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Page curve of outgoing Hawking radiation

Figure 7: Schematic behavior of the entropy of the the outgoing radiation. The precise shape
of the lines depends on the black hole and the details of the matter fields being radiated.
In green we see Hawking’s result, the entropy monotonically increases until tEnd, when the
black hole completely evaporates. In orange we see the thermodynamic entropy of the black
hole. If the process is unitary, we expect the entropy of radiation to be smaller than the
thermodynamic entropy. If it saturates this maximum, then it should follow the so called
“Page” curve, denoted in purple. This changes relative to the Hawking answer at the Page
time, tPage, when the entropy of Hawking radiation is equal to the thermodynamic entropy
of the black hole.

This is not relevant since the conflict with the central dogma appeared at the Page

time, when the black hole was still very big.

• The argument is very robust since it relies only on basic properties of the fine-grained

entropy. In particular, it is impossible to fix the problem by adding small corrections

to the Hawking process by slightly modifying the Hamiltonian or state of the quantum

fields near the horizon [62–64]. In other words, the paradox holds to all orders in

perturbation theory, and so if there is a resolution it should be non-perturbative in the

gravitational coupling GN .

• We could formulate the paradox by constantly feeding the black hole with a pure

quantum state so that we exactly compensate the energy lost by Hawking radiation.

Then the mass of the black hole is constant. Then the paradox would arise when this

process goes on for a su�ciently long time that the entropy of radiation becomes larger

than the entropy of the black hole.

• One could say that the gravity computation only gives us an approximate description

20

Figure from 
[A. Almheiri,  
 T. Hartman, 
 J. Maldacena,  
 E. Shaghoulian, 
 A. Tajdini, 2020]

Hawking’s calculation indicates that entropy of  
Hawking radiation increases until BH evaporates. 
But, from unitarity, entropy of Hawking radiation is 
expected to decreases from Page time (Page curve).

 [D. N. Page, “Average entropy of a subsystem”, 1993]
 [D. N. Page, “Information in black hole radiation”, 1993]
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Our interest 
Multi-partite generalization of Page curve 

• Entanglement between 1 BH subsystem  
   and        Hawking radiation subsystems<latexit sha1_base64="pIf5gifCkQNhV96uCoN9OXtuuFQ="></latexit>

q� 1

• Many multi-partite measures have been proposed 
  such as entanglement negativity and reflected entropy.

• We are interested in a generalization that reduces to 
entanglement entropy if         .<latexit sha1_base64="MMEzRGjnk3iB2Shh1dlPsw7nQ7A="></latexit>

q = 2
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Our result 

• We study a special new measure called multi-entropy.

• We define a black hole multi-entropy curve, which describes 
how multi-entropy changes during BH evaporation.

• For    -partite black hole multi-entropy curves, we compute 
   Rényi multi-entropy of a single random tensor with    indices.

[A. Gadde, V. Krishna, T. Sharma, 2022]

<latexit sha1_base64="je5hbhFAP1pv7EG5VMIft4OKq3M="></latexit>q
<latexit sha1_base64="je5hbhFAP1pv7EG5VMIft4OKq3M="></latexit>q

[N. Iizuka, S. Lin, MN, 2024]
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Typical behavior of 
a black hole multi-entropy curve 

Figure 2: Typical behavior of a black hole multi-entropy curve for q � 3 is shown in the

black curve. The red curve represents the Hawking curve and the blue one represents the

Page curve.

among di↵erent subsystems of the radiation, which are considered as a single system in the

Page curve.

Motivated by holographic settings, several tri-partite entanglement measures have been

studied, which include entanglement negativity [7], reflected entropy [8], entanglement of

purification [9] and odd entanglement entropy [10]. They are tri-partite measures in that

they diagnose entanglement between three parties [11]. In addition, recently progress has

been made toward the systematic classification of entanglement multi-partite measures

in [12,13]3. It is now clear that many multi-partite measures can be obtained by taking the

density matrix contraction in some generic ways. Thus, above mentioned measures, such

as entanglement negativity, are only part of them. Among these many new muti-partite

entanglement measures, a special new measure called multi-entropy [12] is of special interest

since it symmetrically treats all its subsystems, and it reduces to entanglement entropy in

the bi-partite case.

In this paper, we focus on the multi-entropy by dividing Hawking radiation into q� 1

subsystems. An evaporating black hole itself forms one subsystem, thus we have q sub-

systems in total. We study the time-evolution of q-partite multi-entropy during Hawking

radiation as a generalization of the Page curve. Especially we will focus on the following

two points:

1. Black hole multi-entropy curves, which describe how the above-mentioned multi-

entropy changes as a function of time during the entire time evolution of an evapo-

rating black hole, from early radiation to the complete evaporation of a black hole.

This multi-entropy curve reduces to the Page curve if q = 2. Typical behavior of a

black hole multi-entropy curve for q � 3 is shown Fig. 2. Generic properties of them

3
See also [14–18] for other progresses on multi-partite entanglement measures in holography.

– 3 –

<latexit sha1_base64="AHTOV6xatJSPQuEAWo8dsHpHSnA="></latexit>

q = 2

<latexit sha1_base64="DM2dkToEG8tXDuOmuyTuIMDZjig="></latexit>

q � 3

<latexit sha1_base64="Z6bPfHniTR724sONvH/SM5P9g8U="></latexit>

dBH ! 1
[N. Iizuka, S. Lin, MN, 2024]
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Outline 

1. Review of Rényi multi-entropy

2. Review of a single random tensor 

3. Black hole Rényi multi-entropy curve 

4. Early time and late time behaviors

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>
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n
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1. Review of Rényi multi-entropy 

•         cannot be determined by eigenvalues  
   of reduced density matrix.

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n

[A. Gadde, V. Krishna, T. Sharma, 2022]

• Rényi multi-entropy        is a natural generalization of  
   Rényi entanglement entropy      for   -partite systems. <latexit sha1_base64="je5hbhFAP1pv7EG5VMIft4OKq3M="></latexit>q

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n

<latexit sha1_base64="nDw8ocrgyAa5qxTTastdipxNlBw="></latexit>

S(2)
n

•        is defined by contracting indices of 
  density matrices in different ways for each subsystem.

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n
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Rényi entanglement entropy <latexit sha1_base64="nDw8ocrgyAa5qxTTastdipxNlBw="></latexit>

S(2)
n

Pure state      on bi-partite system
<latexit sha1_base64="0fMuMUJo5NewO65O4brrTjhsX5M="></latexit>

| i <latexit sha1_base64="4tZE6U59D/xYc+E6jQRtEZJrTGg="></latexit>

H = H1 ⌦H2

Reduced density matrix
<latexit sha1_base64="ZzK6hHUjvaMCk/i4fnPPGpt87Hg="></latexit>

⇢ := TrH2 | ih |

Replica partition function
<latexit sha1_base64="DEuSGyjrbF1PmAgo3ImmYZKX1Ls="></latexit>

Z(2)
n := TrH1⇢

n

<latexit sha1_base64="sJejj8FtpU9msYarXViBjS/8tUc="></latexit>

S(2)
n :=

1

1� n
log

Z(2)
n⇣

Z(2)
1

⌘nRényi entanglement entropy

Entanglement entropy
<latexit sha1_base64="KIU2+0oIt9l1nHC5E2zYaf+x9yM="></latexit>

S(2) := lim
n!1

S(2)
n
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Graphical representation of
<latexit sha1_base64="ZzK6hHUjvaMCk/i4fnPPGpt87Hg="></latexit>

⇢ := TrH2 | ih |

Graphical representation of

Figure 3: The contraction pattern that leads to q = 2 (top) and q = 3 (bottom) Rényi

multi-entropies. We use the orange squares to represent the reduced density matrices ⇢.

The setup can be described as follows: We lay out a (q � 1)-dim hypercube lattice and

we identify the opposing ends of each spatial direction (so it is really a (q� 1)-torus). We

place on each lattice point reduced density matrix ⇢. Since ⇢ is obtained from tracing out

one party from a q-partite state, it has (q � 1) pairs of free legs. We orient each pair of

legs along a specific axis of the hypercube and we contract the density matrices along the

corresponding direction (recall that the ends are identified so it is a cyclic contraction).

This process is repeated for each axis and we obtain the figure at hand.

