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Lecture 3 

Update rules in OPTs



• Infinite CAs: quasi-local effects 
and algebra


• Topological closure:  
sup-norm and op-norm


• States


• Global update rules


• Cellular automata


• Neighbourhood
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[[Ā(G)
R C̄]]QR, with R fl G = (R0, 0) fi (R1, 1),

W †
aRC = (W †

a)RÕC

=[S †
H(V ≠1

H0 ¢ IH1)†S †
H(VH0 ¢ IH1)†]aRC

=[S †
H(V ≠1

H0 ¢ IH1)†S †
H ]aÕ

RÕÕC

=[S †
H(V ≠1

H0 ¢ IH1)†S †
N+ú

R0
fiR1

]aÕ
RÕÕC

=[S †
H(V ≠1

H0 ¢ IH1)†S †
N+ú

R0
fiR1

(VH0 ¢ IH1)†]aRC,

where a
Õ := (VH0 ¢ IH1)†

a, R
Õ :=

(N+ú
R0 , 0) fi (N+

R1 , 1), and R
ÕÕ := (N+ú

R0 , 0)fi(R1, 1).
Now, defining for S œ R

(H)

S Õ
S :=

Ÿ

hœS

S Õ
h, (86)

S Õ
h := (VH0 ¢ IH1)Sh(V ≠1

H0 ¢ IH1), (87)
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However, due to the structure of W †, one actually
has

(S Õ
N+ú

R0
fiR1

¢ IC)†
aRC = a

ÕÕ
(N+

R1
,0)fi(N+ú

R0
,1)C,

g
<latexit sha1_base64="fS8RMo7GVe9yoxqmeAyPzqMQOd4="></latexit>

g
<latexit sha1_base64="fS8RMo7GVe9yoxqmeAyPzqMQOd4="></latexit>

N+�
g

<latexit sha1_base64="BwrvXqGnggqGLKZdAjge0VPBxDQ="></latexit>

N+�
g

<latexit sha1_base64="BwrvXqGnggqGLKZdAjge0VPBxDQ="></latexit>

g
<latexit sha1_base64="fS8RMo7GVe9yoxqmeAyPzqMQOd4="></latexit>

g
<latexit sha1_base64="fS8RMo7GVe9yoxqmeAyPzqMQOd4="></latexit>

N+�
gg�

<latexit sha1_base64="wz3Ic4ddhaPK7hsdsCPvkZUHq0E="></latexit>

N+�
gg�

<latexit sha1_base64="wz3Ic4ddhaPK7hsdsCPvkZUHq0E="></latexit>

g�
<latexit sha1_base64="OdrFQMI7pWiSOv9qWZomaKsMoVI="></latexit>

g�
<latexit sha1_base64="OdrFQMI7pWiSOv9qWZomaKsMoVI="></latexit>

g
<latexit sha1_base64="fS8RMo7GVe9yoxqmeAyPzqMQOd4="></latexit>

g
<latexit sha1_base64="fS8RMo7GVe9yoxqmeAyPzqMQOd4="></latexit>

N+�
gg�

<latexit sha1_base64="wz3Ic4ddhaPK7hsdsCPvkZUHq0E="></latexit>

N+�
gg�

<latexit sha1_base64="wz3Ic4ddhaPK7hsdsCPvkZUHq0E="></latexit>

g�
<latexit sha1_base64="OdrFQMI7pWiSOv9qWZomaKsMoVI="></latexit>

g�
<latexit sha1_base64="OdrFQMI7pWiSOv9qWZomaKsMoVI="></latexit>

=<latexit sha1_base64="J6pfNb/7tEoJIhXKRTuEHoj3ckk="></latexit>

Figure 1: In the top picture we provide a graphical rep-

resentation of the transformation S Õ
g, with input wires

on the top left and output on the bottom right. In the

bottom picture we provide a graphical illustration of the

identity S Õ
gS Õ

gÕ = S Õ
gÕS Õ

g.
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where a
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a](R1,0)fi(R0,1)C. Let us then
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In view of the above results, we now consider the
maps V A V ≠1 for A œ [[A(R,0)C æ A(R,0)C]]R,
with R œ R

(H). First of all, we observe that

(V A V ≠1) ¢ IH1 = W (A ¢ IH1)W ≠1

is a local transformation in œ [[A(G)
(N+

R
,0)C æ

A(G)
(N+

R
,0)C]]QR. Let then a œ [[Ā(G)

S̃
C̄]]R for S œ
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Summary



• In causal theories every 
conditional test is allowed


• If  then 


• 


• all the sets are convex


• Every system  has a unique 
deterministic effect 
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Causal theories



Infinite composite systems
Starting from the quantum case
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Infinite composite systems
Starting from the quantum case

• In the quantum case: quasi-local algebra

• Bonus 1: definition of QCA through local action on effects 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• Bonus 2: evolution of transformations 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Infinite composite systems
In general OPTs

