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Information Scrambling
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• Quantum information never disappears.

Initial 
state

After
Evolution

| ⟩𝜓! = 𝜓 ⊗ |0⟩ ⊗ |0⟩ …

Manipulate 𝜓 : {𝜎"# , 𝜎"
$ , 𝜎"%}

| ⟩𝜓& = 𝑈| ⟩𝜓!

Manipulate 𝜓 :

{𝑈𝜎"#𝑈', 𝑈𝜎"
$𝑈', 𝑈𝜎"%𝑈'}

Becomes complex
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Operator Size Distribution
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• The scrambling can be quantified by size
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D. A. Roberts, D. Stanford, and L. Susskind, JHEP 2015, 51 (2015).

• Normalization:  ∑*𝑃 𝑛, 𝑡 = 1 .
A classical

distribution
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Moments and OTOC
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• The average size is the first moment

• Higher Moments:    𝑛+ = ∑* 𝑛+ 𝑃 𝑛, 𝑡 .

OTOC
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Interplay Between CMP, HEP, and QI
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Theoretical Analysis

in Many-body Systems
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Transports in Many-body Systems
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• Collective modes are important in transports.

Spin/Charge Transports 

Magnon

Phonon

How about Information?

$
%,)

⟨ 𝜎!" 𝑡 𝜎%)𝜎!" 𝑡 𝜎%)⟩.• Look for the dominant mode for



Sachdev-Ye-Kitaev Model
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• The SYK model

The random variables

Self-energy are melons: 

S. Sachdev and J. Ye, PRL 70, 3339 (1993); Kitaev talk @2015.
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OTOC Ladder Diagram
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S. Sachdev and J. Ye, PRL 70, 3339 (1993); Kitaev talk @2015.

• The early-time OTOC are ladders

• Only valid at

(Early-time limit) 𝑡 ≪ ln 𝑁

Operator Size Dynamics



Scramblon Effective Theory
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D. Stanford, Z. Yang, S. Yao, JHEP 2022, 200 (2022); Y. Gu, A. Kitaev, and PZ
†
, JHEP 2022,133 (2022). 

𝑊! 𝑡" 𝑉! 𝑡# 𝑊 𝑡$ 𝑉(𝑡%) =

• Scrambling are dominated by scramblons

Propagator Scattering amplitude

=
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The Brownian SYK Model
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Y. Gu, A. Kitaev, and PZ
†
, JHEP 2022,133 (2022). 

• The SYK is easier when Brownian

Time-dependent

• All scattering amplitudes are known: 
<latexit sha1_base64="LdglOGhxVJh0CU1i5CwGdzxfRrA="></latexit>
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• Result:
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Size Distribution & Total Spin
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operator-state mapping:       𝑂 → 𝑂 = (𝑂 ⊗ 𝐼)|EPR⟩

Z. Liu and PZ
†
, PRL 132, 060201 (2024). 

• Theoretical Trick: states are easier than operators!

1. Introduce auxiliary spin system

2. Prepare 𝜎% and 𝜏% in singlets

<latexit sha1_base64="m2q+5JY4l9S1dmYvIDrmozP/m5g="></latexit>

⌧↵i

<latexit sha1_base64="Wby1Asp9EXsga8YlD+WE1idut2A="></latexit>

|EPRii = |sii = (|01i � |10i)/
p
2

3. Since 𝜎%) 𝑠 % = 𝑡 %

𝑃 𝑛, 𝑡 = ⟨𝑂(𝑡)|𝛿#,∑,$%$,'# |𝑂(𝑡) ⟩
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Relation between Early-time & Late-time
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Z. Liu and PZ
†
, PRL 132, 060201 (2024). 

• Using the scramblon effective theory:

Self-consistent relationℎ(𝑦) contains the Full information!

with 

<latexit sha1_base64="4++Z8zl7mN/Epw89StFaXrY5ZH0="></latexit>
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Early-time limit  𝜆 ≪ 1
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Late-time Size Distribution
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Z. Liu and PZ
†
, PRL 132, 060201 (2024). 

• In the long-time limit, assuming 𝑓 ∞ = 0:

Example: Brownian SYK

Operator Size Dynamics



Experimental Progress
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Collaboration with Hui Zhai and Xinhua Peng' s groups, Nature Physics (2024)

Fourier Transform → 𝐼!

Verify scramblon theory?

Operator Size Dynamics



From Closed to Open

Information Scrambling Fudan University

Why open systems?

• Experimentally, any realistic system is open.

• Theoretically, Novel dynamical phases.

Operator Size Dynamics



Operator Size in Open Systems
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PZ and Z. Yu, PRL 130, 250401 (2023); Also see N. Y. Yao et al, P. Nandy et al ...  

