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Lecture 5

Homogeneity and Cayley graphs



• Local processes in one-to one 
correspondence with CA


• Homogeneity


• Homologous regions


• Cayley graphs and translations

Summary



Local action

<latexit sha1_base64="j/hv9vFdyascHso8zVAen02ZbrE="></latexit>

AG

<latexit sha1_base64="Z+xgyLhbs+Vy+tsoGYPY41em1Rk="></latexit>

R

<latexit sha1_base64="kRmYub7plCG2pTNdxnMA8JrJc8g="></latexit>
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V †              <latexit sha1_base64="oe6QoAwesYq1JHEarQ1pygzQO8w="></latexit>

R         <latexit sha1_base64="6ky3gUkNiWAy8Wnzi3WzMJ39tog="></latexit>

C, S

<latexit sha1_base64="pXIgAWvxornzTiY/yUWVsHUOdEo="></latexit>

V †
S = V †

R\S ⌦ IS\R
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• WW WWWWW
<latexit sha1_base64="n+XAhkDhQbV3AEyRQwH+w2TIFPI="></latexit>

V † = V 0† ⌦ I †
G\R
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•  acts locally on  if for all  
 
 

<latexit sha1_base64="1x/zLUbISOwCVRl+8Chl9uvFXSc="></latexit>

V † <latexit sha1_base64="oe6QoAwesYq1JHEarQ1pygzQO8w="></latexit>

R
<latexit sha1_base64="6ky3gUkNiWAy8Wnzi3WzMJ39tog="></latexit>

C, S

<latexit sha1_base64="pXIgAWvxornzTiY/yUWVsHUOdEo="></latexit>

V †
S = V †

R\S ⌦ IS\R

• We write  
<latexit sha1_base64="n+XAhkDhQbV3AEyRQwH+w2TIFPI="></latexit>

V † = V 0† ⌦ I †
G\R

• If  acts locally on  and  
acts locally on  

<latexit sha1_base64="1x/zLUbISOwCVRl+8Chl9uvFXSc="></latexit>

V † <latexit sha1_base64="oe6QoAwesYq1JHEarQ1pygzQO8w="></latexit>

R
<latexit sha1_base64="/gO9NuhT4AF1Qlnyj72Wq2npRu0="></latexit>

W †
<latexit sha1_base64="0bWe9Pt+JzraIQYrI3/H/Xtm9ug="></latexit>

G \R
<latexit sha1_base64="dQgO7zYeZ7WeQF4gZnF23IVLRaI="></latexit>

V 0† ⌦ W 0† := V †W † = W †V †
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The swap GUR

• LLL <latexit sha1_base64="v0X2/DemNB1MfCVHvB9/H4Kk50w="></latexit>

G = H ⇥ {0, 1}

Example

<latexit sha1_base64="13VLBtnMrabJ+FEdxkEtakK4Lak="></latexit>

(H, 1)

<latexit sha1_base64="89xzBGR1gM+sZRhASOu+W4GKKfs="></latexit>

(H, 0)

<latexit sha1_base64="FtP41+BeTCp/SR3RTXazazyTbxY="></latexit>

(R, 0)

<latexit sha1_base64="IUeDTZRuMhk28N/gVq8eCPTxQDE="></latexit>

(R, 1)
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The swap GUR

• LLL <latexit sha1_base64="v0X2/DemNB1MfCVHvB9/H4Kk50w="></latexit>

G = H ⇥ {0, 1}

• FFF <latexit sha1_base64="FnAB13qYuOHnNScfnzmJ3BCbiQc="></latexit>

R ✓ H, ,, ,,, ,
<latexit sha1_base64="FFnBa7sTcn8vme5Uz2h5CpzzWB0="></latexit>

(G,A,S †
R)     

sssss sssssss ss sss ssssss <latexit sha1_base64="FtP41+BeTCp/SR3RTXazazyTbxY="></latexit>

(R, 0)

wwww wwwww ww <latexit sha1_base64="IUeDTZRuMhk28N/gVq8eCPTxQDE="></latexit>
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•
<latexit sha1_base64="DRhdi0Bb0qcSqsxMtUC5GOsM5AU="></latexit>

S †
H
(U ⌦ V )†S †

H
= (V ⌦ U )†

Example

<latexit sha1_base64="13VLBtnMrabJ+FEdxkEtakK4Lak="></latexit>

(H, 1)

<latexit sha1_base64="89xzBGR1gM+sZRhASOu+W4GKKfs="></latexit>

(H, 0)