• Difference: in OPTs effects are not an algebra 
 

• Problem: locality on effects does not grant locality on transformations 
 
                  


• In OPTs transformations of a given system are an algebra


• In view of these considerations we will define quasi-local transformations,  
and adapt the definition of CA
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Important difference

• In the definition of QCA: assumed structure of the array of cells


• We will avoid this, and reconstruct the structure from the CA itself 

• Every cell is a system of the OPT at hand


• We want to make sense of infinite arrays: infinite composite systems 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In causal OPTs

• Overarching assumption: 
denumerable set  of systems


• Infinite case Address of a cell: 
 no immediate geometric 

meaning
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• Equivalence relation:  if 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Definition 10. The minimal representative of

the equivalence class aR, denoted as ãRa
, is de-

fined through

Ra :=
‹

SœR(a,R)

S, ãRa
≥ aR, (11)

where R(a,R) is the set of all those finite regions

S œ R
(G)

for which there exists b œ [[ĀS ]]R such

that bS ≥ aR.

Lemma 9. The minimal representative exists

and is unique.

Proof. As to existence, we remark that, by
Eq. (11), Ra is the set of all g œ G such that
for all regions S œ R(a,R) one has g œ S. Thus,
if h ”œ Ra, there must exist S œ R(a,R) such that
h ”œ S. This implies that i) by definition there
exists fS ≥ aR, and ii) by lemma 8 cSfih ≥ aR,
with

c = f ¢ eh. (12)

As a consequence, if cT ≥ aR and h œ T , but
h ”œ Ra, by definition (10) cT must be of the
form of Eq. (12), for some f œ [[ĀT \h]]R. Clearly,
Ra œ R

(G), since for any S œ R(a,R) one has Ra ™

S. Now, let S œ R(a,R), and cS ≥ aR. One has
S = Ra fi S

Õ, where S
Õ := (S \ Ra) œ R

(G), thus
Ra fl S

Õ = ÿ. By Eq. (12), we then have

c = b ¢ eSÕ , b œ [[ĀRa
]]R. (13)

We now define ãRa
:= bRa

, and finally, since
Eq. 13 holds for any cS ≥ aR, one can easily
verify that ãRa

≥ aR.
As to uniqueness, we remark that the re-

gion Ra is uniquely defined. Now, suppose that
there were two di�erent b, c œ [[ĀRa

]]R such that
bRa

, cRa
≥ aR. Then by Eq. (10) it must be

b = c.

We now make local effects into a vector space.

Definition 11. Let aR, bS œ [[ĀG]]LR, and h œ R.

Then we define

haR :=
I

(ha)R h ”= 0,

0ÿ h = 0,

aR + bS := cRfiS

c := a ¢ eS\R + b ¢ eR\S .

Notice that it is not always true that Rc = Rafi

Rb. As an example, consider a = fg1 ¢fg2 and b =
fg1 ¢ (e ≠ fg2), with fg1 ”= eg1 , 0 ”= fg2 ”= eg2 , and
Ra = Rb = {g1, g2}. Then c = a + b = fg1 ¢ eg2 ,
and clearly Rc = {g1}, which is strictly included
in Ra = Rb = Ra fi Rb.

It is easy to check that [[ĀG]]LR is a real vector
space with null element given by the equivalence
class of 0ÿ.

We now equip the real vector space of local
effects with a norm, and we then close it to ob-
tain the Banach space of quasi-local effects. The
definition is based on a norm for effects of finite
systems, as every local effect aR œ [[ĀG]]LR re-
duces to the effect ã œ [[ĀRa

]]R. A natural norm
one might think of is then the operational norm,
that induces the following definition.

Definition 12. The operational norm ÎaRÎop of

aR œ [[ĀG]]LR is defined by the following expres-

sion

ÎaRÎop := ÎãÎop, (14)

where ã œ [[ĀRa
]]R.

Unfortunately, if one completes the space of
local effects in the operational norm, in general
the dual norm on the space of bounded linear
functionals—which will be our state space—does
not coincide with the operational norm on the
state space, for those states that can be inter-
preted as quasi-local preparations. We will then
choose a different norm on our space of effects.
The new norm will be referred to as sup-norm, as
it is the extension of the sup-norm to the infinite
case.

