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Motivation of study of Alfven wave along
magnetic field line around Kerr black hole

« Noda, Nanbu, Tsukamoto, Takahashi, PRD, 105, 064018 (2022):
Superradiance with Alfven wave with calculation region between
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Common aspects of Noda, et al. (2022)
and this study

Alfven wave along field line of force-free field around Kerr black hole

Boyer-Lindquist coordinates : x£ = (t,7,6, ¢)
)
ds? = g, dxt dxt = —a® dt* + A dr? +32df8* + R* (d ¢ — Qdt)?

Alven wave . azz%, Q=21\114ar’A=r2 oMr i 3o
magnetic
fiel%l line +a%cos” 0, A=(r?+a*? — a®Asin?6

[a* =% : Nondimensional spin parameter of BH ]

Electromagntic field tensor

- Maxwell equation : {
VF/W:L@ —gFM) = — K
(Noda et al. 2022) WP = ——=0,(V=9 1 ]
Natural unit system : Va"FHY =0y TFRY = etVPoOR,

G=C=1,MBH=1,

. i e
€0 =ty =1 Force-free condition: J*F, =0



Force-Free Magnetodynamics (FFMD) [Maxwell equation Force-free]

(inbomogeneous) * condition

Field tensor of force-free field can 4
be expressed by Euler potential:  fuv = 0,$10,¢; — 0,$,10,¢

Maxwell equation + force-free condition
0200, [V=gW"**F0,¢105¢,]1 =0 (i = 1,2)
leavﬁ — gxlagvﬁ _ g/l,Bgav
Solution of the stationary magnetic field around a spinning black hole
¢ =W1(r,0), ¢ =¢ — Qp(W)t+¥,(r,0)
Or : angular velocity of magnetic field line

To obtain global magnetosphere in the
Kerr spacetime is very difficult (Grad-Shafranov eq.)

¢, = const. defines magnetic surface
¢, = const. magnetic field line on a magnetic surface




Solution of the stationary magnetic field on the equatorial plane

around a spinning black hole
— — 2
¢, =cosl, ¢, =@ —Qpt + [ kdr, where k = I%
(Constants) Qf : angular velocity of magnetic field line.

[ . current

Perturbations of Alfven wave : ¢ = ¢ + 8¢, b, = P,

Alven wave
magnetic field line




Brief review of Noda, et al. (2022)

« Corotating natural coordinates, (T', X', ¥',p’)
T'=t+ [wWr=T+ [ r, X' =r=X,
Y' = —cosf =V, o' =@+ [Kkdr — QT = p — Q¢T,

IZR?

Where l:?(Q_QF)’ [ = —(X2+R2(.Q—.QF)2. 1" — O N nght Surface
* 0,¢;0, [V _gW/’Lav,Baaqblangz] =0 ({=12)— r = Tin)» Tout
X2 J%X4g2
———H+ =522 (Q - Qp)?| 07061 + 0x (—T0x6¢1) — |0¢2|*6¢1 = 0.

A A2

Corotating natural coordinates has a singularity at light surface.

. : dx

« Tortoise coordinate, x : —
5¢1 = 6_inR(X)

d2R 0 w2X2 J%ng?pgo
FrC iR =0, Vig= —T|0¢s]" + A HT' — A

1
N 7"| Tin - Tout
I’

Z] o0  too

(2 —Qp)?| .




& 1.00

Noda et al. (2022)

Force-free & Alfvén wave

Asymptotic sols.
—~1mAav —
a/1¢iav[ _gW ﬁaa¢1aﬁ¢2] =0 exp [—iw/%X2g¢¢|JB|(QF—Q)] for = — —o0,
R=
Alfvén wave Ainexp [—iw/ %XQQWMJBKQF - Q)} + Aoutexp [zw/ %XQgWPUBKQF —Q)| for z — +o0.
d’R
— R _
12 R =0

Alfvénic superradiance

1.02 ‘ ' ‘ '
) Aout
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Conservation of Wronskian

fin Q Tin QF 1
fout Qroye — QF |Ain]?
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Background of numerical calculation of Altven
wave around Kerr black hole

* Nonrotating natural coordinates : (t, X, ¥, p) A
t — t, X — T, S/ Alfven wave
Y = —cos 6, p=¢+ [kdr, o

where k = ﬁ.