<latexit sha1_base64="FtP41+BeTCp/SR3RTXazazyTbxY="></latexit>

(R, 0)

<latexit sha1_base64="IUeDTZRuMhk28N/gVq8eCPTxQDE="></latexit>

(R, 1)



The swap GUR

• Let <latexit sha1_base64="v0X2/DemNB1MfCVHvB9/H4Kk50w="></latexit>

G = H ⇥ {0, 1}

• For , we define  that 
swaps systems in the region  
with those in 

<latexit sha1_base64="FnAB13qYuOHnNScfnzmJ3BCbiQc="></latexit>

R ✓ H

<latexit sha1_base64="FFnBa7sTcn8vme5Uz2h5CpzzWB0="></latexit>

(G,A,S †
R)

<latexit sha1_base64="FtP41+BeTCp/SR3RTXazazyTbxY="></latexit>

(R, 0)
<latexit sha1_base64="IUeDTZRuMhk28N/gVq8eCPTxQDE="></latexit>

(R, 1)

•
<latexit sha1_base64="DRhdi0Bb0qcSqsxMtUC5GOsM5AU="></latexit>

S †
H
(U ⌦ V )†S †

H
= (V ⌦ U )†

• If , <latexit sha1_base64="yLKMoxeDS4MZU9naUgzenV1znWY="></latexit>

R \ S = ;
<latexit sha1_base64="U0gzem7xMGW0NVQEhtNK2L91Y04="></latexit>

V †S †
R[SV �1† = V †S †

RV �1†V †S †
SV �1†

Example
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Imprinting a GUR in local transformation
The  “T” process



Imprinting a GUR in local transformation

• CCCCCCCC
<latexit sha1_base64="2nEgnsGAaj2HhY31Mzpbh65FEPU="></latexit>
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ii ii iiiiii iiiii iiii
<latexit sha1_base64="xxTcIS5AndYI72aJDv8XqGv1Tn0="></latexit>
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G)S

†(V �1† ⌦ I †
G)S

†

=

2

4
Y

g2G

(V † ⌦ I †
G)S

†
g (V

�1† ⌦ I †
G)

3

5S †

The  “T” process
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• LLL
<latexit sha1_base64="xUaJCeKWTvgFZcAi9enDuhnUAI4="></latexit>

S 0†
g := (V † ⌦ I †

G)S
†
g (V

�1† ⌦ I †
G)

The  “T” process



Imprinting a GUR in local transformation

• Consider  
it is easily shown that 
 

<latexit sha1_base64="2nEgnsGAaj2HhY31Mzpbh65FEPU="></latexit>

V † ⌦ V �1†

<latexit sha1_base64="xxTcIS5AndYI72aJDv8XqGv1Tn0="></latexit>

V † ⌦ V �1† = (V † ⌦ I †
G)S

†(V �1† ⌦ I †
G)S

†

=

2

4
Y

g2G

(V † ⌦ I †
G)S

†
g (V

�1† ⌦ I †
G)

3

5S †

• Let 
<latexit sha1_base64="xUaJCeKWTvgFZcAi9enDuhnUAI4="></latexit>

S 0†
g := (V † ⌦ I †

G)S
†
g (V

�1† ⌦ I †
G)

• The transformation  identifies 
both neighbourhoods of  

<latexit sha1_base64="JiJQrdR3BJE8BaIlBSGYqRRtCBU="></latexit>

S 0†
g

<latexit sha1_base64="7dJG/tE4YiQikc1lf5lulnROs7E="></latexit>g

The  “T” process
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=



Reversing the correspondence

• EEEEE EEE EEEvEE
<latexit sha1_base64="EKkchKCvwvOCVqeGWbb7j5hzJrY="></latexit>

S 0†
g

The “T” process



Reversing the correspondence

• EEEEE EEE EEEvEE
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• VVVVVVVVVV VVVVV VVV
<latexit sha1_base64="EKkchKCvwvOCVqeGWbb7j5hzJrY="></latexit>
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The “T” process



Reversing the correspondence

• EEEEE EEE EEEvEE
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•
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= I †

The “T” process



Reversing the correspondence

• EEEEE EEE EEEvEE
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S 0†
g
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S 0†
g

2
= I †

•
<latexit sha1_base64="dCQnPwe6s2eDRKGPwzgEtbhmZQg="></latexit>

S 0†
g S 0†

h = S 0†
h S 0†

g

The “T” process



Reversing the correspondence

• EEEEE EEE EEEvEE
<latexit sha1_base64="EKkchKCvwvOCVqeGWbb7j5hzJrY="></latexit>
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•
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S 0†
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= I †