2.2 Multi-entropy

The mutli-entropy [12,13] is a symmetric multi-partite entanglement measure that can be

thought of as a generalization of the entanglement entropy. Consider a q-partite state

| i1i2···iqi with bond dimensions d1, d2, · · · , dq. The multi-entropy is characterized by a

specific total contraction over n
q�1 density matrices defined in the following way: We start

with a (q� 1)-dimensional hypercube of length n and we assign each integer lattice point

~x = (x1, x2, · · · , xq�1) a density matrix. The action of gk, the twist operator on the k-th

party, is defined as the cyclic permutation of the elements along the k-th coordinate axis,

i.e.,

gk · (x1, · · · , xk, · · · , xq�1) = (x1, · · · , xk + 1, · · · , xq�1), 1  k  q� 1, (2.14)

gq = e. (2.15)

We identify xi = n + 1 with xi = 1 for all 1  i  q � 1. See Fig. 3 for examples of the

contraction pattern for q = 2, 3.

The contraction pattern is symmetric across di↵erent subsystems in the sense that the

expression is invariant under any reorientation of indices gi ! gi0 . As a result, the Cayley

– 8 –

<latexit sha1_base64="2+F5pYOGCYiyxlxrrmBe7eKb4vw="></latexit>⇢
<latexit sha1_base64="LGJ6v5WIukB1lj+dmH3GVkFLG6k="></latexit>

i
<latexit sha1_base64="QvgOh5nazsxBY0WJfhuiaBb3PtA="></latexit>

j

Figure 3: The contraction pattern that leads to q = 2 (top) and q = 3 (bottom) Rényi
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Indices for 
<latexit sha1_base64="dx7T1ZybUA+1QW+zxxVz4NZmdqc="></latexit>

H1

<latexit sha1_base64="DEuSGyjrbF1PmAgo3ImmYZKX1Ls="></latexit>

Z(2)
n := TrH1⇢

n

Graphical representation of
<latexit sha1_base64="4ABjN7DoDDz3qYM8ELDgp+IKVPo="></latexit>

Z(2)
n

<latexit sha1_base64="2+F5pYOGCYiyxlxrrmBe7eKb4vw="></latexit>⇢ <latexit sha1_base64="2+F5pYOGCYiyxlxrrmBe7eKb4vw="></latexit>⇢ <latexit sha1_base64="2+F5pYOGCYiyxlxrrmBe7eKb4vw="></latexit>⇢
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<latexit sha1_base64="2+F5pYOGCYiyxlxrrmBe7eKb4vw="></latexit>⇢
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Graphical representation  
for       tri-partite systems<latexit sha1_base64="G7U7Gizs2cnD7lKn0kzh22IYvzg="></latexit>
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H1Indices for <latexit sha1_base64="GHRHvM7+nAHBD22fflRUOiLDSWU="></latexit>
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multi-entropies. We use the orange squares to represent the reduced density matrices ⇢.

The setup can be described as follows: We lay out a (q � 1)-dim hypercube lattice and

we identify the opposing ends of each spatial direction (so it is really a (q� 1)-torus). We

place on each lattice point reduced density matrix ⇢. Since ⇢ is obtained from tracing out

one party from a q-partite state, it has (q � 1) pairs of free legs. We orient each pair of

legs along a specific axis of the hypercube and we contract the density matrices along the

corresponding direction (recall that the ends are identified so it is a cyclic contraction).

This process is repeated for each axis and we obtain the figure at hand.

2.2 Multi-entropy

The mutli-entropy [12,13] is a symmetric multi-partite entanglement measure that can be

thought of as a generalization of the entanglement entropy. Consider a q-partite state

| i1i2···iqi with bond dimensions d1, d2, · · · , dq. The multi-entropy is characterized by a

specific total contraction over n
q�1 density matrices defined in the following way: We start

with a (q� 1)-dimensional hypercube of length n and we assign each integer lattice point

~x = (x1, x2, · · · , xq�1) a density matrix. The action of gk, the twist operator on the k-th

party, is defined as the cyclic permutation of the elements along the k-th coordinate axis,

i.e.,

gk · (x1, · · · , xk, · · · , xq�1) = (x1, · · · , xk + 1, · · · , xq�1), 1  k  q� 1, (2.14)

gq = e. (2.15)

We identify xi = n + 1 with xi = 1 for all 1  i  q � 1. See Fig. 3 for examples of the

contraction pattern for q = 2, 3.

The contraction pattern is symmetric across di↵erent subsystems in the sense that the

expression is invariant under any reorientation of indices gi ! gi0 . As a result, the Cayley

– 8 –

Graphical representation of  
replica partition function  
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We can generalize        for    -partite systems. 
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<latexit sha1_base64="je5hbhFAP1pv7EG5VMIft4OKq3M="></latexit>q

<latexit sha1_base64="0/EwxNteMUR2Qakx1k/j7UC8JSw="></latexit>
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Rényi multi-entropy
<latexit sha1_base64="pgIysZS37boK4vVA055UmctrDjk="></latexit>

(q, n)
<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n

[A. Gadde, V. Krishna, T. Sharma, 2022]

<latexit sha1_base64="zaLmiK8wy8pDMYug6pSaiFy+ihA="></latexit>

S(q)
n :=

1

1� n
log

Z(q)
n

(Z(q)
1 )nq�1

•      reduces to Rényi entanglement entropy if        .
<latexit sha1_base64="3rPGBN0WtJ2huAQfueZIH6K0SUE="></latexit>

S(2)
n

•      treats all subsystems symmetrically.
<latexit sha1_base64="rk5mA9Dy7BfN4YhisVovoUEaOWU="></latexit>

S(q)
n

• The holographic dual for multi-entropy 
   has been proposed. 

<latexit sha1_base64="EC3Q71xB9/aa2GWxjQI99dkH2JI="></latexit>

S(q) := lim
n!1

S(q)
n

12

• Symmetric construction is crucial for monotonicity.
[A. Gadde, S. Jain, V. Krishna, H. Kulkarni, T. Sharma, 2023]
[A. Gadde, S. Jain, H. Kulkarni, 2024]

<latexit sha1_base64="MMEzRGjnk3iB2Shh1dlPsw7nQ7A="></latexit>

q = 2



contains broader information 
than bi-partite entanglement measures.
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[A. Gadde, V. Krishna, T. Sharma, 2022]

          cannot be determined by eigenvalues  
   of reduced density matrix.
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Recent developments on multi-entropy
Multi-entropy in random tensor networks  
and holographic states [G. Penington, M. Walter, F. Witteveen, 2022]

Multi-entropy in CFTs [A. Gadde, V. Krishna, T. Sharma, 2023]

[J. Harper, T. Takayanagi, T. Tsuda, 2024]

Multi-entropy for topological ground states
[B. Liu, J. Zhang, S. Ohyama, Y. Kusuki, S. Ryu, 2024]

Reflected multi-entropy for mixed states
[M.-K. Yuan, M. Li, Y. Zhou, 2024]

[A. Gadde, J. Harper, V. Krishna, 2024]

Multi-invariants and bulk replica symmetry
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1. Review of Rényi multi-entropy 

•         cannot be determined by eigenvalues  
   of reduced density matrix.

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>
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n
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S(q)
n

[A. Gadde, V. Krishna, T. Sharma, 2022]

• Rényi multi-entropy        is a natural generalization of  
   Rényi entanglement entropy      for   -partite systems. <latexit sha1_base64="je5hbhFAP1pv7EG5VMIft4OKq3M="></latexit>q

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n
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S(2)
n

•        is defined by contracting indices of 
  density matrices in different ways for each subsystem.

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n



2. Review of single random tensor  

• By counting the number of loops in graphical 
representation, we can compute        . 

• Single random tensor is a good model to study  
   BH evaporation as in Page’s work.  

• Random average can be represented by  
   Wick contraction due to Gaussian property.

<latexit sha1_base64="u/V0E1KEsVKVhpX2+c1h5oRjQTs="></latexit>

S(q)
n
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[P. Hayden, S. Nezami, X.-L. Qi, N. Thomas, M. Walter, Z. Yang, 2016]
[C. Akers, T. Faulkner, S. Lin, P. Rath, 2021]
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Single random tensor in bi-partite systems
Two subsystems <latexit sha1_base64="MGhg2sYuywA0X/IZaDOqQTaiJBg="></latexit>

H = HA ⌦HB

Single random tensor 
state 

Page computed entanglement entropy of           
and use it to discuss entropy of Hawking radiation.

