linear functionals on [[A]], which then spans the dual space
[[A]]⇤R =: [[Ā]]R. The dimension DA of [[A]]R (which is the
same as that of [[Ā]]R) is called size of system A. One can
easily prove that in any OPT ⇥, I is the unique system
with unit size DI = 1. Using the properties of paral-
lel composition, one can also prove that DAB � DADB.
Events in [[A]] are called states, and denoted by lower-case
greek letters, e.g. ⇢, while events in [[Ā]] are called e↵ects,
and denoted by lower-case latin letters, e.g. a. When it
is appropriate, we will use the symbol |⇢) to denote a
state, and (a| to denote an e↵ect. We will also use the
circuit notation, where we denote states, transformations
and e↵ects by the symbols

⇢ A , A
A

B , A a ,

respectively. Sequential composition of A 2 [[A ! B]]
and B 2 [[B ! C]] is denoted by the diagram

A
BA

C = A
A

B
B

C .

For composite systems we use diagrams with multiple
wires, e.g.

A

A
B

C D
.

The identity will be omitted: A
I

A = A . The

swap SAB and its inverse will be denoted as follows

A

S
B

B A
=

B

B

A

A

A

S ⇤
B

B A
=

B

B

A

A

In the present paper we will always assume that the the-
ory under consideration is symmetric, however all the
results can be straightforwardly generalised to the non-
trivially braided case. We will consequently draw the
swap SAB as

A

S
B

B A
=

A

S ⇤
B

B A
=

B

B

A

A

An OPT ⇥ is specified by the collections of systems
and tests, along with the parallel composition rule ⌦

⇥ ⌘ (Test(⇥), Sys(⇥),⌦).

III. DEFINING CAUSAL INFLUENCE

Let us consider a channel C 2 [[AB ! A0B0]]. The kind
of question we would like to address here is under what
conditions are we allowed to say that, through the evolu-
tion given by C , interventions on system A can influence
system B0. In the first place, we remark that the ques-
tion is meaningful without further discussion only within
theories where no information is allowed to flow from the
“future” towards the “past”. As proved in Ref. [18], the
latter requirement is equivalent to uniqueness of the de-
terministic e↵ect eA for every system A of the theory.
This property will then be assumed in the reaminder.
Typically, the answer to this kind of question comes in

the first place by stating when there is no influence from
A to B0, and then defining causal influence by negat-
ing the above condition. The no-influence relation nor-
mally boils down to the impossibility of using the chan-
nel C to send a message from A to B0—the so-called
no-signalling condition. Considering the question in the
quantum realm allowed various authors to highlight some
aspects that warn us about the possible answers. In the
first place, when C is not reversible, one cannot trust
conditions for no-influence. Indeed, considering that in
quantum theory every channel can be viewed as the ef-
fective description of a reversible channel on an extended
system, once we neglect the “environment”, no-influence
might be an accident due to the preparation of a special
initial state of the environment rather than a structural
feature of the channel C itself. The above issue is strictly
connected, in the quantum case, with a further one: it
may happen that A has no influence on A0 and on B0

individually, but has influence on the composite system
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• Special tests

• Trivial input: preparation test 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Example I
Quantum theory

• Systems correspond to complex Hilbert spaces 
 

• Tests: quantum instruments 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<latexit sha1_base64="FZLz3N2vj71ZTClHjZjDxwzqTgU="></latexit>

A
<latexit sha1_base64="+wHWIDPXvcc+fuTVZnfwhtMqz/s="></latexit>

B<latexit sha1_base64="eMUWMHaqZAGuK6ieQZ5m2um0/ck="></latexit>

{M (i)}

<latexit sha1_base64="wMEhfRBQVd51t0qEDkg1udn3LNs="></latexit>

C
<latexit sha1_base64="kDBncjq/AtDsBrR11ooVIs+AQaE="></latexit>

D<latexit sha1_base64="W3pi9aD0kdAEWrKHKdK2M/8zkGU="></latexit>

{N (j)}

<latexit sha1_base64="UMchgXmox9IptwZwiQkJxSeZDq8="></latexit>

{M (i) ⌦N (j)}

<latexit sha1_base64="eMUWMHaqZAGuK6ieQZ5m2um0/ck="></latexit>

{M (i)}



Coarse-Graining

Example

Y = (r, r̄) = ({r}, {y, g})

, ,( )(Ci)i�X = X = (r, y, g)

,( ){ } ,{ }(Dj)j�Y =



Probabilistic theories

⇢i aj = Pr(aj , �i)

States are functionals on effects and vice-versa <latexit sha1_base64="Ff0PWNGLFzK1nfqHPVjt90fHP5o="></latexit>

JAK, JĀK

Every test of type I→I is a probability distribution

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Probabilistic theories

⇢i aj = Pr(aj , �i)

Real vector spaces
<latexit sha1_base64="GYa3M/xq2P4A9Qb9QfekjGeSEfo="></latexit>

JAKR, JĀKR

States are functionals on effects and vice-versa <latexit sha1_base64="Ff0PWNGLFzK1nfqHPVjt90fHP5o="></latexit>

JAK, JĀK

Every test of type I→I is a probability distribution

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Probabilistic theories

⇢i aj = Pr(aj , �i)

Real vector spaces
<latexit sha1_base64="GYa3M/xq2P4A9Qb9QfekjGeSEfo="></latexit>

JAKR, JĀKR

States are functionals on effects and vice-versa <latexit sha1_base64="Ff0PWNGLFzK1nfqHPVjt90fHP5o="></latexit>

JAK, JĀK

Every test of type I→I is a probability distribution

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

Coarse graining is represented by the sum



Transformations

A transformation induces a family of linear maps:

representing T ⌦ IC

<latexit sha1_base64="+aHsQ2UBDB3paUuG7vE3zCctr58="></latexit>

on{MC(T )}C

<latexit sha1_base64="HoaWFCsO+Kc3P+gI7heYQ8m/wS0="></latexit>

<latexit sha1_base64="Lk6bGXh87fPfCbVPgNx0i6qTRAI="></latexit>

T 2 JA ! BK
<latexit sha1_base64="leijFdQ/4qE53UB35eKMLalauzk="></latexit>

JACKR

A

<latexit sha1_base64="Mbswr7j/5ISE+IUh7qR/JUgoXsc="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