•
<latexit sha1_base64="dCQnPwe6s2eDRKGPwzgEtbhmZQg="></latexit>

S 0†
g S 0†

h = S 0†
h S 0†

g

•
<latexit sha1_base64="6Oaf8fFVAeVfKIQZeR8/rXwyduY="></latexit>

S 0†
g(I

†
N+

g
⌦ A †)S 0†

g = A 0† ⌦ I †
g

Y

h2N�
g

S 0†
h(B

†
g ⌦ I †

N�
g
)S 0†

h = I †
N+

N�
g

⌦ B0†

The “T” process



Reversing the correspondence

• Every GUR defines 
<latexit sha1_base64="EKkchKCvwvOCVqeGWbb7j5hzJrY="></latexit>

S 0†
g

• Viceversa, every set  such that
<latexit sha1_base64="EKkchKCvwvOCVqeGWbb7j5hzJrY="></latexit>

S 0†
g

•  
<latexit sha1_base64="DHrxJq8vSNSgE3CpOvuECuBy1y0="></latexit>
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g

2
= I †

•
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g

Y
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g

⌦ B0†

• defines a GUR through 
<latexit sha1_base64="XUlSUe73FxRS8SHs1h4sUIGJpsM="></latexit>

V † ⌦ V �1† =
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4
Y

g2G
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G)S

†
g (V

�1† ⌦ I †
G)

3

5S †

The “T” process



Translation invariance

• FFF FFF FFF FFFFF FFFF FF FFF FFFF
ssssssssss sss sss sssssssssss
nnnnnn nnnnn nnn nnnnnnnnn nnnnnn nn
ttttttttttt tttttttttt

Homogeneity



Translation invariance

• FFF FFF FFF FFFFF FFFF FF FFF FFFF
ssssssssss sss sss sssssssssss
nnnnnn nnnnn nnn nnnnnnnnn nnnnnn nn
ttttttttttt tttttttttt

• HHHH HH HHH HHH HHHHHHHH H HHHHHHH
sssssssss ssss sss ssssss sss sssss ss
nn nnnnnnn nnnnnn nn nnnnnnnnnnn

Homogeneity



Translation invariance

• FFF FFF FFF FFFFF FFFF FF FFF FFFF
ssssssssss sss sss sssssssssss
nnnnnn nnnnn nnn nnnnnnnnn nnnnnn nn
ttttttttttt tttttttttt

• HHHH HH HHH HHH HHHHHHHH H HHHHHHH
sssssssss ssss sss ssssss sss sssss ss
nn nnnnnnn nnnnnn nn nnnnnnnnnnn

• CCCCCCCC CCCCCCCC CCC CCCeCC CC
hhhhhhhhhhh hhhhhh hhhhhh hhhhh

Homogeneity



Translation invariance

• For QCA the local rule at any site 
summarises all the information 
needed about the evolution thanks to 
translation invariance

• Here we are not assuming a lattice 
structure from the outset and there is 
no natural notion of translation

• Cellular automata are defined as 
homogeneous global update rules

• Intuitively speaking: homogeneity 
consists in “treating” every cell equally

Homogeneity



Requirements for a precise definition

• TTT TTTT TTTTTTTTTTT TTTTTTTTT TT
eeeeeeeee eeeeeeee ee eeeeeeee ee
““““““““ “““ ““““ “““““ ““ “““
ccccc ccc ccccccccc ccc cccccccccc
oo oooooooo

Homogeneity



Requirements for a precise definition

• TTT TTTT TTTTTTTTTTT TTTTTTTTT TT
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Homogeneity



Requirements for a precise definition

• TTT TTTT TTTTTTTTTTT TTTTTTTTT TT
eeeeeeeee eeeeeeee ee eeeeeeee ee
““““““““ “““ ““““ “““““ ““ “““
ccccc ccc ccccccccc ccc cccccccccc
oo oooooooo

• TTT TTThTTTTT TT TTTTTTTTTTT
rrrrrrrr rerr r rrrrrrr rrrrrr rr

•                       
dddidddd ddddd

Homogeneity



Requirements for a precise definition

• The only operational criterion to 
establish equality of consists in 
“running the same test” in two 
cells and comparing the statistics 
of outcomes

