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Quantum information theory

Informational derivation
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 The mathematical language of
quantum theory: systems and
processes

» Systems are thought of as
elementary memory cells in the
first place, rather than
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Physical Semantics

How to recover it in a purely information-theoretic framework?

 No notion of and
* |s it possible to recover mechanical concepts?
* |s it possible to derive physical laws?

e How?



The classical universe

e Classical mechanics and Laplace’s clockwork universe

We may regard the present state of the universe as the effect of its past and
the cause of its future. An intellect which at a certain moment would know all
forces that set nature in motion, and all positions of all items of which nature is
composed, if this intellect were also vast enough to submit these data to analysis,
it would embrace in a single formula the movements of the greatest bodies of
the universe and those of the tiniest atom; for such an intellect nothing would
be uncertain and the future just like the past would be present before its eyes.

Pierre Simon Laplace, A Philosophical Essay on Probabilities
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e Classical mechanics and Laplace’s clockwork universe

We may regard the present state of the universe as the effect of its past and
the cause of its future. An intellect which at a certain moment would know all
forces that set nature in motion, and all positions of all items of which nature is
composed, if this intellect were also vast enough to submit these data to analysis,
it would embrace in a single formula the movements of the greatest bodies of
the universe and those of the tiniest atom; for such an intellect nothing would
be uncertain and the future just like the past would be present before its eyes.

Pierre Simon Laplace, A Philosophical Essay on Probabilities

* World view of quantum mechanics?



Digital Universe

| | | want to talk about the possibility that there is to be an exact
» I ' simulation, that the computer will do exactly the same as nature.

R. Feynman, Int. J. Theo. Ph. 21, 467 (1982)



Digital Universe

| | | want to talk about the possibility that there is to be an exact
B I ' simulation, that the computer will do exactly the same as nature.

Algorithm

Physical law H

R. Feynman, Int. J. Theo. Ph. 21, 467 (1982)




Cellular Automata

J. Von Neumann and A. W. Burks, “Theory of self-reproducing automata” 1966

Two-dimensional cellular automata

Conway’s game of life

generation 0 a neighborhood

of 9 cells

http://web.stanford.edu/~cdebs/GameOfLife/
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Cellular Automata

J. Von Neumann and A. W. Burks, “Theory of self-reproducing automata” 1966

Two-dimensional cellular automata

Conway’s game of life

generation 0 a neighborhood

of 9 cells

http://web.stanford.edu/~cdebs/GameOfLife/



Quantum cellular automata

B. Schumacher and R. F. Werner, arXiv:quant-ph/0405174 (2004).
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Operational Language

S0 0 s WS e W

* Operational theory: tests with composition rules

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)
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Operational Language

S0 0 s WS e W

* Operational theory: tests with composition rules

Sequential

AT RETC N _C

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)




Operational Language

O—0— D

* Operational theory: tests with composition rules

Parallel
Sequential é( ‘B A r \ B
A_f ) B ( ) C ) é( \_C \_ ) _
— gf \]_D C_ P

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Sequential composition

Al B B C
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Sequential composition
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Sequential composition
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* Properties
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Sequential composition

T e

vel, jed, = (1,7) el xJ

* Properties

- Associativty{izen [l (o) G o) (' )
+ Unit w ] é.é.lé ) é._B



Events

* Properties

e Associativity




Parallel composition

A
¢ Systems: —  _ AB
B
C e AB A
* Associativity )
C ~ BC
A

e Unit _



Parallel composition

e Jests: é.E A

e Associativity

C D  C D
L M 5

8

Is2




Monoidal structure

 Most important rule:

B. Coecke, AIP Conf. Proc. 810, 81 (2006)



Monoidal structure

 Most important rule:

 Consequence:

B. Coecke, AIP Conf. Proc. 810, 81 (2006)



Braiding

 Every composite system AB is iIsomorphic to BA

_fX,Y_ —Y\/_X _VX_%{_ :%
R x| XYy O




Braiding

 Every composite system AB is iIsomorphic to BA

Y X J

A

—1
‘SﬂXY

B D A

N

C

T




Braiding

 Every composite system AB is iIsomorphic to BA

_VX,Y_ —Y\/—X _5”)(_%(_ }:}/Y
R x| XYy O

A B D A C D
1 ﬁ ﬁQ
C D B C A B

« Symmetric theory: .7} = % s >



Preparation and observation

e Special tests



Preparation and observation

e Special tests

e Trivial input: preparation test

l 1pi } A = @Ui}




Preparation and observation

e Special tests

e Trivial input: preparation test

oot fof!