 i

<latexit sha1_base64="9QchtwrUVZ0D5BIJwWwHuOMSlqk="></latexit>

T

<latexit sha1_base64="Uq3Nbrfg+Q0cMYxk/+LxQe/mIOw="></latexit>

B

<latexit sha1_base64="GxFNaFvmvxa6lEZcNqcSG/FD2rI="></latexit>

C

<latexit sha1_base64="Hz8iP5pSEEUoJgH0phl6M8Hoqw8="></latexit>

�j

<latexit sha1_base64="poBbhn39qMRw6kLL4x+FJ9irufA="></latexit>

=
DBCX

j=1

[MC(T )]ij

<latexit sha1_base64="5o9VQiRKkitolau1GUkCH7Dftw8="></latexit>

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Transformations

E.g.: transpose map in real quantum theory

Indeed, it is not sufficient to know the linear map induced by       onT

<latexit sha1_base64="Uq3Nbrfg+Q0cMYxk/+LxQe/mIOw="></latexit>

<latexit sha1_base64="EWpXzuZJaQ7Ruo0DuWGi5d8nxoU="></latexit>

JAKR

⇢T = ⇢

<latexit sha1_base64="wbg3F3YVMZMKFDA1H3eklTZe5sw="></latexit>

T (⇢) = I (⇢) 8⇢

<latexit sha1_base64="H6Bq1QUOMboIqif/m/oE09TEBdk="></latexit>

(T ⌦ IC)(�y ⌦ �y) = ��y ⌦ �y

<latexit sha1_base64="A9cbRGz5NDnLz/Xe/8ERE22AO80="></latexit>

<latexit sha1_base64="VbY3ney7onDdZMFj/XYWyeGWT/w="></latexit>

�y ⌦ �y 2 JABKR



• SSSSSSS SSSSSS SSS SS

States and effects

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

<latexit sha1_base64="EWpXzuZJaQ7Ruo0DuWGi5d8nxoU="></latexit>

JAKR
<latexit sha1_base64="QhQS71rs7vEnI8VZFjEtCdI6JxA="></latexit>

JAK

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK



• SSSSSSS SSSSSS SSS SS

• DDDDDDDDDDDDD DDDDDD DDDDDD DD
sssssssss sssssssssss sssss

States and effects

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

<latexit sha1_base64="EWpXzuZJaQ7Ruo0DuWGi5d8nxoU="></latexit>

JAKR
<latexit sha1_base64="QhQS71rs7vEnI8VZFjEtCdI6JxA="></latexit>

JAK

<latexit sha1_base64="Pc/uq7O/eeA38FKMDJByMlKdVVw="></latexit>

JAK1
<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1 <latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK



• SSSSSSS SSSSSS SSS SS

• DDDDDDDDDDDDD DDDDDD DDDDDD DD
sssssssss sssssssssss sssss

• CCCC CCCC CCCC

States and effects

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

<latexit sha1_base64="EWpXzuZJaQ7Ruo0DuWGi5d8nxoU="></latexit>

JAKR
<latexit sha1_base64="QhQS71rs7vEnI8VZFjEtCdI6JxA="></latexit>

JAK

<latexit sha1_base64="Pc/uq7O/eeA38FKMDJByMlKdVVw="></latexit>

JAK1
<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1
<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="0QZT879vwmBjpwG+AldEjKuyXHo="></latexit>

JAK+
<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK



• States: convex set of       

• Deterministic states belong to 
singleton preparation tests

• Cone with base

• Similar structures for effects      
 
 
and transformations

States and effects

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

<latexit sha1_base64="EWpXzuZJaQ7Ruo0DuWGi5d8nxoU="></latexit>

JAKR
<latexit sha1_base64="QhQS71rs7vEnI8VZFjEtCdI6JxA="></latexit>

JAK

<latexit sha1_base64="Pc/uq7O/eeA38FKMDJByMlKdVVw="></latexit>

JAK1
<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1
<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="0QZT879vwmBjpwG+AldEjKuyXHo="></latexit>

JAK+

<latexit sha1_base64="xo9MTy0Mm9JNpKar7GkO6j/+vrQ="></latexit>

JĀK1 ✓ JĀK ✓ JĀK+ ✓ JĀKR

<latexit sha1_base64="a8Sp0TKsLuTOoY1dhYmr8qvD1kw="></latexit>

JA ! BK1 ✓ JA ! BK ✓ JA ! BK+ ✓ JA ! BKR

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK



• TTT TTTT
<latexit sha1_base64="cqI7mN2lbsc2c1/smC/Ba7WZvxw="></latexit>

JAK+ := {� 2 JAKR | � = �⇢, � � 0, ⇢ 2 JAK}
iiiiiiiiii ii iiiii
<latexit sha1_base64="sYmjFRiMMI/kpxjifwAqM61EFNE="></latexit>

⌧ � ⌫ , ⌧ � ⌫ 2 JAK+

Cones
<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="IR0dFejvcDMIiG9MnikCQf4C+us="></latexit>

0

<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1



• TTT TTTT
<latexit sha1_base64="cqI7mN2lbsc2c1/smC/Ba7WZvxw="></latexit>

JAK+ := {� 2 JAKR | � = �⇢, � � 0, ⇢ 2 JAK}
iiiiiiiiii ii iiiii
<latexit sha1_base64="sYmjFRiMMI/kpxjifwAqM61EFNE="></latexit>

⌧ � ⌫ , ⌧ � ⌫ 2 JAK+

Cones

<latexit sha1_base64="xxuH96N1LWoM50+dv0X/L3CL3ic="></latexit>⌧

<latexit sha1_base64="RAQC0Rl5wYNlEFviYR+sznOMR5c="></latexit>⌫

<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="IR0dFejvcDMIiG9MnikCQf4C+us="></latexit>

0

<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1



<latexit sha1_base64="MF7MBPnxT31AiwLIyflAQGF6YVw="></latexit>⌧ � ⌫

• TTT TTTT
<latexit sha1_base64="cqI7mN2lbsc2c1/smC/Ba7WZvxw="></latexit>

JAK+ := {� 2 JAKR | � = �⇢, � � 0, ⇢ 2 JAK}
iiiiiiiiii ii iiiii
<latexit sha1_base64="sYmjFRiMMI/kpxjifwAqM61EFNE="></latexit>

⌧ � ⌫ , ⌧ � ⌫ 2 JAK+

Cones

<latexit sha1_base64="xxuH96N1LWoM50+dv0X/L3CL3ic="></latexit>⌧

<latexit sha1_base64="RAQC0Rl5wYNlEFviYR+sznOMR5c="></latexit>⌫

<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="IR0dFejvcDMIiG9MnikCQf4C+us="></latexit>

0

<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1



<latexit sha1_base64="MF7MBPnxT31AiwLIyflAQGF6YVw="></latexit>⌧ � ⌫

• TTT TTTT
<latexit sha1_base64="cqI7mN2lbsc2c1/smC/Ba7WZvxw="></latexit>

JAK+ := {� 2 JAKR | � = �⇢, � � 0, ⇢ 2 JAK}
iiiiiiiiii ii iiiii
<latexit sha1_base64="sYmjFRiMMI/kpxjifwAqM61EFNE="></latexit>

⌧ � ⌫ , ⌧ � ⌫ 2 JAK+

Cones

<latexit sha1_base64="xxuH96N1LWoM50+dv0X/L3CL3ic="></latexit>⌧

<latexit sha1_base64="RAQC0Rl5wYNlEFviYR+sznOMR5c="></latexit>⌫

<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="IR0dFejvcDMIiG9MnikCQf4C+us="></latexit>

0

<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1



<latexit sha1_base64="MF7MBPnxT31AiwLIyflAQGF6YVw="></latexit>⌧ � ⌫

• TTT TTTT
<latexit sha1_base64="cqI7mN2lbsc2c1/smC/Ba7WZvxw="></latexit>

JAK+ := {� 2 JAKR | � = �⇢, � � 0, ⇢ 2 JAK}
iiiiiiiiii ii iiiii
<latexit sha1_base64="sYmjFRiMMI/kpxjifwAqM61EFNE="></latexit>

⌧ � ⌫ , ⌧ � ⌫ 2 JAK+

Cones

<latexit sha1_base64="xxuH96N1LWoM50+dv0X/L3CL3ic="></latexit>⌧

<latexit sha1_base64="RAQC0Rl5wYNlEFviYR+sznOMR5c="></latexit>⌫

<latexit sha1_base64="fnJq6FcaGh/CRaI8OYjttEmDbH0="></latexit>

⌧ � ⌫

<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="IR0dFejvcDMIiG9MnikCQf4C+us="></latexit>