• The definition of homogeneity 
requires first a precise notion of

•  “running the same test” on 
different cells

• exchanging the role of two cells

Homogeneity



Running the same test

• TTT TTTTTTT <latexit sha1_base64="S+lJ7SjynRXqV4e67LT7gAeqIBA="></latexit>

A    <latexit sha1_base64="0lPaYwK4xzRI7oWaSim1oeXm/4M="></latexit>

B    
ooooooooooooo oooooooooo o<latexit sha1_base64="C6UcYn/RpC7WhDWedtIYl+KYCvE="></latexit>

A ⇠= B) ))
ttttt tt t tttttttttt
tttttttttttttt ttttttt tttt

Operationally equivalent regions
<latexit sha1_base64="IFrlysAqVWVM0zvRdHAldkJPvHc="></latexit>

C

F

C

A2
V �1 A1 B1

U
B1

=
C

F
C

A2 B2

<latexit sha1_base64="yYhUISVl50Y/fNSSGI6vF32rvSo="></latexit>

V 2 JA1 ! A2K, U 2 JB1 ! B2K



Running the same test

• Two systems  and  are 
operationally equivalent ( ) if 
there is a reversible 
transformation between them

<latexit sha1_base64="S+lJ7SjynRXqV4e67LT7gAeqIBA="></latexit>

A
<latexit sha1_base64="0lPaYwK4xzRI7oWaSim1oeXm/4M="></latexit>

B
<latexit sha1_base64="C6UcYn/RpC7WhDWedtIYl+KYCvE="></latexit>

A ⇠= B

• The reversible transformation 
defines the notion of “performing 
the same test”

Operationally equivalent regions
<latexit sha1_base64="IFrlysAqVWVM0zvRdHAldkJPvHc="></latexit>

C

F

C

A2
V �1 A1 B1

U
B1

=
C

F
C

A2 B2

<latexit sha1_base64="yYhUISVl50Y/fNSSGI6vF32rvSo="></latexit>

V 2 JA1 ! A2K, U 2 JB1 ! B2K



Accounting for internal structure

• WWWW WWWWWWW WWWWW WWWWWWWW WW WWWW
wwww ww wwwwwww wwwww wwwwwwww
sssssssss

Operationally equivalent regions

<latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1

<latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2



Accounting for internal structure

• WWWW WWWWWWW WWWWW WWWWWWWW WW WWWW
wwww ww wwwwwww wwwww wwwwwwww
sssssssss

• EEEEE EEEEEEEEE <latexit sha1_base64="qOckGPK4nb0vdxS0P7oogq75fIs="></latexit>

S1 ✓ R1          
ccccccccccc <latexit sha1_base64="9NNuZnp+Cgayx0qmEok7bJbHAdc="></latexit>

S2 ✓ R2             
cccccccccc cc cccc ccccccc <latexit sha1_base64="YpgFnpwSryitGG5fAUrlH8wIsnU="></latexit>

AS1
⇠= AS2

Operationally equivalent regions

<latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1

<latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2



Accounting for internal structure

• WWWW WWWWWWW WWWWW WWWWWWWW WW WWWW
wwww ww wwwwwww wwwww wwwwwwww
sssssssss

• EEEEE EEEEEEEEE <latexit sha1_base64="qOckGPK4nb0vdxS0P7oogq75fIs="></latexit>

S1 ✓ R1          
ccccccccccc <latexit sha1_base64="9NNuZnp+Cgayx0qmEok7bJbHAdc="></latexit>

S2 ✓ R2             
cccccccccc cc cccc ccccccc <latexit sha1_base64="YpgFnpwSryitGG5fAUrlH8wIsnU="></latexit>

AS1
⇠= AS2

• RRRRRRR <latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1    <latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2          
<latexit sha1_base64="fQVBj8Ru87St3ixdy1LF5+5aAb8="></latexit>

R1 = {g1, . . . , gl}, R2 = {h1, . . . , hl}, Agi
⇠= Ahi

Operationally equivalent regions

<latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1

<latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2



Accounting for internal structure

• When talking about regions, we also 
want to compare their internal 
structure

• Every subregion  must have a 
counterpart  such that they 
correspond to o.e. systems 