As far as finite-dimensional systems are con-
cerned, this choice does not represent a problem,
as all norms are equivalent in finite-dimensional
vector spaces. However, the sup-norm is stronger
than the operational one—see corollary 4—, and
thus the space that we construct, completing our
normed vector space of local effects with sup-
norm Cauchy sequences, might contain distinct
limits that are operationally equivalent. This
point is a delicate one, and to avoid an unreason-
able construction where there exist different ef-
fects that are operationally equivalent, we impose
a sufficient constraint for the operational norm
and the sup-norm to be equivalent also for infi-
nite systems: we restrict attention to those the-
ories where the following property holds: there
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JĀKLR

Inductive limit
<latexit sha1_base64="/1gGlIJbLIqrwQXdkBYqYJ/CBFY="></latexit>

R

<latexit sha1_base64="aIO8MHRTHt5WGAHdjqYxsOn4Eeg="></latexit>

S

Definition 10. The minimal representative of

the equivalence class aR, denoted as ãRa
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‹
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S œ R
(G)
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As a consequence, if cT ≥ aR and h œ T , but
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:= bRa
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bRa
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b = c.
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haR :=
I

(ha)R h ”= 0,

0ÿ h = 0,
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c := a ¢ eS\R + b ¢ eR\S .
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Rb. As an example, consider a = fg1 ¢fg2 and b =
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Unfortunately, if one completes the space of
local effects in the operational norm, in general
the dual norm on the space of bounded linear
functionals—which will be our state space—does
not coincide with the operational norm on the
state space, for those states that can be inter-
preted as quasi-local preparations. We will then
choose a different norm on our space of effects.
The new norm will be referred to as sup-norm, as
it is the extension of the sup-norm to the infinite
case.

As far as finite-dimensional systems are con-
cerned, this choice does not represent a problem,
as all norms are equivalent in finite-dimensional
vector spaces. However, the sup-norm is stronger
than the operational one—see corollary 4—, and
thus the space that we construct, completing our
normed vector space of local effects with sup-
norm Cauchy sequences, might contain distinct
limits that are operationally equivalent. This
point is a delicate one, and to avoid an unreason-
able construction where there exist different ef-
fects that are operationally equivalent, we impose
a sufficient constraint for the operational norm
and the sup-norm to be equivalent also for infi-
nite systems: we restrict attention to those the-
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JĀGKQR                o    
<latexit sha1_base64="Ug5zrsHpWAYJc1yWSGqG0AGIuJ4="></latexit>
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JĀGKQR

• WW WWWeW
<latexit sha1_base64="CM2o8AS3QaG6Q71wuI6bfqQdQJU="></latexit>
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Indeed, let G = R fi H, with |R| < Œ. Then
[eR] = [1ÿ] = eG, which is the equation repre-
sented by the diagram in Eq. 24. Similarly, let
aR ¢ bH := limnæŒ(a ¢ bn), where [bnSn

] = b œ

[[ĀH ]]QR. By corollary 3, one has [(a¢bn)RfiSn
] =

(aR ¢ bH). Thus, in G = R fi H, one has
aR = [aR] = [(aR ¢ eH)] = aR ¢ eH , which is
the meaning of Eq. (22).

As a final remark, we observe that for every
denumerable set G, and every subset R ™ G, in-
cluding infinite ones, one can define [[Ā(G)

R ]]QR as
the closed subspace spanned by those quasi-local
effects a = anRn

such that, for every n œ N, Rn ™

R. If one constructs the system AR :=
o

gœR Ag,
it is straightforward to construct an ordered Ba-
nach space isomorphism

J †
R : [[Ā(G)

R ]]QR æ [[ĀR]]QR :: [anRn
]G ‘æ [anRn

]R,

(25)

with the norm coinciding with the sup-norm in
both spaces. The left-inverse of J †

R is

J ≠1†
R : [[ĀR]]QR æ [[Ā(G)

R ]]QR. (26)

J †
R and J ≠1†

R can be diagrammatically denoted
as

R

J †
R

R
a

G\R
e

= R
a ,

(27)

G
J ≠1†

R
R

a =
R

a

G\R
e

. (28)

4.2 Extended states

Now that we defined the space of quasi-local ef-
fects, we can define the space of states as the
space of bounded linear functionals on [[ĀG]]QR.
The set of states is then defined considering those
linear functionals that, acting on local effects of
an arbitrary finite region R, behave as a state in
[[AR]].

Definition 15 (Generalised extended states).
The space [[AG]]R of generalised extended states
of AG is the topological dual of [[ĀG]]QR, i.e. the

Banach space [[ĀG]]úQR of bounded linear function-

als on [[ĀG]]QR, equipped with the norm

ÎflÎú := sup
ÎaÎsup=1

|(a|fl)|. (29)

The operational norm on [[AG]]R, defined as

ÎflÎop := sup
aœ[[ĀG]]Q

(2a ≠ eG|fl), (30)

coincides with the norm Î·Îú, as we now prove.

Lemma 16. Let fl œ [[AG]]R. Then

ÎflÎú = sup
aœ[[ĀG]]Q

(2a ≠ eG|fl). (31)

Proof. Let 0 Æ Á Æ ÎflÎop. We then have

0 Æ ÎflÎop ≠ Á Æ (2a ≠ eG|fl),

for some a œ [[ĀG]]Q. Invoking lemma 11, one has

eG + (2a ≠ eG) = 2a ≤ 0,

eG ≠ (2a ≠ eG) = 2(eG ≠ a) ≤ 0,

and, by lemma 14, Î2a ≠ eGÎsup Æ 1. Then it is

ÎflÎop ≠ Á Æ
(2a ≠ eG|fl)

Î2a ≠ eGÎsup
Æ ÎflÎú.