 : complex random variable with Haar measure <latexit sha1_base64="3el5OfZhDVYKR14z/trQZfuyAXk="></latexit>ciA,jB
<latexit sha1_base64="LzxtS/HP6wgGz6CRxW0wy1ENyag="></latexit>

dµ 

Gaussian property
<latexit sha1_base64="GKPNKAqmZlofdltCZHCiEipxRbg="></latexit>Z

dµ ciA,jB = 0

<latexit sha1_base64="3hmUX0qgOgW86ozIb64xp1hBVzw=">AAACdnichVHLLgRBFD3T3uM12EgkMjEZrCa3RRCJRNhYeg0SI5PuVqjoV7prRpj4AT9gIRYkiPgMGz9g4RPEkoSFhTs9nQiCW6mqU6fuuXWqyvRtGSqih4RWV9/Q2NTckmxta+/oTHV1r4ReKbBE3vJsL1gzjVDY0hV5JZUt1vxAGI5pi1Vzd7a6v1oWQSg9d1nt+2LDMbZduSUtQzFVTHUVpKvSmwWnVCz4oUxP6cVUhnIURf on0GOQQRzzXuoKBWzCg4USHAi4UIxtGAi5rUMHwWduAxXmAkYy2hc4RJK1Jc4SnGEwu8vjNq/WY9bldbVmGKktPsXmHrAyjSzd0zU90x3d0CO9/1qrEtWoetnn2axphV/sPOpdev1X5fCssPOp+tOzwhYmIq+SvfsRU72FVdOXD46flyYXs5VBOqcn9n9GD3TLN3DLL9bFglg8QZI/QP/+3D/BykhOH8uNLYxmpmfir2hGHwYwzO89jmnMYR55PncPp7jEVeJN69ey2lAtVUvEmh58CY0+ABfLkFo=</latexit>Z
dµ = 1

<latexit sha1_base64="xWCErNpTNl8Dnu0jTBVZPmvYs5Q="></latexit>Z
dµ ciA,jBc

⇤
i0A,j0B

=
�iA,i0A

�jB ,j0B

dAdB

 [D. N. Page, “Average entropy of a subsystem”, 1993]

<latexit sha1_base64="6Aq4ns8+dwOAIkax/R0ihEmb1/k="></latexit>

| iAB

<latexit sha1_base64="aJrci4PvRtflpHuTKpAy0f7d+fw="></latexit>

| iAB =
dAX

iA=1

dBX

iB=1

ciA,jB |iAi ⌦ |jBi

<latexit sha1_base64="gD0yt1MKtdlBbKUWZcUSIgXGHe4="></latexit>

dimHA = dA, dimHB = dB

 [D. N. Page, “Information in black hole radiation”, 1993]



Graphical representation of 
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| iAB =
dAX

iA=1

dBX

iB=1

ciA,jB |iAi ⌦ |jBi
| i

AB
h |

A⇤B⇤ can be represented as a four-legged tensor

, (2.3)

where we use purple triangles to represent the random state | i
AB

and we use black (green)

lines to represent the subspaces associated to subsystem A (B). Contraction over subspaces

is indicated by connecting corresponding legs. For example, the reduced density matrix

⇢A = TrB | i
AB

h |
A⇤B⇤ can be expressed as

. (2.4)

In the setting of quantum information, one is often interested in entanglement measures

that can be expressed as contractions between multiple copies of density matrices [13]. Let’s

say we have n copies of the density matrix ⇢ = | i h |. The ensemble average over the

Haar measure can be readily done using Schur’s lemma [35]:

(| i h |)⌦n =

Z
[DU ] (U |�i h�|U)⌦n /

X

g2Sn

⌃(g), (2.5)

where g is an element of the symmetry group Sn and ⌃(g) is the “twist operator” whose

action permutes the replica Hilbert space according to g. In the diagrammatic notation,

we write this as

, (2.6)

where we represent the summation over the group elements using blue lines that goes on

top of the tensors. Note that we have to sum over all pairwise contractions between bras

and kets. Note also that the state | i is not normalized. Normalization can be achieved

“on average” by dividing out the average of the norm | i.4 This is achieved for by including

a factor of 1/dAdB to each blue contraction line when summing over Sn, as shown above.

The lower end of the diagram is determined by the contraction pattern of the entan-

glement measure we wish to compute. For example, to compute the purity of the reduced

density matrix Tr ⇢2
A
, we use

, (2.7)

4
For large bond dimensions this is su�cient for our purposes. See the analysis at the end of this

subsection for the finite d corrections.

– 6 –
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In the setting of quantum information, one is often interested in entanglement measures

that can be expressed as contractions between multiple copies of density matrices [13]. Let’s

say we have n copies of the density matrix ⇢ = | i h |. The ensemble average over the

Haar measure can be readily done using Schur’s lemma [35]:

(| i h |)⌦n =

Z
[DU ] (U |�i h�|U)⌦n /

X

g2Sn

⌃(g), (2.5)

where g is an element of the symmetry group Sn and ⌃(g) is the “twist operator” whose

action permutes the replica Hilbert space according to g. In the diagrammatic notation,

we write this as

, (2.6)

where we represent the summation over the group elements using blue lines that goes on

top of the tensors. Note that we have to sum over all pairwise contractions between bras

and kets. Note also that the state | i is not normalized. Normalization can be achieved

“on average” by dividing out the average of the norm | i.4 This is achieved for by including

a factor of 1/dAdB to each blue contraction line when summing over Sn, as shown above.

The lower end of the diagram is determined by the contraction pattern of the entan-

glement measure we wish to compute. For example, to compute the purity of the reduced

density matrix Tr ⇢2
A
, we use

, (2.7)

4
For large bond dimensions this is su�cient for our purposes. See the analysis at the end of this

subsection for the finite d corrections.
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Graphical representation of reduced density matrix

Figure 3: The contraction pattern that leads to q = 2 (top) and q = 3 (bottom) Rényi

multi-entropies. We use the orange squares to represent the reduced density matrices ⇢.

The setup can be described as follows: We lay out a (q � 1)-dim hypercube lattice and

we identify the opposing ends of each spatial direction (so it is really a (q� 1)-torus). We

place on each lattice point reduced density matrix ⇢. Since ⇢ is obtained from tracing out

one party from a q-partite state, it has (q � 1) pairs of free legs. We orient each pair of

legs along a specific axis of the hypercube and we contract the density matrices along the

corresponding direction (recall that the ends are identified so it is a cyclic contraction).

This process is repeated for each axis and we obtain the figure at hand.

2.2 Multi-entropy

The mutli-entropy [12,13] is a symmetric multi-partite entanglement measure that can be

thought of as a generalization of the entanglement entropy. Consider a q-partite state

| i1i2···iqi with bond dimensions d1, d2, · · · , dq. The multi-entropy is characterized by a

specific total contraction over n
q�1 density matrices defined in the following way: We start

with a (q� 1)-dimensional hypercube of length n and we assign each integer lattice point

~x = (x1, x2, · · · , xq�1) a density matrix. The action of gk, the twist operator on the k-th

party, is defined as the cyclic permutation of the elements along the k-th coordinate axis,

i.e.,

gk · (x1, · · · , xk, · · · , xq�1) = (x1, · · · , xk + 1, · · · , xq�1), 1  k  q� 1, (2.14)

gq = e. (2.15)

We identify xi = n + 1 with xi = 1 for all 1  i  q � 1. See Fig. 3 for examples of the

contraction pattern for q = 2, 3.