<latexit sha1_base64="qOckGPK4nb0vdxS0P7oogq75fIs="></latexit>

S1 ✓ R1
<latexit sha1_base64="9NNuZnp+Cgayx0qmEok7bJbHAdc="></latexit>

S2 ✓ R2
<latexit sha1_base64="YpgFnpwSryitGG5fAUrlH8wIsnU="></latexit>

AS1
⇠= AS2

• Result:  and  are o.e. iff <latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1
<latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2
<latexit sha1_base64="fQVBj8Ru87St3ixdy1LF5+5aAb8="></latexit>

R1 = {g1, . . . , gl}, R2 = {h1, . . . , hl}, Agi
⇠= Ahi

• In this case 
<latexit sha1_base64="7bUhJajKEe4eXieVkMTGL7IGY8Q="></latexit>

UR1,R2 =
O

gi2R1

Ug1,hi

Operationally equivalent regions

<latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1

<latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2



“Treated in the same way”

• GGGGG G GGG
<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †), ,,, ,,,,,,
<latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1   hhhhhhhhhh         
rrrrrr <latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2   <latexit sha1_base64="GFRyR3gESMPOzedT+gWe5tUwNkw="></latexit>

N+
R1

        <latexit sha1_base64="sPnHX73/8rD/8DxgygevIAKvTEg="></latexit>

N+
R2

, ,,,
ttttt tttttt t ttt

<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)     
tttt

<latexit sha1_base64="9c3Rzf6FBKyQmCj0YUApJqlzBt8="></latexit>

B(1)
l V A (1)

k = T �1B(2)
l V A (2)

k T . ..
wwwww <latexit sha1_base64="iGSGdaJuCrcURKx6XNHR1KUnZzU="></latexit>

R1 ./T R2

Homologous regions
<latexit sha1_base64="nNuOwEn4Jl7u8/rcxlRr3R2tcqs="></latexit>

B(1)
l

<latexit sha1_base64="8RXcGMtwWNCShPAGpu8I6etd6NM="></latexit>

A (1)
k V

<latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit>

<latexit sha1_base64="nNuOwEn4Jl7u8/rcxlRr3R2tcqs="></latexit>

B(1)
l

<latexit sha1_base64="8RXcGMtwWNCShPAGpu8I6etd6NM="></latexit>

A (1)
k V

<latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit>

=



“Treated in the same way”

• GGGGG G GGG
<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †), ,,, ,,,,,,
<latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1   hhhhhhhhhh         
rrrrrr <latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2   <latexit sha1_base64="GFRyR3gESMPOzedT+gWe5tUwNkw="></latexit>

N+
R1

        <latexit sha1_base64="sPnHX73/8rD/8DxgygevIAKvTEg="></latexit>

N+
R2

, ,,,
ttttt tttttt t ttt

<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)     
tttt

<latexit sha1_base64="9c3Rzf6FBKyQmCj0YUApJqlzBt8="></latexit>

B(1)
l V A (1)

k = T �1B(2)
l V A (2)

k T . ..
wwwww <latexit sha1_base64="iGSGdaJuCrcURKx6XNHR1KUnZzU="></latexit>

R1 ./T R2

Homologous regions
<latexit sha1_base64="nNuOwEn4Jl7u8/rcxlRr3R2tcqs="></latexit>

B(1)
l

<latexit sha1_base64="8RXcGMtwWNCShPAGpu8I6etd6NM="></latexit>

A (1)
k V

<latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit>T
<latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit><latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit><latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit><latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit> T �1

<latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit><latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit><latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit><latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit>

<latexit sha1_base64="nNuOwEn4Jl7u8/rcxlRr3R2tcqs="></latexit>

B(1)
l

<latexit sha1_base64="8RXcGMtwWNCShPAGpu8I6etd6NM="></latexit>

A (1)
k

V
<latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit>

=



“Treated in the same way”

• Given a GUR , the region 
 is homologous to an o.e. 

region  if  is o.e. to , and 
there exists a GUR  such 
that . We 
write 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †)
<latexit sha1_base64="7cSybcFzbcluP46x30eze5+Yslo="></latexit>

R1
<latexit sha1_base64="tct5Q7RH+7YIW6dXeqrvlZeF0Fs="></latexit>

R2

<latexit sha1_base64="GFRyR3gESMPOzedT+gWe5tUwNkw="></latexit>

N+
R1

<latexit sha1_base64="sPnHX73/8rD/8DxgygevIAKvTEg="></latexit>

N+
R2

<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="9c3Rzf6FBKyQmCj0YUApJqlzBt8="></latexit>