A

Spinning
Black hole

 Metric of nonrotating natural coordinates: |

/ 1 0 0 Q \

) T2
tt 0 0 et “ az
g 9 0 A 0 IX

I - il
g*v = 0 4 X kg™ = * sin?6 *
0 0 g%sin?6 0 0 0 — 0

Ptk 0 PP+ K2g™m 4
az % aZR?



Background field and perturbational field of
Alfven wave on nonrotating natural coordinates

« Force-free equation of Euler potentials with natural coordinates:
0; (V=9 WAeHB g, ¢4 dg ¢2)au $;=0 (i=12),
where WAE = gAx guB _ gAB gua
« Stationary solution on equatorial plane around Kerr black hole:
P1 =1 =T, P2 = =p — Qpt
« Perturbation for Alfven wave:
$1 =§5_1+5¢1 =¥+,
P = ¢ =p — Qpt

Ergoéphere
|

Static limit



Equation of peculiar string

Linearized force-free equation of Alfven R

wave on nonrotating natural coordinates % X
« Force-free equation of i = 1 - Trivial equation EEEEEEEEK
- Force-free equation of i =2 - 9, (V=g Z’l“aatp) = 0,

where zia = thﬁaad;zaﬂdgz — Whapp _ QF(W/lapt + Wlaftp) + Q%WAatt

| G- F) x5 + 5 (V5 =0

1 (X 12z
where A = —/=gZ% = — ( +—)

[=—a? + R2(Q — Qp)?

1 T s
S = \/_—ngX — — [aZ _ RZ(Q _ .Q) ] — I' = 0— light surface
2 sn20
K =y=gz%% =3 [a* — R*(Qz — )% + [*Lsin?g] = ==,
V= —y=gz* == @, — ) Numerical calculation :
a’ 2 step Lax-Wendroff method



Numerical results: Refection of initially inward pulse

a, = 0.2, Qg= 0.027 (Qy = 0.0505)
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Energy balance of Altven wave in case of initially inward pulse
a, = 0.2, Qp= 0.027 (Qy4 = 0.0505)

Alfven wave only
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X2
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52 F (t) = | =g 62S"(X,, t)dt
Ty

T
52 F,(t) = | /=g 628" (X,, t")dt’
T,

Energy balance
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Energy conservation law on nonrotating natural coordinates

St = —¢&,T": Energy flux density 4-vector

&=(1,0,0,0): Killing vector,
THY: Energy-momentum tensor of electromagnetic field.

Energy conservation law of Alfven wave

1
Vi §2SH = N au(\/TQSZSu) = §76%fy = 52 f¢-

vvherefuL = JVF,,: Lorentz force density.
0 1 0 ,
Ea525t + \/_76Xi (CXW 6251) — a52ftL — aQFé‘]Haﬂlp + 0.
where \/—g = a/y

Only with Alfven wave, energy is not conserved




an perturbathﬂ O]( ¢2. )( <X t> _ 2 peruturbation of ¢

Py = Py + 6%, = p — Qpt X
e Force-free equation of i = 2 — Trivial equation

e Force-free equation ofi =1
- 0y (V=9 9¥¥ g0, x) = 0, (V=9 Y2*0,pd, 1)) =
where vyl = wanog, ¢, = whake — qpiant

:> 92y 1 O(XXG_X)ZHS

_|_

otz " gttax\d  ax)” gt
where s = %gaA (V=7 Y a,0,) = L(at ©dx P — dx O, ),
0 = — 0, — R?(Qp — Wy Y

Numerical calculation : 2 step Lax-Wendroff method



Energy conservation law of Alfven wave and fast wave

Energy conservation law of Alfven wave and fast wave
1
V575t = — L (V=g62SH) = 82f;
1
= —0p|0; (V=0 97" 9"%0ax) — 01 (V=9 Y "800, 9)] = 0

=g
Energy is conserved!
% 2 t 1 2
- ad®s \/—aXl (¥ 62S') =0




Numerical results of Alfven wave and induced fast wave:
initially inward pulse
a, = 0.2, Qg= 0.027 (Qy = 0.0505)
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Energy balance in case of initially inward pulse
a. = 0.2, Qg= 0.027 (Qy = 0.0505)

Alfven wave and fast wave
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Numerical results: initially inward pulse
a, = 0.2, Qg= 0.027 (Qy = 0.0505)
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Angular momentum conservation law only with Alfven wave
on nonrotating natural coordinates

MY = — 1, TH: Angular momentum flux density 4-vector
Mp=(0,0,0,1): axial Killing vector,
TH: Energy-momentum tensor of electromagnetic field.