On the other hand, let us now pick a œ [[ĀG]]R
with ÎaÎsup = 1. Then, by lemma 15, eG ±a ≤ 0.
If we define a± := 1

2(eG ± a), we have a± ≤ 0,
and

a+ + a≠ = eG, (a+ ≠ a≠) = a, (32)

which by lemma 12 implies that a± œ [[ĀG]]Q.
Then

±(a|fl) = (2a± ≠ eG|fl).

Thus, |(a|fl)| Æ ÎflÎop, for every Á > 0, and taking
the supremum on the l.h.s. we obtain ÎflÎú Æ

ÎflÎop.

Technically speaking, the two norms Î·Îsup and
Î·Îú are a base and order-unit norm pair [51].

What is missing now is the notion of a convex
set of proper states, the extended preparations of
our infinite system AG. Let us then give the fol-
lowing definition.

Definition 16 (Local restriction). Given a state

fl œ [[AG]]R, the local restriction of fl to S œ R
(G)

is the functional fl|S œ [[AS ]]R defined through

(a|fl|S) := (aS |fl), ’a œ [[ĀS ]]. (33)

The notion of a restriction can be brought fur-
ther, considering infinite regions, by invoking the
isomorphism JR defined in Eq. (25), as follows.
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Transformations instead of effects

• Local transformation: a pair  
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Algebra structure

• Sum of local transformations and 
multiplication by a real number 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<latexit sha1_base64="tNWSSYNk1UVac+T/R3+h7yGq83A="></latexit>

ARBS := ({A ⌦ IS\R}{B ⌦ IR\S})R[S .

Inductive limit

<latexit sha1_base64="/1gGlIJbLIqrwQXdkBYqYJ/CBFY="></latexit>

R

<latexit sha1_base64="aIO8MHRTHt5WGAHdjqYxsOn4Eeg="></latexit>

S



Operational norm and sup norm

• TTTTTTTT TTTTT TT TTT TTTTTTTT
<latexit sha1_base64="86905wD/buP63SFFDEYIgcpwwxA="></latexit>

J(A ) := {� 2 R | 9C 2 JAG ! AGKL1, �C ± A � 0}
kA ksup := inf J(A )

Topology



Operational norm and sup norm

• TTTTTTTT TTTTT TT TTT TTTTTTTT
<latexit sha1_base64="86905wD/buP63SFFDEYIgcpwwxA="></latexit>

J(A ) := {� 2 R | 9C 2 JAG ! AGKL1, �C ± A � 0}
kA ksup := inf J(A )

• RRRRRRR <latexit sha1_base64="9XUwxdPuNOjZXYVKEFu9IUPSRdY="></latexit>

kA Bksup  kA ksupkBksup

Topology



Operational norm and sup norm

• TTTTTTTT TTTTT TT TTT TTTTTTTT
<latexit sha1_base64="86905wD/buP63SFFDEYIgcpwwxA="></latexit>

J(A ) := {� 2 R | 9C 2 JAG ! AGKL1, �C ± A � 0}
kA ksup := inf J(A )

• RRRRRRR <latexit sha1_base64="9XUwxdPuNOjZXYVKEFu9IUPSRdY="></latexit>

kA Bksup  kA ksupkBksup

• TTT TTTTT TT TTTTTTT TTTTTTTTT TT
ttt ttttttt tt tttttt

Topology



Operational norm and sup norm

• Topology given by the sup-norm  
 
<latexit sha1_base64="86905wD/buP63SFFDEYIgcpwwxA="></latexit>

J(A ) := {� 2 R | 9C 2 JAG ! AGKL1, �C ± A � 0}
kA ksup := inf J(A )

• Reason: <latexit sha1_base64="9XUwxdPuNOjZXYVKEFu9IUPSRdY="></latexit>

kA Bksup  kA ksupkBksup

• The limit of product sequences is 
the product of limits

• Closure in the operational norm 
would not be an algebra

Topology



Closure of the inductive limit

• Algebra  of Cauchy 
sequences


• Equivalence relation:  if 
  


• Quasi-local algebra  : 



• Local transformations make up a 
subalgebra


• We define 

<latexit sha1_base64="dQ6jBT6vK4e2SSjr/xwWy5Pg1qY="></latexit>

JAG ! AGKCR

<latexit sha1_base64="v3TcI4rk9Jr2FdixeUnJwZ/oLuQ="></latexit>

An ' Bn
<latexit sha1_base64="X96GVh5NP2I++Hvi/zxLDyNoCXY="></latexit>

lim
n!1

kAn � Bnksup = 0

<latexit sha1_base64="SOUelu7CQAXQQDTZ7kesfII8V/A="></latexit>

JAG ! AGKQR
<latexit sha1_base64="Wr/QwECGUBDaGV5QTw0Txb21e0E="></latexit>

JAG ! AGKCR/ '