The contraction pattern is symmetric across di↵erent subsystems in the sense that the

expression is invariant under any reorientation of indices gi ! gi0 . As a result, the Cayley

– 8 –
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Graphical representation of 
random average 
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A⇤B⇤ can be represented as a four-legged tensor

, (2.3)

where we use purple triangles to represent the random state | i
AB

and we use black (green)

lines to represent the subspaces associated to subsystem A (B). Contraction over subspaces

is indicated by connecting corresponding legs. For example, the reduced density matrix

⇢A = TrB | i
AB

h |
A⇤B⇤ can be expressed as

. (2.4)

In the setting of quantum information, one is often interested in entanglement measures

that can be expressed as contractions between multiple copies of density matrices [13]. Let’s

say we have n copies of the density matrix ⇢ = | i h |. The ensemble average over the

Haar measure can be readily done using Schur’s lemma [35]:

(| i h |)⌦n =

Z
[DU ] (U |�i h�|U)⌦n /

X

g2Sn

⌃(g), (2.5)

where g is an element of the symmetry group Sn and ⌃(g) is the “twist operator” whose

action permutes the replica Hilbert space according to g. In the diagrammatic notation,

we write this as

, (2.6)

where we represent the summation over the group elements using blue lines that goes on

top of the tensors. Note that we have to sum over all pairwise contractions between bras

and kets. Note also that the state | i is not normalized. Normalization can be achieved

“on average” by dividing out the average of the norm | i.4 This is achieved for by including

a factor of 1/dAdB to each blue contraction line when summing over Sn, as shown above.

The lower end of the diagram is determined by the contraction pattern of the entan-

glement measure we wish to compute. For example, to compute the purity of the reduced

density matrix Tr ⇢2
A
, we use

, (2.7)

4
For large bond dimensions this is su�cient for our purposes. See the analysis at the end of this

subsection for the finite d corrections.
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AB

and we use black (green)

lines to represent the subspaces associated to subsystem A (B). Contraction over subspaces

is indicated by connecting corresponding legs. For example, the reduced density matrix

⇢A = TrB | i
AB

h |
A⇤B⇤ can be expressed as

. (2.4)

In the setting of quantum information, one is often interested in entanglement measures

that can be expressed as contractions between multiple copies of density matrices [13]. Let’s

say we have n copies of the density matrix ⇢ = | i h |. The ensemble average over the

Haar measure can be readily done using Schur’s lemma [35]:

(| i h |)⌦n =

Z
[DU ] (U |�i h�|U)⌦n /

X

g2Sn

⌃(g), (2.5)

where g is an element of the symmetry group Sn and ⌃(g) is the “twist operator” whose

action permutes the replica Hilbert space according to g. In the diagrammatic notation,

we write this as

, (2.6)

where we represent the summation over the group elements using blue lines that goes on

top of the tensors. Note that we have to sum over all pairwise contractions between bras

and kets. Note also that the state | i is not normalized. Normalization can be achieved

“on average” by dividing out the average of the norm | i.4 This is achieved for by including

a factor of 1/dAdB to each blue contraction line when summing over Sn, as shown above.

The lower end of the diagram is determined by the contraction pattern of the entan-

glement measure we wish to compute. For example, to compute the purity of the reduced

density matrix Tr ⇢2
A
, we use

, (2.7)

4
For large bond dimensions this is su�cient for our purposes. See the analysis at the end of this

subsection for the finite d corrections.
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Counting the number of loops, 
we can compute       . 
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where g is an element of the symmetry group Sn and ⌃(g) is the “twist operator” whose

action permutes the replica Hilbert space according to g. In the diagrammatic notation,

we write this as

, (2.6)

where we represent the summation over the group elements using blue lines that goes on

top of the tensors. Note that we have to sum over all pairwise contractions between bras

and kets. Note also that the state | i is not normalized. Normalization can be achieved

“on average” by dividing out the average of the norm | i.4 This is achieved for by including

a factor of 1/dAdB to each blue contraction line when summing over Sn, as shown above.

The lower end of the diagram is determined by the contraction pattern of the entan-

glement measure we wish to compute. For example, to compute the purity of the reduced

density matrix Tr ⇢2
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, we use
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4
For large bond dimensions this is su�cient for our purposes. See the analysis at the end of this

subsection for the finite d corrections.
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where g is an element of the symmetry group Sn and ⌃(g) is the “twist operator” whose

action permutes the replica Hilbert space according to g. In the diagrammatic notation,

we write this as
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where we represent the summation over the group elements using blue lines that goes on

top of the tensors. Note that we have to sum over all pairwise contractions between bras

and kets. Note also that the state | i is not normalized. Normalization can be achieved

“on average” by dividing out the average of the norm | i.4 This is achieved for by including

a factor of 1/dAdB to each blue contraction line when summing over Sn, as shown above.

The lower end of the diagram is determined by the contraction pattern of the entan-

glement measure we wish to compute. For example, to compute the purity of the reduced

density matrix Tr ⇢2
A
, we use

, (2.7)

4
For large bond dimensions this is su�cient for our purposes. See the analysis at the end of this

subsection for the finite d corrections.
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Single random tensor  
and evaporating black hole

We interpret single random tensor with   indices as 
1 BH and        Hawking radiation. 
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q = 3 example

Figure 4: Cartoon of the random tensor representing the state (3.4).

Black hole multi-entropy curves are, for any n, the n-th Rényi multi-entropy drawn by

varying dR, from dR = 1, the very starting point of the Hawking radiation, till dBH = 1,

the complete evaporation point of a black hole, where

dR = (dTotal)
1

q�1 (black hole evaporation time) (3.3)

according to the constraint (3.1) and (3.2).

This black hole multi-entropy curve is a natural generalization of the Page curve and

it reduces to the Page curve for q = 2. This black hole multi-entropy curve describes how

the multi-entropy changes during the whole time evolution of a black hole evaporation.

3.2 Explicit example: q = 3 tri-partite subsystems

As a first example, we consider the following pure state on a 3-party (q = 3) system

HR1 ⌦HR2 ⌦HBH

| i =
dR1X

i=1

dR2X

j=1

dBHX

k=1

cijk|R1ii ⌦ |R2ji ⌦ |BHki, (3.4)

where cijk defines a uniform Haar-random state, which behaves as complex Gaussian

random variables9, and |R1ii, |R2ji, |BHki are orthonormal bases in the Hilbert space

HR1 ⌦HR2 ⌦HBH. Symbolically this is represented as Fig. 4.

The dimensions of each Hilbert space are

dimHR1 = dR1, dimHR2 = dR2, dimHBH = dBH. (3.5)

We interpret HR1 and HR2 as two subsystems of Hawking radiation and HBH as a system

of black hole microstates. These three subsystems are correlated via the Gaussian random

variables cijk. Suppose we lay out n
2 reduced density matrices in a n ⇥ n square lattice,

then g1 and g2 can be thought of as the cyclic permutations for the rows and columns.

To make our calculation concrete, we will now specialize to n = 2 case in the rest of

this section. We have 22 = 4 replicas and (2.14) reduces to

g1 = (12)(34), (3.6)

g2 = (13)(24). (3.7)

9
To see this, recall a Haar-random matrix over U(N) can be generated by first consider a N ⇥N matrix

with entries as i.i.d. complex Gaussian variables, then apply Gram-Schmidt algorithm to its columns [39].

We then use the ancilla state |�i = (1, 0, 0, · · · , 0), which simply picks out the first column of the matrix.
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Recent researches on entanglement 
measures in random tensor models

Reflected entropy in random tensor models 
[C. Akers, T. Faulkner, S. Lin, P. Rath, 2021]
[C. Akers, T. Faulkner, S. Lin, P. Rath, 2022]
[C. Akers, T. Faulkner, S. Lin, P. Rath, 2024]

Entanglement of purification in random tensor models
[C. Akers, T. Faulkner, S. Lin, P. Rath, 2023]

Entanglement negativity in random tensor models
[H. Shapourian, S. Liu, J. Kudler-Flam, A. Vishwanath, 2020]

[J. Kudler-Flam, V. Narovlansky, S. Ryu, 2021]



2. Review of single random tensor  

• By counting the number of loops in graphical 
representation, we can compute        . 

• Single random tensor is a good model to study  
   BH evaporation as in Page’s work.  

• Random average can be represented by  
   Wick contraction due to Gaussian property.
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[P. Hayden, S. Nezami, X.-L. Qi, N. Thomas, M. Walter, Z. Yang, 2016]
[C. Akers, T. Faulkner, S. Lin, P. Rath, 2021]
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3. Black hole Rényi multi-entropy curves  

• Multi-entropy curves are nonzero when BH evaporates 
because of correlations between Hawking radiation.

• Black hole Rényi multi-entropy curve is a natural 
generalization of Page curve for multi-partite systems.