B(1)
l V A (1)

k = T �1B(2)
l V A (2)

k T
<latexit sha1_base64="iGSGdaJuCrcURKx6XNHR1KUnZzU="></latexit>

R1 ./T R2

• If , one has <latexit sha1_base64="iGSGdaJuCrcURKx6XNHR1KUnZzU="></latexit>

R1 ./T R2

<latexit sha1_base64="fP6uqAveiQvHHDZyu5Z7E7/LD4U="></latexit>

T �1V T = V

Homologous regions
<latexit sha1_base64="nNuOwEn4Jl7u8/rcxlRr3R2tcqs="></latexit>

B(1)
l

<latexit sha1_base64="8RXcGMtwWNCShPAGpu8I6etd6NM="></latexit>

A (1)
k V

<latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit>T
<latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit><latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit><latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit><latexit sha1_base64="mDmXV9GiBGj9o3PKXIJAWdW+OmY="></latexit> T �1

<latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit><latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit><latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit><latexit sha1_base64="RnHtxuId3gjB6/D1g02g2NWCQwY="></latexit>

<latexit sha1_base64="nNuOwEn4Jl7u8/rcxlRr3R2tcqs="></latexit>

B(1)
l

<latexit sha1_base64="8RXcGMtwWNCShPAGpu8I6etd6NM="></latexit>

A (1)
k

V
<latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit><latexit sha1_base64="7ca2nNOD7X2uydOI9vsqyq6mG9o="></latexit>

=



“Treated differently”

• Given a GUR , the cells  
and  are discriminated by  if 
for every GUR  there 
exists a region  that is not 
homologous to any  
through 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †) <latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1
<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †
<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="6xvlP5n+ULKM6i+HgGpIeZ7EXCE="></latexit>

R1 3 g1
<latexit sha1_base64="hvOXuO7Q0IgfcVRg3ttY3odVfR0="></latexit>

R2 3 g2
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T

Absolute discrimination



“Seen differently from e”

• Given a GUR , the cells  
and  are discriminated by  
with respect to  if for every 
GUR  there exists a 
region  that is not 
homologous to any , 
through , with  and 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †) <latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1
<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †

<latexit sha1_base64="Ll+kqie8+eTALIO9icfgc7nBHxo="></latexit>

e 2 G
<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="WTRSAsXfFXHvXs7JtOuaoUhhJ5g="></latexit>

R1 3 {g1, e}
<latexit sha1_base64="d57shQELOegkoWrSCtLpXGbrkKM="></latexit>

R2 3 {g2, e}
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T <latexit sha1_base64="YrnA+uG7DfRWS3B+hsLEiYJTYQM="></latexit>e ./T e
<latexit sha1_base64="Crb7/HO6iJNlzpUZFCdUUyiV9/M="></latexit>

g1 ./T g2

Relative discrimination

<latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

<latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1

<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2



“Seen differently from e”

• Given a GUR , the cells  
and  are discriminated by  
with respect to  if for every 
GUR  there exists a 
region  that is not 
homologous to any , 
through , with  and 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †) <latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1
<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †

<latexit sha1_base64="Ll+kqie8+eTALIO9icfgc7nBHxo="></latexit>

e 2 G
<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="WTRSAsXfFXHvXs7JtOuaoUhhJ5g="></latexit>

R1 3 {g1, e}
<latexit sha1_base64="d57shQELOegkoWrSCtLpXGbrkKM="></latexit>

R2 3 {g2, e}
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T <latexit sha1_base64="YrnA+uG7DfRWS3B+hsLEiYJTYQM="></latexit>e ./T e
<latexit sha1_base64="Crb7/HO6iJNlzpUZFCdUUyiV9/M="></latexit>

g1 ./T g2

Relative discrimination

<latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

<latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1

<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2



“Seen differently from e”

• Given a GUR , the cells  
and  are discriminated by  
with respect to  if for every 
GUR  there exists a 
region  that is not 
homologous to any , 
through , with  and 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †) <latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1
<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †

<latexit sha1_base64="Ll+kqie8+eTALIO9icfgc7nBHxo="></latexit>

e 2 G
<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="WTRSAsXfFXHvXs7JtOuaoUhhJ5g="></latexit>

R1 3 {g1, e}
<latexit sha1_base64="d57shQELOegkoWrSCtLpXGbrkKM="></latexit>

R2 3 {g2, e}
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T <latexit sha1_base64="YrnA+uG7DfRWS3B+hsLEiYJTYQM="></latexit>e ./T e
<latexit sha1_base64="Crb7/HO6iJNlzpUZFCdUUyiV9/M="></latexit>

g1 ./T g2

Relative discrimination

<latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

<latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1

<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2



“Seen differently from e”