<latexit sha1_base64="P7SjDsb4Gnl0qPj3J8zXnV5PJqU="></latexit>

JAG ! AGKQ1 ✓ JAG ! AGKQ ✓ JAG ! AGKQ+

Quasi local algebra



• AAAAAA AA <latexit sha1_base64="SOUelu7CQAXQQDTZ7kesfII8V/A="></latexit>

JAG ! AGKQR   <latexit sha1_base64="c97I7Ydn+PJlaMo4esIn6Vij5fk="></latexit>

JĀGKQR
<latexit sha1_base64="cFJnEypwPgnoiGvHyap0Hijn5zg="></latexit>

A †a = lim
m,n!1

A †
man

Action on quasi-local effects



• AAAAAA AA <latexit sha1_base64="SOUelu7CQAXQQDTZ7kesfII8V/A="></latexit>

JAG ! AGKQR   <latexit sha1_base64="c97I7Ydn+PJlaMo4esIn6Vij5fk="></latexit>

JĀGKQR
<latexit sha1_base64="cFJnEypwPgnoiGvHyap0Hijn5zg="></latexit>

A †a = lim
m,n!1

A †
man

• MMMM MMMMMM
<latexit sha1_base64="EmPicEBjnnG/rgAgWguSVjhT0t8="></latexit>

8a 2 JĀGKQ⇤ 9A 2 JAG ! AGKQ⇤, s.t. a = A †eG
<latexit sha1_base64="x/t5m/IK+JOX1vOPvMe2LWIePAY="></latexit>

⇤ = nothing,+, 1,R

Action on quasi-local effects



• Action of  on  
<latexit sha1_base64="SOUelu7CQAXQQDTZ7kesfII8V/A="></latexit>

JAG ! AGKQR
<latexit sha1_base64="c97I7Ydn+PJlaMo4esIn6Vij5fk="></latexit>

JĀGKQR
<latexit sha1_base64="cFJnEypwPgnoiGvHyap0Hijn5zg="></latexit>

A †a = lim
m,n!1

A †
man

• Main result 
 

   

<latexit sha1_base64="EmPicEBjnnG/rgAgWguSVjhT0t8="></latexit>

8a 2 JĀGKQ⇤ 9A 2 JAG ! AGKQ⇤, s.t. a = A †eG
<latexit sha1_base64="x/t5m/IK+JOX1vOPvMe2LWIePAY="></latexit>

⇤ = nothing,+, 1,R

• Dual action on :   
 

<latexit sha1_base64="RJcc4pQl7XAZ1dgmdvpuBHT9vf4="></latexit>

JAGKR
<latexit sha1_base64="9GJ1fAB7/23IW0l6XZxPCuODvvI="></latexit>

8a 2 JĀGKQR

<latexit sha1_base64="zVtyU8iGZ09ladEWWptT1VaqH3M="></latexit>

Â ⇢
AG a := ⇢ AG

A †a

Action on quasi-local effects



• WW WWWWW WWWeW W WW WW W WWWWWW
mmm

The problem of defining CA



• WW WWWWW WWWeW W WW WW W WWWWWW
mmm

• WWWW WW WW WWW WW WWWWWWWW WWWWWWW

The problem of defining CA



• WW WWWWW WWWeW W WW WW W WWWWWW
mmm

• WWWW WW WW WWW WW WWWWWWWW WWWWWWW

• TTTTTTTTTTTTTTT TT TTTT TTT
ffffffff ff ffffff ffff

The problem of defining CA



• WW WWWWW WWWeW W WW WW W WWWWWW
mmm

• WWWW WW WW WWW WW WWWWWWWW WWWWWWW

• TTTTTTTTTTTTTTT TT TTTT TTT
ffffffff ff ffffff ffff

• BB BBB BB BBBB BBB BBBBBBBB BBB
((((((((((((( (((((((((((((((

The problem of defining CA



• We could define a CA as a linear 
map

• What if we add an external system?

• Transformations in OPTs are 
families of linear maps

• By now we know the families for 
(quasi-)local transformations

• We need to build consistent 
families also for CAs

The problem of defining CA



• LLL <latexit sha1_base64="MgRSG1/gqdJQtGi/7oI3jxfStxE="></latexit>

G0 := G [ {↵}; ;;; <latexit sha1_base64="KE+nValqjoiSPTBah3ghR4/P1Ms="></latexit>

8C, AG0
C

bb bbb
ttttttttttt ttttt tttt <latexit sha1_base64="7RI91cgKaHCVapvPg46f/EhkOek="></latexit>

A↵ = C

Automorphic families
<latexit sha1_base64="8aun+orS684cSB94LTParwScBhk="></latexit>

1

<latexit sha1_base64="xXLJbXw4VtV5lydPJKziBHnlyvI="></latexit>

2
<latexit sha1_base64="Bo8qkeNsVquQ6o/ITE1vE2mgOIw="></latexit>

3

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="CeWjF50nWzGwRRK3yl+zzQZ8adg="></latexit>↵



