Colour—Kinematics Duality and Double Copy
using Homotopy Algebras
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Summary | #EE

» On-shell kinematic Jacobi : Off-shell kinematic Jacobi ::
Oo-algebra : O-algebra
oy VEFRFOYaLEER A7z
O FRE: OREK

» On-shell kinematic Jacobi identity for all fields (longitudinal
gluons, ghosts, antighosts)
TRTOE GEER I Vv—F > - () BFES) TOWToF
>z VEFIRF O Y a L lEER

P Factorise the theory into colour, kinematics, and a “base

theory”
BilGm 2 CLRORL - BN AR - BRI 0 R

C?l---an llllmﬂn Hlmﬂnn{/l---l/n
YM ampl. = # GR ampl. = %

Sym = Cap CAT TN AT 1 £, Fiy A% AP ACK
Ser = GGy AT LAY 4 Fy Fp o AT AT ARK



Antelapsarian world | #FK 3¢ D {H5R

+ + =0
1%2 2%1 3%1

vo(va(x1,x2),x3) + va(va(x2, x3), X1) + v2(v2(X3, X1), X2) = 0



Antelapsarian world | #FK 3¢ D {H5R

vo(va(x1, Xx2), x3) + vo(va(x2, x3), x1) + vo(v2(x3,x1),x2) =0

4-pt off-shell tree . n-pt off-shell tree/loop
ARA T2V RY — nEAZY VR = =T



Antelapsarian world | #FK 3¢ D {H5R

0 — field X% antifield — 0
deg=1 deg=2

The BCJ vertex v has degree —1:

fleld ® field — field
deg=1 deg=1 deg=1
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0 — field X% antifield — 0
deg=1 deg=2

The BCJ vertex v has degree —1:

fleld ® field — field
deg=1 deg=1 deg=1

But the po encoding the cubic action term has degree 0:

fleld ® field — antifield
deg=1 deg=1 deg=2

S = (field,, p1 (field?)) + Fope (field?, o (field?, field®))



Antelapsarian world | #FK 3¢ D {H5R

0 — field X% antifield — 0
deg=1 deg=2

The BCJ vertex v has degree —1:

fleld ® field — field
deg=1 deg=1 deg=1

But the po encoding the cubic action term has degree 0:

fleld ® field — antifield
deg=1 deg=1 deg=2

S = (field,, p1 (field?)) + Fope (field?, o (field?, field®))

Need an operator h of degree —1 that relates the action with BCJ
vertex

va(x,y) = h(pa(x,y)) — (pa(hx,y) + pa(x, hy))

=0 due to degree




Antelapsarian world | #FK 3¢ D {H5R

va(x,y) = h(pa(x,y)) = (n2(hx, y) + pa(x, hy))
= failure of h to be a derivation for us

hs po DM 725 2 & DYHUR

If his a derivation for v, — 19 satisfies Jacobi identity
h 23 vy DT — vy DY a L EHER
= Batalin—Vilkovisky (BV) algebra | N&Z U »=7" 4 )Lav 1+ 2 FEKL

Unrelated to quantisation! | 2FL & IZEBHEFR !

[Reiterer "19]



Antelapsarian example | #f K3 O WEFERBLA 7 5 —55

5= / 6" Tpan + Fane Fanc 6™ P8 ¢<C

0= QRN @g @gr = QR @g @gr — 0 (str. Lo=dgla)

Strip left flavour = “colour”; remains right flavour = "kinematics”

0 — Q°(RY) @ gr % Q°(RY) @ gr — 0 (BV-alg.)
pr =0 (field — antifield)
h=id (antifield — field)
p2(p, ')A = FAgcpBo'c (field ® field — antifield)
va(¢, ')A = FAgcpBop'€ (field ® field — field)



Postlapsarian world | 37K ¢ DR

1%2 ; 2%1 ; 3%1

D2I3+113+1 2

7/2(V2(X1, X2),X3) + Vz(V2(X2, X3),X1) + 7/2(7/2(X3, X1)7X2)
= O(v3(x1, x2,x3) +--+)

Over coeff. ring (Hopf) R[0,] | fREER (kv ) R[0,]
* BVODO—aIgebra [Reiterer '19]



Rectifying the world | i K = 4F K i ~IR T Z ) %5~

If the kinematic Jacobi identity holds
» On-shell
P Fails to be off-shell, but in an algebraic way
» for all fields (longitudinal gluons, ghosts, antighosts)

then abstract nonsense says that a quasi-isomorphism to a strict
BV-algebra exists, recovering off-shell kinematic Jacobi identity.
Physically: introduction of an infinite tower of auxiliaries.