• We define size in open systems by only count 

system operator

size 𝜎(!
)!𝜎("

)" …𝜎(#
)#𝑂, = 𝑛
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• An expansion of operator evolution:
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Scrambling Transition
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PZ and Z. Yu, PRL 130, 250401 (2023), E. Altman, et. al , PRL 131, 220404 (2023) 

<latexit sha1_base64="1xKEDOuc9djPEMsd0z3BlC8REaA="></latexit>�

• There is a scrambling transition

Operator Size Dynamics

• Competition:

A. System interaction 𝑖 [ 𝐽𝜎(𝜎- , 𝜎"] ∼ 𝜎"𝜎-

B. System-both coupling SWAP", 𝜎" SWAP", ∼ 𝜎,



SYK Solvable Model
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PZ and Z. Yu, PRL 130, 250401 (2023). 

• The transition can be verified in  

System fermion 𝜒,    bath fermion 𝜓

• Scrambling transition occurs at 𝑉/𝐽 = 1

scramblingdissipative

Operator Size Dynamics



Scrambling & Teleportation
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S. Zhou, PZ
†

and Z. Yu
†
, arXiv:2406.02277.

Operator Size Dynamics

J
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2024-2026年度北京市青年人才托举工程申报答辩

Fudan University

Applications in 

Shadow Tomography
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New Quantum Platforms
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• Rydberg atom array in optical tweezers.

No Hamiltonian, No symmetry, No locality.

Observables Quantum Information 

Operator Size Dynamics



Quantum State Tomography
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• How to storage a generic quantum state? 

<latexit sha1_base64="CWsVX9+l+GBFqDAAvNWVjQz5cFE="></latexit>

⇢ =

0

@
⇢11 ⇢12 ...
⇢21 ⇢22 ...
... ... ...

1

A

Naïve answer: store the full density matrix:

Pauli

basis:

<latexit sha1_base64="ZAcqE7ZZGEehQVOYDH9DmunO1PA="></latexit>

⇢ =
X

Pi2{I,X,Y,Z}

c{Pi}P1P2...PN

<latexit sha1_base64="2Esw/SB4VxgK1xxbpmiyrwnN9QY="></latexit>

c{Pi} = tr (⇢P1P2...PN )

4. elements! 

𝑁 = 384, 4.≈ 10!!/

Requires 100TB to store!

<latexit sha1_base64="xKjIj+Cy6Bwedf0osZ6zH+p4mcE="></latexit>
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Classical Shadow Tomography
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• Only certain properties are of interests:

[1]. H.-Y. Huang, R. Kueng, and J. Preskill, Nature Physics volume 16, p1050–1057 (2020).

few random measurement

Basis

and 

Outcome

• Shadow Tomography with Randomness

ü Local Observable ü Entropy ü Fidelity
<latexit sha1_base64="1fYPmuU6kCIuuElg3fKKlkIpuns="></latexit>

tr(⇢P )
<latexit sha1_base64="WCvy2wq/1dZkDj9p+aY149ZmUuc="></latexit>

tr(⇢2)
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A Single-qubit Example 

Fudan UniversityShadow Tomography

<latexit sha1_base64="wIb4ha9oyyUXqtAZ/nCdDpzKn5c="></latexit>

⇢ = I/2 + (cXX + cY Y + cZZ)/2

• The shadow tomography protocol:

Quantum Experiment

Direction Outcome | ⟩𝑜
(Shadow)

Probability
Partial 

Average
Full

Average

x
| ⟩+𝑥 (1 + 𝑐!)/2 (𝐼 + 𝑐! 𝑋)/2

=𝜎 = 𝐼/2 + (𝑐! 𝑋 +
𝑐" 𝑌 + 𝑐# 𝑍)/6

| ⟩−𝑥 (1 − 𝑐!)/2

y
| ⟩+𝑦 (1 + 𝑐")/2 (𝐼 + 𝑐" 𝑌)/2| ⟩−𝑦 (1 − 𝑐")/2

z
| ⟩+𝑧 (1 + 𝑐#)/2 (𝐼 + 𝑐# 𝑍)/2| ⟩−𝑧 (1 − 𝑐#)/2

= Randomly measure in x/y/z direction: 

Data collection 



General Strategy
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<latexit sha1_base64="O0YbRy6XjsMw13zDw5rOytmTEcQ="></latexit>

U 2 E(U)Random unitary

Classical snapshot

<latexit sha1_base64="wfs1frDrX3XQNvZy3e4p5F5nlco="></latexit>

⇢ ! U⇢U † ! |zaihza|

<latexit sha1_base64="KvlD1Km6yBsCeSs03cfzbY6c6R8="></latexit>

|oai = U†|zai, pa = hoa|⇢|oai

Measurement channel
<latexit sha1_base64="DL6P3w446Nf8M6zmvyfP+fbYp7Y="></latexit>

� = M[⇢]

Rebalance

<latexit sha1_base64="ie3mOkM6NcPMC1WwvloGUwWsQB4="></latexit>

⇢ = M�1[�]

Make prediction
<latexit sha1_base64="VWgIwhc17poh/U50USNYty7bmVc="></latexit>
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Sample Complexity
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• How many samples are needed? 