• LLL <latexit sha1_base64="MgRSG1/gqdJQtGi/7oI3jxfStxE="></latexit>

G0 := G [ {↵}; ;;; <latexit sha1_base64="KE+nValqjoiSPTBah3ghR4/P1Ms="></latexit>

8C, AG0
C

bb bbb
ttttttttttt ttttt tttt <latexit sha1_base64="7RI91cgKaHCVapvPg46f/EhkOek="></latexit>

A↵ = C

• AAAAAAAAAAA AAAAAAA
<latexit sha1_base64="2RRWiCgntF2XXS9yYtJsNrD5FYg="></latexit>

V † := {V †
C : JĀG0

C
KQR ! JĀG0

C
K | C 2 Sys(⇥)}

Automorphic families
<latexit sha1_base64="8aun+orS684cSB94LTParwScBhk="></latexit>

1

<latexit sha1_base64="xXLJbXw4VtV5lydPJKziBHnlyvI="></latexit>

2
<latexit sha1_base64="Bo8qkeNsVquQ6o/ITE1vE2mgOIw="></latexit>

3

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="CeWjF50nWzGwRRK3yl+zzQZ8adg="></latexit>↵



• LLL <latexit sha1_base64="MgRSG1/gqdJQtGi/7oI3jxfStxE="></latexit>

G0 := G [ {↵}; ;;; <latexit sha1_base64="KE+nValqjoiSPTBah3ghR4/P1Ms="></latexit>

8C, AG0
C

bb bbb
ttttttttttt ttttt tttt <latexit sha1_base64="7RI91cgKaHCVapvPg46f/EhkOek="></latexit>

A↵ = C

• AAAAAAAAAAA AAAAAAA
<latexit sha1_base64="2RRWiCgntF2XXS9yYtJsNrD5FYg="></latexit>

V † := {V †
C : JĀG0

C
KQR ! JĀG0

C
K | C 2 Sys(⇥)}

•
<latexit sha1_base64="2MGi+uFD+PiCrb5LodbuQOsqyZQ="></latexit>

V �1†
C A †

↵V �1
C = A †

↵

Automorphic families
<latexit sha1_base64="8aun+orS684cSB94LTParwScBhk="></latexit>

1

<latexit sha1_base64="xXLJbXw4VtV5lydPJKziBHnlyvI="></latexit>

2
<latexit sha1_base64="Bo8qkeNsVquQ6o/ITE1vE2mgOIw="></latexit>

3

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="CeWjF50nWzGwRRK3yl+zzQZ8adg="></latexit>↵



• Let ; let  be the 
topological limit with 

<latexit sha1_base64="MgRSG1/gqdJQtGi/7oI3jxfStxE="></latexit>

G0 := G [ {↵}
<latexit sha1_base64="KE+nValqjoiSPTBah3ghR4/P1Ms="></latexit>

8C, AG0
C

<latexit sha1_base64="7RI91cgKaHCVapvPg46f/EhkOek="></latexit>

A↵ = C

• Automorphic family: 
 

<latexit sha1_base64="2RRWiCgntF2XXS9yYtJsNrD5FYg="></latexit>

V † := {V †
C : JĀG0

C
KQR ! JĀG0

C
K | C 2 Sys(⇥)}

•
<latexit sha1_base64="2MGi+uFD+PiCrb5LodbuQOsqyZQ="></latexit>

V �1†
C A †

↵V �1
C = A †

↵

• For  
 

<latexit sha1_base64="SgCPxET46QJ9OZVnyTah81Ra7/k="></latexit>

C = C0C1
<latexit sha1_base64="ngmRxdC/TOayxhH7OzliKWrB7Jo="></latexit>

V �1†
C A †

G0
C0

V †
C = A 0†

G0
C0

<latexit sha1_base64="9YfWKyTA9Df52t10iwmsXykU7L4="></latexit>

V †
CA †

G0
C0

V �1†
C = A 00†

G0
C0

Automorphic families
<latexit sha1_base64="8aun+orS684cSB94LTParwScBhk="></latexit>

1

<latexit sha1_base64="xXLJbXw4VtV5lydPJKziBHnlyvI="></latexit>

2
<latexit sha1_base64="Bo8qkeNsVquQ6o/ITE1vE2mgOIw="></latexit>

3

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="CeWjF50nWzGwRRK3yl+zzQZ8adg="></latexit>↵



• Let ; let  be the 
topological limit with 

<latexit sha1_base64="MgRSG1/gqdJQtGi/7oI3jxfStxE="></latexit>

G0 := G [ {↵}
<latexit sha1_base64="KE+nValqjoiSPTBah3ghR4/P1Ms="></latexit>

8C, AG0
C

<latexit sha1_base64="7RI91cgKaHCVapvPg46f/EhkOek="></latexit>

A↵ = C

• Automorphic family: 
 