0

<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1



<latexit sha1_base64="MF7MBPnxT31AiwLIyflAQGF6YVw="></latexit>⌧ � ⌫

• The cone  
 

introduces an order 
 

<latexit sha1_base64="cqI7mN2lbsc2c1/smC/Ba7WZvxw="></latexit>

JAK+ := {� 2 JAKR | � = �⇢, � � 0, ⇢ 2 JAK}

<latexit sha1_base64="sYmjFRiMMI/kpxjifwAqM61EFNE="></latexit>

⌧ � ⌫ , ⌧ � ⌫ 2 JAK+

• In the same way define 
 

 
 
and corresponding orderings

<latexit sha1_base64="mqxtexaEOx3msk2Lo2DkXZ4ZycI="></latexit>

JĀK+, JA ! BK+

Cones

<latexit sha1_base64="xxuH96N1LWoM50+dv0X/L3CL3ic="></latexit>⌧

<latexit sha1_base64="RAQC0Rl5wYNlEFviYR+sznOMR5c="></latexit>⌫

<latexit sha1_base64="fnJq6FcaGh/CRaI8OYjttEmDbH0="></latexit>

⌧ � ⌫

<latexit sha1_base64="5jzSRZ+IhKQi+I+XoccC1ANiQ3k="></latexit>

JAK+

<latexit sha1_base64="mNtteEkRNKF3TQfxoa4kGu7eIIs="></latexit>

JAK

<latexit sha1_base64="IR0dFejvcDMIiG9MnikCQf4C+us="></latexit>

0

<latexit sha1_base64="vm0V26LOCRMR7o/t3ifhs7cswnE="></latexit>

JAK1



Causal theories

• Possibility of arbitrary conditional tests 
 
 
 
 

• Causality implies no “backward” signalling

Zij

<latexit sha1_base64="COjh1isMNphTF8bfcFQmQGu8UfM="></latexit>

Ti
<latexit sha1_base64="/14NrH04nRscrf8SwY9zgxf9OEA="></latexit><latexit sha1_base64="/14NrH04nRscrf8SwY9zgxf9OEA="></latexit><latexit sha1_base64="/14NrH04nRscrf8SwY9zgxf9OEA="></latexit><latexit sha1_base64="/14NrH04nRscrf8SwY9zgxf9OEA="></latexit>

=<latexit sha1_base64="HDH4PUjHMNWRvYUKhuaqgC4ypJY="></latexit><latexit sha1_base64="HDH4PUjHMNWRvYUKhuaqgC4ypJY="></latexit><latexit sha1_base64="HDH4PUjHMNWRvYUKhuaqgC4ypJY="></latexit><latexit sha1_base64="HDH4PUjHMNWRvYUKhuaqgC4ypJY="></latexit>S (i)
j

<latexit sha1_base64="KUi6A9MgBSsZ2wQ7jAMprjrfmKA="></latexit>

X

j

A aj = A e

<latexit sha1_base64="fW4Bpr3YF8OosjOKAtHCW7JjwvA="></latexit><latexit sha1_base64="fW4Bpr3YF8OosjOKAtHCW7JjwvA="></latexit><latexit sha1_base64="fW4Bpr3YF8OosjOKAtHCW7JjwvA="></latexit><latexit sha1_base64="fW4Bpr3YF8OosjOKAtHCW7JjwvA="></latexit>

pa(⇢i) :=
X

j

⇢i A aj = p(⇢i)

<latexit sha1_base64="gi4jXYZYnE7BTVSRui7i79yLUls="></latexit><latexit sha1_base64="gi4jXYZYnE7BTVSRui7i79yLUls="></latexit><latexit sha1_base64="gi4jXYZYnE7BTVSRui7i79yLUls="></latexit><latexit sha1_base64="gi4jXYZYnE7BTVSRui7i79yLUls="></latexit>

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

PP, Quantum 4, 294 (2020) 





Example

• Second order quantum theory


• States: quantum operations 
(deterministic states: channels) 

• Effects: “quantum testers” 

• Transformations: “quantum 
supermaps”

Non causal theories

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B
<latexit sha1_base64="cjzqrZj44wbEMlUS7AOUfkLc0Qw="></latexit>

A ! B

<latexit sha1_base64="cjzqrZj44wbEMlUS7AOUfkLc0Qw="></latexit>

A ! B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B

<latexit sha1_base64="cjzqrZj44wbEMlUS7AOUfkLc0Qw="></latexit>

A ! B
<latexit sha1_base64="y7pFKVDSSEe3q5ulHuRgjBlFyiU="></latexit>

C ! D

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B
<latexit sha1_base64="bMCUSmpWSp5aHWTmwTZJf/MJtP0="></latexit>

C
<latexit sha1_base64="K9wRWtxd9wv2fof1pi6QAS+bZ5s="></latexit>

D

II order Q.T. standard Q.T.

G. Chiribella, G. M. D’Ariano, and PP, EPL 83 30004 (2008)



Local discriminability
AKA Local tomography/tomographic locality 

• Every pair of bipartite states can be discriminated by local measurements 
 
 
 

• Consequence 1: 
 
 

• Consequence 2:

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

<latexit sha1_base64="MnzfCg4unGrpxP72XGfH7Dw2OZE="></latexit>

A

<latexit sha1_base64="Hsg3ICc74r2CsMHIcxuLe/lK7UE="></latexit>

B

<latexit sha1_base64="Vw+Ow3kTfGEqHDKu+vN7ew4mJO4="></latexit>⇢ ≠ <latexit sha1_base64="Hsg3ICc74r2CsMHIcxuLe/lK7UE="></latexit>

B

<latexit sha1_base64="MnzfCg4unGrpxP72XGfH7Dw2OZE="></latexit>

A
<latexit sha1_base64="hg1V2FYgrXBj2wl8HtdFKdkeT/E="></latexit>

⇢0 ⇒
a

b

<latexit sha1_base64="MnzfCg4unGrpxP72XGfH7Dw2OZE="></latexit>

A

<latexit sha1_base64="Hsg3ICc74r2CsMHIcxuLe/lK7UE="></latexit>

B

<latexit sha1_base64="Vw+Ow3kTfGEqHDKu+vN7ew4mJO4="></latexit>⇢ ≠
a

b

<latexit sha1_base64="Hsg3ICc74r2CsMHIcxuLe/lK7UE="></latexit>

B

<latexit sha1_base64="MnzfCg4unGrpxP72XGfH7Dw2OZE="></latexit>

A
<latexit sha1_base64="hg1V2FYgrXBj2wl8HtdFKdkeT/E="></latexit>

⇢0<latexit sha1_base64="/o+r9YxraGroItRBSLIW1BdlAAs="></latexit>

9a, b :

<latexit sha1_base64="RDRM2iC4/YI6yuVnErIE/ZdBGJk="></latexit>

9⇢ :⇒≠ ≠
<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B<latexit sha1_base64="RQXgs1LrL+V7qGpot3oGistysWE="></latexit>

A
<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B<latexit sha1_base64="Q4WXt0ZyrPVDJTNri31Z2eQwZ/U="></latexit>⇢
<latexit sha1_base64="RQXgs1LrL+V7qGpot3oGistysWE="></latexit>

A

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B<latexit sha1_base64="Yv7u4njAhTtNTyE8zO2+YO4MwLg="></latexit>

B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B<latexit sha1_base64="Q4WXt0ZyrPVDJTNri31Z2eQwZ/U="></latexit>⇢ <latexit sha1_base64="Yv7u4njAhTtNTyE8zO2+YO4MwLg="></latexit>