• Multi-entropy curves change their behavior from  
   multi-entropy time, which is later than Page time.

[N. Iizuka, S. Lin, MN, 2024]
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| i

Figure 3: The contraction pattern that leads to q = 2 (top) and q = 3 (bottom) Rényi

multi-entropies. We use the orange squares to represent the reduced density matrices ⇢.

The setup can be described as follows: We lay out a (q � 1)-dim hypercube lattice and

we identify the opposing ends of each spatial direction (so it is really a (q� 1)-torus). We

place on each lattice point reduced density matrix ⇢. Since ⇢ is obtained from tracing out

one party from a q-partite state, it has (q � 1) pairs of free legs. We orient each pair of

legs along a specific axis of the hypercube and we contract the density matrices along the

corresponding direction (recall that the ends are identified so it is a cyclic contraction).

This process is repeated for each axis and we obtain the figure at hand.

2.2 Multi-entropy

The mutli-entropy [12,13] is a symmetric multi-partite entanglement measure that can be

thought of as a generalization of the entanglement entropy. Consider a q-partite state

| i1i2···iqi with bond dimensions d1, d2, · · · , dq. The multi-entropy is characterized by a

specific total contraction over n
q�1 density matrices defined in the following way: We start

with a (q� 1)-dimensional hypercube of length n and we assign each integer lattice point

~x = (x1, x2, · · · , xq�1) a density matrix. The action of gk, the twist operator on the k-th

party, is defined as the cyclic permutation of the elements along the k-th coordinate axis,

i.e.,

gk · (x1, · · · , xk, · · · , xq�1) = (x1, · · · , xk + 1, · · · , xq�1), 1  k  q� 1, (2.14)

gq = e. (2.15)

We identify xi = n + 1 with xi = 1 for all 1  i  q � 1. See Fig. 3 for examples of the

contraction pattern for q = 2, 3.

The contraction pattern is symmetric across di↵erent subsystems in the sense that the

expression is invariant under any reorientation of indices gi ! gi0 . As a result, the Cayley
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Counting the number of loops, 
we can compute       . 
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Two examples of Wick contraction by 

| i
AB

h |
A⇤B⇤ can be represented as a four-legged tensor

, (2.3)

where we use purple triangles to represent the random state | i
AB

and we use black (green)

lines to represent the subspaces associated to subsystem A (B). Contraction over subspaces

is indicated by connecting corresponding legs. For example, the reduced density matrix

⇢A = TrB | i
AB

h |
A⇤B⇤ can be expressed as

. (2.4)

In the setting of quantum information, one is often interested in entanglement measures

that can be expressed as contractions between multiple copies of density matrices [13]. Let’s

say we have n copies of the density matrix ⇢ = | i h |. The ensemble average over the

Haar measure can be readily done using Schur’s lemma [35]:

(| i h |)⌦n =

Z
[DU ] (U |�i h�|U)⌦n /

X

g2Sn

⌃(g), (2.5)

where g is an element of the symmetry group Sn and ⌃(g) is the “twist operator” whose

action permutes the replica Hilbert space according to g. In the diagrammatic notation,

we write this as

, (2.6)

where we represent the summation over the group elements using blue lines that goes on

top of the tensors. Note that we have to sum over all pairwise contractions between bras

and kets. Note also that the state | i is not normalized. Normalization can be achieved

“on average” by dividing out the average of the norm | i.4 This is achieved for by including

a factor of 1/dAdB to each blue contraction line when summing over Sn, as shown above.

The lower end of the diagram is determined by the contraction pattern of the entan-

glement measure we wish to compute. For example, to compute the purity of the reduced

density matrix Tr ⇢2
A
, we use

, (2.7)

4
For large bond dimensions this is su�cient for our purposes. See the analysis at the end of this

subsection for the finite d corrections.
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1

dR1dR2dBH

Figure 5: Two examples of Wick contraction (bold blue) out of a total of 24 Wick con-

tractions. The black horizontal line is for index R1 and the green vertical line is for index

R2. The red one is for index BH. We have flipped the tensors corresponding to the bra h |
for a cleaner diagrammatic presentation. left figure, there are (2, 2, 4) loops for (R1, R2,

BH) indices, yielding d
2

R1
d
2

R2
d
4

BH
. On the other hand, in the right figure, there are (3, 1,

1) loops for (R1, R2, BH) indices, yielding d
3

R1
d
1

R2
d
1

BH
.

These are permutation group elements of Sn2 , and the Cayley distance on S22 is

d(g, h) = 22 � #(gh
�1) . (3.8)

The (q = 3, n = 2)-Rényi multi-entropy reads

S
(3)

2
⇡ � log

Z
(3)

2

(Z(3)

1
)4

= � log

 P
g2S4

d
�d(g,g1)

R1
d
�d(g,g2)

R2
d
�d(g,e)

BHP
g2S4

(dR1dR2dBH)�d(g,e)

!
(3.9)

of the pure state (3.4). Here · · · represents averaging over the Haar measure10. The replica

partition function Z
(3)

2
(3.9) consists of n

q�1 = 22 reduced density matrices, and there

are n
q�1! = (22)! = 24 ways to take Wick contraction of cijk, where each contraction can

be represented by the group elements of S4. By using the diagrammatic techniques we

reviewed in Sec. 2.1, we can compute the 24 contributions to Z
(3)

2
and (Z(3)

1
)4 explicitly.

See Fig. 5, which shows two examples of Wick contraction out of 24.

Note that in writing (3.9) down we have approximated log
⇣
Z

(3)

2
/(Z(3)

1
)4
⌘

by log

✓
Z

(3)

2
/(Z(3)

1
)4
◆

,

c.f. (2.22), which is valid in the limit of large total dimensions dTotal ! 1 [34, 37]. As a

more direct evidence for this claim, later in Sec. 3.5, we show that to the first order in

1/dBH where dBH ! 1, these kinds of corrections do not contribute.

By counting the number of each loop, 24 Wick contractions give

Z
(3)

2
= dR1dR2dBH

⇣
dR1dR2dBH(9 + d

2

R1 + d
2

R2 + d
2

BH)

+ 2(d2R1 + d
2

R2 + d
2

BH + d
2

R1d
2

R2 + d
2

R2d
2

BH + d
2

BHd
2

R1)
⌘
/(dR1dR2dBH)4, (3.10)

10
Equivalently · · · represents the average of Gaussian random variables cijk.
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Figure 4: Cartoon of the random tensor representing the state (3.4).

Black hole multi-entropy curves are, for any n, the n-th Rényi multi-entropy drawn by

varying dR, from dR = 1, the very starting point of the Hawking radiation, till dBH = 1,

the complete evaporation point of a black hole, where

dR = (dTotal)
1

q�1 (black hole evaporation time) (3.3)

according to the constraint (3.1) and (3.2).

This black hole multi-entropy curve is a natural generalization of the Page curve and

it reduces to the Page curve for q = 2. This black hole multi-entropy curve describes how

the multi-entropy changes during the whole time evolution of a black hole evaporation.

3.2 Explicit example: q = 3 tri-partite subsystems

As a first example, we consider the following pure state on a 3-party (q = 3) system

HR1 ⌦HR2 ⌦HBH

| i =
dR1X

i=1

dR2X

j=1

dBHX

k=1

cijk|R1ii ⌦ |R2ji ⌦ |BHki, (3.4)

where cijk defines a uniform Haar-random state, which behaves as complex Gaussian

random variables9, and |R1ii, |R2ji, |BHki are orthonormal bases in the Hilbert space

HR1 ⌦HR2 ⌦HBH. Symbolically this is represented as Fig. 4.

The dimensions of each Hilbert space are

dimHR1 = dR1, dimHR2 = dR2, dimHBH = dBH. (3.5)

We interpret HR1 and HR2 as two subsystems of Hawking radiation and HBH as a system

of black hole microstates. These three subsystems are correlated via the Gaussian random

variables cijk. Suppose we lay out n
2 reduced density matrices in a n ⇥ n square lattice,

then g1 and g2 can be thought of as the cyclic permutations for the rows and columns.

To make our calculation concrete, we will now specialize to n = 2 case in the rest of

this section. We have 22 = 4 replicas and (2.14) reduces to

g1 = (12)(34), (3.6)

g2 = (13)(24). (3.7)

9
To see this, recall a Haar-random matrix over U(N) can be generated by first consider a N ⇥N matrix

with entries as i.i.d. complex Gaussian variables, then apply Gram-Schmidt algorithm to its columns [39].