• Given a GUR , the cells  
and  are discriminated by  
with respect to  if for every 
GUR  there exists a 
region  that is not 
homologous to any , 
through , with  and 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †) <latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1
<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †

<latexit sha1_base64="Ll+kqie8+eTALIO9icfgc7nBHxo="></latexit>

e 2 G
<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="WTRSAsXfFXHvXs7JtOuaoUhhJ5g="></latexit>

R1 3 {g1, e}
<latexit sha1_base64="d57shQELOegkoWrSCtLpXGbrkKM="></latexit>

R2 3 {g2, e}
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T <latexit sha1_base64="YrnA+uG7DfRWS3B+hsLEiYJTYQM="></latexit>e ./T e
<latexit sha1_base64="Crb7/HO6iJNlzpUZFCdUUyiV9/M="></latexit>

g1 ./T g2

Relative discrimination

<latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

<latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1

<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2



“Seen differently from e”

• Given a GUR , the cells  
and  are discriminated by  
with respect to  if for every 
GUR  there exists a 
region  that is not 
homologous to any , 
through , with  and 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †) <latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1
<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †

<latexit sha1_base64="Ll+kqie8+eTALIO9icfgc7nBHxo="></latexit>

e 2 G
<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="WTRSAsXfFXHvXs7JtOuaoUhhJ5g="></latexit>

R1 3 {g1, e}
<latexit sha1_base64="d57shQELOegkoWrSCtLpXGbrkKM="></latexit>

R2 3 {g2, e}
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T <latexit sha1_base64="YrnA+uG7DfRWS3B+hsLEiYJTYQM="></latexit>e ./T e
<latexit sha1_base64="Crb7/HO6iJNlzpUZFCdUUyiV9/M="></latexit>

g1 ./T g2

Relative discrimination

<latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

<latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1

<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2



“Seen differently from e”

• Given a GUR , the cells  
and  are discriminated by  
with respect to  if for every 
GUR  there exists a 
region  that is not 
homologous to any , 
through , with  and 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †) <latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1
<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †

<latexit sha1_base64="Ll+kqie8+eTALIO9icfgc7nBHxo="></latexit>

e 2 G
<latexit sha1_base64="bRl/GoYvYwbhyTy6//8UCg04Hzc="></latexit>

(G,A,T †)
<latexit sha1_base64="WTRSAsXfFXHvXs7JtOuaoUhhJ5g="></latexit>

R1 3 {g1, e}
<latexit sha1_base64="d57shQELOegkoWrSCtLpXGbrkKM="></latexit>

R2 3 {g2, e}
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T <latexit sha1_base64="YrnA+uG7DfRWS3B+hsLEiYJTYQM="></latexit>e ./T e
<latexit sha1_base64="Crb7/HO6iJNlzpUZFCdUUyiV9/M="></latexit>

g1 ./T g2

Relative discrimination

<latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

<latexit sha1_base64="Xy9QucqY1/c4xQBiLoSuTcy3RHc="></latexit>g1

<latexit sha1_base64="LhYXgs6757mnHWh/yHY5BJ/wt6Q="></latexit>g2



No two cells are discriminated

• GGGGG G GGG
<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †), ,, ,,,
tttt tt tt ttttttttttt tt ttt
eeeee eee eeeee <latexit sha1_base64="gRysiBeNodl21m8N32crWVNoO+w="></latexit>g1, g2

<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †        
dddddddddddd ddddd ddd dd dddd
rrrrrrrrrr rr r rrrrr rrrr <latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

Homogeneity



No two cells are discriminated

• Given a GUR , we say 
that it is homogeneous if for 
every two cells   does not 
discriminate them, but it does 
relatively to a third cell 

<latexit sha1_base64="az27Le6/gPekKDulhsCCe19RO1I="></latexit>

(G,A,V †)

<latexit sha1_base64="gRysiBeNodl21m8N32crWVNoO+w="></latexit>g1, g2
<latexit sha1_base64="+2d5YMAkujXUxAdb807q1Ibybd0="></latexit>