<latexit sha1_base64="2RRWiCgntF2XXS9yYtJsNrD5FYg="></latexit>

V † := {V †
C : JĀG0

C
KQR ! JĀG0

C
K | C 2 Sys(⇥)}

•
<latexit sha1_base64="2MGi+uFD+PiCrb5LodbuQOsqyZQ="></latexit>

V �1†
C A †

↵V �1
C = A †

↵

• For  
 

<latexit sha1_base64="SgCPxET46QJ9OZVnyTah81Ra7/k="></latexit>

C = C0C1
<latexit sha1_base64="ngmRxdC/TOayxhH7OzliKWrB7Jo="></latexit>

V �1†
C A †

G0
C0

V †
C = A 0†

G0
C0

<latexit sha1_base64="9YfWKyTA9Df52t10iwmsXykU7L4="></latexit>

V †
CA †

G0
C0

V �1†
C = A 00†

G0
C0

Automorphic families
<latexit sha1_base64="8aun+orS684cSB94LTParwScBhk="></latexit>

1

<latexit sha1_base64="xXLJbXw4VtV5lydPJKziBHnlyvI="></latexit>

2
<latexit sha1_base64="Bo8qkeNsVquQ6o/ITE1vE2mgOIw="></latexit>

3

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .
<latexit sha1_base64="oMaVeAnRXRYpSL+qV9bFUrYJIk0="></latexit>. . .

<latexit sha1_base64="CeWjF50nWzGwRRK3yl+zzQZ8adg="></latexit>↵



• AA uuuuuu uuuu   
<latexit sha1_base64="NNcWnTa2038ksGFdYgI8E4e5GoI="></latexit>

(G,A,V †),              

Update Rules



• AA uuuuuu uuuu   
<latexit sha1_base64="NNcWnTa2038ksGFdYgI8E4e5GoI="></latexit>

(G,A,V †),              

•
<latexit sha1_base64="yongKju594TOtxI5ox4jQOM1P1I="></latexit>

V̂CJAG0
C
K = JAG0

C
K

Update Rules



• AA uuuuuu uuuu   
<latexit sha1_base64="NNcWnTa2038ksGFdYgI8E4e5GoI="></latexit>

(G,A,V †),              

•
<latexit sha1_base64="yongKju594TOtxI5ox4jQOM1P1I="></latexit>

V̂CJAG0
C
K = JAG0

C
K

•
<latexit sha1_base64="a6GC/T9C9aHKjPYtlc/WTh7LtU8="></latexit>

V † · V �1†       <latexit sha1_base64="XYnOySbY/Pgtk7Xkm9VpAri2g54="></latexit>

JAG0
C
! AG0

C
KL+

iiiiiiiii

Update Rules



• AA uuuuuu uuuu   
<latexit sha1_base64="NNcWnTa2038ksGFdYgI8E4e5GoI="></latexit>

(G,A,V †),              

•
<latexit sha1_base64="yongKju594TOtxI5ox4jQOM1P1I="></latexit>

V̂CJAG0
C
K = JAG0

C
K

•
<latexit sha1_base64="a6GC/T9C9aHKjPYtlc/WTh7LtU8="></latexit>

V † · V �1†       <latexit sha1_base64="XYnOySbY/Pgtk7Xkm9VpAri2g54="></latexit>

JAG0
C
! AG0

C
KL+

iiiiiiiii

• RRRRRR RR
<latexit sha1_base64="6U6kyHcQyPOhcMJbut7QUjkNA+I="></latexit>

(G,A,V �1†)     UU

Update Rules



• AA uuuuuu uuuu   
<latexit sha1_base64="NNcWnTa2038ksGFdYgI8E4e5GoI="></latexit>

(G,A,V †),              

•
<latexit sha1_base64="yongKju594TOtxI5ox4jQOM1P1I="></latexit>

V̂CJAG0
C
K = JAG0

C
K

•
<latexit sha1_base64="a6GC/T9C9aHKjPYtlc/WTh7LtU8="></latexit>

V † · V �1†       <latexit sha1_base64="XYnOySbY/Pgtk7Xkm9VpAri2g54="></latexit>

JAG0
C
! AG0

C
KL+

iiiiiiiii

• RRRRRR RR
<latexit sha1_base64="6U6kyHcQyPOhcMJbut7QUjkNA+I="></latexit>

(G,A,V �1†)     UU

• RRRRRR RR
<latexit sha1_base64="B2r1XwHwLmWBha05+DnhnBzyZ8c="></latexit>

V †eG0 = eG0

Update Rules



• An update rule is , isometric s.t.
<latexit sha1_base64="NNcWnTa2038ksGFdYgI8E4e5GoI="></latexit>

(G,A,V †)