We then use the ancilla state |�i = (1, 0, 0, · · · , 0), which simply picks out the first column of the matrix.
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Rényi multi-entropy
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Setup for black hole Rényi multi-entropy curve 
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Black hole Rényi multi-entropy curve

Figure 6: A black solid curve is a black hole multi-entropy curve for the n = 2 Rényi

multi-entropy with q = 3 case, S
(3)

2
, as a function of log dR for the parameter choice

dTotal = dR1dR2dBH = 1012. This curve is obtained from (3.16). Origin is dR = 1 and it

ends at the black hole evaporation time (3.3), which is log dR = log (dTotal)
1/2 ⇡ 13.8. On

the other hand, a red dashed curve is Hawking’s prediction given by (3.15). They begin

to deviate at multi-entropy time (3.17), log dR = log (dTotal)
1/3 = log 104 ⇡ 9.21. On the

other hand, the Page time (3.18) is log dR = log (dTotal)
1/4 ⇡ 6.91.

3.3 Black hole multi-entropy curves

We defined a black hole multi-entropy curve in Sec. 3.1. For q = 3 case, we can obtain

S
(3)

2
as a function of dR and it becomes

S
(3)

2
= � log


d
2

R
dBH(9 + 2d

2

R
+ d

2

BH
) + 2(2d

2

R
+ d

2

BH
+ d

4

R
+ 2d

2

R
d
2

BH
)

(1 + dBHd2
R
)(2 + dBHd2

R
)(3 + dBHd2

R
)

�
,

where dBH =
dTotal

d2
R

,

(3.16)

it is straightforward to plot the curve and the result is shown in Fig 6.

Recall that the black hole multi-entropy curve reduces to the Page curve [2,3] for q = 2

case. What we present here (Fig. 6) is for q = 3, and they exhibit interesting di↵erent

behaviors. We comment on the di↵erences below.

Before we make any comments, we would like to point out that even though so far

we have shown a black hole multi-entropy curve only for n = 2 and q = 3 case, the

comments we will make govern common properties of black hole multi-entropy curves and

are valid for generic values of n and q. In later sections, we will see other examples of black

hole multi-entropy curves and that everything stated here is consistent with the numerical

results.

1. At early time, Hawking’s prediction and generic multi-entropy behave almost the

same way. In other words, Hawking’s prediction gives a very good approximation.

This is very similar to the Page curve.
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Decoupled radiation state
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Multi-entropy time is later than Page time.

Figure 7: Numerical plots of S
(3)

2
with dTotal = 1012. The black curve is for generic state

(3.16), the blue dashed curve is S
(3)

2
without the correlation (3.25), and the red dashed

curve is S
(3)

2 Hawking
(3.26). The blue dashed curve is essentially the same as the ordinarily

Page curve.

In the limit of dBH1, dBH2 ! 1, S
(3)

2decoupled rad is simplified as

lim
dBH1,dBH2!1

S
(3)

2decoupled rad = � log


1

d2
R1

✓
1 +

2(d2
R1

� 1)

dR1

1

dBH1

+ O
✓

1

d2
BH1

◆◆�

� log


1

d2
R2

✓
1 +

2(d2
R2

� 1)

dR2

1

dBH2

+ O
✓

1

d2
BH2

◆◆�

= 2 log dR1 + 2 log dR2 �
2(d2

R1
� 1)

dR1

1

dBH1

� 2(d2
R2

� 1)

dR2

1

dBH2

+ O
✓

1

d2
BH1

◆
+ O

✓
1

d2
BH2

◆
(3.24)

which agrees with eq. (3.14) only in the leading order.

When the dimension dBH of black hole microstates is much larger than the dimensions

dR1, dR2 of Hawking radiation, Rényi multi-entropy S
(3)

2
does not depend much on whether

there is a correlation between Hawking radiation or not, as shown in eqs. (3.14) and (3.24).

However, as dR1 and dR2 increase, S
(3)

2
would depend on the presence of a correlation on

HR1 ⌦HR2 between Hawking radiation. This is the secret relationship between Hawking

radiation which one misses in the leading order at dBH ! 1.

We numerically compare S
(3)

2 Hawking
from (3.15), S

(3)

2
for Haar random states from

(3.12), and S
(3)

2decoupled rad for the decoupled radiation state (3.21) from (3.23). To simplify

the comparison, we set dR1 = dR2 = dR and dBH1 = dBH2 =
p

dBH. Then, the formula
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Figure 8: A black solid curve is a black hole multi-entropy curve for the n = 3 Rényi

multi-entropy with q = 3 case, S
(3)

3
, as a function of log dR for the parameter choice

dTotal = dR1dR2dBH = 1012. This curve is obtained from (4.4). On the other hand, a

red dashed curve is Hawking’s prediction given by (4.5). They begin to deviate at multi-

entropy time, log dR = log (dTotal)
1/3 = log 104 ⇡ 9.21.

4.2 A black hole multi-entropy curve for n = 2, q = 4

Let us also examine the 4-party case. Note that this q = 4 case would be an example that

cannot be handled by entanglement negativity or reflected entropy. We now need to look

at a 4-party random state  ABCD. In this case, the replica reduced density matrices ⇢ form

3-dim cube, n⇥ n⇥ n. For q = 4 and n = 2, Z
(4)

2
includes n

q�1 = 23 = 8 density matrices

contracted according to the permutations14

gA = (12)(34)(56)(78), gB = (13)(24)(57)(68), gC = (15)(26)(37)(48), gD = e.

(4.6)

As in the q = 3 case, the permutation gA/B/C corresponds to contractions along the

rows/columns/hights, respectively. We must sum over the group S8 to compute

Z
(4)

2
=

X

g2S8

d
�d(g,gA)

A
d
�d(g,gB)

B
d
�d(g,gC)

C
d
�d(g,e)

D
. (4.7)

14
Here we label the lower 2⇥ 2 replicas as 1 · · · 4 and upper replicas as 5 · · · 8.
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Figure 9: A black solid curve is a black hole multi-entropy curve for the n = 2 Rényi

multi-entropy with q = 4 case, S
(4)

2
, as a function of log dR for the parameter choice

dTotal = dR1dR2dBH = 1012. Origin is dR = 1 and it ends at log dBH = 0 and dR =

log (dTotal)
1/4 ⇡ 9.21. This curve is obtained from (4.11). On the other hand, a red dashed

curve is Hawking’s prediction given by (4.12). They begin to deviate at multi-entropy time,

log dR = log (dTotal)
1/4 = log 103 ⇡ 6.91.

the multi-entropy curve. In Sec. 5.1, we focus on the early stage of the evaporation, where

dBH ⇠ dTotal. We obtain an analytic expression of the multi-entropy as an expansion in

dBH and its first order correction, which has a straightforward analytic continuation to

n ! 1. In Sec. 5.2 we focus on the end of the evaporation where dR � dBH. In contrary

to the other case we do not have a complete understanding of this limit yet. Nonetheless

we will conjecture an expression for the multi-entropy in leading order of 1/dR.

5.1 Early time limit

Here we generalize the computation of (3.14) to arbitrary S
(q)
n . Let us assume that the q-

partite random tensor has bond dimensions {d1, d2, · · · , dq}. We interpret dq = dBH as the

dimension of black hole microstates and di with i < q as dimensions of Hawking radiation.

We are interested in the leading and subleading behaviors at large dq.

The replica group associated to this case is Snq�1 , which can be thought of as the

permutation group of a (q� 1)-dimensional lattice hypercube of length n. We set gq = e 2
Snq�1 , and the other permutation operators gi can be described as cyclic permutations for

the elements along one of the axes. They satisfy

d(gi, gj) = n
q�2(n � 1), 1  i 6= j  q , (5.1)

– 24 –
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Comparison with other measures

Figure 14: Numerical comparison of three measures for tri-partite systems with dTotal =

d
2

R
dBH = 1012. Black curve: S

(3)

2
. Orange curve: E4. Green curve: S

(2,2)

R
.