V †

<latexit sha1_base64="V0bZgdAPGMuBs4J375hwONfWilc="></latexit>e

• For every pair , there is  
such that for every  one 
finds  with 

<latexit sha1_base64="PjLZyPPatW+NPMZfMkmuBTY07NM="></latexit>

(g1, g2)
<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T
<latexit sha1_base64="6xvlP5n+ULKM6i+HgGpIeZ7EXCE="></latexit>

R1 3 g1
<latexit sha1_base64="hvOXuO7Q0IgfcVRg3ttY3odVfR0="></latexit>

R2 3 g2
<latexit sha1_base64="iGSGdaJuCrcURKx6XNHR1KUnZzU="></latexit>

R1 ./T R2

Homogeneity



From homogeneity

• WW WWWWWWW WWW WWW WWWW <latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T         
<latexit sha1_base64="q3GCjxFVssTp/UzhVnP6Mo7ZV4Y="></latexit>

Ri ./T Rj, ,,, ,,,,, <latexit sha1_base64="we5cinJ4oFff+J4drzf5BMN9flE="></latexit>

Ri 3 gi,
<latexit sha1_base64="wYDSoXpSwK1A6Uh/yShZ1Y0LdCk="></latexit>

Rj 3 gj, ,,,
<latexit sha1_base64="HpImlled0NCgZxo+1l4ESTAlQLs="></latexit>

gi, gj 2 G

Translation group



From homogeneity

• WW WWWWWWW WWW WWW WWWW <latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T         
<latexit sha1_base64="q3GCjxFVssTp/UzhVnP6Mo7ZV4Y="></latexit>

Ri ./T Rj, ,,, ,,,,, <latexit sha1_base64="we5cinJ4oFff+J4drzf5BMN9flE="></latexit>

Ri 3 gi,
<latexit sha1_base64="wYDSoXpSwK1A6Uh/yShZ1Y0LdCk="></latexit>

Rj 3 gj, ,,,
<latexit sha1_base64="HpImlled0NCgZxo+1l4ESTAlQLs="></latexit>

gi, gj 2 G

• TTTT TTTT T TTTTT TT TTTTTTTTTTTT TT
<latexit sha1_base64="IKFZb8QPMwlGPM8vROuDYDccSlY="></latexit>

G

Translation group



From homogeneity

• WW WWWWWWW WWW WWW WWWW <latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T         
<latexit sha1_base64="q3GCjxFVssTp/UzhVnP6Mo7ZV4Y="></latexit>

Ri ./T Rj, ,,, ,,,,, <latexit sha1_base64="we5cinJ4oFff+J4drzf5BMN9flE="></latexit>

Ri 3 gi,
<latexit sha1_base64="wYDSoXpSwK1A6Uh/yShZ1Y0LdCk="></latexit>

Rj 3 gj, ,,,
<latexit sha1_base64="HpImlled0NCgZxo+1l4ESTAlQLs="></latexit>

gi, gj 2 G

• TTTT TTTT T TTTTT TT TTTTTTTTTTTT TT
<latexit sha1_base64="IKFZb8QPMwlGPM8vROuDYDccSlY="></latexit>

G

• SSSSS SSSSS SSS SS SSSSSSSSSSSSS
rrrrrrrrrr rr rrrr rrrrr rrrrr rrrrr rrr
bb bb bebb bbbbb bbbbbb <latexit sha1_base64="T0EhFRiQ9oOCl4PrrdtH7Sverlc="></latexit>

T = I

Translation group



From homogeneity

• We collect all the GURs  such that 
, for every , , and 

<latexit sha1_base64="F2SR333zms7h+JDcbdu/Opca3Y8="></latexit>

T
<latexit sha1_base64="q3GCjxFVssTp/UzhVnP6Mo7ZV4Y="></latexit>

Ri ./T Rj
<latexit sha1_base64="we5cinJ4oFff+J4drzf5BMN9flE="></latexit>

Ri 3 gi
<latexit sha1_base64="wYDSoXpSwK1A6Uh/yShZ1Y0LdCk="></latexit>

Rj 3 gj
<latexit sha1_base64="HpImlled0NCgZxo+1l4ESTAlQLs="></latexit>

gi, gj 2 G

• They form a group of permutations of 
<latexit sha1_base64="IKFZb8QPMwlGPM8vROuDYDccSlY="></latexit>

G

• Since cells can be discriminated 
relatively to some third cell, there can 
be no fixed point unless <latexit sha1_base64="T0EhFRiQ9oOCl4PrrdtH7Sverlc="></latexit>

T = I

• The group acts on itself transitively 
and freely: it is a group of translations

Translation group


