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| ecture 3
Update rules in OPTs



Summary

* |nfinite CAs: quasi-local effects
and algebra

* Jopological closure:
sup-norm and op-norm

e States
 Global update rules
e Cellular automata

* Neighbourhood




Causal theories

* |n causal theories every
conditional test Is allowed

o If[1—1]+1{0.1}then
® HI%I]] — [0,1]
e all the sets are convex

 Every system A has a unigue
deterministic effect ¢,
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Infinite composite systems

Starting from the quantum case

* |n the quantum case: quasi-local algebra

. definition of QCA through local action on effects

w2 e) = e 71(Q) = (%) FHQ)
. . evolution of transformations
Vo, @ AT A QDZ@A %A’A’@
A’ o7 A = A’ 71 A{Q%A%_A’
U(p) =UpU', o (p)=) KipK! =  &'(p)=) HipH!, H;=UKU' = (% ")(K;)



Infinite composite systems
In general OPTs

e Difference: in OPTs effects are not an algebra
a€[A], bel[A], ab=7

* Problem: locality on effects does not grant locality on transformations

A/

A’ A’
7 =

A T2 = 12 E

4

e |n OPTs

* |n view of these considerations we will define quasi-local transformations,
and adapt the definition of CA



Important difference

* |n the definition of QCA: assumed structure of the array of cells 7

 We will avoid this, and reconstruct the structure from the CA itself

* Every cell is a system of the OPT at hand

 We want to make sense of infinite arrays: infinite composite systems



Infinite composite systems

In causal OPTs

* QOverarching assumption:
denumerable set ¢ of systems

e |Infinite case Address of a cell;
n € N no Immediate geometric
meaning
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Local effects

* Finite region: finite subset . of ¢;

* | ocal effect: pair (¢, z)—for the
sake of brevity ax—with a € [Ax]z

» We collect | | [Az]r

RCG

* \We define injection functions:
let R C 5, then frs: [Ar]r — [As]

Maps frs(ar) = (1 @es\r)s
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Inductive Iimit

e Equivalence relation: ar ~ b5 if

fr,rRUs(a) = (a0 ® es\r)RUS
fs,rus(b) = (a0 @ er\s)RUS

« Domain set: [Ac]ir == | | [Ar]/ ~
RCG



Inductive Iimit

Vector space structure

e Sum of local effects

ar + bs ‘= Crus
c'=a®eg\r+bXepr\g

* Multiplication by a real number

{(ha)R h#o
hCLR —
Og h=0

 The above operations equip [A]r
with a real vector space structure




Topology of local effects

Operational norm and sup norm

* Operational norm for effects

HCLHOP = sup |(alp)
pe[A]

* \We will use the sup-norm

J(a):={ AR | defta>=0}
|allsup = inf J(a)




Topology of local effects

Operational norm and sup norm

* Operational norm for effects

HCLHOP = sup |(alp)
pe[A]

* \We will use the sup-norm

J(a) ={AeR | et a >0}
|allsup = inf J(a)

 [he sup norm is stronger

lallop < [lal|sup
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Quasi local effects

Closure of the inductive limit

» Space [A¢[cr: Cauchy sequences in
[Ac|rr

« Equivalence relation: a,, >~ b,, if

nh—{%o lan — bn|sup =0

» Space [Ac]qr of quasi-local effects:
[Acller/ =~

. Local effects [Aq ] x: submanifold of [Ag]or
. We define [Ac]o € [Ac]o+

« Unique deterministic effect: eq



Generalized extended States

 Generalised extended state
space [Aq]x: space of bounded

linear functionals on [A:]or

e Norm In[A:]&: lel= sup |(alp)].

laflsup=1

e Criterion for proper extended
states: they must locally “look
like” states



Extended States

e Local restriction on i C G: given
o€ [Az]r We define a functional on

[Az]r as follows

Va € [Ar]r, (alpr) = (ar|p)

* A generalised extended state is a
proper state if vR C & pr € [AR]

e We can define [A;], and [A:],
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Quasi local algebra

Transformations instead of effects

o Local transformation: a pair (<7, R)
where R C G, o € [Ar — Agr|r

e Action on local effects
 Equivalence:

e o] o =y & Is\R
R S M/:«Q{O®jR\S

e Domain set:

[Ac = Aclie =| [{#r | # € [AR — Ag]}/ ~

R\S

RNS

S\ R

R\S

RNS

S\R

R\S

RNS




Inductive Iimit

Algebra structure

e Sum of local transformations and
multiplication by a real number
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Inductive Iimit

Algebra structure

e Sum of local transformations and
multiplication by a real number

Og h =0,

JZ{R —|_<%S .= CKRUs
C = Qf@fs\R—Fc@@fR\S.

hleR {(h‘Q{)R h#oa ®

 Composition of local
transformations

IrPBs = ({F @ In\rHPB @ IRr\5})RUS-
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Topology

Operational norm and sup norm

* [opology given by the sup-norm

J(ng) L= {)\GR ‘ 3% € [[AG %AgﬂLl, )\Cg:::Q/ZO}
|7 loup := inf (7

o Reason: |« %, < | |sup |2 sur

* The limit of product sequences is
the product of limits

* Closure in the operational norm
would not be an algebra



Quasi local algebra

Closure of the inductive limit

o Algebra[As; — Ag]cr of Cauchy
seguences

* Equivalence relation: .«7, ~ %, If
— OO

« Quasi-local algebra[As — Ag]or :
HAG — AG]]C]R/ ~

* | ocal transformations make up a
subalgebra

* We define
[Ac = Aclao1 € [Ac = Aclg € [Ac — Ac]o+
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Action on quasi-local effects

o Action of [A¢ — Ac]or ON [Ac]or
lim < a,

M, 1 —> 00

dTa =

o Malin result
Va € [[Ag]]Q* Jof € [[AG — AgﬂQ*, s.t. a = ﬂTeg
x = nothing, +, 1, R

o Dual action on [Ag]z: Va € [Ac]or

(el

Ag

® = (7

Ag

Qﬂ&)
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The problem of defining CA

e We could define a CA as a linear
map

 What if we add an external system?

e Transformations in OPTs are
families of linear maps

By now we know the families for
(quasi-)local transformations

e We need to build consistent
families also for CAs
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Update Rules

o An update rule is (G, A, 77) isometric s.t.
. YolAc,] = [Ac,]

» /1.7 leaves[Ac, — Ac/ ]
Invariant

e Result 1: (G, A, 7 ') isan UR

e Result2: 7eq = ec



Update Rules

» An update rule is (G, A, 7") isometric s.t.
. YolAc,] = [Ac,]

« V1.7 leaves[Ac, — Ac/ ]
Invariant

e Result 1: (G, A, 7 ') isan UR
e Result2: 7Teq = eq

e Result 3: 7' -7 ! preserves
[Ac,, = Agylls-
for$=0Q,Land*= ,1,+ R
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Global Update Rules
Admissibility

. Desideratum: 7! must represent the
action of 7 @ .7

« Observation: 7 '[Az]ir C [Ar] 1z,
RCG

 The UR is admissible if the family of
maps 7 (R) : [Ar]r — [Ar]r represents

some transformation 7» @ Z¢

* A Global Update Rule (GUR) is a UR
(GLA, 7, (G, A, 7~ 'T) are admissible