B

<latexit sha1_base64="FHt16SP/5FDKMT1t+Q39Jkvytq8="></latexit>

DAB = DADB

<latexit sha1_base64="LJtwZ/vugbPzFnj/Fa9a6RCFi6A="></latexit>

JABKR = JAKR ⌦ JBKR



Theories without local discriminability
Example 1: Real quantum theory

• QQQQQQQ QQQQQQ QQQQ QQQQ QQQQQQQ QQQQQQ

• SSSSSSS SSSS SSSSSSS SSSSSSSS

• EEfEEEE EEEE EEEEEEEE EEEEEEEEE
bbbbbbb bb bbb bbbbbbbb bbbbbb

• TTTTTTTTTTTTTTTT
CC CCC CCCC CCCC CCCC CCCCC CCCCCCCCC

<latexit sha1_base64="ZMmu0LNuDPHN/jy+Ypyo7JZq3dQ="></latexit>

HA = CdA



Theories without local discriminability
Example 1: Real quantum theory

• QQQQQQQ QQQQQQ QQQQ QQQQ QQQQQQQ QQQQQQ

• SSSSSSS SSSS SSSSSSS SSSSSSSS

• EEfEEEE EEEE EEEEEEEE EEEEEEEEE
bbbbbbb bb bbb bbbbbbbb bbbbbb

• TTTTTTTTTTTTTTTT
CC CCC CCCC CCCC CCCC CCCCC CCCCCCCCC

<latexit sha1_base64="ZMmu0LNuDPHN/jy+Ypyo7JZq3dQ="></latexit>

HA = CdA

<latexit sha1_base64="tGqeHODxOvimkZ5hZNSAP/QkKk8="></latexit>

DA =
dA(dA + 1)

2

<latexit sha1_base64="gGDY/1RPJpNTfgIzt9JzJ33ZT84="></latexit>

JAKR ⇠= JĀKR = S(HA)



Theories without local discriminability
Example 1: Real quantum theory

• Quantum theory with real Hilbert spaces


• States: real density matrices


• Effects: real positive operators  
bounded by the identity matrix


• Transformations:  
CP TNI maps with real Kraus operators

• Composite system:  <latexit sha1_base64="eyPLEQmG5Z4DF3PHf2n4ZEzxuTk="></latexit>

dAB = dAdB

<latexit sha1_base64="ZMmu0LNuDPHN/jy+Ypyo7JZq3dQ="></latexit>

HA = CdA

<latexit sha1_base64="tGqeHODxOvimkZ5hZNSAP/QkKk8="></latexit>

DA =
dA(dA + 1)

2

<latexit sha1_base64="gGDY/1RPJpNTfgIzt9JzJ33ZT84="></latexit>

JAKR ⇠= JĀKR = S(HA)



Theories without local discriminability
Example 1: Real quantum theory

• Quantum theory with real Hilbert spaces


• States: real density matrices


• Effects: real positive operators  
bounded by the identity matrix


• Transformations:  
CP TNI maps with real Kraus operators

• Composite system:  <latexit sha1_base64="eyPLEQmG5Z4DF3PHf2n4ZEzxuTk="></latexit>

dAB = dAdB

<latexit sha1_base64="ZMmu0LNuDPHN/jy+Ypyo7JZq3dQ="></latexit>

HA = CdA

<latexit sha1_base64="hZNorQusKqIdnYbf/kcyO80DQMU="></latexit>

DAB =
dAdB(dAdB + 1)

2

DADB =
dAdB(dAdB + dA + dB + 1)

4
 DAB

<latexit sha1_base64="tGqeHODxOvimkZ5hZNSAP/QkKk8="></latexit>

DA =
dA(dA + 1)

2

<latexit sha1_base64="gGDY/1RPJpNTfgIzt9JzJ33ZT84="></latexit>

JAKR ⇠= JĀKR = S(HA)



Theories without local discriminability
Example 1: Real quantum theory

• TTT TTTT TTTTT TTTTTTT <latexit sha1_base64="JAD05P+nCP7wgZPgVkIgndGAukY="></latexit>

dR = 2 ) DR = 3
<latexit sha1_base64="Jtiose1efDoxDSjCw7fDPx2PdBU="></latexit>

|0ih0|

<latexit sha1_base64="66YJBNZJccEuojFC3e8M8LZquRA="></latexit>

|1ih1|
<latexit sha1_base64="CKh1mVJlnplRIeQVEzz7jM+CQ5A="></latexit>

|+ih+|
<latexit sha1_base64="EmU2TGXQfnizi4gZHvydpD+VSrY="></latexit>

|�ih�|
<latexit sha1_base64="hQkUFOUe0DzUNBhRzOeZflUbsLU="></latexit>

I/2

<latexit sha1_base64="vCHc0sXXl3+iQZAkZvx83QS8lq8="></latexit>

|±i := 1/
p
2(|0i± |1i)

<latexit sha1_base64="QwvNnuBCd+62jE2FRoUSEDiMUTA="></latexit>

JRKR

<latexit sha1_base64="ckMASe4rw36lLoTlwFqzyGOO5hI="></latexit>

JR2KR



Theories without local discriminability
Example 1: Real quantum theory

• TTT TTTT TTTTT TTTTTTT

• TTT TTTTTT

<latexit sha1_base64="JAD05P+nCP7wgZPgVkIgndGAukY="></latexit>

dR = 2 ) DR = 3

<latexit sha1_base64="DwIbIUeexLa8xwNS3HWu4WwOnjM="></latexit>

dR2 = 4 ) DR2 = 10 = D2
R+1

<latexit sha1_base64="Jtiose1efDoxDSjCw7fDPx2PdBU="></latexit>

|0ih0|

<latexit sha1_base64="66YJBNZJccEuojFC3e8M8LZquRA="></latexit>

|1ih1|
<latexit sha1_base64="CKh1mVJlnplRIeQVEzz7jM+CQ5A="></latexit>

|+ih+|
<latexit sha1_base64="EmU2TGXQfnizi4gZHvydpD+VSrY="></latexit>

|�ih�|
<latexit sha1_base64="hQkUFOUe0DzUNBhRzOeZflUbsLU="></latexit>

I/2

<latexit sha1_base64="vCHc0sXXl3+iQZAkZvx83QS8lq8="></latexit>

|±i := 1/
p
2(|0i± |1i)

<latexit sha1_base64="QwvNnuBCd+62jE2FRoUSEDiMUTA="></latexit>

JRKR

<latexit sha1_base64="ckMASe4rw36lLoTlwFqzyGOO5hI="></latexit>

JR2KR



Theories without local discriminability
Example 1: Real quantum theory

• TTT TTTT TTTTT TTTTTTT

• TTT TTTTTT

• BBBBB BBB

<latexit sha1_base64="JAD05P+nCP7wgZPgVkIgndGAukY="></latexit>

dR = 2 ) DR = 3

<latexit sha1_base64="DwIbIUeexLa8xwNS3HWu4WwOnjM="></latexit>

dR2 = 4 ) DR2 = 10 = D2
R+1

<latexit sha1_base64="Jtiose1efDoxDSjCw7fDPx2PdBU="></latexit>

|0ih0|

<latexit sha1_base64="66YJBNZJccEuojFC3e8M8LZquRA="></latexit>

|1ih1|
<latexit sha1_base64="CKh1mVJlnplRIeQVEzz7jM+CQ5A="></latexit>

|+ih+|
<latexit sha1_base64="EmU2TGXQfnizi4gZHvydpD+VSrY="></latexit>

|�ih�|
<latexit sha1_base64="hQkUFOUe0DzUNBhRzOeZflUbsLU="></latexit>

I/2

<latexit sha1_base64="vCHc0sXXl3+iQZAkZvx83QS8lq8="></latexit>

|±i := 1/
p
2(|0i± |1i)

<latexit sha1_base64="BpYZ6LzDjxVVyVldiWlbsBcZa6k="></latexit>

JRKR = Span({I2,�z,�z})
<latexit sha1_base64="QwvNnuBCd+62jE2FRoUSEDiMUTA="></latexit>