1.  Random single-qubit rotations

<latexit sha1_base64="Z6oukwexSQBAd5cp2Hg9FJEAfXk="></latexit>

U = u1u2...uN

<latexit sha1_base64="D3uU3QzGe27ovGy9Xl6DbvAp3vI="></latexit>

P = X3Y4Z5Example: Pauli observable                         (size 𝑘 = 3)

Ø Each sample measures                with                           . 
<latexit sha1_base64="WBHJXgNKnVKhX8SSD9IcpeHiub4="></latexit>

P3P4P5

<latexit sha1_base64="DCuKT9aUwh6fPstBlzEVvTG9QGc="></latexit>

Pi 2 {X,Y, Z}

Sample complexity ~3+
Independent of 𝑁!

N
k

N
k



Sample Complexity
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• How many samples are needed? 

2. Adding Clifford entanglement unitary

Global
Unitary

m

N
k Sample

Complexity
<latexit sha1_base64="dN1lbPFFfWBkb036udVp2jFUsds="></latexit>

3m

Local basis 
independence

Establish Entanglement

<latexit sha1_base64="0aSNFEcse7I8OIhN8QYgGNOQg30="></latexit> Z
2
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3
Y
4
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5

Low complexity

Small operator size



Barrier for Sample Complexity？

Fudan UniversityShadow Tomography

Random 
CliffordN

k

k-qubit Clifford unitary

𝜋(𝑚) is binomial, 

with  𝑂 "# = 2$ + 1

Nature Physics 16, p1050 (2020).

Shallow circuits with 

circuit depth d~ ln 𝑘

has  𝑂 "# > 2$

Local thermalization

PRR 5, 023027 (2023); PRL 130, 

230403 (2023), and others

Hamiltonian dynamics

with MBL systems 

has  𝑂 "#~ 2.25
$

Collaboration with Tian-Gang 

Zhou, Quantum 8, 1467 (2024) 

Easier for simulation

• Can the sample complexity be lower than 2+ ?

with Prior Knowledge no Prior Knowledge no Prior Knowledge



Contractive Unitary
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• Main result: the target-driven design of a unitary 

operation that rapidly contract operator size: 

𝑈FG =D
%HI

𝑈%IJJ ,

𝑈%IJJ= exp −
𝑖𝜋
4
𝑍%𝑍I

Sliding
trick

Best two-qubit gate

Y. Wu, C. Wang, J. Yao, H. Zhai, Y.-Z. You, and P. Zhang
†
, 2412.01850.



Contractive Unitary Protocol
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• This leads to the size at the output: 

Random
Clifford

rc

ct

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.1

0.2

0.3

0.4

0.5

Size/k

Size Distribution
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Numerical Demonstration

Fudan UniversityShadow Tomography

• 1D cluster states (PBC)

𝑆 = {𝑍(𝑋(."𝑍(./}

Observable 𝑂 = 𝑍"𝑌$𝑋#…𝑋&'$𝑌&'"𝑍& 𝑂 = −1 &
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Summary
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Information Scrambling

Fundamental Theory Verification & Application

Scramblon Theory Scrambling Transition Quantum Algorithm

PRL 2024, JHEP 2022 PRL 2023, AAPPS 2024 PRL 2024, PRL 2020

NMR Dynamics

Nature Physics 2024



Thanks for you attention!



Scrambling & Thermalization
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• Closed quantum systems thermalize!

A, M. Kaufman et.al. Science, 353, 6301 (2016).

Operator Size Dynamics



Scrambling & Entropy
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• The scrambling is also described by tripartite information:

U

A B

C D
Operator-state Mapping

2

Machine Learning

Information Scrambling
Input Output

(a)

(b)

FIG. 1. (a) Schematic of a quantum circuit with brick-wall geometry.
Here n = 5 and it has depth of 4 layers. All these two-qubit gates
form a giant unitary transformation Û that distills the information
from input qubits and encode it into one output qubit. The inverse
process that the information of one output qubit is scrambled into
input qubits by Û†. A is the output subsystem, C and D are input
subsystems in the definition of tripartite information. (b) Illustration
for the operator-state mapping in defining the tripartite information.
Each leg may represent multiple qubits.

P2n

i,j=1 Uij |iihj|, where {|ii, i = 1, . . . , 2
n} denotes a com-

plete set of bases in the Hilbert space. It can be regarded
as a tensor with n input and n output legs. As illustrated
in Fig. 1(b), we divide the output legs (qubits) to two non-
overlapping subsytems A and B and similarly divide input
legs (qubits) to C and D.