* Trivial output: observation test

Myt M




Example |

Quantum theory

o Systems correspond to complex Hilbert spaces

A ﬁ HAZCCdA
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Example |

Quantum theory

 Systems correspond to complex Hilbert spaces

A ﬁ HAZCd’A

e Jests: quantum instruments

LA B |
ﬁ’g —{; } — ﬁ {7 }; Vi, o Completely Positive, ZJZZL Irace Presertving |

* Preparations: ensembles {p;}: Vip; >0, Te[) p] =1



Example |

Quantum theory

e Seqguential composition: composition of CP maps
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Quantum theory

e Seqguential composition: composition of CP maps

é{%}@ -) (%)

e Parallel composition: tensor product

ot || - (o)
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Example i

Classical theory

 Systems correspond to Real vector spaces

A <) RéA
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 Systems correspond to Real vector spaces

A <) RéA

e TJests: collections of sub-Markov matrices

, é{%}ﬁ =) (MY}, M) >0, Y MU =M Vyy My, =1 |

1




Example i

Classical theory

 Systems correspond to Real vector spaces

A <) RéA

e TJests: collections of sub-Markov matrices

(@ e oo e T T

« States: probability vectors (y € {+})



Example i

Classical theory

e Sequential composition: matrix product

A{M(i)}lB C <4==) {N(j)M(i)}
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Classical theory

e Sequential composition: matrix product

A{M(i)}lB C <4==) {N(j)M(i)}
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Example i

Classical theory

e Sequential composition: matrix product

A{Mu)}g.fB C <4==) {N(j)M(i)}

e Parallel composition: tensor product




Coarse-Graining

Example

o (EEE) o
s ([EHES))

Y =(r,7) = {r},{y,g})



Probabilistic theories

Every test of type |—1 is a probability distribution ©Pi—@; = Pr(a;, p;)

States are functionals on effects and vice-versa [A], [A]

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)
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Probabilistic theories

Every test of type |—1 is a probability distribution ©Pi—@; = Pr(a;, p;)

States are functionals on effects and vice-versa [A], [A]

¥

Real vector spaces [Alr, [A]r

Coarse graining is represented by the sum

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Transformations

A transformation .7 € |A — B| induces a family of linear maps:
{Mc(7)}c representing 7 ® 2 on [AC]g
A .B B
Dgc
Vi = ) [Ma(7)i; (@
j=1

C C

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Transformations

Indeed, it is not sufficient to know the linear map induced by & on[A]g

E.Q.: transpose map in real quantum theory




States and effects

o States: convex set of [A] TA]

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)
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* Deterministic states belong to

singleton preparation tests  [A];
[Al TA]
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* Deterministic states belong to

singleton preparation tests  [A];

. [Al TA]
 Cone with base [A] TA].
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States and effects

[A]+

o States: convex set of [A] TA]

* Deterministic states belong to
singleton preparation tests  [A];

. [Al TA]
 Cone with base [A] TA].

 Similar structures for effects
[A]: C [A] C [A]l+ C [A]r

and transformations
IA—-B]1 C|[A—-B]|C[|A—B]. C[A—B|r

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Cones

e The cone
[Al4 :={oc € [Alr |0 =Ap, A >0, p€ [A]l}

Introduces an order

T>v & T—veE[A]L

[AllL

[A]

A4
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Cones

e The cone
[Al4 :={oc € [Alr |0 =Ap, A >0, p€ [A]l}

Introduces an order

T>v & T—veE[A]L

* |n the same way define

[Aly, [A— Bl

and corresponding orderings

A4



Causal theories

* Possibility of arbitrary conditional tests

Q% 5/](7/) %j

» Causality implies no “backward” signalling

pa(pi) ==Y (pi {%) =plp;) < > A{a5)

J J

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)
PP, Quantum 4, 294 (2020)






Non causal theories

Example

| Il order Q.T.

e Second order quantum theory | ﬂ

o States: guantum operations < A B é{ P
(deterministic states: channels) ‘
A B
| A—B
o Effects: “quantum testers” >
" . KE i \A E
. Transforma:c,lons. quantum CASBCoD | c
supermaps -
|

G. Chiribella, G. M. D’Ariano, and PP, EPL 83 30004 (2008)




Local discriminability
AKA Local tomography/tomographic locality

* Every pair of bipartite states can be discriminated by local measurements

- - : > : >
_ — a a

/ /

P p — da,b: p p
B 7 B B > 7 < B }

 Conseqguence 1:

Al 1B L A B o 9. |pAgf§¢|pA9§§

 Consequence 2: Dap = DaDg [AB]r = [Alr @ [B]r

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)



Theories without local discriminability

Example 1: Real quantum theory

 Quantum theory with real Hilbert spaces Ha = Coa
o States: real density matrices

o Effects: real positive operators
bounded by the identity matrix

* [ransformations:
CP TNI maps with real Kraus operators
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Theories without local discriminability

Example 1: Real quantum theory

 Quantum theory with real Hilbert spaces Ha = Coa

o States: real density matrices [Alr = [A]r = S(Ha)
* Effects: real positive operators da(da + 1)
bounded by the identity matrix Da=—7

* [ransformations:
CP TNI maps with real Kraus operators

« Composite system: dap = dadg Dap =

dadg(dad d d 1
DAy = adsliads tdr s 1) _p
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Example 1: Real quantum theory

* The real qubit (rebit) drp =2 = Dp=3
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Example 1: Real quantum theory

* The real qubit (rebit) drp =2 = Dp =3
0)(0]
+) :=1/v2(|0) & |1))
 [wo rebits dpz =4 = Dg2 =10 = D3 +1
e Basis for [R]z [R]r = Span({l2,0,0.})