JRKR

<latexit sha1_base64="ckMASe4rw36lLoTlwFqzyGOO5hI="></latexit>

JR2KR



Theories without local discriminability
Example 1: Real quantum theory

• The real qubit (rebit) 
 

• Two rebits 

• Basis for 

• Basis for  

<latexit sha1_base64="JAD05P+nCP7wgZPgVkIgndGAukY="></latexit>

dR = 2 ) DR = 3

<latexit sha1_base64="DwIbIUeexLa8xwNS3HWu4WwOnjM="></latexit>

dR2 = 4 ) DR2 = 10 = D2
R+1

<latexit sha1_base64="Jtiose1efDoxDSjCw7fDPx2PdBU="></latexit>

|0ih0|

<latexit sha1_base64="66YJBNZJccEuojFC3e8M8LZquRA="></latexit>

|1ih1|
<latexit sha1_base64="CKh1mVJlnplRIeQVEzz7jM+CQ5A="></latexit>

|+ih+|
<latexit sha1_base64="EmU2TGXQfnizi4gZHvydpD+VSrY="></latexit>

|�ih�|
<latexit sha1_base64="hQkUFOUe0DzUNBhRzOeZflUbsLU="></latexit>

I/2

<latexit sha1_base64="vCHc0sXXl3+iQZAkZvx83QS8lq8="></latexit>

|±i := 1/
p
2(|0i± |1i)

<latexit sha1_base64="BpYZ6LzDjxVVyVldiWlbsBcZa6k="></latexit>

JRKR = Span({I2,�z,�z})

<latexit sha1_base64="3WDRFqVURtDoCmAgHt0xGa01hwg="></latexit>

JR2KR = Span([{I2,�x,�z}⌦ {I2,�x,�z}][{�y ⌦ �y})

<latexit sha1_base64="QwvNnuBCd+62jE2FRoUSEDiMUTA="></latexit>

JRKR

<latexit sha1_base64="ckMASe4rw36lLoTlwFqzyGOO5hI="></latexit>

JR2KR



Theories without local discriminability
Example 2: Fermionic quantum theory

• TTT TTTTTT TT TTTTT TT TTTTTTT T TTTTTTTTTTT TT TTT TTTTTTT TTTTTTT

{'†
i ,'j} = �ijI, {'i,'j} = 0

fff ff fffffffff fofff ffffff f ff fffff fffffffff fffff fffff 1  i, j  N
<latexit sha1_base64="Ek+KdSgtqCUQZ+1zx4yrJy94vOQ="></latexit><latexit sha1_base64="Ek+KdSgtqCUQZ+1zx4yrJy94vOQ="></latexit>

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• TTT TTTTTT TT TTTTT TT TTTTTTT T TTTTTTTTTTT TT TTT TTTTTTT TTTTTTT

{'†
i ,'j} = �ijI, {'i,'j} = 0

fff ff fffffffff fofff ffffff f ff fffff fffffffff fffff fffff 1  i, j  N
<latexit sha1_base64="Ek+KdSgtqCUQZ+1zx4yrJy94vOQ="></latexit><latexit sha1_base64="Ek+KdSgtqCUQZ+1zx4yrJy94vOQ="></latexit>

• OOO OOO OOOOO OOOO OOO OOOOOOO OOOOOOO OOO OO OOOOOOOOOOO OO H := C2N

'†
i'i|00 . . . 0i = 0, 8i

<latexit sha1_base64="WuwKkHVUL3tC0wdPT0mzjWs4YIA="></latexit><latexit sha1_base64="WuwKkHVUL3tC0wdPT0mzjWs4YIA="></latexit>

|si = '†
1

s1
. . .'†

N

sN |00 . . . 0i
<latexit sha1_base64="NTn7c1/D1HGH4plCdRE2wfoznww="></latexit><latexit sha1_base64="NTn7c1/D1HGH4plCdRE2wfoznww="></latexit>

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• The theory is meant to provide a realisation of the fermion algebra 
 
                                         
                                                         
for an arbitrary finite number N of Local Fermionic Modes (LFM)  
                                

{'†
i ,'j} = �ijI, {'i,'j} = 0

1  i, j  N
<latexit sha1_base64="Ek+KdSgtqCUQZ+1zx4yrJy94vOQ="></latexit><latexit sha1_base64="Ek+KdSgtqCUQZ+1zx4yrJy94vOQ="></latexit>

• One can prove that the fermion algebra can be represented on  
  
                      

H := C2N

'†
i'i|00 . . . 0i = 0, 8i

<latexit sha1_base64="WuwKkHVUL3tC0wdPT0mzjWs4YIA="></latexit><latexit sha1_base64="WuwKkHVUL3tC0wdPT0mzjWs4YIA="></latexit>

|si = '†
1

s1
. . .'†

N

sN |00 . . . 0i
<latexit sha1_base64="NTn7c1/D1HGH4plCdRE2wfoznww="></latexit><latexit sha1_base64="NTn7c1/D1HGH4plCdRE2wfoznww="></latexit>

• Example of basis state: |0010110i = '†
3'

†
5'

†
6|0000000i

<latexit sha1_base64="lKRXTmfv5MwbHtm2G9YU/tcBwFo="></latexit><latexit sha1_base64="lKRXTmfv5MwbHtm2G9YU/tcBwFo="></latexit>

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• TTT TTTTTTTTTTTTTT TTTTTTT TT TTT TTTTTT TTTTTTTT TT TTT TTTT

J(aX + bY ) := aJ(X) + bJ(Y )
<latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit><latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit>

J(XY ) := J(X)J(Y )
<latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit><latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit>

J(X†) := J(X)†
<latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit><latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit>

<latexit sha1_base64="pGD8hvTgm4wHyKJ6SDmE4af8GW0="></latexit>

J('i) := I1 ⌦ · · ·⌦ Ii�1 ⌦ ��
i ⌦ �z

i+1 · · ·⌦ �z
N

*Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• TTT TTTTTTTTTTTTTT TTTTTTT TT TTT TTTTTT TTTTTTTT TT TTT TTTT

J(aX + bY ) := aJ(X) + bJ(Y )
<latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit><latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit>

J(XY ) := J(X)J(Y )
<latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit><latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit>

J(X†) := J(X)†
<latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit><latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit>

<latexit sha1_base64="pGD8hvTgm4wHyKJ6SDmE4af8GW0="></latexit>

J('i) := I1 ⌦ · · ·⌦ Ii�1 ⌦ ��
i ⌦ �z

i+1 · · ·⌦ �z
N

• JJJJJJJJJJJJJ JJJJJJJJJJJJJJ

*Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• TTT TTTTTTTTTTTTTT TTTTTTT TT TTT TTTTTT TTTTTTTT TT TTT TTTT

J(aX + bY ) := aJ(X) + bJ(Y )
<latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit><latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit>

J(XY ) := J(X)J(Y )
<latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit><latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit>

J(X†) := J(X)†
<latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit><latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit>

<latexit sha1_base64="pGD8hvTgm4wHyKJ6SDmE4af8GW0="></latexit>

J('i) := I1 ⌦ · · ·⌦ Ii�1 ⌦ ��
i ⌦ �z

i+1 · · ·⌦ �z
N

• JJJJJJJJJJJJJ JJJJJJJJJJJJJJ

• TTTTTTTTT TTTT TT TTTTT TTTTTT TT TTTTTTTTTTT TTTTTTTTT

*Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• The representation depends on the chosen ordering of the LFMs 
 

                                J(aX + bY ) := aJ(X) + bJ(Y )
<latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit><latexit sha1_base64="FFikAkJISG9TxVTrXmJhR9dqeg4="></latexit>