•
<latexit sha1_base64="yongKju594TOtxI5ox4jQOM1P1I="></latexit>

V̂CJAG0
C
K = JAG0

C
K

•  leaves  
invariant

<latexit sha1_base64="a6GC/T9C9aHKjPYtlc/WTh7LtU8="></latexit>

V † · V �1† <latexit sha1_base64="XYnOySbY/Pgtk7Xkm9VpAri2g54="></latexit>

JAG0
C
! AG0

C
KL+

• Result 1:  is an UR
<latexit sha1_base64="6U6kyHcQyPOhcMJbut7QUjkNA+I="></latexit>

(G,A,V �1†)

• Result 2: 
<latexit sha1_base64="B2r1XwHwLmWBha05+DnhnBzyZ8c="></latexit>

V †eG0 = eG0

• Result 3:  preserves 
  

for  and 

<latexit sha1_base64="a6GC/T9C9aHKjPYtlc/WTh7LtU8="></latexit>

V † · V �1†
<latexit sha1_base64="lXJr+gYZBZqH4Zmb50e4O1w+gjw="></latexit>

JAG0
C
! AG0

C
K$⇤

<latexit sha1_base64="E2Udkg/TKUzmPYvw8MIvpM5OfTM="></latexit>

$ = Q,L
<latexit sha1_base64="G24n7P3oyz5/JcsEulHc5b2LDSU="></latexit>⇤ = , 1,+,R

Update Rules



Admissibility

• DDDDDDDDDDDD
<latexit sha1_base64="GRchMmsGrIem7IPawdaWS7Beksg="></latexit>

V †
C                 

aaaaaa aa
<latexit sha1_base64="sNI0zJAJTShPFO5GMg+i4vQ4pAU="></latexit>

V †
G ⌦ I †

C

Global Update Rules



Admissibility

• DDDDDDDDDDDD
<latexit sha1_base64="GRchMmsGrIem7IPawdaWS7Beksg="></latexit>

V †
C                 

aaaaaa aa
<latexit sha1_base64="sNI0zJAJTShPFO5GMg+i4vQ4pAU="></latexit>

V †
G ⌦ I †

C

• OOOOOOOOOOOO
<latexit sha1_base64="aP8SRlsFDcwnzdC14N8kAQwF+4M="></latexit>

V †JĀRKLR ✓ JĀR0KLR,
<latexit sha1_base64="o0igqplnBOxffvX44Nfk4t3ENqQ="></latexit>

R ✓ G0

Global Update Rules



Admissibility

• DDDDDDDDDDDD
<latexit sha1_base64="GRchMmsGrIem7IPawdaWS7Beksg="></latexit>

V †
C                 

aaaaaa aa
<latexit sha1_base64="sNI0zJAJTShPFO5GMg+i4vQ4pAU="></latexit>

V †
G ⌦ I †

C

• OOOOOOOOOOOO
<latexit sha1_base64="aP8SRlsFDcwnzdC14N8kAQwF+4M="></latexit>

V †JĀRKLR ✓ JĀR0KLR,
<latexit sha1_base64="o0igqplnBOxffvX44Nfk4t3ENqQ="></latexit>

R ✓ G0

• TTT TT TT aaaaaaaaaa              
mmmm

<latexit sha1_base64="a5Qb3Xj/td9p8KHjxWbKFpdiwXM="></latexit>

V †
C (R) : JĀRKR ! JĀR0KR           

ssss ssssssssssssss <latexit sha1_base64="0hONCHtrdi6PvibfduUL0zYMYw0="></latexit>

VR ⌦ IC

Global Update Rules



Admissibility

• Desideratum:  must represent the 
action of 

<latexit sha1_base64="GRchMmsGrIem7IPawdaWS7Beksg="></latexit>

V †
C

<latexit sha1_base64="sNI0zJAJTShPFO5GMg+i4vQ4pAU="></latexit>

V †
G ⌦ I †

C

• Observation: , 
  

<latexit sha1_base64="aP8SRlsFDcwnzdC14N8kAQwF+4M="></latexit>

V †JĀRKLR ✓ JĀR0KLR
<latexit sha1_base64="o0igqplnBOxffvX44Nfk4t3ENqQ="></latexit>

R ✓ G0

• The UR is admissible if the family of 
maps  represents 
some transformation  

<latexit sha1_base64="a5Qb3Xj/td9p8KHjxWbKFpdiwXM="></latexit>

V †
C (R) : JĀRKR ! JĀR0KR

<latexit sha1_base64="0hONCHtrdi6PvibfduUL0zYMYw0="></latexit>

VR ⌦ IC

• A Global Update Rule (GUR) is a UR 
 such that  
,  are admissible

<latexit sha1_base64="mWbMIhT50Z2InU0NJAZzLf4zt+A="></latexit>

(G,A,V †)
<latexit sha1_base64="mWbMIhT50Z2InU0NJAZzLf4zt+A="></latexit>

(G,A,V †)
<latexit sha1_base64="ryqe2WAbnEgVHPK8geCUS9ALwI0="></latexit>

(G,A,V �1†)

Global Update Rules