Yang—Mills at 4 points | = I LR O 4 SR

_|_
=02y 3 + 0 3Jr2 +0hs g 2

. A)
H,_/
gauge-dependent
¥ Stktz



BRST and all that | BRS TE&F{b
1. BRST symmetry | BR S T ®FpE

TR
antighost
=~
Q: A+— Dc c wcc c — b —0
~— ~—
ghost Nakanishi—Lautrup
e HFifi=Z v bl y 7

2. Gauge condition | 7" — %M
GIAl=d-A+ -
3. Gauge-fixed action | 7" —[EE/EH

£=F?+Q((G[A] +¢b)e)
fo,Jr(G[A] +Eb)b+ (0 -De)e+ - --

physical gauge-fixing ghost
TR s e




Yang—Mills at 4 points | = I LR O 4 SR

gauge—fixing functional

§62+ b (0 A— 26 A0A) b
4 ) U
gb2+ba-A+W_g(%> b+ AADA

~——
: : shift of NL field
-t =5 1Ly TR




Extended Fock space | #55k 7 + v 27 Z2fH]

Extend the Fock space with on-mass-shell modes of unphysical
gluons Afud, Abwd; ghosts ¢; antighosts ¢

7 % v ZZEMNIEREE 7V —F ¥ Anvd, Abwd © () WIZES ¢, c DA~
¥ zLE— REBN

|state) = |harmonic) + |exact) 4 |coexact)

-~

physical unphysical
FALIRGE FEFTEIRRE
gh=1 0 c
o O
gh=0 Atransv Afwd Apwd = b
o' o Jo
gh=-1 0 c

DU, /NI (oK) '79]



Ward identities | ¥ #+ — F=m&{E%F

Afwd c

W %

Abwd

HI:M = I]X
N s




YM at =5 points | Hi= 3 L RXHHRD 5 S L OIRIE

Gauge-fixing generates unwanted quintic, sextic terms —
higher-order Tolotti—-Weinzierl-type terms
F—YBEEF 5. 6 KIEMNRE - @Rty T4=U7 4 Y4 7—I/IH

2 A4 =52 A2
5=ADA+g(AA8A+c86A)+g2(aA CC@A)

O + O
3 AD

+g3<8A _|_...>+...
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(o1, b pao, i3, oy - - o 512,03, 14,00 )




Rectification via auxiliary fields | fiB5IC X {
half-edge (e, v) edge e vertex v
\/\7] iﬂ ]’Ei\l;ﬁ‘:
e
e v v e V

2N

field kinetic term interaction term
% THEBITH A EFHIE
¢e,v ¢e,v O d)e,v’ fabc Fv¢g,v¢g/,v¢§~7v

differential operator

Mo ISR



Auxiliary fields (quartic) | 4 ZXIHD MBS
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Auxiliary fields (quintic) | 5 XIED B35
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Cubic action | 3 XfEH

S = cah CAT DAY + £ Fi A% AP AK

where
» a, b, c: adjoint colour index ELDFEERIZD I X

> i j, k: DeWitt index over gluon, (antl)ghost, auxiliaries
TRTDEDTV 4 v MIRA

» C.p, fape: Structure constants of colour Lie algebra

oV — B DMEEE

» Cjj, Fjjk: “structure const. of kinematic algebra” (diff. op.)
DEEK OV —REBOMEEB WO ERZHR)
Cf. literature on “kinematic structure constants”: [Monteiro—O’Connell 1105.2565,

1311.1151; Bjerrum-Bohr—Damgaard—M-0O’'C 1203.0944;
Chen—Johansson—Teng—Wang 1906.10683]



Cubic action | 3 XEH

For a given trivalent graph I';, | =X 7 I['; iIZ2W\W T,

Z all Feynman diagrams for topology I';

ai...an M1---Mn
(1) (my G

(mod terms oc 3, p; or o< p7 for external p;)
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Double copy | —-H 5

YM amplitude = ¢
Biadj. scal. amplitude = ¢ !

Gravity amplitude = €

..an Nl -Hn
o-€
/| 2 SprrOEs

ai...an blA..bn

. 6(”) Ci S
3nbn | Aut(i)|d;

loops =

() nN ~Hn Vl
"6[:1,/" —’
! /Ioops 2 | Aut(i)|d;

I'EF,,’/

€, = graviton + Kalb—Ramond 2-form + dilaton

[Bern—Carrasco—Johansson '08, '10; Bern—Dennen—Huang—Kiermaier ’10]



P =

Double copy | —HEE

on-shell algebra

A

N

ic tree kin. Jac.

N

-

on-shell tree kin. Jac. off-shell tree kin. Jac.

our work q

off-shell tree

L

double copy

N

<+ /

on-shell tree double copy

-

loop double copy

Not Proven Newly Proven Proven

ARAIERA HTRIER AlkAH
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Double-copied action | —HHEA

LYM) = cap CGATDAY + £ Fijp A A AK
L(Biadj) = CapCary A% DAY 4 o iy A% AP A
L(BR) = CyCoj AT DAY + Fip Firjojo AT AT ARK
By construction (tree-level double copy), double-copied action

gives correct tree-level amplitudes of N' = 0 supergravity and
biadjoint scalar.

Does it give correct loop amplitudes?

& Is it correctly quantised (i.e. has BRST)?

Cf. [Bern-Grant '99, Hohm '11]



Factorisation | fTEFH D77 fif

Magroell = tinematic Qgp,)  GScalar
2y 2w eV EERTRE 295 —HomH
DM = colour @ tinematic Qp[g,] Scalar

vy=3axmgy o GRH

BR = tinematic ® tinematic ® Gealar
N =0 BES R[0,] R[0,]



Thanks for listening!
BBEIS
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