J(XY ) := J(X)J(Y )
<latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit><latexit sha1_base64="F1FJFg1JYI283oGtem+G30JwwRY="></latexit>

J(X†) := J(X)†
<latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit><latexit sha1_base64="q4VMpbeCEl5SfQ3OJleRw0ZYLro="></latexit>

<latexit sha1_base64="pGD8hvTgm4wHyKJ6SDmE4af8GW0="></latexit>

J('i) := I1 ⌦ · · ·⌦ Ii�1 ⌦ ��
i ⌦ �z

i+1 · · ·⌦ �z
N

• Jordan-Wigner representation

• Typically used to study models in statistical mechanics

• Used to prove computational equivalence of Fermionic and standard quantum 
computation*

*Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• KKKKK KKKKKKKKK KKKK KK KKKKKKKKKKK KK KKKKKK KKKK KK KKK KKKKKKKK

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability
Example 2: Fermionic quantum theory

• KKKKK KKKKKKKKK KKKK KK KKKKKKKKKKK KK KKKKKK KKKK KK KKK KKKKKKKK

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>



Theories without local discriminability
Example 2: Fermionic quantum theory

• KKKKK KKKKKKKKK KKKK KK KKKKKKKKKKK KK KKKKKK KKKK KK KKK KKKKKKKK

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

'i
<latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit><latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit>

=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>



Theories without local discriminability
Example 2: Fermionic quantum theory

• KKKKK KKKKKKKKK KKKK KK KKKKKKKKKKK KK KKKKKK KKKK KK KKK KKKKKKKK

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)
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=

=

F
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G
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F
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G
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'j
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<latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit><latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit>

=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
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• KKKKK KKKKKKKKK KKKK KK KKKKKKKKKKK KK KKKKKK KKKK KK KKK KKKKKKKK

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

'i
<latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit><latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit>

�<latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit><latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit>K⇢K† = (�K)⇢(�K)†
<latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit><latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit>

'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

('†
i'i + 'i)

<latexit sha1_base64="4lMeTvktZEIWtPdECTVbAUNFOb8="></latexit><latexit sha1_base64="4lMeTvktZEIWtPdECTVbAUNFOb8="></latexit>

=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>
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'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

'i
<latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit><latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit>

�<latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit><latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit>K⇢K† = (�K)⇢(�K)†
<latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit><latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit>

'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

('†
i'i � 'i)

<latexit sha1_base64="M8BxSwh8dlWxIAl1bj92VMLZWYE="></latexit><latexit sha1_base64="M8BxSwh8dlWxIAl1bj92VMLZWYE="></latexit>

=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>
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G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

'i
<latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit><latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit>

�<latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit><latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit>K⇢K† = (�K)⇢(�K)†
<latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit><latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit>

K ! K 0
<latexit sha1_base64="fNH4Co3lpIYRC2bpICTeFBHGTtU="></latexit><latexit sha1_base64="fNH4Co3lpIYRC2bpICTeFBHGTtU="></latexit>

'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

('†
i'i � 'i)

<latexit sha1_base64="M8BxSwh8dlWxIAl1bj92VMLZWYE="></latexit><latexit sha1_base64="M8BxSwh8dlWxIAl1bj92VMLZWYE="></latexit>

=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>



Theories without local discriminability
Example 2: Fermionic quantum theory
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'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

'i
<latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit><latexit sha1_base64="cGz6J39R+S6oLqwI1WXvF9nnv2Y="></latexit>

�<latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit><latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit>K⇢K† = (�K)⇢(�K)†
<latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit><latexit sha1_base64="/2l63rbYuNLF2gprFkKtucqLRdQ="></latexit>

K ! K 0
<latexit sha1_base64="fNH4Co3lpIYRC2bpICTeFBHGTtU="></latexit><latexit sha1_base64="fNH4Co3lpIYRC2bpICTeFBHGTtU="></latexit>

'j
<latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit><latexit sha1_base64="dXL2BgWsCauaPu/JFqp0cP0avnA="></latexit>

('†
i'i � 'i)

<latexit sha1_base64="M8BxSwh8dlWxIAl1bj92VMLZWYE="></latexit><latexit sha1_base64="M8BxSwh8dlWxIAl1bj92VMLZWYE="></latexit>

=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
<latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit><latexit sha1_base64="D8/VI/WTULpz5X0Zdzbc7C+jZms="></latexit>



Theories without local discriminability
Example 2: Fermionic quantum theory

• Kraus operators must be combination of either even or odd products           
 
 
 
 
 
 
 

• States and effects are combinations even products of field operators

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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�<latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit><latexit sha1_base64="zheW7e99PUx10hw8jE1/3D0N/Mo="></latexit>K⇢K† = (�K)⇢(�K)†
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K ! K 0
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'j
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i'i � 'i)
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=

=

F
<latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit><latexit sha1_base64="LMj9MzzKlbYBrIEMIOLtzQaXYLM="></latexit>

G
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Theories without local discriminability
Example 2: Fermionic quantum theory

• TTTT TTTTTTTTTTT TT T pppppp pppppppppppppp     

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

| i = |00i, |10i, a|10i+ b|01i, . . .
<latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit><latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit>
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2
(|00i+ |01i)| i = |00i, |10i, a|10i+ b|01i, . . .
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| i = 1p
2
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<latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit><latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit>
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• TTTT TTTTTTTTTTT TT T pppppp pppppppppppppp     

• TTT TTTTTT TT TTT TTT TTT TTT TTTTTT TT T TTTTTTTTT TTT |0ih0|, |1ih1|

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

| i = 1p
2
(|00i+ |01i)| i = |00i, |10i, a|10i+ b|01i, . . .

<latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit><latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit>



Theories without local discriminability
Example 2: Fermionic quantum theory

• This corresponds to a parity superselection rule 
 
 

• The states of one LFM are the states of a classical bit |0ih0|, |1ih1|

• Parity superselection → block-diagonal structure for states

Bravy and Kitaev, Annals of Physics 298, 210–226 (2002)

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

| i = 1p
2
(|00i+ |01i)| i = |00i, |10i, a|10i+ b|01i, . . .

<latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit><latexit sha1_base64="CiDa3QKYa0tGCsAWVp2m0YuGyUU="></latexit>

J(⇢) =

✓
p⇢O 0
0 (1� p)⇢E

◆

<latexit sha1_base64="HX4BrYGmRwtWKyiAqUI39HfQGNo="></latexit><latexit sha1_base64="HX4BrYGmRwtWKyiAqUI39HfQGNo="></latexit>



Purification

• TTT TTTTTT TT TTT

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Purification

• TTT TTTTTT TT TTT

• EEEEEEEEE

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A<latexit sha1_base64="Q4WXt0ZyrPVDJTNri31Z2eQwZ/U="></latexit>⇢ <latexit sha1_base64="X50ZpJ53yLdmyjqK+gpBmLksfOQ="></latexit>=
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="o1TlmSaAXFdRJ1CPGLcxvw6+VJE="></latexit>

 
<latexit sha1_base64="+/O1ebGgBC4/APeISoQtxGxz7IY="></latexit>e

<latexit sha1_base64="+OSqsUexWmmu63pt/fSD5Bbsa4w="></latexit>

8⇢ 2 JAK 9B,  2 JABK



Purification

• Two axioms in one

• Existence 
 
 

• Essential uniqueness

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)

<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="o1TlmSaAXFdRJ1CPGLcxvw6+VJE="></latexit>

