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Motivation of study of Alfven wave along 
magnetic field line around Kerr black hole

• Noda, Nanbu, Tsukamoto, Takahashi, PRD, 105, 064018 (2022):
Superradiance with Alfven wave with calculation region between 
two light surface 
⇐ Verification with numerical simulation 
⇐ Calculation region from horizon to infinity

• Peculiar phenomena of Alfven wave around Kerr black hole
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Alfven wave along field line of force-free field around Kerr black hole

Common aspects of Noda, et al. (2022) 
and this study
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Maxwell equation + force-free condition

Force-Free Magnetodynamics (FFMD)

!"#$!%[ −()"*%+!*#,!+#-] = 0 (2 = 1,2)
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Field tensor of force-free field can 
be expressed by Euler potential:

Solution of the stationary magnetic field around a spinning black hole
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#, = const. defines magnetic surface
#- = const. magnetic field line on a magnetic surface

To obtain global magnetosphere in the 
Kerr spacetime is very difficult (Grad-Shafranov eq.)
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Solution of the stationary magnetic field on the equatorial plane 
around a spinning black hole

$!" = cos,,   $!( = - − ΩF1 + ∫ 345,  where 3 = 678
9

（Constants）ΩF：angular velocity of magnetic field line、
:：current

Alven wave
magnetic field line
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Brief review of Noda, et al. (2022)
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Background field and perturbational field of 
Alfven wave on nonrotating natural coordinates

• - . -- - : . : - - : , -
!" −$ %"&'(!& )* !( )+ !' ), = 0 / = 1,2
- - %"&'( ≡ $"& $'( − $"( $'&

• : - : - : , - -
)* = 4)* = Ψ )+ = 4)+ = 6 − Ω89

• - : . . - -
)* = 4)* + ;)* = Ψ + <,
)+ = 4)+ = 6 − Ω89

Bz

ΩF

ΩH

Magnetic field line

Spinning
Black holeBlack hole

Bz

Alfven wave

Static limit

Ergosphere



springs

xλ(x) u(x,t)
Linearized force-free equation of Alfven 
wave on nonrotating natural coordinates
• , - ,+ , ! = 1 → - ,+
• , - ,+ , ! = 2 → &' −) *'+&+, = 0 
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Numerical calculation：
2 step Lax-Wendroff method
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/∗ = 0.2, Ω5= 0.027 (Ω) = 0.0505)

! = 0: Static limit (# = 2&)
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horizon static limit
Reflection is found, 
but not superradiance
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Energy conservation law on nonrotating natural coordinates
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Only with Alfven wave, energy is not conserved
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Angular momentum conservation law only with Alfven wave 
on nonrotating natural coordinates

!" = − %& ' ("& ) 1: , 4 4 :4 0 := . -
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Only with Alfven wave, angular momentum is not conserved



 

（Fast wave）

!（Torque）

• ���	
���	����"# = %"# + '"# = Ψ + ψ, "+ = %"+ + '+"+ = , − Ω/ + χ
Alfven wave fast wave
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Angular momentum conservation law with Alfven wave and 
induced fast wave on nonrotating natural coordinates

     
  

∇" #$%" = '
() *" −,#$%" = - .

/ #$0/1 = #$0.1.
3
34 5#

$%4 + '
7

3
389 5 : #$%; = − 5#$0.1

= <
() *= −, ,>>,=<*<? − *= −, @=<"*<A*"A = 0

Angular momentum is conserved when 
the induced fast wave is considered.
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  Ω" > Ω$
%∗ = 0.2, Ω"= 0.06 (Ω$ = 0.0505)
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  Ω" > Ω$
%∗ = 0.2, Ω"= 0.06 (Ω$ = 0.0505)
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