1. The replica partition function in this setting is

Z
(q)
n =

X

g2Snq�1

d
�(d(g,g1)+d(g,g2)+···+d(g,gq�1))

R
d
�d(g,e)

BH
. (B.1)

Since we dR � dBH , the sum is dominated by the first factor. Thus we are looking

for g such that it minimizes the sum

min
g2Snq�1

�
d(g, g1) + d(g, g2) + · · · + d(g, gq�1)

�
(B.2)

2. Consider the extreme case where the dimension of one particular radiation subsystem,

say R1, to be much larger, i.e. d1 � d2, · · · , dq�1. In such case we expect that the

replica partition function is dominated by g = g1. Consider the process which we

slowly change d1 from d1 � di to d1 ⇠ di. If one can assume g1 stays dominant along

this process, then g1 should be a minimizer for (B.2). For symmetric reasoning all

the other gi’s (except for gq = e) are also minimizers for (B.2).

3. We have assumed that there is no phase transition when we smoothly vary R1 across

a large parameter space. For a arbitrary set of twist operators this will not be true.

For example, if there is a common geodesic �gi,gj
19 across all pairs (gi, gj), then any

such element will be a new minimizer at dR1 = dR2 = · · · = dRq�1
and there will be

a phase transition.20

However, the twist operators for the multi-entropy has the special property that the

geodesics of any two distinct pairs of gi do not intersect, i.e. �gi,gj \ �gk,gl = ; for

19
A geodesic �g1,g2 between two permutation group elements g1, g2 is the set of elements {h} such that

the triangle inequality d(g1, h) + d(h, g2) � d(g1, g2) is saturated.
20
Such e↵ects, often referred to in the literature as “replica symmetry breaking”, is particularly important

in the case of reflected entropy [8, 29,31, 33] and entanglement negativity [27, 28,58].
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3. Black hole Rényi multi-entropy curves  

• Multi-entropy curves are nonzero when BH evaporates 
because of correlations between Hawking radiation.

• Black hole Rényi multi-entropy curve is a natural 
generalization of Page curve for multi-partite systems.

• Multi-entropy curves change their behavior from  
   multi-entropy time, which is later than Page time.

[N. Iizuka, S. Lin, MN, 2024]
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4. Early time and late time behaviors 

• We obtain early time                 behavior of      
   by counting the leading and subleading contributions. 
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• We also conjecture late time                 behavior. 
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• The cross-over time between the early and late time 
   behaviors is multi-entropy time. 

[N. Iizuka, S. Lin, MN, 2024]
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Early time and late time behaviors of 
Black hole Rényi multi-entropy curves

Figure 6: A black solid curve is a black hole multi-entropy curve for the n = 2 Rényi

multi-entropy with q = 3 case, S
(3)

2
, as a function of log dR for the parameter choice

dTotal = dR1dR2dBH = 1012. This curve is obtained from (3.16). Origin is dR = 1 and it

ends at the black hole evaporation time (3.3), which is log dR = log (dTotal)
1/2 ⇡ 13.8. On

the other hand, a red dashed curve is Hawking’s prediction given by (3.15). They begin

to deviate at multi-entropy time (3.17), log dR = log (dTotal)
1/3 = log 104 ⇡ 9.21. On the

other hand, the Page time (3.18) is log dR = log (dTotal)
1/4 ⇡ 6.91.

3.3 Black hole multi-entropy curves

We defined a black hole multi-entropy curve in Sec. 3.1. For q = 3 case, we can obtain

S
(3)

2
as a function of dR and it becomes

S
(3)

2
= � log


d
2

R
dBH(9 + 2d

2

R
+ d

2

BH
) + 2(2d

2

R
+ d

2

BH
+ d

4

R
+ 2d

2

R
d
2
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)

(1 + dBHd2
R
)(2 + dBHd2

R
)(3 + dBHd2

R
)
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,

where dBH =
dTotal

d2
R

,

(3.16)

it is straightforward to plot the curve and the result is shown in Fig 6.

Recall that the black hole multi-entropy curve reduces to the Page curve [2,3] for q = 2

case. What we present here (Fig. 6) is for q = 3, and they exhibit interesting di↵erent

behaviors. We comment on the di↵erences below.

Before we make any comments, we would like to point out that even though so far

we have shown a black hole multi-entropy curve only for n = 2 and q = 3 case, the

comments we will make govern common properties of black hole multi-entropy curves and

are valid for generic values of n and q. In later sections, we will see other examples of black

hole multi-entropy curves and that everything stated here is consistent with the numerical

results.

1. At early time, Hawking’s prediction and generic multi-entropy behave almost the

same way. In other words, Hawking’s prediction gives a very good approximation.

This is very similar to the Page curve.
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Early time               behavior of 
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(a) Identity permutation (b) Type I (c) Type II

Figure 10: Examples of the permutations we consider in this section. We follow the same

notation as in Fig. 5. In (a) the total number of loops are (2, 2, 4) for (R1, R2, BH). In

(b), ⌧ab is chosen from the cycle of column g2 and the total number of loops are (1, 3, 3),

the R1 loops decrease by 1 and R2 increase by 1. In (c), ⌧ab is not chosen from the cycle

of g1 nor g2. In this case, the total number of loops are (1, 1, 3), where both R1 and R2

loops decrease by 1.

For the denominator, we have (see Appendix C for a proof):
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Putting them together we obtain
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(5.8)

By setting dq = dBH and di<q = dRi , the Rényi multi-entropy and n ! 1 limit is given by

S
(q)
n = n

q�2 log
�
dR1 · · · dRq�1

�
� n

q�1

2

d
2

R1
+ d

2

R2
+ · · · d2

Rq�1
� (q� 1)

dR1 · · · dRq�1dBH

+ O
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d
�2

BH

�
, (5.9)

S
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1

= log
�
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�
� 1

2

d
2

R1
+ d

2
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+ · · · d2

Rq�1
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dR1 · · · dRq�1dBH

+ O
�
d
�2

BH

�
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This is one of our main results. We have checked the above expressions against various

results for specific (q, n) in Sec. 3 and Sec. 4.

Note that in (5.9) and (5.10) in the leading order,

lim
dBH!1

S
(q)
n = n

q�2 log
�
dR1 · · · dRq�1

�
, (5.11)

lim
dBH!1

S
(q)
1

= log
�
dR1 · · · dRq�1

�
, (5.12)

therefore suppose we define our “time” as

time ⌘ log
�
dR1 · · · dRq�1

�
= log (total radiation dimension) (5.13)

/ (total number of Hawking particles) (5.14)
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By counting Wick contraction for the leading  
and subleadng contributions at large      , we obtain
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� (q� 1)

dR1 · · · dRq�1dBH

+O
�
d�2

BH

�

S(q)
1

= log(dR1 · · · dRq�1)�
1

2

d2
R1

+ d2
R2

+ · · · d2
Rq�1

� (q� 1)
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�
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Late time               behavior of 
<latexit sha1_base64="Kal5ftueYhof61xTSrm0sDnQPoo="></latexit>

(dR � dBH)
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S(q)
n

It is complicated to count the leading contribution 
at late time  <latexit sha1_base64="7PPQ64D10sJYMsYi05PEZcQilks="></latexit>

d1 = d2 = · · · = dq�1 ⌘ dR � dBH
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S(q)
1,late time

⇡ (q� 2) log dR + log dBH = log dTotal � log dR

Based on our explicit results and the leading 
contribution at large     , we conjecture
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dTotal = dq�1

R
dBH = fixed
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S(q)
n,late time

⇡ nq�2 ((q� 2) log dR + log dBH) = nq�2 (log dTotal � log dR)

<latexit sha1_base64="aZTRD4j8/VmfTSFiIfy5NkNl3Is="></latexit>

d1



2 4 6 8 10 12 14

10

20

30

40

50

2 4 6 8 10 12 14

20

40

60

80

2 4 6 8

20

40

60

80

100

<latexit sha1_base64="Y4HdVlWlouflu9kdHgNOKp/C7Lw="></latexit>

S
(3)
2

<latexit sha1_base64="p4Y1clkxgFbXu8SCfE90Xx7zKlc="></latexit>

log dR
<latexit sha1_base64="p4Y1clkxgFbXu8SCfE90Xx7zKlc="></latexit>

log dR
<latexit sha1_base64="p4Y1clkxgFbXu8SCfE90Xx7zKlc="></latexit>

log dR

<latexit sha1_base64="mLXMtWXRkUnsbx2WXKauYyP92o0="></latexit>

S
(3)
3

<latexit sha1_base64="xg1Zs5oevSve5W3HysjhiCD6L4w="></latexit>

S
(4)
2

Figure 12: Black solid curves are black hole multi-entropy curves S
(q)
n , as functions of

log dR for the parameter choice dTotal = 1012. Red and blue dashed curves are S
(q)
n,early time

and S
(q)
n,late time

in (5.23), respectively.