 
<latexit sha1_base64="+/O1ebGgBC4/APeISoQtxGxz7IY="></latexit>e

<latexit sha1_base64="X50ZpJ53yLdmyjqK+gpBmLksfOQ="></latexit>=
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A

<latexit sha1_base64="+/O1ebGgBC4/APeISoQtxGxz7IY="></latexit>e

<latexit sha1_base64="wbRslZtg2vh7yJtLqoOiUQa9R2s="></latexit>

 0
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="o1TlmSaAXFdRJ1CPGLcxvw6+VJE="></latexit>

 <latexit sha1_base64="X50ZpJ53yLdmyjqK+gpBmLksfOQ="></latexit>=
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="wbRslZtg2vh7yJtLqoOiUQa9R2s="></latexit>

 0
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B<latexit sha1_base64="xN39YX7s80z2YJSvTHCwkd5e9OM="></latexit>

U

<latexit sha1_base64="1cmBBE7nSZTXTVEOFtxKSgHt588="></latexit>

9U :

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A<latexit sha1_base64="Q4WXt0ZyrPVDJTNri31Z2eQwZ/U="></latexit>⇢ <latexit sha1_base64="X50ZpJ53yLdmyjqK+gpBmLksfOQ="></latexit>=
<latexit sha1_base64="VwOmru0hEd810K0smHg8iWC+f0g="></latexit>

B

<latexit sha1_base64="omeNoJ5l5s7ytSYng0kDTV/yKWU="></latexit>

A
<latexit sha1_base64="o1TlmSaAXFdRJ1CPGLcxvw6+VJE="></latexit>

 
<latexit sha1_base64="+/O1ebGgBC4/APeISoQtxGxz7IY="></latexit>e

<latexit sha1_base64="+OSqsUexWmmu63pt/fSD5Bbsa4w="></latexit>

8⇢ 2 JAK 9B,  2 JABK



Theories with purification
Example 1: Deterministic Classical Theory

• SSSSSS SSSSSS SSSSSSS SSSSSSS <latexit sha1_base64="CZV68uSti9OfmYB/fi71ifCQhfg="></latexit>

m 2 N

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 1: Deterministic Classical Theory

• SSSSSS SSSSSS SSSSSSS SSSSSSS <latexit sha1_base64="CZV68uSti9OfmYB/fi71ifCQhfg="></latexit>

m 2 N

• SSSSSSS <latexit sha1_base64="Za60hS7DPpNRLhr3DsEmu8H90Hc="></latexit>

JnKR ⇠= Rn,
<latexit sha1_base64="VlndR12WK44db4vss1cEcSC6iYE="></latexit>

⇢i = (0, 0, . . . , 1, . . . , 0)T

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 1: Deterministic Classical Theory

• SSSSSS SSSSSS SSSSSSS SSSSSSS <latexit sha1_base64="CZV68uSti9OfmYB/fi71ifCQhfg="></latexit>

m 2 N

• SSSSSSS <latexit sha1_base64="Za60hS7DPpNRLhr3DsEmu8H90Hc="></latexit>

JnKR ⇠= Rn,
<latexit sha1_base64="VlndR12WK44db4vss1cEcSC6iYE="></latexit>

⇢i = (0, 0, . . . , 1, . . . , 0)T

• <latexit sha1_base64="eWSoNORo5WtheWVmPGoqBzGMaUU="></latexit>

Jm ! nK                        <latexit sha1_base64="hcCgBBHw/MeOmzBiIlbg+5ZAvY4="></latexit>

M = {1, 2, . . . ,m}   <latexit sha1_base64="fQmzp8N/BDdYxfkm9K3OCZB2+vg="></latexit>

N = {1, 2, . . . , n}

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 1: Deterministic Classical Theory

• SSSSSS SSSSSS SSSSSSS SSSSSSS <latexit sha1_base64="CZV68uSti9OfmYB/fi71ifCQhfg="></latexit>

m 2 N

• SSSSSSS <latexit sha1_base64="Za60hS7DPpNRLhr3DsEmu8H90Hc="></latexit>

JnKR ⇠= Rn,
<latexit sha1_base64="VlndR12WK44db4vss1cEcSC6iYE="></latexit>

⇢i = (0, 0, . . . , 1, . . . , 0)T

• <latexit sha1_base64="eWSoNORo5WtheWVmPGoqBzGMaUU="></latexit>

Jm ! nK                        <latexit sha1_base64="hcCgBBHw/MeOmzBiIlbg+5ZAvY4="></latexit>

M = {1, 2, . . . ,m}   <latexit sha1_base64="fQmzp8N/BDdYxfkm9K3OCZB2+vg="></latexit>

N = {1, 2, . . . , n}

• RRRRRRRRRR RRRRRRRRRRRRRRR RR <latexit sha1_base64="NnX4UtCkh0DOmFbWeW2yq0KF8wg="></latexit>

Jn ! nK: ::::::::::::

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 1: Deterministic Classical Theory

• SSSSSS SSSSSS SSSSSSS SSSSSSS <latexit sha1_base64="CZV68uSti9OfmYB/fi71ifCQhfg="></latexit>

m 2 N

• SSSSSSS <latexit sha1_base64="Za60hS7DPpNRLhr3DsEmu8H90Hc="></latexit>

JnKR ⇠= Rn,
<latexit sha1_base64="VlndR12WK44db4vss1cEcSC6iYE="></latexit>

⇢i = (0, 0, . . . , 1, . . . , 0)T

• <latexit sha1_base64="eWSoNORo5WtheWVmPGoqBzGMaUU="></latexit>

Jm ! nK                        <latexit sha1_base64="hcCgBBHw/MeOmzBiIlbg+5ZAvY4="></latexit>

M = {1, 2, . . . ,m}   <latexit sha1_base64="fQmzp8N/BDdYxfkm9K3OCZB2+vg="></latexit>

N = {1, 2, . . . , n}

• RRRRRRRRRR RRRRRRRRRRRRRRR RR <latexit sha1_base64="NnX4UtCkh0DOmFbWeW2yq0KF8wg="></latexit>

Jn ! nK: ::::::::::::

• EEEEE EEEEE EE EEEE

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 1: Deterministic Classical Theory

• SSSSSS SSSSSS SSSSSSS SSSSSSS <latexit sha1_base64="CZV68uSti9OfmYB/fi71ifCQhfg="></latexit>

m 2 N

• SSSSSSS <latexit sha1_base64="Za60hS7DPpNRLhr3DsEmu8H90Hc="></latexit>

JnKR ⇠= Rn,
<latexit sha1_base64="VlndR12WK44db4vss1cEcSC6iYE="></latexit>

⇢i = (0, 0, . . . , 1, . . . , 0)T

• <latexit sha1_base64="eWSoNORo5WtheWVmPGoqBzGMaUU="></latexit>

Jm ! nK                        <latexit sha1_base64="hcCgBBHw/MeOmzBiIlbg+5ZAvY4="></latexit>

M = {1, 2, . . . ,m}   <latexit sha1_base64="fQmzp8N/BDdYxfkm9K3OCZB2+vg="></latexit>

N = {1, 2, . . . , n}

• RRRRRRRRRR RRRRRRRRRRRRRRR RR <latexit sha1_base64="NnX4UtCkh0DOmFbWeW2yq0KF8wg="></latexit>

Jn ! nK: ::::::::::::

• EEEEE EEEEE EE EEEE

• SSSSSS SS SSSSSSSSS SSSSSSSS <latexit sha1_base64="AqIFt0nn5lec2mZWHDJ6f/t7rtM="></latexit>

⇢i ⌦ �j = ⌧i,j

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 1: Deterministic Classical Theory