[R*]r



Theories without local discriminability

Example 1: Real quantum theory

* The real qubit (rebit) drp =2 = Dp =3
0)(0]
+) :=1/v2(|0) & |1))
e [wo rebits dpz =4 = Dg2 =10 = D3 +1
e Basis for [R]z [R]r = Span({l2,0,0.})

® BaS|S fOr HRZ]]R |[R2]]]R — Span([{[27 Oz, Uz} X {127 Oz, OZ}]U{Uy & Uy}>



Theories without local discriminability

Example 2: Fermionic quantum theory

* The theory is meant to provide a realisation of the fermion algebra
{90:,'[7903'}:5’6']'[7 {902790]}:()

for an arbitrary finite number N of Local Fermionic Modes (LFM) 1 <i,j <N

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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toN
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Theories without local discriminability

Example 2: Fermionic quantum theory

* The theory is meant to provide a realisation of the fermion algebra
{@I,Sﬁj}zéijl, {902790]}20

for an arbitrary finite number N of Local Fermionic Modes (LFM) 1 <i,j <N

* One can prove that the fermion algebra can be represented on 7 .= c*¥

toN

ol pi]00...0) =0, Vi ) = o™ ol 00. .. 0)

o Example of basis state: [0010110) = xlolpl|0000000)

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability

Example 2: Fermionic quantum theory

* The representation depends on the chosen ordering of the LFMs

J(goz-) =L --®1;_1 ®0',,;_ ®0'Zz'+1“'®UZN
JXY):=J(X)JY) JXT):=JX)T
J(aX +bY) :=aJ(X)+bJ(Y)

*Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Example 2: Fermionic quantum theory

* The representation depends on the chosen ordering of the LFMs

J(goz-) =L --®1;_1 @0',,;_ ®0'Zi+1“'®UZN
JXY):=J(X)JY) JXT):=JX)T
J(aX +bY) :=aJ(X)+bJ(Y)

» Jordan-Wigner representation

» [ypically used to study models in statistical mechanics

 Used to prove computational equivalence of Fermionic and standard quantum
computation™

*Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability

Example 2: Fermionic quantum theory

 Kraus operators must be combination of either even or odd products

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Theories without local discriminability

Example 2: Fermionic quantum theory

 Kraus operators must be combination of either even or odd products

) )
% — %
— —

— i pj  KpK' = (—K)p(—K)'

(li — 03) @, K — K’

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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Theories without local discriminability

Example 2: Fermionic quantum theory

 Kraus operators must be combination of either even or odd products

) )
% — %
— —

KpK" = (—K)p(—K)'
K — K’

o States and effects are combinations even products of field operators

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability

Example 2: Fermionic quantum theory

* This corresponds to a parity superselection rule

1) = 100), [10), a|10) + b[01), ...

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability

Example 2: Fermionic quantum theory

* This corresponds to a parity superselection rule

¥) = 100), [10), a[10) +b]01), ... ¥) = 25(|00) +[01))

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Theories without local discriminability

Example 2: Fermionic quantum theory

* This corresponds to a parity superselection rule

) = [00), [10), a|10) 4+ b|01),...  [¥) xon)

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
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Theories without local discriminability

Example 2: Fermionic quantum theory

* This corresponds to a parity superselection rule

¥) = [00), [10), a|10) +b|01),...  [¢¥) xon)

 The states of one LFM are the states of a classical bit |0)(0|, |1)(1

* Parity superselection — block-diagonal structure for states

Jp) = ( p[())O (1 —z)ﬂE )

Bravy and Kitaev, Annals of Physics 298, 210-226 (2002)
G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)
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e TwoO axioms In one

e EXxistence
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)

e Essential uniqueness
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1) 1) e 7 ]

G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)
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Theories with purification

Example 1: Deterministic Classical Theory

e System types: natural numbers m ¢ N
o States: [n]z =R", pi =(0,0,....1,...,0)"
e [m — n]:functions from subsets of A7 = {1.2,...,m}tO N ={1,2,....n}

« Reversible transformations in [» — »]: permutations

* Every state Is pure

o States of composite systems: p; @0, =7,

* Every two purifications are connected by a permutation
G. Chiribella, G. M. D’Ariano, and PP, Phys. Rev. A 81, 062348 (2010)
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Example 3: Fermionic quantum theory
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or with with an odd-parity pure state

(

V%)= 3 { el 161 1oF) £/ (L = p)a@ @) |F >>

e Purification is

G. M. D’Ariano, F. Manessi, PP, and A. Tosini, Int. J. Mod. Phys. A 29, 1430025 (2014)



Operational norm

Task: discrimination

 We assume causality

* StateS Perr = Pol_ PO = ai >_|_p1< P1 2 @

1
= —(1 +<POPO — P1p1 A ay — ao))

2
1 A 1
— 5(1 +Po — P1 — 2@?0,00 — P1p1 @) Popt = 5(1 + po — p1 — ||[Popo — P1P1]|op)
aslis
e Transformations |D||op ==  max p
E,peSt(AE) L B
op

o _ A
Effects [dllop = max (p F{ o)
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