6 Conclusion and discussion

The main results in this paper are the black hole multi-entropy curves. The black hole

multi-entropy curves are the natural generalization of the Page curve. Page curve measures

bi-partite entanglement, i.e., between an evaporating black hole and whole Hawking radia-

tion. The black hole multi-entropy curve measures multi-partite entanglement, by dividing

the whole radiation into q � 1 subsystems. Thus, q = 2 multi-entropy curve reduces to

the Page curve. Even though we have already mentioned the key properties of the multi-

entropy curve, let us emphasize the most important aspects again. Just as the Page curve,

the black hole multi-entropy curves keep increasing until the multi-entropy time, where the

dimensions of all the subsystems are the same. After the multi-entropy time, the curves

start to decrease, but di↵erent from the Page curve, it does not become zero at the end of

the black hole evaporation. This non-zero entropy reflects the secret entanglement between

Hawking particles, which one misses in Hawking’s semi-classical approximation.

We end this discussion section with several open issues and questions.

One of the most curious points in the multi-entropy curve is that at the late stage

of the black hole evaporation process, the multi-entropy of the radiation is non-zero. Not

only does this imply that there is non-trivial multi-partite entanglement among the final

state Hawking radiation, it also implies that the amount of entanglement is considerably

large. Based on various proposals of ER=EPR [41,42], one is naturally led to the question of

whether this large amount of entanglement between radiation implies classical connectivity

for these asymptotic spacetime regions. The final state from the q ! 1 limit is suggested

as follows. Since multi-entropy becomes maximal at q ! 1, the final entanglement seems

to appear between single particles. Therefore the large amount of entanglement might be

made up by minimal entanglement between single particles. This implies that there are

large amounts of microscopic scale wormholes as Planck scale and many of them are not

necessarily traversable. However, it is desirable to study the ER=EPR aspect in the final

evaporation state in more detail. We leave this as one of the open questions.

Recently, there has been progress in deriving the Page curve from a bulk gravitational

– 30 –

39

Comparison with explicit examples

Red:
Blue:

Our formulas approximate the black solid curves 
well at early and late times.
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S(q)
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⇡ nq�2 (log dTotal � log dBH)

S(q)
n,late time

⇡ nq�2 (log dTotal � log dR)

If we define                                             as                  ,
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S(q)
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1
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1

nq�2
log

Z(q)
n

(Z(q)
1 )nq�1

[A. Gadde, V. Krishna, 
       T. Sharma, 2023]
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Figure 11: A example illustration of the expressions given in (5.23). The red curve is the

early time expression S
(q)
n,early time

and the blue curve is the late time expression S
(q)
n,late time

.

The cross-over time of the two curves is given by the multi-entropy time log d
1/q
Total

.

where we have set dR1 = · · · = dRq�1 = dR. A natural question to ask is then: What is

the global behavior of the multi-entropy curve? If one naively extrapolate the early and

late time expression into the intermediate regime, then one gets a “inverted-V” shaped

cuve that is in shocking agreement of the actual examples of the multi-entropy curves we

obtained in earlier sections. We plot this naive extrapolation curve in Fig. 11.

The cross-over time between the early and late time behavior is given by

dBH = dR , dR = (dTotal)
1/q

. (5.24)

This is exactly the multi-entropy time defined in (3.17). Note that when q = 2 we reobtain

the Page time, and the curve in Fig. 11 goes back to the usual Page curve. The value of

the multi entropy at the end of the evaporation is

S
(q)
n (dBH = 1) ⇡ n

q�2
q� 2

q� 1
log dTotal, (5.25)

which is also in agreement with the numerical results in Sec. 3 and Sec. 4 in a good

approximation. See Fig. 12 for explicit examples on the conjectured curves (5.23), where

red and blue dashed curves are S
(q)
n,early time

and S
(q)
n,late time

, respectively. The conjectured

curves approximate the slope of black solid curves S
(q)
n well at early and late times.

The implication here is that like in the Page curve, the shape of the multi-entropy

curve seems to be controlled entirely by its early-time and late-time behavior. While this

observation is largely speculative since we do not have analytic control over the intermediate

time regime of the evaporation, we believe this is indeed a true statement in the large

dimension limit dTotal ! 1 due to the fact that all the numerical examples we’ve seen in

this paper follow this behavior perfectly.

– 29 –

Crossover time is multi-entropy time. 
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dBH = dR , dR = (dTotal)
1/qCrossover time 

is equal to multi-entropy time.

<latexit sha1_base64="VOf0e8WSlMR+5hS/3gWxyGOpQ2c="></latexit>

S(q)
n,early time

⇡ nq�2 (log dTotal � log dBH)
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⇡ nq�2 (log dTotal � log dR)
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4. Early time and late time behaviors 

• We obtain early time                 behavior of      
   by counting the leading and subleading contributions. 

<latexit sha1_base64="WtGOpPtj4CbO1tpDRQPc0zP+ZGM="></latexit>

(dR ⌧ dBH)
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S(q)
n

• We also conjecture late time                 behavior. 
<latexit sha1_base64="Kal5ftueYhof61xTSrm0sDnQPoo="></latexit>

(dR � dBH)

• The cross-over time between the early and late time 
   behaviors is multi-entropy time. 

[N. Iizuka, S. Lin, MN, 2024]
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• We study a special new measure called multi-entropy.

• We define a black hole multi-entropy curve, which describes 
how multi-entropy changes during BH evaporation.

• For    -partite black hole multi-entropy curves, we compute 
   Rényi multi-entropy of a single random tensor with    indices.

[A. Gadde, V. Krishna, T. Sharma, 2022]
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Summary 
[N. Iizuka, S. Lin, MN, 2024]
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Typical behavior of 
a black hole multi-entropy curve 

Figure 2: Typical behavior of a black hole multi-entropy curve for q � 3 is shown in the

black curve. The red curve represents the Hawking curve and the blue one represents the

Page curve.

among di↵erent subsystems of the radiation, which are considered as a single system in the

Page curve.

Motivated by holographic settings, several tri-partite entanglement measures have been

studied, which include entanglement negativity [7], reflected entropy [8], entanglement of

purification [9] and odd entanglement entropy [10]. They are tri-partite measures in that

they diagnose entanglement between three parties [11]. In addition, recently progress has

been made toward the systematic classification of entanglement multi-partite measures

in [12,13]3. It is now clear that many multi-partite measures can be obtained by taking the

density matrix contraction in some generic ways. Thus, above mentioned measures, such

as entanglement negativity, are only part of them. Among these many new muti-partite

entanglement measures, a special new measure called multi-entropy [12] is of special interest

since it symmetrically treats all its subsystems, and it reduces to entanglement entropy in

the bi-partite case.

In this paper, we focus on the multi-entropy by dividing Hawking radiation into q� 1

subsystems. An evaporating black hole itself forms one subsystem, thus we have q sub-

systems in total. We study the time-evolution of q-partite multi-entropy during Hawking

radiation as a generalization of the Page curve. Especially we will focus on the following

two points:

1. Black hole multi-entropy curves, which describe how the above-mentioned multi-

entropy changes as a function of time during the entire time evolution of an evapo-

rating black hole, from early radiation to the complete evaporation of a black hole.

This multi-entropy curve reduces to the Page curve if q = 2. Typical behavior of a

black hole multi-entropy curve for q � 3 is shown Fig. 2. Generic properties of them

3
See also [14–18] for other progresses on multi-partite entanglement measures in holography.
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Future works 

• ER=EPR and nonzero multi-entropy when BH evaporates 

• Replica wormhole picture for multi-entropy of random states
 [G. Penington, S. H. Shenker, D. Stanford, Z. Yang, 2019]

• Multi-entropy curves for random tensor networks

• Analytic expressions in intermediate regime