• System types: natural numbers <latexit sha1_base64="CZV68uSti9OfmYB/fi71ifCQhfg="></latexit>

m 2 N

• States: , <latexit sha1_base64="Za60hS7DPpNRLhr3DsEmu8H90Hc="></latexit>

JnKR ⇠= Rn
<latexit sha1_base64="VlndR12WK44db4vss1cEcSC6iYE="></latexit>

⇢i = (0, 0, . . . , 1, . . . , 0)T

•  : functions from subsets of  to <latexit sha1_base64="eWSoNORo5WtheWVmPGoqBzGMaUU="></latexit>

Jm ! nK
<latexit sha1_base64="hcCgBBHw/MeOmzBiIlbg+5ZAvY4="></latexit>

M = {1, 2, . . . ,m}
<latexit sha1_base64="fQmzp8N/BDdYxfkm9K3OCZB2+vg="></latexit>

N = {1, 2, . . . , n}

• Reversible transformations in : permutations<latexit sha1_base64="NnX4UtCkh0DOmFbWeW2yq0KF8wg="></latexit>

Jn ! nK

• Every state is pure

• States of composite systems: <latexit sha1_base64="AqIFt0nn5lec2mZWHDJ6f/t7rtM="></latexit>

⇢i ⌦ �j = ⌧i,j

• Every two purifications are connected by a permutation
G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 2: Quantum Theory

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories with purification
Example 3: Fermionic quantum theory

• EEEEE EEEEE EE EEE EEE EE EEEEEvE

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

⇢ = p⇢O + (1� p)⇢E
<latexit sha1_base64="QtKKKjoNyUsz/QGBdgLE3P6hukc="></latexit><latexit sha1_base64="QtKKKjoNyUsz/QGBdgLE3P6hukc="></latexit>

⇢X =
X

i

qXi | X
i ih X

i |
<latexit sha1_base64="Ne3p+Gq0aU2pPrBCOE86lQPaYMQ="></latexit><latexit sha1_base64="Ne3p+Gq0aU2pPrBCOE86lQPaYMQ="></latexit>



Theories with purification
Example 3: Fermionic quantum theory

• EEEEE EEEEE EE EEE EEE EE EEEEEvE

• WW WWW WWWWWW WWWWWW <latexit sha1_base64="a+VK4wDpFekB/PaWd20wHknJYqk="></latexit>⇢                           

| Ei :=
X

i

⇢q
pqE

i
| E

i
i| E

i
i+

q
(1� p)qO

i
| O

i
i| O

i
i
�

<latexit sha1_base64="Vi6lcqjijf9qnMc1iRZ6qeNCqFQ="></latexit><latexit sha1_base64="Vi6lcqjijf9qnMc1iRZ6qeNCqFQ="></latexit>

oo oooo oooo oo oooooooooo oooo ooooo

| Oi :=
X

i

⇢q
pqE

i
| E

i
i| O

i
i+

q
(1� p)qO

i
| O

i
i| E

i
i
�

<latexit sha1_base64="Ijun9Njj1TV2ar/fFV0mr1/e8aw="></latexit><latexit sha1_base64="Ijun9Njj1TV2ar/fFV0mr1/e8aw="></latexit>

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

⇢ = p⇢O + (1� p)⇢E
<latexit sha1_base64="QtKKKjoNyUsz/QGBdgLE3P6hukc="></latexit><latexit sha1_base64="QtKKKjoNyUsz/QGBdgLE3P6hukc="></latexit>

⇢X =
X

i

qXi | X
i ih X

i |
<latexit sha1_base64="Ne3p+Gq0aU2pPrBCOE86lQPaYMQ="></latexit><latexit sha1_base64="Ne3p+Gq0aU2pPrBCOE86lQPaYMQ="></latexit>



Theories with purification
Example 3: Fermionic quantum theory

• Every state in FQT can be purified 
 

• We can always purify    with an even-parity pure state 
 

                               
or with with an odd-parity pure state 
 

                              

<latexit sha1_base64="a+VK4wDpFekB/PaWd20wHknJYqk="></latexit>⇢

| Ei :=
X

i

⇢q
pqE

i
| E

i
i| E

i
i+

q
(1� p)qO

i
| O

i
i| O

i
i
�

<latexit sha1_base64="Vi6lcqjijf9qnMc1iRZ6qeNCqFQ="></latexit><latexit sha1_base64="Vi6lcqjijf9qnMc1iRZ6qeNCqFQ="></latexit>

| Oi :=
X

i

⇢q
pqE

i
| E

i
i| O

i
i+

q
(1� p)qO

i
| O

i
i| E

i
i
�

<latexit sha1_base64="Ijun9Njj1TV2ar/fFV0mr1/e8aw="></latexit><latexit sha1_base64="Ijun9Njj1TV2ar/fFV0mr1/e8aw="></latexit>

• Purification is unique up to reversible transformations
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)

⇢ = p⇢O + (1� p)⇢E
<latexit sha1_base64="QtKKKjoNyUsz/QGBdgLE3P6hukc="></latexit><latexit sha1_base64="QtKKKjoNyUsz/QGBdgLE3P6hukc="></latexit>

⇢X =
X

i

qXi | X
i ih X

i |
<latexit sha1_base64="Ne3p+Gq0aU2pPrBCOE86lQPaYMQ="></latexit><latexit sha1_base64="Ne3p+Gq0aU2pPrBCOE86lQPaYMQ="></latexit>



Operational norm
Task: discrimination

• We assume causality


• States 
 
 
 
 

• Transformations 

• Effects

<latexit sha1_base64="XqXqdsvcqkGaeV7p09uHlyQOn5M="></latexit>

perr := p0 ⇢0 A a1 + p1 ⇢1 A a0
<latexit sha1_base64="+8x7oasNJRQMoMMjhJo0NetVYqA="></latexit>

=
1

2
(1 + p0⇢0 � p1⇢1

A a1 � a0 )

=
1

2
(1 + p0 � p1 � 2 p0⇢0 � p1⇢1

A a0 )
<latexit sha1_base64="f5B3fj2aTa8M0i3VGzMXubzkENI="></latexit>

popt =
1

2
(1 + p0 � p1 � kp0⇢0 � p1⇢1kop)

<latexit sha1_base64="J/qy5JrxJzkngCoHjj+xrxPLkHA="></latexit>

k⌘kop := max
a2E↵(A)

⌘ A a

<latexit sha1_base64="IDNC1kOR3qYLJn46lCHeBXZKpcM="></latexit>

kDkop := max
E,⇢2St(AE)

������
⇢

A
D

B

E

������
op

<latexit sha1_base64="S0QRpKNvHkfCnD8ce60wI/ei5U4="></latexit>

kdkop = max
⇢2St1(A)

�� ⇢ A a
��



• CCCCCCCCCCCCC CCCCCCCCC

Summary

Pirsa: 09080011 Page 29/83



• CCCCCCCCCCCCC CCCCCCCCC

• PPPPPPPPPPPPP PPPPPPPPP
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• CCCCCCCCCCCCC CCCCCCCCC

• PPPPPPPPPPPPP PPPPPPPPP
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• CCCCCCCCCCCCC CCCCCCCCC

• PPPPPPPPPPPPP PPPPPPPPP

• PPPPPPPPPPP

• CCCCCCCCC
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• CCCCCCCCCCCCC CCCCCCCCC

• PPPPPPPPPPPPP PPPPPPPPP

• PPPPPPPPPPP

• CCCCCCCCC

• LLLLL LLLLLLLLLLLLLLLL
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• Compositional structure

• Probabilistic structure

• Properties:

• Causality

• Local discriminability

• Purification

Summary
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