Angular momentum conservation law of Alfven wave
1
Vy 82 MK = — 9,(V=g8°M*) = n(yd*fy = 6°f,"

—a(SZMt + — f aXl (¥ 62MY) = — ab?fy = adJ 9,y # 0.

Only with Alfven wave, angular momentum is not conserved



Fast wave induced by Alfven wave: Relativistic effect

* Perturbation : ¢; =1 + 6P, =¥+ U, ¢, = P, +6%¢, = p — Qp + X

Alfven wave fast wave



Angular momentum conservation law with Alfven wave and
induced fast wave on nonrotating natural coordinates

Angular momentum conservation law with Alfven wave and
induce fast wave

V, 82MH = = 9,(y=g6*M*) = i,y = 82fy.
2t 2 2 ¢L

— 2 a82M +fa % (ay¥ 62MY) = — ab?f)

= =02 (V=9 9% 9"*0ax) — 04 (V=7 Y**0e1p0,)] = 0,

Angular momentum is conserved when
the induced fast wave is considered.



Qutward pulse in case of 0 < Qf < Qg
a, = 0.2, Qg= 0.027 (Q = 0.0505)
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Energy balance of outward pulse in case of 0 < Qf < Qg
a, = 0.2, Qp= 0.027 (Qg = 0.0505)
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Qutward pulse in case of 0 < Qf < Qy
a, = 0.2, Qg= 0.027 (Qy = 0.0505)
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Qutward pulse in case of Qf > Qg
a, = 0.2, Qp= 0.06 (Qy = 0.0505)
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Qutward pulse in case of Qf > Qg
a, = 0.2, Qp= 0.06 (Qy = 0.0505)

Light surface l Light surface

10_3 v 10—6

1 | T T T T T i 4 [

T = 28
05 i 9
oo X o

05 Ll

Ak 4

-10 -5 0 5 10 15 20 25 30 -10 -5 0 5 10 15 20 25 30

X X



Alfven wave propagation region
0 < O < Qg QOp > Qy

Over speed Magnetic field line

of light _




Dispersion relation of Altven wave with
small wavelength approximation

Sinusoidal perturbation: ¢; = ¢, + 5, = Py + P, P = Ae IWLHIKX
Dispersion relation: Aw? — 2Vwk + Sk? =0

: VHVV242AS  V+XVK
Phase velocity: + _ 2 _ 72 = —= I
y vph k A A V = E(QF — .Q)

At outer light surface (S = 0), v, = V+/1|V|

+ o
(ii) Case of Qp = Qy: 1 S0, V <0, vy, =0, } Vg = 0
(iii)Case of Qg < 0: 120, Qp—Q <0,V <0,v5, =0. at light

surface



Unstable region of Alfven wave

Sinusoidal perturbation: ¢; = @1 + 8Py = P, + Y, P = Ae IWLHIKX

V+XxVK

7 k

Dispersion relation: w =

(i) When K =V2+ 15 <0,
the Alfven wave is unstable.

(i) Because S < 0 in the outer
region of outer light surface,
region of K < 0 is possible in the
outer region.

2

(iii) In the case of |Qg| < v 1Qyl,

Alfven wave is stable over the
whole region.
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Summary

We have performed numerical simulations of force—free Alfven wave propagation along the stationary magnetic

field line on the equatorial plane around a spinning black hole. We found the following interesting remarks with

respect to the Alfven wave propagation around the spinning black hole.

We observed a reflection of the Alfven wave near the ergosphere, while the reflection is not superradiance as
suggested by Noda et al. (2022). The energy of the only Alfven wave is not conserved.

Both in the cases of the inwardly and outwardly propagating Alfven wave, the Alfven wave induces the fast
wave as the second order perturbation due to change in the angular momentum of Alfven wave in the case of
I #0 or Qp — Qy # 0. The total energy of the Alfven and fast waves is conserved.

In the case of 0 < Qf < Qy, the Alfven wave and the induced fast wave propagate through the outer light
surface smoothly. However, in the case of Qp > Qp, the Alfven wave can not pass through the outer light
surface and only the fast wave propagates through the outer light surface smoothly.

2 2
Py, |Qy| < Q| <

In any case of |Qy|, in the outer enough region, the Alfven wave is unstable. We

Z—T'H

show the unstable region of Alfven wave in the last panel shown in this talk.