The operator can be mapped to a state in the 2n-qubit
Hilbert space as |Ui =

P2n

i,j=1 Uij/
p
2n|ii|ji. Since |Ui

is a pure state, the entanglement entropy of its subsystem
is well-defined, e.g. S(A) ⌘ �tr(⇢A log2 ⇢A) with ⇢A ⌘
trB,C,D(|UihU |) being the reduced density matrix of subsys-
tem A. The mutual information between the output subsystem
A and the input subsystem C is I(A,C) ⌘ S(A) + S(C) �
S(A [ C). Similar definition can be made for I(A,D) and
I(A,C [ D). In this way, the tripartite information of the
unitary Û is [26, 27]

I3(A;C,D) ⌘ I(A,C) + I(A,D)� I(A,C [D), (1)

Because C [D are all input qubits, it can be shown I(A,C [
D) = 2|A|, where |A| is the number of qubits in subsystem
A. Therefore, it is crucial to consider the mutual information
between subsystems of both input and output qubits.

The subadditivity of the mutual information leads to
I3(A;C,D)  0. The absolute value of the tripartite infor-
mation I3(A;C,D) measures how much information of the

subsystem A is shared by C and D simultaneously after the
unitary transformation, and thus quantifies how scrambled a
unitary is. For example, for an identity unitary transforma-
tion Uij = �ij , if A is entirely contained in C or D, it is
straightforward to show that I3(A;C,D) = 0. As an oppo-
site limit, for uniform Haar random unitary, local measure-
ments can not extract any information. It follows on average
I(A,C) = I(A,D) = 0 and I3(A;C,D) = �2|A|, which is
the maximal absolute value of I3 [27].

Having introduced tripartite information for a general uni-
tary transformation, we now turn to tripartite information of
quantum neural networks. Here we only consider parameter-
ized quantum circuits with brick-wall geometry. As shown
in Fig. 1(a), each square represents an independent two-qubit
unitary gate in the SU(4) group, and is parameterized using
its 15 Euler angles [28]. During training, these parameters are
optimized with classical optimization algorithms. All these
two-qubit gates form a quantum circuit represented by a giant
unitary transformation Û .

The datasets to be studied in this work have several impor-
tant features. First, the input wavefunctions all have time re-
versal symmetry, and consequently can be represented as real
vectors. Therefore we restrict two-qubit gates to SO(4) with
6 Euler angles each. Second, the output target is either a real
number within [�1, 1] or a binary label within {0, 1}, only one
readout qubit is needed at the end of the quantum circuit. For
simplicity, we always let n be odd and fix the readout qubit to
be the qubit at the center ((n + 1)/2-th qubit). By choosing
the readout qubit at the center, the maximum distance of all
input qubits to the output qubit is minimized.

To define tripartite information, we always fix the output
subsystem A to be the central readout qubit. To respect the
symmetry that A is located at the center, we always choose C

to be the central |C| input qubits in the circuit, and D to be
the remaining input qubits. Note that under this definition, D
in general contains two disconnected regions. In this way, the
tripartite information I3(A;C,D) characterizes how much the
information of the output qubit is scrambled to the center of
the whole input.

Magnetization Learning. We consider two quantum ma-
chine learning tasks. The first task is to supervisedly learn
the total magnetization of a many-body wavefunction of n

half spins. The dataset consists of N input-target pairs
{(|G↵i,M↵

z ),↵ = 1, . . . , N}, where the input wavefunction
|G↵i is the ground state wavefunction of the following ran-
dom Hamiltonian with long-ranged spin-spin interactions:

Ĥ =

nX

i,j=1

(Jij�
z
i �

z
j +Kij�

x
i �

x
j ) +

nX

i=1

(gi�
x
i + h�

z
i ), (2)

where �
µ
i represents the µ-th Pauli matrix on the i-th qubit,

µ = x, y, z and i = 1, . . . , n. Jij , Kij , gi and h are all random
numbers. The target is the total magnetization computed as
M

↵
z ⌘ hG↵|M̂z|G↵i, where the magnetization operator is

M̂z ⌘
P

i �
z
i /N . In sampling the random Hamiltonian, we

make sure Jij  0. Therefore the wavefunctions are either

• Haar random unitary Related to

OTOC/SizeP. Hosur, X.-L. Qi, D. A. Roberts, B. Yoshida, JHEP 2016, 4 (2016).
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Quantum Neural Network

• QNN is a parametrized quantum circuit:

Other architectures?

Mz =
X

h�z
i i /N
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Operator Size Dynamics
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QNN and Information Scrambling

• Learning is the reverse of scrambling:

Y. Wu, J. Yao, PZ
†
, and X. Li

†
, PRL 132, 010602 (2024).

H. Shen, PZ, Y.-Z. You, and H. Zhai, PRL 124, 200504 (2020).
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